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Abstract

Generally speaking, a distance magic-type labeling of a graph G of order n is a
bijection ¢ from the vertex set of the graph to the first » natural numbers or to the
elements of a group of order n, with the property that the weight of each vertex is the
same. The weight of a vertex z is defined as the sum (or appropriate group operation)
of all the labels of vertices adjacent to z. If instead we require that all weights differ,
then we refer to the labeling as a distance antimagic-type labeling. This idea can be
generalized for directed graphs; the weight will take into consideration the direction

of the arcs.

In this manuscript, we provide new results for d-handicap labeling, a distance
antimagic-type labeling, and introduce a new distance magic-type labeling called

orientable I'-distance magic labeling.

A d-handicap distance antimagic labeling (or just d-handicap labeling for short) of a

graph G = (V| E) of order n is a bijection ¢ : V' — {1,2,...,n} with induced weight

function
wiz) = Yy ;)
z;€EN (i)
such that ¢(z;) = i and the sequence of weights w(z1),w(xs),...,w(z,) forms an

arithmetic sequence with constant difference d > 1. If a graph G admits a d-handicap

XVvil



labeling, we say G is a d-handicap graph.

A d-handicap incomplete tournament, H (n,k,d) is an incomplete tournament of n
teams ranked with the first n natural numbers such that each team plays exactly k
games and the strength of schedule of the i** ranked team is d more than the i + 1%
ranked team. That is, strength of schedule increases arithmetically with strength of
team. Constructing an H (n, k,d) is equivalent to finding a d-handicap labeling of a

k-regular graph of order n.

In Chapter 2 we provide general constructions for every d > 1 for large classes of both

n and k, providing breadth and depth to the catalog of known H (n, k, d)’s.

In Chapters 3 - 6, we introduce a new type of labeling called orientable I'-distance
magic labeling. Let I' be an abelian group of order n. If for a graph G = (V, E) of
order n there exists an orientation B(V, A) and a companion bijection ¢ :V — I’

with the property that there is a p € I' (called the magic constant) such that

w(x) = Z 7(3;) - Z 7(y) = for every z € V(G),

yENS (2) YyENG (x)

where w(x) is the weight of vertex z, we say that G is orientable I'-distance magic.
In addition to introducing the concept, we provide numerous results on orientable

Z.,-distance magic graphs, where Z, is the cyclic group of order n.

xXviil



In Chapter 7, we summarize the results of this dissertation and provide suggestions

for future work.
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Chapter 1

Introduction

For many members of society, ‘recreational mathematics” may sound like an oxy-
moron. Nevertheless, people have found entertainment in mathematical puzzles for
time immemorial. In fact, all one has to do is page through a newspaper to find

evidence that modern society still embraces recreational mathematics (e.g. Sudoku).

One of the most popular and oldest sources of recreational mathematics provides the
motivation for this study. A magic square is an n x n array containing the first n?
natural numbers without repeats such that all entries in each row, each column, main
diagonal, or back diagonal have the same sum. As all things so ancient, the origin
of the magic square is up for debate. Magic squares appear as early as 4,000 years

ago in Chinese folklore. According to legend, a turtle adorned with a representation



of the Lo Shu 3 x 3 magic square from Figure [1.1] emerged from the Yellow River,

forever imbibing magic squares into Chinese culture.

4 9 2
3 5 7
8 1 6

Figure 1.1: The Lo Shu square

Benjamin Franklin is most well known for his colorful proverbs, but he also con-
structed magic squares. After constructing an incredible 16 x 16 magic square, he
proclaimed it to be, “the most magically magical of any magic square ever made by
any magician [34].” He was possibly referring to other properties that his square pos-
sessed such as; all the entries in every half row or half column have the same sum, all
the entries in every 4 x 4 subsquare have the same sum, and all entries in each bent

diagonal have constant sum.

The idea of constructing square arrays with constant row and column sum can be
generalized to rectangles. A magic rectangle is an m x n array containing the first
mn natural numbers such that the sum of all the entries in each row is p and the sum

of all the entries in each column is o, for some p and o. It is an easy exercise to show

m(mn+1)

and o = 5

n(mn+1)
2

that if such an m x n magic rectangle exists, then p = , since

1+2+...+mn:w.

Magic squares and magic rectangles can be constructed using another popular and

prevalent combinatorial object. A Latin square of order n is an n X n array containing



n symbols such that each symbol appears exactly once in every row and every column.
For example, a completed Sudoku puzzle is a Latin square of order 9. Also, the Cayley

table of any finite group of order n is a Latin square of order n. In Chapter 5], Latin

A D C B
B A D (C
C B A D
D C B A
Figure 1.2: A Latin square of order 4

squares will play a key role in labeling the vertices of a graph.

We now turn our attention to graphs. A graph, G = (V, E) is an ordered pair where
V' is a set of elements called vertices and E is a collection of two element subsets
of V called edges. V and E are called the vertex set and edge set, respectively and
sometimes the notation V(G) and E(G) are used, respectively. If |V| = n, we say the
order of G is n. An assignment of a direction to the edges may also be considered.
An orientation of a graph G = (V, EF) is an assignment of a direction to each edge,
turning G into a directed graph 8 = (V, A). A graph can be visualized by drawing
a point for each vertex and connecting two points with a line segment whenever the
two points represent an edge. A directed edge may be visualized by using an arrow

instead of a line segment.

Example 1.0.1. The graph G = (V,E), where V. = {0,1,2,3} and E =

{{0,1},{1,2}, {2,3},{0,2}} is shown in Figure[1.3 Figure shows one possible

orientation of G.



