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Abstract

This report reviews literature on the rate of convergence of maxi-
mum likelihood estimators and establishes a Central Limit Theorem,
which yields an O(ﬁ) rate of convergence of the maximum likelihood
estimator under somewhat relaxed smoothness conditions. These con-
ditions include the existence of a one-sided derivative in 6 of the pdf,
compared to up to three that are classically required. A verification

through simulation is included in the end of the report.



1 Introduction

We shall show that under somewhat relaxed smoothness conditions, a rate of
convergence of \/Lﬁ may be obtained if fp(z) is log-concave in € i.e., if In fy(x)
is concave in #. The usefulness of these results stems from many common
families of pdf’s being log-concave, and because a pdf proportional to the
product of two log-concave pdf’s is also log-concave. This is particularly
important in Bayesian analysis, as a log-concave prior and a log-concave
likelihood function implies a log-concave posterior. Examples of log-concave
functions and a demonstration that log-concave functions are closed under
multiplication will be shown in the remark in Section 3.3. In addition, an
example of the result will be shown for a generalized Laplace distribution,
and a Mathematica script will be provided demonstrating a simulation to
verify the result.

Since the discovery of the maximum likelihood estimator (MLE) by R.A.
Fisher in 1922, there have been many attempts to find a minimal set of condi-
tions for a O(\/iﬁ) rate of convergence of the MLE. This is to establish the rate
of convergence for as a broad of class of distributions as possible. One prac-
tical result of broadening of conditions is that it allows the characterization
of the limit distribution of MLEs found through numerical methods.

An example of the convergence of the MLE that satisfies the log-concave
condition can be found in the normal distribution with constant variance.
The log-likelihood of the normal distribution is In (5=) — @207 which is
concave in 6. The mean of the samples converges to the expected value, 0 at a
rate of O(\/Lﬁ) by the central limit theorem. A counter-example to the O(\/Lﬁ)

convergence can be found in the uniform distribution, U(0,#), where the
estimator is " max(z;) converges to 6 at a rate of O(%). The pdf violates
log-concavity at the maximum of the sample, as there is no possibility of #
being less than the max(z;). This discontinuity drives the much faster rate of
convergence. An example that demonstrates the lack of need for a derivative
in 6 to be necessary is the Laplace distribution, with pdf ce”1*7°!. The MLE

is the median, which has a O(\/Lﬁ) according to S. Kotz and Podgofski [2002].

The log-likelihood function of the Laplace distribution is Inc — |4|, which
has no derivative in 6 at # = =, however is concave in § and fits the conditions
outlined in the following pages.

The log concavity in 6 of fy(x) condition drives convergence by requiring
that the likelihood of 6 decreases at a rate proportional to fa(z). This steep-



ness in the likelihood function enforces that for 6y and 6, + k, the difference
in the expected log likelihood function ¢(6y) — £(6y + k) will grow at least
linearly with k. Since for each 6, the log-likelihood function converges point-
wise to the expected log-likelihood function, and the value of the maximum
likelihood converges to the expected maximum likelihood, ¢(#) will be close
to £(0p). Then, the steepness from the requirement of log-concavity enforces

8 — 6y to be O(\/iﬁ), as larger deviations will cause £(0) to differ too much
from £(9).

2 Literature Review

2.1 Fisher: initial results

Fisher [1922] was the first to propose a method to find an asymptotic distri-
bution of the MLE. He required that the MLE 0 be asymptotically normally
distributed near the 6, such that 8 —2» N (0,0?%), where o2 is the asymptotic
variance of @ . This includes several important distributions including the
normal distribution and the x? distribution. Fisher also required that the
first and second derivatives in 6 of the pdf exist. Using these conditions,
Fisher showed that the asymptotic variance o2 of 79\, can be found as follows,

1 0? ~

This inverse value of the variance of the maximum likelihood estimator is now
called Fisher’s information, denoted as I(6y). Fisher’s result was restrictive,
especially the requirement of asymptotic normality of the estimator. He was
aware of MLEs that was not asymptotically normal, such as the MLE of the
parameter in the uniform distribution U(0,0),0 > 0, where the asymptotic
distribution of the MLE is exponential. Even if the condition was met, a good
deal of work might be needed to show that an estimator was asymptotically
normal.

Fisher [1925] also showed that under the previously mentioned condi-
tions, the MLE was the most efficient, in the sense that it had the lowest
asymptotic mean square error (MSE) of all asymptotically normal estima-
tors. Fisher showed that for any asymptotically normal estimator 7', its



asymptotic variance o2 can be expressed as follows,

1 62 - a 2 ~
—y = —Eonnf(0) - (am In f(6 )) Vi),

nos

where V' (§|T) is the variance of @ given the estimator 7. The notation
Vv’ @T) was chosen to be consistent with Fisher’s notation. Since o? is a
strictly increasing function of V' (§|T) and V' (§|T) > 0, all that is needed to
minimize ¢ is to find the value of 7" such that V’(0|T) = 0. This can be
casily found since V'(]8) = 0, which implies that § has the lowest asymptotic
variance of all the asymptotically normal estimators. Since 0 is unbiased,
the asymptotic MSE is also minimized. While this result did not further
demonstrate the rate of convergence of the MLE, it eliminated efforts to find
more efficient asymptotically normal statistics.

Hotelling [1930] attempted to prove the asymptotic normality of the MLE,
with the following requirements: (i) the continuity of the pdf fy(x) in x almost
everywhere, (ii) the existence of the first derivative of fy(x) in 6, and (iii) that
:1:2 8f approaches a smooth function of § when x — +o00. However, according
to Stlgler [2008], Hotelling erroneously simplified the problem by applying
the arctangent transformation to the sample space and then discretizing the
observed variables into a finite number of intervals, which causes issues with
uniformity in convergence.