Figure 1.4: An orientation of G

We will use the standard notations zy to denote the edge {x,y} and x ~ y to denote

2

the phrase, “z is adjacent to y.” For a vertex x, the set of all vertices y such that
x ~ y is called the neighborhood of x and we denote it by N(z). For an oriented graph
Glet N*(x)={yeV:jFeA and N-(z) = {z €V : B € A} for all z € V().
A graph is simple if it contains no edge of the form vv for some v € V and if F
contains no edge more than once. Let G = (V| E) be a simple graph and let C' denote
all possible two element subsets of V. Then the graph H = (V,C' \ E) is called the
complement of G and we use the notation H = G. For two graphs G = (V, E) and
H = (V, E’) with the same vertex set, by G + H we mean the graph with vertex set
V and edge set F U E’. Similarly, G — H will denote the graph with vertex set V'
and edge set ENE’, where E' is the set complement of E’. Two graphs G and H are
isomorphic, and we write G = H, if there is a bijection f : V(G) — V(H) such that
xy € E(G) if and only if f(x)f(y) € E(H). We leave it as an exercise for the reader

to verify that the graph shown in Figure is isomorphic to its complement.



LOOKING GREAT
TODAY, ME!

spikedmath.com
@ 2016

A self-complementary graph

Figure 1.5: spikedmath.com/580.html
Some graphs are used so commonly they warrant special notation. The complete
graph of order n, denoted K, is the unique simple graph containing every possible
edge. The complete multipartite graph, Ky, n,...n, 15 @ graph on n = ny +ng + ... +n4
vertices which have been partitioned into k partite sets of size n; for ¢ = 1,2, ...,k
such that vy € E(Kp, n,.. n,.) if and only if z and y are in different partite sets. A
path on n vertices, P, is a sequence of n — 1 edges such that every pair of consecutive

edges in the sequence share exactly one vertex. Figure shows a representation of

P,
O O O O
Figure 1.6: A path, Py

A cycle of length n, C, is the simple graph of order n with vertex set V =
{z1,29,...,2,} and edge set £ = {z;z;41 : 1 < i < n}, where the addition in
the indices is performed modulo n. For example, the graph in Figure is iso-
morphic to C5. Let 0 < dy < dy < ... < d,,, < |[n/2]. The circulant graph

Cy(dy,ds, ..., dy,) is a graph with vertex set V = {xg,x1,...,2,-1} and edge set



E = {2344, - 1 <1 < n, 1 < j < m} with addition in the indices performed

modulo n. Figure [1.7] shows the circulant graph Cg(1,4).

Figure 1.7: The circulant graph, Cs(1,4)

A graph H is a subgraph of the graph G if V(H) C V(G) and E(H) C E(G). We say
H is a spanning subgraph of G if V(H) = V(G). A k-factor of a graph G is a spanning
k-regular subgraph of G. A k-factorization of G is a partitioning of F(G) into disjoint
k-factors. If the graph G admits a k-factorization, we say G is k-factorable. When
k = 1, we call the 1-factorization a perfect matching. Figure [1.§ shows a perfect

matching of K. Each color class is a 1-factor.

Figure 1.8: A perfect matching of K4

Graphs may be combined using a variety of products. In the chapters that follow

we will use four products, all of which are presented in [32]. All four, the Cartesian



product GUIH , direct product G x H, the strong product GX H, and the lexicographic
product G' o H, are graphs with the vertex set V(G) x V(H). Two vertices (g, h) and

(¢', 1) are adjacent in:

GxHifg~g¢g inGand h~h'in H,;

GUOH ifg=¢g and h~h'in H or h=h" and g ~ ¢' in G}

e GX H ifeitherg=¢'"and h ~h in H,or h=h" and g~ ¢ in G, or g ~ ¢ in

G and h ~ h' in H;

G o H if and only if either g ~ ¢’ in G or g = ¢ and h ~ h' in H.

For a fixed vertex g of GG, the subgraph of either of the above products induced by
the set {(g,h) : h € V(H)} is called an H-layer and is denoted HY. Similarly, if
h € V(H) is fixed, then G", the subgraph induced by {(g,h) : g € V(G)}, is called a
G-layer. Interestingly, when the vertices of the product of two paths are arranged in
the natural grid layout, the edges form a pattern akin to the symbol used to denote
the product, with the exception of the lexicographic product. Figure [1.9 shows the
Cartesian product P,[1C,. Notice the graph is composed of 4 isomorphic P»-layers

running vertically and 3 isomorphic Cj-layers running horizontally.

Observe that of the products defined above, only the lexicographic product is not

necessarily commutative. The lexicographic product G'o H is sometimes also referred



O\v /’)
\ /

~————1

\/

Figure 1.9: P[C,
to as graph composition and denoted G [H]. The following informal description may
be helpful to construct the graph GG o H. Replace each vertex of G with an isomor-
phic copy of H. Then for every xzy € E(G), construct the complete bipartite graph
K\v (), |v () between the corresponding copies of H. Through this construction, one

can see how a graph may be expressed via the lexicographic product. For example,

Ks333= K40 Ks.

Let G = (V, E) be given. A graph labeling of G is an assignment of integers or group
elements to the elements of V| E, or V U F satisfying certain prescribed properties.
Credit for introducing the concept of graph labeling is most often given to Alex Rosa
who in 1967 used it as a means for decomposing complete graphs into isomorphic
subgraphs [42]. For a graph G on m edges, Rosa defined a -valuation as an injection
from the vertices of G to the set {0,1,...,m — 1} such that for every edge xy, the
induced edge labels |f(xz) — f(y)| are all distinct. The term graceful labeling is now
almost exclusively used for this kind of labeling. Determining which graphs allow

a graceful labeling provided the jumping off point for graph labeling research that



continues fifty years later. Gallian maintains an online survey of results in graph

labeling containing over 1,200 references [31].

Since Rosa applied graceful labelings to decompose graphs, many applications of
graph labeling have been found, fueling a staggering amount of research. Some appli-
cation areas include coding theory, communication networks, radar, and x-ray crys-

tallography [39]. One application we will consider in Chapter [2|is tournament design.

The focus of this manuscript is on a family of graph labelings called distance
magic/antimagic-type labelings. Let G be a simple, undirected graph on n vertices.
Let ¢ be a bijection ¢ : V(G) — {1,2,...,n}, and define for every vertex = € V(G),
the weight of z, w(x) = > {(y). If the weight of every vertex is equal to the same
yEN(z)
number k, called the magic constant, then we say ¢ is a distance magic labeling of
G. If such a labeling can be found, we say that G is distance magic. If instead it is
required that all weights differ, then we say ¢ is a distance antimagic labeling of G. If
such a labeling can be found, we say that G is distance antimagic. Figure [1.10]shows

a distance magic labeling of the circulant graph Cg(1,3). Notice the weight of every

vertex is 18.

A d-handicap distance antimagic labeling (or d-handicap labeling for short) of a graph



Figure 1.10: Distance magic labeling of Cg(1, 3).

G = (V, E) of order n is a bijection ¢ : V' — {1,2,...,n} with induced weight function

w(z) = Y ),

;€N (x4)

such that ¢(z;) = i and the sequence of weights w(z1),w(xs),...,w(z,) forms an
arithmetic sequence with constant difference d > 1. If a graph G admits a d-handicap

labeling, we say G is a d-handicap graph.

Let I be an abelian group of order n with operation +. For two elements g, h € ', we
use the notation g — h to mean g + h~!, where h~! is the additive inverse of h. Also,
for repeated addition g + g + ... + g, where g appears k times, we use the notation

kg. Let G = (V, E) be a simple graph of order n. Let ¢ be a bijection ¢ : V(G) — T.

If there exists p € I" such that

yEN (z)

10



for all vertices © € V(G), then we say G is I'-distance magic. Clearly, if G is distance
magic, then it is also Z,-distance magic (where Z, denotes the cyclic group of order

n), but the converse is not necessarily true.

A directed T'-distance magic labeling of an oriented graph 8(1/, A) of order n is a

%
bijection ¢ : V — I' with the property that there is a v € I, such that

%

w(x) = Z l(y) — Z l(y) = for every x € V.
yENS (2) YyENG (x)
If a graph G admits an orientation 3 for which a directed I'-distance magic labeling
7 exists, we say that G is orientable I'-distance magic and we call the directed

_>
['-distance magic labeling ¢ an orientable I'-distance magic labeling.

One of the most interesting applications of distance magic/antimagic-type labelings is
designing tournaments on ranked teams. Suppose we wish to construct a tournament
of n teams ranked with the first n natural numbers. In practice, this ranking is usually
based on previous performance. Let 1 be the weakest team, 2 be the second weakest
team, and so on, so that n is the strongest team. The tournament may be modeled
with a graph G in the most natural way; each team is represented by a vertex and
xy € E(G) if and only if team z plays team y in the tournament. Define the strength

of schedule of each team = as S(z) = > f(y), where f(y) is the ranking of team y.
YyEN(z)

An equalized incomplete tournament, EIT[n, k| is a tournament in which every team

11



plays exactly k < n — 1 games and S(z) = p, for some constant p and every team
x. Therefore, constructing an EIT[n, k| is equivalent to finding a k-regular distance
magic graph of order n. In an equalized incomplete tournament, the strongest teams
should fare better than the weaker teams, since the strength of schedule is the same
for all teams. This observation motivates the next tournament type, designed to assist

the weaker teams.

A d-handicap incomplete tournament, H(n, k,d) is a tournament in which every team
plays exactly & < n — 1 games and the strength of schedule of the " ranked team
is d more than the (i + 1)* ranked team. That is, strength of schedule increases d-
arithmetically with strength of team. Observe that finding an H(n, k, d) is equivalent
to finding a k-regular d-handicap graph, G of order n. We now have all the tools and

basic notions required to proceed to Chapter [2|

12



Chapter 2

d-Handicap tournaments™

2.1 Motivation

When scheduling a tournament, it is common practice to use the rankings of the teams
from the previous season, or some other source to determine the list of opponents for
each team. A tournament may be modeled with a graph in the most natural way;
each team is represented with a vertex and two vertices are adjacent if and only if

the corresponding two teams play each other.

Suppose we have n teams ranked with the first » natural numbers and let ¢ be the

team ranked 7. For ¢ € {1,2,...,n}, let w(i) represent the sum of the rankings of all

*The material in this chapter has been submitted to Discrete Mathematics

13



opponents of team 7. We call w the strength of schedule. In a round-robin tournament

(a tournament in which every team plays all other teams), w(i) = @ — 1 for each

i. Since 5% = —1, the strengths of schedules form an arithmetic progression with
difference —1 in a round-robin tournament. Therefore, the weakest team has the
most difficult strength of schedule while the strongest team has the weakest strength
of schedule. Clearly, the strongest team is most likely to benefit from this kind of

tournament. This motivates the following questions that are of interest for both

tournament scheduling reasons and purely graph theoretic reasons.

e Can we design a tournament with less games, but maintain the same weight

structure as the round-robin tournament?
e Can we design a tournament so each team has the same strength of schedule?

e Can we turn things around so that the weakest team has the weakest strength

of schedule?

Clearly, to address these questions, one must consider only incomplete tournaments,
that is tournaments in which each team plays exactly k < n — 1 other teams (unless
otherwise noted, it is assumed that all the tournaments discussed here are regular

tournaments). A fair incomplete tournament is an incomplete tournament where

Aw

7 = —1 for every team 7. These tournaments address the first question above. See

[22] 29] for results regarding fair incomplete tournaments.