2.2 Doob and Cramér: derivative conditions

Doob [1934] in 1934 found a proof of the convergence of the MLE without
the requirement of the the normality of the MLE and a demonstration that

a1 1 . .
Ego%(x) = —Fy, i gef;(x)_ Doob’s requirements can be summarized as
follows:

1. In an a; neighborhood of 6y, let,

(6 — 6y)?

In fy(z) = In fo,(x) + (0 — Op) () + 2

Blx) + ve(x)
where Eg o(z), Egya(x)?, and Ey,8(x) all exist. Of course, a(z) = 2]

92 1n fo(x) 0
and f(z) = 55—




2. Let v4(z) be differentiable in an ay < a; neighborhood of 6. Suppose

o(x) = , seulp (m\%’yg(ajiﬂ) and FEjy,¢(x) exists.
—bo|<az

3. Define §(z) such that

(6 — 6y)*

Fol) = foo () (1 + (0 = bo)cvgy () + = (B, () + g, ()*) + 0y (),

with dg(x) = o((0—0p)?). Note that this is equivalent to stating that fy(x)
is twice differentiable in 6.

4. Suppose that 02 := Eg,a(x)? > 0.

Doob first demonstrated that Ey, (%&9(@)2 = —EQO% as follows.

By the definition of the pdf and by Doob’s requirement 3,
1= / fo(x)dx

_ / " fuo(@)da + (0 — 80) Enyny () +

(0 — 6y)?
2

(6 — 6y)*

5 Lo (g, (2)* + B, () + Epy0p()

0= (0 - 00)E90a90 (x) + E90 (0490(56)2 + ﬁg()(l’)) + E9069(x)'

Then, dividing through by (0 — ) and considering Doob’s requirement 3
that dg(x) = o((6 — 6y)?),

E@OOégO(iL') =0. (1)
Likewise, dividing through by (0 — 6y)?, it is seen that
E90 (0490 (x)Q + 590 (SL’)) =0. <2>

which, substituting from Doob’s requirement 1, establishes that Ej, (%{;’(@)2 =

_EQOM. Doob then proved the y/n rate of convergence of 0 under his
requirements as follows. The log-likelihood function is defined by the formula

Ly(0) = Z In fo(z;),



where x := (21, ..., z,). Then using Doob’s requirement 1,

= Zln fo(x;)

=3 )+ (0 00) S () + L Zﬂeo r)+ 30w

i=1

Since Ly(f) has a maximum at 0,

0= _L§<§)

= > o)+ (0= 00) S Bl) + %%(m

This expression can be further developed as follows,

(0= 00)( Zﬁeo Wy Z () = 3> au ()
i=1

7 T any ()
= i Bli) — ﬁ St 0@

Vno(0 —0y) = U\/_ZO% ;) + Ry,

\/50'(9 - 00) =

where
v Lot (@) (1 G S0 By (20) + sy Soia 20(0))
— 2 2ot Boo (i) — m Zz 1 3979( i)

From Doob’s requirement 3,

}m;%")/@(%z)’ < o2 ;¢9(l’l) 7H—O>OO

R, =

- (4)



By Khintchine’s law, equation (2) and Doob’s requirement 4

— 00

1 <& P
% Zﬁgo(xi) n—> —1. (6)
i=1
From Doob’s requirement 4, (1), and the Central Limit Theorem,
1 <& D
o /n Z g, () e N(0,1). (7)
=1

Substituting (5), (6), and (7) into (4), it can be seen that R, L, 0, which

n—o0
implies that v/no (0 — 6y) 2, N(0,1).
n—oo
Cramér [1978] found a proof of the convergence of the MLE which was

very similar to Doob’s proof, with almost identical conditions. Cramér’s
requirements are listed as follows:

, and Plo(@) oyist for every 6 and for almost all z.

1 2@ Phoa)
’ 063

00 1 002

2. For all 6, |260)| < Fy(x), |Z85)| < Fy(x) and |22285)| < H(z), where
Fi(x) and Fy(z) are integrable over the real line, and FyH (x) < M for all

0 where M does not depend on 6.

3. The expectation of %{Z(X) is finite.

Let the likelihood equation be denoted as L(0) = II; fy(z;). Cramér then
showed that at the MLE,

~

10InL(0)

~ 1 ~
S :BO+B1(9—90)+§)\B2(9—90)2:0, (8)

where A € (—1,1) depends on 6 and n, and where

1 n 8ln f90 ($Z) P

BO:EZizl 90 ,BOT;)OO
1 n 0% In f@ ("Ez) P
Bl i=1 8920 oo _k2 = 1(90)



Cramér then showed that (8) could be rearranged so that

1 n 6f90 (ml)

> kyn Ti=1""00 p
kev/n(0 — 6y) = —2 = L N0, 1), (9)

as the denominator converges to 1 and the numerator converges to N(0,1).
More recently, Lehmann [2004] used a similar argument differing by the use
of a 6 € (6o, é\n) instead of the A used above to make the equality exact,
with identical conditions to establish the same result.