14



Equalized incomplete tournaments address the second question above. An equalized
incomplete tournament is an incomplete tournament such that w(i) = p, for some
constant p, for every team i. The corresponding graph is called a distance magic
graph. A distance magic labeling of a simple graph G = (V. E) of order n is a
bijection f : V — {1,2,...,n} such that there exists an integer u called the magic
constant, so that w(z) = > f(y) = p for all x € V. Here N(x) = {y|zy € E}

yEN (z)

represents the open neighborhood of x.

The last question is addressed by a d-handicap tournament. A d-handicap distance
antimagic labeling (or d-handicap labeling for short) of a graph G = (V, E) of order

n is a bijection 10 : V — {1,2,...,n} with induced weight function

wiz) = Yy Ux;),

x;EN(x4)

such that ¢(z;) = i and the sequence of weights w(z1),w(xs),...,w(z,) forms an
arithmetic sequence with constant difference d > 1. If a graph G admits a d-handicap
labeling, we say G is a d-handicap graph. If G is k-regular, then we say G corresponds
to a k-reqular d-handicap tournament, and we denote it by H (n,k,d). For d = 1,
the existence for n even has recently been settled for every pair (n, k) (see Theorem
[30] . For d = 1 and n odd, the existence of a 1-handicap tournament with
at least one value of k is settled [28]. For d = 2, one class of n has been completely

settled and one class partially settled (see Theorems [2.4.1] [2.4.2) [20, 21, 26].
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A similar but less restrictive labeling has been considered by Arumugam and Ka-
matchi in [6]. An (a, d)-distance antimagic labeling of a graph G = (V, E) of order n

is a bijection [ : V' — {1, 2, ...,n} with induced weight function

wlz) = Y Uzy),

x; €N (z;)

such that the weights form the set {a,a +d,a +2d,...,a + (n — 1)d} for some fixed
integers a and d > 0. Therefore, a d-handicap distance antimagic labeling is an

(a, d)-distance magic labeling, but the converse is not necessarily true.

In this chapter we provide necessary conditions for the existence of d-handicap tour-
naments, H(n, k,d), and construct such tournaments for large classes of n and a wide
range of regularities k, for every d > 1. Corollaries of our main result include com-
plete characterizations of 1-handicap tournaments for n = 0 (mod 8) and 2-handicap
tournaments for n = 0 (mod 16), although both results were known [20, 43]. For
larger d, our construction provides a nearly complete characterization for appropriate

classes of n.

For a survey of distance magic and antimagic labelings, see [5]. The survey also
provides a summary of the results regarding the tournaments we have discussed in

this section.
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2.2 Definitions, notation, and tools

All graphs in this chapter are simple, finite graphs. We use the notation V' (G) to
denote the vertex set of G and the notation E (G) to denote the edge set of G. If
|V (G)| = n, we say the graph G has order n. The neighborhood of a vertex x € V(G),

denoted N(x) or Ng(z), is the set of all vertices in V' (G) adjacent to z.

We use the notation zy to denote an edge between vertex z and vertex
y and the notation z ~ y to mean z is adjacent to y. Let K,, =
(21, T2, ooy Tny | Y1, Y2se-., Y] denote the complete bipartite graph K, ,,, with partite sets
{1, 20, ..., 2} and {y1, 92, ..., Ym}. Let K(,,q) denote the complete equipartite graph
with d partite sets of size n. For two graphs G and H, we use the notation G + H
to denote the union of graphs G and H. That is, V(G+ H) = V(G) UV (H) and

E(G+ H)=E(G)UE(H). The complement of G is denoted by G.

The constructions used in this chapter utilize two graph products. Given two
graphs G and H, both products, the lexicographic product, G o H, and the Cartesian
product, GOH, have vertex set V(G) x V(H) and two vertices (g1, h1) and (g2, ho)

are adjacent in

17



e GGo H if and only if g; ~ g5 in G or g = go and hy ~ hy in H,

e GUH if and only if gy = g5 and hy ~ hy in H, or hy = hy and ¢; ~ ¢g» in G.

The lexicographic product G o H has sometimes been called graph composition and
has also been denoted G (H). To construct the graph G o H, the following informal
description may be helpful. First, replace each vertex of G with an isomorphic copy
of H. Then for every xy € E(G), construct the complete bipartite graph Ky ), jv ()|
between the corresponding copies of H. For the graph G o K5, we will refer to each
pair of isolated vertices which replace a vertex of G as blown-up vertices. For a
fixed vertex g of GG, the subgraph of either of the above products induced by the set
{(g,h) : h € V(H)} is called an H-layer and is denoted HY. Similarly, if h € V(H)

is fixed, then G", the subgraph induced by {(g,h) : g € V(GQ)}, is a G-layer.

Circulant graphs are nice candidates for constructing tournaments since they are
vertex-transitive, regular, and can easily be manipulated to be more or less dense.
Let S = {dy,dg,...,dp} and 1 < d) < dy < ... < d,, < \_%J We call S the
connection set. Then the circulant graph G = C, (S) is a graph with vertex set
V(G) = {zo, 71, ..., Tn—1} and two vertices x; and z; are adjacent in G if and only
if i — j = dj (mod n) for some k € {1,2,...,m}. Froncek and Cichacz in [I5] showed

certain classes of circulant graphs are distance magic.

A 1-factor or perfect matching of a graph G is a union of disjoint edges zy € E(G)
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such that every vertex v € V(@) appears exactly once in the union. If for a graph G
the edge set F (G) can be partitioned into a disjoint union of 1-factors, then we say

G is 1-factorable.

Let S = {a,a+ 1,a+ 2,...,b} be a set of consecutive integers for integers a, b such
that a < b. If o, 8 € S such that a + 8 = a + b, we will refer to the numbers o and
[ as S-complements, or simply complements if the set is clear from the context. It is

obvious that if |S| is even, then S can be partitioned into complement pairs.