Cramér’s conditions are nearly identical to Doob’s, this can be seen by
restating Doob’s derivative of the log likelihood function (3) using Doob’s
requirement 2. First, Doob’s requirement 2 can be rearranged as follows,
slightly altered by adding a constant of one half, and a factor of A € (—1,1)
to enforce equality

Do(a) = SA6()(0 — 00" (10)

Then (3) can be restated using (10) and dividing through by n as

10 ~
= E%LK(G)

= 2> alm) 2 D000+ 3A S o) — ) (1)

=1

0

Then assigning By, By and B, from (8), £ 3" «a(x;) = By, = >0, B(x;) =
By, and £ 3" | ¢(z;) behaves similarly to B, as it converges to a finite num-
ber, and serves as an upper bound on the error of the Taylor expansion. This
is then identical in behavior to Cramér’s equation for the root of the maxi-
mum likelihood (8). The difference in the conditions lies in the requirement
of the third derivative by Cramér, while Doob only requires the bounds that
the existence of the third derivative imply.

2.3 LeCam: Differentiability in Quadratic Mean

LeCam [1986] established the important concept of local asymptotic normal-
ity, meaning a sequence of statistical models, for example, the sequence of the
distribution of a maximum likelihood estimator as more samples are added,
the log likelihood ratio can be approximated by a normal distribution. The



formal definition of local area normality for a distribution with one parameter
with pdf fy(z) can be stated as follows, if

6, = 0o+ O(—= (12)

Vi)

then fy(x) is locally asymptotically normal if
In H’L 1f9 (xl)
Hz 1 f90 (xl)

where Z ~ N(0,1). LeCam [1986] proved that if the above approximation
converges pointwise, then

VI00)v/n(6, —6) 2 Z. (14)

A simple demonstration of this can be made if the log-likelihood function is
assumed to be differentiable. Then,

= (00 = 00)v/nv/T(8)Z = 56— 00)*1(00) + 0,(1)  (13)

9 1n Wizt fon (zi)
Wi oo @) /o JT(00)Z — 16y, — 00)1(65) + 0,(1) = 0

09,
VI(00)vn(0n = 0) + 0,(1) =

LeCam [1986] used the concept of differentiability in quadratic mean

(DQM) defined for a univariate pdf as follows. Let &(z) = /fo(x). If
fo(x) is differentiable in quadratic mean in one dimension, then,
Eo(x) = oy () + (0 — bo) Dy () + 7(x) (15)
where
[Iro(@)[] := (16)
as 0 — 0.
LeCam established that the DQM condition implies local asymptotic nor-
mality, which implies the rate of convergence is of the order —= 1f the condi-

tion of differentiability in quadratic mean was met.

David Pollard [1997] explained that the reason that DQM leads to O(\/Lﬁ)
convergence without the requirement of a second derivative is that the square
root of a pdf is an element of £? space with a norm of 1. This causes

(€o.70,) = 7o &o(@)re, (x)dz = O(|6, — bo|?) without the requirement of the
second derlvatlve as stated in the following Lemma.

9



Lemma 1. If fo(z) has the DQM property, as defined in (15), then (&p,, 70,) =
—%(Hn — 90)2%1[(90> + 0((9n — 90)2).

Proof. Consider a sequence of ¢, such that lim 6, — 6y, = 0, and a resultant
ne—oo

sequence of & (x) as defined above. Then, by the fixed norm property,

0= {1&.II* — [1€ao|I* = 2(6n — bo) {Eo5 Doy
+ 2(&0o+ 70,,)
+ (0 — 00)*|| g |
+2(0, — 00)(Ay,,70,,)
+|Ira. | I*. (17)
Pollard [2005] showed that the definition of the score function can be ex-
tended as 22 % (f) under the regularity properties of DQM. Pollard [2005]

showed that t to be equivalent to the usual score function under pointwise
differentiability, as follows,

JDo(@) 2 0VF(w) 1 9fs(x) _ Oln fy(x)

Fisher’s information under the above formulation of the score function is then

/ fo(z ))) dx _4/00 Ag(z)*dx. (19)

o0

(18)

This gives the constant in the third summand of (17),

1l = [ Aofe)dz = 11(60) (20)

—00

The order the second element of (17), 2(&y,, 1y, ) can also be found using the
Cauchy-Schwarz inequality and the definition of the DQM (16) and (20) as
follows,

(€o0s 70,) < 11860l [I70, ]| = 0(6r — 6o). (21)

The order of the third element of (17), (6,, —60)?||Ag,||? is O((0,, — 6p)?) from
(20). The order the fourth element of (17), 2(6,, — 0y){Ag,,7s,) can also be
found using the Cauchy-Schwarz inequality and the definition of the DQM
(16) and (20) as follows,

(Dao: 0, ) < [[Agol[ 76, 1| = 0(6n — bo). (22)

10



The definition of the DQM, (16), implies that
[176,[1* = o((0, — 60)). (23)

Then, (21), (20), (22), and (23) imply that the second, third, fourth and fifth
sums respectively are o(6y — 6,,). Substituting into (17) yields

0= 2(0, — 6y) (&, Do) +0(0 — 6,). (24)
This implies that (&g,, Ag,) is o(1) and, since it does not depend upon n,
<§907 A00> =0 (25)

Then, (25), (20), (22), and (23) imply
0= 04 2{eg,,70,) + 11 (00) (0 — B0)” +0((6 — 60)")

(€0 70,) = =500 = 001 (00) + 0((00 — 00)). (26)
[l

Pollard then showed how the previous lemma implies that a MLE that
satisfies the DQM requirement also satisfies the LAN condition. Pollard

proceeded as follows. Let Dy, (z) := 20 and Ry, () = 02 - Then, if

€0, (2) €o, (z)
0, =0y + \/Lﬁ, (15) can be restated as
% g %Deo (2;) + Ro, (z,). (27)
Pollard noted that 2Dy, (X) = \/f29 = 0 gg(x) _ 9n gg(x)_ Then
E,Dy,(X) =0, and Eg, Dy, (X)?* = }11(90). (28)

It is convenient to note here that the expectation of Ry, (X)? can be found
as follows

Yo [ e

= n/rgn(:c)de
=o(1). (29)

11



Pollard then stated another lemma, which provides three conditions that are
necessary to the proof.

Lemma 2. Given that fo,(x) fulfills the DQM property,
(a) |mazi<,Dg,(7:)| = op(v/n)

(b) |maz;<,Ro, (x;)] = o(1)

(¢) S0y 2Ry, (x;) = = 1() + o(L).

Proof. Part (a) of the Lemma can be found as follows,

Py, (Imax;< Dy, (X;)| > ey/n) < ZPQO (| Dgy (X;)| = ev/n)

= nPgo(Dgo(Xl) > ey/n) as all X; are identically distributed
< 672E90D90(X)2[D90(X1) > 6\/ﬁ
— 0,

n—oo

by dominated convergence. Part (b) of the Lemma can be found as using
Chebyshev’s inequality as follows,

Py, (max;, Ry, (1;) > €) < Py, ZR@n > €)

i=1
< € *Varg, Z Ry, (X) from Chebyshev’s inequality

<€ *nEy, Ry, (X)? as all X; are identically distributed
—0,(1) by (29).

Part (c) of the Lemma is where the property of the fixed norm comes into
effect. First it can be noted that the variance of 23" | Ry, (x;) is bounded
above by 4Ep, > | R, (z;)?, which converges to zero by (29). This implies
that 2> | Ry, (z;) converges to its expected value, which can be found as
follows,

2nFEy, Ry, = 2n/ &o, ()19, (x)dx

B n(@n — 90)2

Tl r00) + o) by (26)

12



Then, using (27) the log likelihood ratio can be re-expressed as

" : n 59 z
t Uiz fou o) 5, s 00 “f sz

Hn—l f@ (l’1> - 59 :L‘l ! Dao(xi) + Ren (-73'1))

NG
(30)

Conditions (a) and (b) from Pollard’s second Lemma assure that (30) is
bounded. A Taylor expansion of In() at 1 can be stated as

1 1
In(l+y)=y— §y2 + 55(9) (31)
where 3(y) = o(y?) near y=0. Applying this expansion to (30) case results
in

2 Z ( Dgo [L’Z + Rgn(l‘z)) — Z (%DGO (ZL’@) + Rﬁn (xz))2

i N Z 5 ( Dy (1) + Rgn(xz)) - (32)

Which can be rearranged to

n

% ; Dy (i) +2 Z Ry, (z;) — % ; (D, (:pl))2
ZtDeo xz Ren xz ZRgn

n

+o(1) Z ﬁpgo(xi)Z + Ry, (2:)%. (33)

The first sum converges in distribution by the Central Limit Theorem and
(28) to

(6, — 0)/1(0)Z, (34)

(an _90

the second sum converges to — 1(60y) by Pollard’s second Lemma part

¢ and the third sum converges to

26, — 00°1(60) (3)

13



by the law of large numbers. To show the o(1) asymptotic behavior of

the last three sums of (33) the following two facts will be used. First,

iy Doy ()
n

— 11(6y), a constant, and is therefore O,(1). Second, the

n—oo
expectation of Y | Ry, (z;)* is o(1) by (29).

The second fact directly establishes the behavior of expected value of the
fifth sum of (33). The variance can be shown to be o(1) as, Varg, > i | Ry, (X)? <
EY " Re,(X:)* = nEg Ry, (X)* Since |max;<,Ry, (;)] = o(1), then, be-
cause of Pollard’s second Lemma part a, for some m, nEy, Ry, (X)* < nEg,m*Ry, (X)* =
o(1), which implies that the fourth sum is o(1). The o(1) behavior of the
fourth sum can be established using (22) by first showing that the expec-
tation of the sum is o(1), then showing that the variance is also o(1). The
expectation can be found as

2 n
——Eg, Y _tDy,(x:) Ry, (x;) = 2t\/nEg, Dy, (X) Ry, (X)
i=1

NG
i [ et

— 21y [ Ag(a)ra, (@)

1
= Ztﬂo(%
= o(1).

dx

) by (22)

The variance can be shown to be o(1) as follows:
2 )
Varg, Zl t Do, (x;) Ry, (x:) < 4¢°Varg, Dg,(X) R, (X)

as the covariance of residuals is negative. Since the expectation of Dy, (X )Ry, (X)
is o(1) the variance can be considered equal to the second moment. Then,
using the Cauchy-Schwarz inequality,

4t* By, (Do, (X) Ry, (X))? < 412 Eg, Dy, (X )*Eg, Ro, (X)?.

Using (16) we can show that Eg, Ry, (X)? = o(+) and (28) states that Ey, Dg,(X)?* =
O(1). This implies that the variance of the fourth sum converges to zero,
which implies the fourth sum is o(1). The last sum of (33), can be shown

14



to be o(1) by noting that >_"" | Ry, (;)*> = o(1) and Y | LDy (z;)> = O(1),
which multiplied by o(1) is o(1).
Then, the log likelihood ratio can be expressed as

i Lt P80 ) /1812~ 240, 00)21(80) + o(1). (36)
[Tz foo (i) 2
which delivers the LAN condition, implying asymptotic normality.

The Laplace distribution is an interesting case because its pdf lacks a
derivative in 6 at 6 = 6. However, the Laplace distribution meets the DQM
condition. This can be seen as follows, where fy(z) = e l*=% &(z) =
\/Lﬁe—lw—é’\/{ and Ay(z) = ﬁie"x_ewsgn(aﬁ —0). If 6 = 0y + ¢, then

7’90+E(l’) - §9o+6(x) - 590 ('T> - EA‘9'0 (ZE)

L ooz _ L ooz _ L ool

7“90_,_5(33) = \/5 \/5 2\/56

Then DQM condition requires that /[ r¢(z)?dz = o(6 — 6,). This can be
R

checked directly as follows for e > 0, with the case of € < 0 being similar

/ ro(x)? dz = / Poore(2)? d

R R

sgn(z — 6p).