We finish this section by introducing the main mechanism for increasing the density
of a d-handicap graph. To the authors’ knowledge, this derived graph was first used

by Shepanik in his master’s thesis in which he coined it a, “bubble graph [43] .”

Let G be a simple k-regular graph of even order n. Let a bijective labeling [ :

V(G) — {1,2,...,n} be given and define the weight of a vertex, w(i) = >  I(y) for
YyEN(3)

all i € V(G). Then, the bubble graph of G, denoted B (G), is a simple graph with

vertex set

V(B(G)) = {(a,A) : a, A€ V(G), l(a) + I(A) = n+ 1, I(a) < I(A)}

and (a, A) (b, B) € E(B(Q)) if and only if {ab,aB, Ab, AB} N E(G) is non-empty.

Observe that every edge (a, A) (b, B) € E(B(G)) represents the Koy = [a, A | b, B]
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which may be added to F (G) so that degg (i) = k + 2 and wg (4) is increased by

n+ 1, for all i € {a, A,b, B}. Therefore, each 1-factor of B(G) (if one exists) gives
rise to a 2-regular distance magic factor, H which may be added to G, increasing the

regularity of G' by two while adding the same weight to every vertex.

In order to simplify notation, we may sometimes refer to a vertex by its label. This
should not cause any confusion since the labelings considered in this chapter are

bijections.

2.3 Necessary conditions and lemmas

We begin with some necessary conditions.

Theorem 2.3.1. If an H (n,k,d) exists, then

1. w(x;) =di+ w, forallie{1,2,...,n}.

2. If nis even, then k = d (mod 2).

3. If nis odd, then k =0 (mod 2).

4 n> {2(d+1+\/mﬂ.

5. ["727@—‘ <k< Lnﬁ;@J , where D = (n — 2)* — 4d(n — 1).
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Proof. Let G = H (n, k,d) be given for some n, k, and d with d-handicap distance

antimagic labeling [(x;) = i. Then w(x;) = p+ di for all ¢ € {1,2,...,n} and some

integer 1. Then summing the weights, we have

and

If n is even, then k — d must be even (recall p is an integer), which implies k =

d (mod 2). If n is odd, then obviously k£ = 0 (mod 2), so we have proven 1, 2 and 3.

The weight of 1 is at least as large as the sum of the smallest £ possible neighbors.

Therefore,

w(zy) =d+ (k_d);wrl) 22 (i+1)=k+

Hence,

—k*+k(n—2)—dn-1)>0.

21

k(k+1)
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The discriminant, D = (n — 2)? — 4d(n — 1) > 0 which implies

n>[2(d+1+Va@d+)]

by the quadratic formula and the fact that n is an integer, proving 4. Finally, we
have
2—-n—+D 2—n++vVD

<k<
2 - 2

again by the quadratic formula, which gives

<k<

2 2

e

after multiplying through by —1 and acknowledging that k is an integer. Therefore,

5 is true and we are done. ]

The following theorem was proved by Anderson and Lipman in [2].

Theorem 2.3.2. 2] Let G be a k-reqular graph which is 1-factorable and let H be any

r-reqular graph. Then the lexicographic product G o H is 1-factorable.

We will now prove some factorization lemmas to be used in the main theorems.

Lemma 2.3.3. For every integer n > 2, the graph C, o K is I1-factorable.

Proof. Let G = C, 0 Ky with vertex set V(G) = {xj :1=0,1,...n—1,j=0, 1} and

)
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edge set E(G) = {x{xfﬂ :i1=0,1,...n—1, j,p € {0, 1}}, where the arithmetic is
performed modulo n in the subscript. If n is even, then C), is obviously 1-factorable,

so we are done by Theorem [2.3.2] If n is odd, let

Fy = {afzl,,:i=0,1,...,m—1},
Fo= Az}, i=0,1,..,m—1},
Fy, = {:E,?n_lm(l)} U {x?m?H, ThTh, 1=0,2,...,m— 3} ,
Fy = Aah 2} U{alal,y, 2?20, i=0,2,...,m—3}.

Then it is easy to see that each F; is a 1-factor. Since it is also clear that the 1-factors
are disjoint and partition E (G), we have found a 1-factorization of G, proving the

lemma. O

Lemma 2.3.4. For every integer n > 2, the graph C, (S) o Ky is 1-factorable for any

connection set S.

Proof. Let n > 2 and let G = C,, (S) o K, for some connection set S. Let d € S.

Then it is easy to see that d induces the spanning subgraph (C’m o E) of G where

n

ed(dm) Therefore, it suffices to show that for any m > 2, the graph

m = ordyg, d =

C,, o K, is 1-factorable, so Lemma gives the result. O

The next lemma follows easily.
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Lemma 2.3.5. For every integer n > 2, the graph C,, (S) o Ky is I-factorable for any

connection set S.

An equipartite graph is a multipartite graph in which all partite sets have the same
cardinality. We conclude this section by considering regular equipartite graphs. It
is well known that both the even-ordered complete graph, K5, and every regular

bipartite graph allow 1-factorizations. Thus we have the following result.

Lemma 2.3.6. Let G be an equipartite graph with an even number of partite sets. If
the edges between every pair of partite sets form an r-reqular subgraph of G for some

fized r, then G is 1-factorable.

Alspach and Gavlas proved that the graph K, — I, where I is a 1-factor, may be
decomposed into cycles of length m where m divides the number of edges in G [I].

The next theorem follows easily since Ky, — I contains m(n— 1) edges where m = 2n.

Theorem 2.3.7. [I] Let G = Ky, — I where I is any 1-factor. The graph G allows

a I-factorization.