V2 V2 2v2

o 1 1 €

_ —((bo+e)—z)/2 _ —(0o—x)/2 —(B0—x)/2)2

= —€ —€ —I— —€ dl’
/oo <\/§ V2 2v/2 )

4+ / 90“( L t@roop L cwwn € ety
—e — —e ———e x
o0 V2 2 2v/2

R

< 1 1 € 2
n L aBote)/2 _ L —@—00)/2 _ € ~(200)/2)2 4,
pose V2 72 i)
2

€ € €
=2(1+e/8 —e2(1+ 5+ 7))
=5 + O(€”)
= o(€?).

15



2.4 Concluding Remarks on the Literature

Fisher’s result has several more restrictive assumptions than the later results,
with the requirement of two derivatives in 6 of the pdf and asymptotic nor-
mality of the MLE. These requirements work fairly well, especially since many
MLEs can be shown to be the mean of values that have an expected value.
Doob’s and Cramér’s results removed the requirement of the asymptotic nor-
mality of the MLE, but added a third derivative in # condition. This was a
marked improvement over Fisher’s result in that it could be used to find the
asymptotic distribution of a MLE versus the asymptotic distribution needed
to be found first. Also, Cramér’s result made on Doob’s result more com-
municateable by stating Doob’s assumptions as a requirement for the third
derivative of the pdf in #, which is equivalent to Doob’s requirement in most
situations. LeCam’s result replaces the other derivative requirements with
the DQM. The DQM is a much reduced requirement, but does not include
distributions with discontinuities in the pdf. The current result only requires
one directional derivative in 6, but also has the condition of log-concavity of
the pdf. The current formulation causes it to be fairly restrictive, however,
the strict log-concavity could be replaced by local log-concavity near the
MLE, which, with some further work, may be able to handle discontinuities
in the pdf.

3 Result

3.1 Smoothness Conditions

The following assumptions and definitions on the properties of fy(x) will be
required for the convergence conditions.

Cond. 1 The parameter space © is an nonempty open interval in R. Let
0y € © denote the “true” value of the parameter.

Cond. 2 Suppose that the set X := {z € R: fy(x) > 0} does not depend on
0.

Cond. 3 Suppose that In fy(x) is concave in 6 for each z € X; so, for such z,
In fy(x) has left and right derivatives in 6, and fy(z) is absolutely

16



Cond. 4

Cond. 5

Cond. 6

Cond. 7

Cond. 8

continuous in #. Let the score function be stated as

8_
Yie:

= % hl fg(XZ),

where 86—5 denotes the left derivative.

The scaled log-likelihood function is defined by the formula
600) = 13 pl)
X = n £ n jo\Ti),

where x := (xy,...,x,). Since In fy(x) is concave in 6, the log-
likelihood formula ¢4 (0) is concave in @ for each x € X™.

Let Omax = Omax(x) := {0 € O : ((0) > () VO € O}, with
x € X™. Assume that O,,,(x) is nonempty and bounded for each
x € X". Note that Op,x(x) is also closed, since the function f(6)

is concave on an open interval © and hence continuous. Therefore,
the definition

o~

0= MLE ‘= é\MLE(X) = maX@maX(X)

is valid; that is, 0 = max @max(g) exists in R for each x € X™.
Note that 6 is the largest of all MLE’s.

Suppose that m := My, () exists, where Mp,(6) := 2 Fy,Yiy and
m € (—o00,0). This requires that the expectation of Y; g exist, and
the derivative in 0 of Ej,Y; ¢ also exist at 0 = 0.

Suppose that ¢ := /Varg, (Yie) € (0,00).

Suppose that f:f db [ dx|%: fo(x1)| < oo for any 6; and 65 in © such
X

that ; < 05. This condition is needed for an application of Fubini’s
theorem.

Let G(0) := [ dx %5 fo(z1) and assume that G(6) is continuous.
R

17



3.2 Theorem and Proof

Theorem 1. Let X1, Xs, ..., be independent identically distributed (iid) ran-
dom wvariables (r.v.’s) with pdf fo,(z), and assume that Conditions 1-8 hold.

Then (0 — 6p) =2/ 3 N(0,1).

Proof.
o
00 =

Concerning the probability on the right hand side of the above identity,
one can write:

Py, (6 < 0) = Py, (550(6) < 0). (37)

Puy (3 x(0) < 0) = Pgo(za—(;ln(fg(Xi)) <0)

=Py, () Yip<0)

=1

= Py (Z, < ——\/ﬁEHOYW), (38)

0o

where

" (Yio — Eg Y,
7, = 2zl \%00 0Y10) B o, 1), (39)

by the central limit theorem. This means that Py, (Z, < z) — P(Z < z2)
n—oo

for each z € R, where Z ~ N(0,1). Moreover ([Chow and Teicher, 1962, p
265]), this convergence is uniform in z:

sup| Py, (Z, < z) — P(Z < z)] — 0.

z€R n—oo
So,
FEq Y] FEq Y]
Peo(Zn<—M)—P90(Z<—M) 0 (40)
(o)) 0y n—00
where Z ~ N(0,1).
By Condition 5,
0
Ep,Y1,0 = Egy Y10, + 5 E0,Y1,0l0=0,(0 — 00) + 0(|6 — bo]). (41)

06
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Ey,Y1,9, can be shown to be zero, and a proof of this is given in a technical
appendix, see section 3.5.