The next result follows in the same way as Lemma [2.3.6]

Lemma 2.3.8. Let positive integers n,r be given and let G be an equipartite graph
with partite sets Py, Ps, ..., Po,. If for each P, there exists exactly one P, © # j, such
that there are no edges between P; and P; and the edges between P; and Py, k # j

form an r-reqular graph, then G is 1-factorable.
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2.4 Even d

2.4.1 Known results

For d = 2, the only work that has been done is by Froncek who used magic rectangle

sets to obtain the following results.

Theorem 2.4.1. [20] If n =0 (mod 16), then an H (n,k,2) exists if and only if k is

even and 4 < k <n —6.

When n = 8 (mod 16), he obtained the following partial results.

Theorem 2.4.2. [20] If n =8 (mod 16) and n > 56, then an H (n,k,2) exists if k is

even and 6 < k <n — 50.

One of the primary ingredients for the constructions given in this section are distance

magic graphs. Froncek et. al. proved the following in [29].

Theorem 2.4.3. [29] For n even, an r-reqular distance magic graph of order n exists
if and only if 2 <r <n—2,r =0 (mod 2), and either n = 0 (mod 4) orr =0

(mod 4).
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For regular graphs of odd order, the existence question is partially answered by the

following result proved by Froncek in [22].

Theorem 2.4.4. [22] Let n be an odd integer and r = 2°q with ¢ > 1 odd and s > 1.

Then an r-reqular distance magic graph of order n exists whenever r < %(n —2).

2.4.2 New results

The first construction in this section uses distance magic graphs to produce classes

of 2d-regular d-handicap graphs for any even d > 2.

Figure 2.1: Distance magic labeling of Cg(1,2).

Theorem 2.4.5. Let d > 2 be an even integer and let G be any d-reqular distance
magic graph of order v > d + 2. Let n = vt for any even integer t > d+ 2. If d =0

(mod 4) ort =0 (mod 4), then there exists an H (n,2d,d) .

Proof. Let G be a d-regular distance magic graph on v > d + 2 vertices with vertex
set V(G) = {90, 91,---,90—1} and distance magic labeling f. Such a graph exists by

Theorem [2.4.3, We may assume f(g;) =i+ 1 for i =0,1,...,v — 1. Then since G is
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distance magic and d-regular,

> fle) = > (+1)

gpEN(9i) 9pEN(g:)

= d+ > p

9pEN(gi)

=,

where p is the magic constant of G. In particular, we will use the identity > p=

9pEN(9:)
i — d later. Then p = w since
> w(g) = d)i
geV(Q) =1
_ dv(v+1)
- 2
= V.

Let H = C:(1,2,..., 9) o K, if d = 0 (mod4) , otherwise let H = Ce(1,2,..., =2 L) o
Ks. Let the vertex set of H be V(H) = {hq, hy, ..., hs_1 } where each pair (h;, hjy,) for
7 =0,2,...,t — 2 forms the blown-up vertices of H. Let T be the Cartesian product

T = GOH. For ease of notation, let 7 = (g;,h;) € V(T) for i = 0,1,..,v — 1, j =
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Let I : V(T) — {1,2,...,n} be defined as

I(x]) =ti+1+1,

» |
W) =t(i+1) - 2,

for all ¢+ = 0,1,...,v — 1,7 = 0,2,...,t — 2. Clearly, [ is a bijection. Notice that
I(z?) +1(z)™") = t(2i + 1) + 1. Therefore, since H is d-regular, the weight induced on

every vertex by each H-layer is

wH(xg) =—(t2i+1)+1),

N |

for all :L’f e V(T). Now for j =0,2,....,t — d, we have

Ngn; (xf) = {2} : g, € No(g:)} -

Then for ¢ = 0,1, ...,v — 1, the weight induced on every vertex by each G-layer is

wg (#]) = X =)
z;ENT(xZ)
= d(l+1)+t X p
9pENG(9:)

= d({+1) +t(p—d)

= d(i+1-1t)+1tu,
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and

we (™) = S U@t

$2+1ENT($‘2+1)

= d(t-L)+t X »p

gpENG(gi)

_ jd
= -5 +tp.

Summing the weights, we express the weight of every vertex v € V(T') by

w(x!) = we(]) +wp(a))
_ d(j+t(2;'—1)+3) +tp,

and
w(@l™) = welal) + wy(x])

d(—j i
o A |y

fort=0,1,...,v —1land j =0,2,....,t — 2. Now we will show that [ is a d-handicap

labeling. Let 27 € V(T) be given.

Case 1. j =0,2,...,t —4. Then I(z*?) = l(z]) = [ti + 2+ 1] - [ti+ L +1] =1, and

, , . . At (2
w(@*?) — w(ad) = d(J+2+t(222 D) 4 gy <w + tu) =d.

K3 K3

Case 2. j =t —2. Then I(z]") —(2{?) = [t(i+1) - 5] - [ti+ 52+ 1] =1, and

w(@™!) — w(at?) = d(f(t72)+2t(2i+1)+1) ot (w + w) —d

Case 3. j =3,5,....t — 1. Then I(z) ) — I(a]) = t(i+ 1) — 2 ti+1) -5 =1,

and w(‘rng) o ’IU(LIZ‘]) _ d(f(j73)+2t(2i+l)+l) + t,LL _ (d(*(jfl)+2t(2i+l)+l) + tﬂ) —d.
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Therefore, the sequence s; = [(x9), [(x2), ..., 1(zt2), 1(zt ), (2572, ..., 1(2D),

I(z}) is 1-arithmetic and the corresponding sequence of weights w; = w(z?),

), w(z™?), w(z?), w(x}) is d-arithmetic. Now consider the

set S = {w(z)), w(a?), ..., w(xd_;)}. We have w(z)) = DY) 4 4y Therefore

S = {w(x)),w(xd) +td, ..., w(zy) + (d — 1)td} since i € {0,1,...,v — 1}. Hence, L is a

d-handicap labeling and we have proven the theorem. O

If we impose some additional restrictions on the distance magic graph G in the previ-
ous theorem, we can provide a large range of regularities for each class of d-handicap

graphs produced.

Theorem 2.4.6. Let d > 2 and t,v > d + 2 be even integers and let n = wvt.
Let G = (V, E) be a d-regular distance magic graph of even order v with vertex set

V =A{90,91,---,9u—1} and the following additional properties.

e gig; € E if and only if gy—1-igv—1-; € E and

e G is 1-factorable.

Ifd =0 (mod 4) ort =0 (mod 4), then there exists an H (n,k,d) for all even k

such that 2d < k <n —2d — 2.

Proof. Let T'= GOH be the H (n, 2d, d) constructed in Theorem with associated

d-handicap labeling I. Observe that I(z?) 4+ 1(2/*} ) = (/) +1(2?_,_,) = n+1 for
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i=0,1,...,5 —1land j =0,2,..,t — 2. Now consider the bubble graph, B (T). We

have
VBI) = { (e (@) 0<i <

For ease of notation, let uz = (xj It ) and qu (x{“, mj_i_l) for0 << 21,

and j =0,2,....t — 2.

In T, every pair of H-layers, (HY%, H%-'-") form a subgraph of B(T') isomorphic

to H% for all © = 0,1, ..., %5~. Indeed, let [ lA s asj”s,xif“%] C H¥ for some s

2 7

Jj+1 J+2s J+142s Jo—1—3
belonging to the connection set of H. Then [z | . 2] . | 2/ 27172 € Hov-1-:,

Therefore, [ul,u*! | u/™® u/"'**] C B(T). Hence, the H-layers of T induce a

171 )y

subgraph of B(T') isomorphic to §H.

Similarly, every pair of G-layers (Ghﬂ', Ghﬂ'“) forms a subgraph of B(T") isomorphic to
Gh for all j =0,2,...,t — 2. To see this is true, let xz s € G"i for j even and some
s. Then recalling that g;g;+s € F(G) if and only if g,—1-;gv—1-(i+s) € E(G), we obtain
that o/"} 27! € Ghi+1. Therefore, if s < ¥ — 1 — i, then wlul,, € E(B(T))

v—1-i"v—1—(i+s)

and if s > § — 1 — 4, then v} u +i (i+s) € E(B(T)). Hence, the G-layers of T' induce a

subgraph of B(T') isomorphic to :G.

We have shown that B(T') is 2d-regular (and consequently B(T") is § —1 — 2d-regular)

and B(T) = 2H+LG. We proceed to find 1-factors of B(T), the complement of B (T').
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Edges of the form ufug, or u{ug“ (withi = g <= ¢ = v—1—1) in B(T) form the graph
%5 which is 1-factorable since G is 1-factorable. So far, we count v — 1 —d 1-factors of

B(T). Observe that H contains only edges of the form u/u?. Let S = {¢+1, 42, ..., £}

when d = 0 (mod 4), otherwise let S = {42 +1, 242, ..., £ —1}. Then C%(g) o K,

t
o Z
is a spanning subgraph of H and it allows a 1-factorization by Lemma [2.3.4. We have

counted ¢ — d — 2 more 1-factors of B(T).

Now the remaining edges of B(T) form an equipartite graph with partite sets

P = {ug,uzﬂ 0 £ < 5 —1} for j = 0,2,...,t — 2, and edge set
{ulug, v s, ulust wl T ustt o i # p) between any two partite sets P and P

If t =0 (mod 4), these edges allow a 1-factorization (into (§ —1)(v—2) 1-factors) by
Lemma [2.3.6] Otherwise, if ¢ = 2 (mod 4), we may partition each P; into two partite

setsPlz{uZ:Ogig

— i+1 ;
¢ —1}and PP = {u]” : 0<i <

5 5 — 1}, so these edges

form an equipartite graph of the type from Lemma [2.3.8 Thus, the edges allow a

1-factorization into (% —1)(t—2) 1-factors. Since (5 —1)(v—2) = (¥—1)(t—2), B(T)
allows a 1-factorization into (v —1—d)+(t —d—2)+ (¥ -t —v+2) =% —-2d—1

1-factors.

Let B(T) have 1-factorization, B(T) = I, + I + ... + In_y 9q. Now define a graph B

with vertex set V(B) = V(T') and

B ={[u,v | z,y]: (u,v) (x,y) € E(L;), Yi}.
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Then construct the graph 7'+ B with vertex set V (T'+ B) = V(T'), and labeling [ as
in the construction of T. Since I(u)+1(v) = I(z)+1(y) = n+1, the labeling [ remains

a d-handicap labeling and we have proven that a H (n, k, d) exists for all even k such

that 2d < k < 2d+2(% —1—2d) = n — 2d — 2. O

In the proof of Theorem [2.4.3] (which appears as Theorem 3 in [29]), Froncek et. al.
built r-regular distance magic graphs of the form H o K,. In particular, they allow H
to be any 3-regular spanning subgraph of K» when n =0 (mod 4), or any 5—regular
spanning subgraph of K 2 consisting of 7 Hamiltionian cycles when n = 2 (mod 4).
Therefore, if n = 0 (mod 4) and 7 = 0 (mod 4), we may choose H = Cz(1,2,..., 7).
If n =0 (mod4) and » = 2 (mod 4), we may choose H = C’g(l,?,...,%,%). If
n =2 (mod 4), we may choose H = C=n(S) where S = {1,2,..,2+2}\{3,2} when

n =0 (mod 6) and S = {1,2,...,%} when n # 0 (mod 6). We exclude {3,2} from

S when n = 0 (mod 6) because the corresponding cycles in H are not Hamiltonian

as these numbers divide ¢ while all other members of S are relatively prime with
5. Since it is clear that graphs of the form H o K, for our choice of H exhibit the

necessary edge property of Theorem [2.4.6] the next result follows easily from Lemma