Then, (41) can be restated as Ep, Y19 = B%)E(;OYMO (0 —0y) + o(|0 — o])-
Since m = %EQOY},gb:goby Condition 5, one has
Ep, Y10 =m(0 — 6y) + o(|0 — Oy]) = (m + o(1))(6 — 6y). (42)
Let 6 — 6 vary on the order of \/Lﬁ More precisely, let
(X0 Y4
my/n’
where z is a fixed real number. Then by (42)

1
m

0= 0 — (43)

n—oo

Using this approximation and the continuity of the standard normal cdf, we
have

Py (2 < -YMENoy L pg o), (44)

O'O n—oo

The probability on the LHS of (37) can be written as
~ FEy, Y,
POO(Q < 9) — PQO(Z < _\/50'90 179)
0

+ (BB < 0) — Py (2 < "INy (g

The first term of the above sum converges to Py, (Z < z) by (44), and
the second term converges to 0 by (37), (38), and (40). Then,

P (0<0) 5B P(Z < 2). (46)

-~ ~ ~ 002
P90(0<0):Pgo(9—00<0—90):P90(0—00<—mf/ﬁ) (47)

= Py (0 - 0 ="V ). (48)

g0
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This, together with (46) implies that

(0 — 6) U} N(0,1). (49)

g0

3.3 Discussion

Recall that our MLE # was defined as the maximum of the set of éLHaX'
However, the proof could be similarly constructed using the definition 6 :=
Orire = Oppe(X) = min O, (x).
The usefulness of the above result stems from two sources. Log-concave pdf’s
are rather common. In particular, the pdf of the normal distribution, the pdf
of the Laplace distribution, the pdf of x4 := \/X_i, the pdf of x3, k > 2, and
the logistic pdf e*(1 + €*)~% are log-concave; see e.g. Pinelis [1999].

Lin hp(z) = In fy(x) + Inge(z). So, if In fy(z) and In go(z) are concave in
6, In hy(x) is also concave in 6 as the sum of concave functions is also concave.

In particular in the Bayesian context, if the prior density 7(f) and the
likelihood function fy(x) are both log-concave in 6, the resultant posterior
pdf f(f]z) is log-concave. This can be shown as follows. It is known that
the posterior distribution is proportional to the product of the prior and the
likelihood function: f(0|z) o 7(0)fa(x). Therefore, In f(0|z) = Inw(0) +
In fy(x) + ¢(x), then In f(#|x) is concave in 6.

Example 1. For a generalized continuous version of the Laplace distribution,
with pdf
0—zx z—0
fo(x) =ce o I(x <0)+ce P2 I(x>0) (50)

where ¢,by, by are known, ¢,by, and by in R™, ¢(by+bs) =1 and 6 € R we
will find the limit distribution of the mazimum likelihood estimator for the
parameter 6 using the shown result.

Then Conditions 1-8 on pages 2 and 3 are satistfied:
Cond. 1: The parameter space is R.

Cond. 2: The support of the distribution is R for all 6.
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Cond. 3:

Cond. 4:

Cond. 5:

Cond. 6:

Info(z) = —551(x < 0) + —xb—;al(x > @) is concave because for

6 < , 69111]‘};():bi>0andf0r6’>x,%lnfe(x):_i<
0, then an( fo(x)) is
n(fo(x

b1
ndecreasing in #, and since In(fy(z)) is
continuous in 6, 1

no
)) is concave in 6

The condition that @max( ) is nonempty and bounded is met can
be shown as follows For § > max;z;, %5 In(fy(z)) < 0 and for
0 < min; x;, 80 —In(fy(x)) > 0. This leaves 6 € [min; x;, max; ;]
and since In(fp(z)) is continuous in 6, there is a maximum in a
bounded set.

The constant m = B%OE(;O%—; In(fy(X7)) can be found as follows,

o 0—
m = %Ea()% n(fo(21))lo=0,
o [0— o a0
~90) ag (e (< 0)+ e 1w > 0)) foo(2)dvlo,
B} 1 1
= (- b—ll(x <)+ bQI(x > 0)) fo, () dix]g—g,
) 1 L[~
=50/ f90< e+ | foo ()daz) lo=s,
— (i l _L <0
ey T, b1bs

The constant oy = \/ Var(Ey, % In(fy(X1))), can be found as fol-
lows.
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Varg, 92 (fs(X0) = oo G I(fo(X1))°

— / (aa—eln (ce” eblzf(x <90)
Yoo m I(x > 9)))2f90(x)dx
:/(_%ﬂx<m%(x>@)ﬁA)

() [ e+ (0 [ e
1 1 1 i

=Gt

Then, \/Vareo%—gln(fe(Xl)) =00 = /55 > 0-

Cond. 7: To establish that Fubini’s theorem could be applied, we must show
that f;f do [ dw |55 fa,(21)] < co. This can be demonstrated as

follows:
0— 1 _o-=
o Jo (1) = (= —e Iz <0) +—e 2 I(z>0))
90, by 5
O o @)| = (L I < 0) + 2 I(x > 0))
90,7 T N © v by &

Then, for any 0y > 6,

92 92
/ d@/ dx —c/ d@/ dx—e bl[(x<0)
91 61

—i—b—e 23 [(x>(9))

0>
=c / d@ / - dx
01
x—0
PR
/0 bze dq:)
02
= 2c / do
01

= 20(92 — 92) < 0

89 f90 xl
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Cond. 8: To establish the continuity of G(6) = [ dx %—;fg(l’l), for any 0 € ©
R

(N Ry 1 a0
G(Q)ZC(/ . C b1 dl”r/@ e dr) =c(—14+1)=0

—00 1 2

Also, in S. Kotz and Podgorski [2002] the value of the MLE is found to be
the quantile,gz Qe (X), where Qu, is the cby quantile. The previous state-
ments establish that the generalized continuous Laplace distribution meets
the assumptions for this theorem. Then, according to Theorem 1, # in this
setting is asymptotically normal with mean 6, and asymptotic variance 262

n -

A NI SN

This asymptotic variance % coincides with the Cramér—Rao lower bound
on the variance.
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3.4 Simulations of the MLE for the Generalized Con-
tinuous Laplace distribution

This section illustrates the CLT (51) through the inverse-transform method
of simulation. The Laplace distribution is an interesting case because its pdf
lacks a derivative in 6 at 6 = 6y. In Table 1, the asymptotic variance bl%

and the simulated variance of § are compared for several sample sizes n for
the example of ¢ = 1,6y = 0,b; and by = .5 in (50). The simulated variance
of the MLE is found from 1000 simulations of the MLE from samples of size
n, where n = 100, 250, 500, 1000 in Mathematica (see attached code).

n Asymptotic Variance of MLE | Simulated Variance of MLE
100 00250 .00304
250 .00100 .00108
500 .000500 .000537
1000 .000250 .000266

Table 1: Simulation of MLE variance for various sample sizes n

The simulated variance appears to converge to the asymptotic variance

as n increases. R

In Table 2 the asymptotic variance % and the simulated variance of 6 are
compared for different b; and by with ¢ = 1,6y = 0,n = 1000 in (50). The
simulated variance of the MLE is found from 1000 simulations of the MLE

in Mathematica (see attached code).

by | by | Asymptotic Variance of MLE | Simulated Variance of MLE
b5 .000250 .000281
.66 | .33 .000222 .000228
75 | .25 .000188 .000193
8 1.2 .000160 .000175

Table 2: Simulation of MLE variance for various b; and by, with n = 1000

The simulated variance appears to be close to the asymptotic variance for
different choices of b; and bs.
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The convergence of 0 to the normal distribution can also be seen from
the convergence of the histogram of 6 to the asymptotic normal pdf. The
histogram is of 1000 estimates of the MLE of with ¢ = 1,b; = .5,b, = .5, n =
200 and 0 = 0, in (50). There appears to be strong convergence to the normal
distribution N (0, 2£2) (see attached code).

Histogram of fl versus Normal pdf
12

7N
/

=010 -005 000 005 0.1

The below normal Q-Q plot uses the same data set as the above histogram.
The close linear association implies the distribution of # is normal.

Q-Q Flotof i

a0l ' ' ' ' R
L ) -i'.- L 4

005 - E
ooo | .
005 - 1
owf e -
[= L 1 L L L 1 1 L 1 L L 1 L L 1 L 1 L L L L 1 L N

=010 -005 000 005 .1
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A Simulation to Verify the Normality of the
Maximum Likelihood Estimate of the
location parameter of the Generalized
Laplace Distribution

C = H
bl + b2

FInverse[u , & , bl , b2 ] :=

u
If[u<cb1, blLog[ ]+9,
(c bl)

[o-»720[ 5])]:

The following script finds the simulated variance of the
maximum likelihood estimate (MLE) of the generalized
Laplace distribution which will be defined in the comments of
the script, for several different sample sizes n, where n = 100,
250, 500, and 1000. The results produced are used in Table
1 of the Report.

SampleSizes = {100, 250, 500, 1000};



2 | ScriptSimulatingGeneralizedContinuousLapalce.nb

(# The parameters of the Laplace distribution
will be b;=.5, by=.5, and 6=0. %)

(* The variance of 6 estimated for each of
the four sample sizes will be stored in
the following array of length 4: x)

Variances = Array[l &, 4];

(#* In the following loop,

for each of the sample sizes n = 100, 250,

500 and 1000,
1000 independent samples are simulated and

for each of 4x1000 samples the value of
the MLE is computed. Then for each sample

size an estimated variance of the MLE is
obtained. =)
Do

(* The array =*)

MLEs = Array[l &, 1000];
(» serves as a placeholder of 1000 values of 6,

with n = SampleSizes[[i]], with i = 1, 2,

3, 4. *)
Do
(* With the parameter values,
{e, bl, b2} = {0, .5, .5};

(» and ¢ = l__1, the array =*)
bj+bsp

Array[FInverse[Random[], 6, bl, b2] &,

*)

Sample =
SampleSizes[[i]]];

(# is a pseudorandom sample of size
SampleSizes[[i]] drawn from the generalized
Laplace distribution where Random][]
produces a psuedorandom value drawn from
Uu(0,1). =*)

(# From equation 15 in the report,

6 = Qcp, (Sample)= *)

MLEs[[j]] = Quantile[Sample, cbl];

(# where the Quantile function returns
the c*b; quantile from the Sample array.

Clear[6, bl, b2];

, {3, 1000} ];
Variances[[1]] = Variance[MLEs];



ScriptSimulatingGeneralizedContinuousLapalce.nb | 3

(# Variances[[i]] is the sample variance

of the the 1000 values of & generated
using using sample SampleSizes[[i]] =*)

, {i, 4}]
(# The following command prints out a table
of the simulated variances and associated
sample sizes,
these numbers are used in Table 1 in the
report. =*)
ScientificForm|[
TableForm|
Transpose [ArrayFlatten|
{SampleSizes, Variances}]],
TableHeadings -
{None, {"sample size",
"simulated variance"}}]]

sample size simulated variance
100 2.89208x10°3

250 1.1556x10°3

500 5.72624x10*

1000 2.90022x104

The following script find the simulated variance of the MLE for
several different combinations of b; and b,. The results

produced are used in Table 2 of the Report.

(* Using the aforementioned generalized

Laplace distribution, the variance of 6,
will be estimated for various values of b,,
stored in following array: *)
b2array = {.5, .66666, .75, .8};

(* The value of ¢ will be set to 1,
which implies that corresponding values of

bl can be found as *)
blarray = 1 - b2array;

(# Also, in this script we will set n=

1000 and 6=0. %)

(* The variance of 6 estimated for each of the



4 | ScriptSimulatingGeneralizedContinuousLapalce.nb

combination of values of b; and b, will
be stored in the following array of length
four: =*)

Variances = Array|[l &, 4];

(# In the following loop,

for each of the parameter combinatons of

b; and b,, 1000 independent samples are
simulated and for each of 4x1000 samples
the value of the MLE is computed. Then
for each parameter combination an estimated
variance of the MLE is obtained. =)

Do

(# The array =*)
MLEs = Array|[l &, 1000];

(» serves as a placeholder of 1000 values of 6,
with b;=bl[[i]] and b, = b2[[i]], with i = 1,
2, 3, 4. *)
Do |

Clear[bl, b2, 6];

(* With the parameter values, =*)

{bl, b2, 6} = {blarray[[i]], b2array[[i]], O};
1

(* and ¢ = e the array *)
1+02
Sample = Array[FInverse[Random[], 6, bl, b2] &,
1000] ;

(# is a pseudorandom sample of size 1000
drawn from the generalized Laplace
distribution where Random|[] produces a
psuedorandom value drawn from U(0,1). =*)

(# From equation 15 in the report,

6 = Qc b, (Sample)= *)

MLEs[[j]] = Quantile[Sample, cbl];

(# where the Quantile function returns

the cxb; quantile from the Sample array. =*)
Clear[bl, b2, 6];

, {3, 1, 1000} |;
Variances[[i]] = Variance[MLEs];

(# Variances[[i]] is the sample variance

of the the 1000 values of & generated
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, {i, 1, 4}]

ScientificForm|[
TableForm|
Transpose [ArrayFlatten|
{blarray, b2array, Variances}]],
TableHeadings -
{None, {"b;", "by,", "simulated variance"}}]]

b; b, simulated variance
5.x101 5.x10°1 2.56534x10*%
3.3334x101 6.6666x101 2.13623x10*
2.5x101 7.5x10°1 1.85677x104
2.x10°1 8.x101 1.62442x10°4

The following script simulates 1000 MLE’s of the generalized
Laplace distribution, and compares the histogram of the MLE’s
to the expected normal distribution, and finds the Q-Q plot of
the results.
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(* The array =*)

MLEs = Array[l &, 1000];
(# serves as a placeholder of 1000 values

of 6. %)

(* In the following loop,

for a sample size n = 200,
1000 independent samples are are simulated
and for each of 1000 samples the value of

the MLE is computed. %)
Do
(* With the parameter values, =*)
{e, bl, b2} = {0, .5, .5};

(#* and ¢ = l_-1, the array =*)
bj+bjp
Sample = Array[FInverse[Random[], 6, bl, b2] &,
200];

(# is a pseudorandom sample of size 200
drawn from the generalized Laplace
distribution where Random[] is a
psuedorandom sample drawn from U(0,1).
(# From equation 15 in the report,

6 = Qc b; (Sample) = *)

MLEs[[j]] = Quantile[Sample, cbl];

(# where the Quantile function returns
the cxb; quantile from the Sample array. =*)

Clear[6, bl, b2];
, {3, 1000}];
(* An overlaid graphic,
with a histogram of the above MLEs and a

plot of the pdf of the normal distribution
associated with the asymtotic limit of the

6 is created by the following command: x)
Show[Histogram[MLEs, 25, "PDF"],
Plot [PDF [NormalDistribution[0, (.25/200) " .5],

x]l {xl _-31 -3}]1
PlotLabel » "Histogram of 6 versus Normal pdf"]

*)
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Histogram of 6 versus Normal pdf

) e
| Al

-0.10 -0.05 0.00 0.05 0.10

(* The following command QuantilePlot
produces a Q-

O Plot of the 1000 estimates of 6 stored
in the MLEs array from the above cell. x)

QuantilePlot[MLEs, PlotLabel -» "0-0 Plot of é"]

e Q=Q Plot 01 6 .
0.10+ iie ]
r - 8
0.05F ]
0.00} -
~0.05F
~0.10F L% -
[, '
-0.10 -0.05 0.00 0.05 0.10



3.5 Appendix

We are going to show that Ej Y; g, = 0, using Conditions 3, 7, and 8. Since
fo(z) is log-concave in 6 by Condition 3, fy(x) is absoultely continuous in 6,
whence

foule) = fon() = [ ol (52)

01
for any 6, and 65 in © such that 6; < 6s.

Then

0= [ futoydo— [ fuw)da

:/ua@—ﬁmww
_/méfw—ﬁ@<wwm

02
= / o / dx 2% fg(xi) (by Condition 7 and Fubini’s Theorem)
01

= /92 o G(0).

01

Because the integral of the function G(f) is zero over every interval
(01,02), and since G(0) is continuous by Condition 8, G(0) = 0 zero ev-
erywhere. Then, the expectation of Ejy Y, can be shown to be zero as
follows,

mmmzf%wwmmmmMMm

1
0()

(fg(w)) ’90 dr = G(60y) =

f90 |90f90

IQf;"

%\ k\k

D
>
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