235

Corollary 2.4.7. Let d > 2 and t,v > d+2 be even integers and letn =vt. If d =0
(mod 4) or v =t = 0 (mod 4), then there exists an H (n,k,d) for all even k such

that 2d < k <n —2d — 2.
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It should be noted that if a graph G from Theorem does not meet either the edge
requirement or the 1-factorability requirements necessary to apply Theorem [2.4.6] it
is still possible to provide a range of regularities, k£ such that 2d < k < r for some

r <n — 2d — 2 using the techniques given in the proof of Theorem [2.4.6]

Example 2.4.8. Suppose we want a 4-handicap tournament with 36 teams in which
each team plays 10 games. We know such a tournament exists by Corollary [2.4.7
Figure shows a graph G = (C4(1,2) and its distance magic labeling. Since G
satisfies the necessary edge property of Theorem [2.4.6] the graph G can be used
to construct 4-handicap tournaments in which each team plays any even number of
games k such that 8 < k < 26. We will use the construction in Theorem to
build the 8-regular tournament. The 8-regular graph is shown in separate Figures (2.2
and for clarity. Figures and show the corresponding layers in B(T). To
obtain the 1-regular tournament, we need only add one distance magic Kj >-factor to
complete the construction. We leave it to the reader to accomplish this by finding a

1-factor in the complement of the bubble graph.

One may wonder how close Corollary comes to providing all feasible regularities
given a class of n. To obtain a partial answer, let v = 2d in Corollary 2.4.7. The

necessary conditions in this case are as follows.

Theorem 2.4.9. If an H (n,k,d) exists where d is even, n = 0 (mod4d), and n >

2d(d+2), thend+2<k<n-—d—A4.

34



Figure 2.3: Edges of the bubble graph induced by the G-layers.

Proof. Let n = 4dc for some integer ¢ > % +1 and let D = (n — 2)? —4d(n — 1). Let
b(c) = #. Then we have b(c) = 2dc — 1 — /p(c), where p(c) = 4d*c* — ddc(d +
1) + (d + 1). Then it is clear that p(c) < (2dc — (d 4 1))*. Therefore, b(c) > d. On
the other hand, we have p(c) > (2dc — (d + 2))* since ¢ > 2+1> %j”. Thus,
d < b(c) < d+ 1 which gives [b(c)] = d + 1. Then since k£ must be even, we have

k> d+ 2 by 2 and 5 of Theorem [2.3.1]
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Figure 2.5: Edges of the bubble graph induced by the H-layers.

Let b(c) = 2dc— 1+ /p(c). It follows from the above bound on p(c) that n —d — 3 <

b(c) <n—d—2. Thenwehavek§n—d—4by2and5ofTheorem. O
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By letting v = 2d in Corollary [2.4.7, we obtain the following result.

Corollary 2.4.10. For every even d and even integer k such that 2d < k < n—2d—2,

there exists an H (n,k,d) if

e n=0(mod8&d), n>2d(d+4), and d =0 (mod4) or

e n=4d(mod8d), n > 2d(d + 2), and d = 0 (mod4) or

e n=0(mod8d), n > 2d(d+2), and d =2 (mod4).

Therefore, Theorem follows from Corollary and we observe that for d = 2¢,
Corollary misses only ¢ — 1 of the smallest, and ¢ — 1 of the largest feasible

regularities, k.

2.5 0dd d

2.5.1 Known results

For n even, the question of when an H (n, k, 1) exists has recently been completely

settled for every pair (n, k) [30].
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Theorem 2.5.1. [30] Let H (n,k,1) be a k-reqular 1-handicap graph on n vertices.
Forn =0 (mod 4), an H (n,k, 1) exists if and only if k is odd and 3 < k < n—5. For
n=2 (mod 4), an H (n,k,1) exists if and only if k =3 (mod 4), and 3 <k <n-—7

except for k=3 and n < 26.

For n odd, an H (n, k, 1) is known to exist for every feasible n and some k& [2§].

Theorem 2.5.2. [28] Let n be an odd positive integer. Then an H (n, k, 1) exists for

at least one value of k if and only if n =9 orn > 13.

2.5.2 New results

The following theorem indicates why the construction for even d will not work when

d is odd. It was originally proved by Vilfred in his Ph.D. thesis in 1999.

Theorem 2.5.3. [44] Let d > 1 be an odd integer. No d-reqular graph is distance

magic.

The construction in this section is a generalization of the class of 1-handicap graphs
constructed by Shepanik in [43]. As was the case for even d, our approach will be to
first construct a class of d-handicap graphs for a small regularity k&, and then use the

bubble graph to add distance magic layers to increase k£ until the bound is met.
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Theorem 2.5.4. For every odd d, there exists an H (n,2d 4+ 1,d) provided

en=0(mod4dd+4),n> (d+1)(d+3), and d=1(mod4) or
en=0(mod4d+4), n > (d+1)(d+5), and d =3 (mod4) or

e n=2d+2(mod4dd+4), n > (d+ 1)(d+ 3), and d = 3 (mod 4).

Proof. Let G = Kgy1 with vertex set V(G) = {go, g1, ..., ga}. Define t = 2 and if

d=1(mod4), let H = C: (£,1,2,..., %) o K5 , otherwise let H = o (1,2,.., 40
Ky. Let V(H) = {hg,hq,...,h_1} where each pair of isolated vertices, (hj,h;i1)
for j = 0,2,...,t — 2, corresponds to the blown-up vertices in H. Notice that if
d = 1(mod4), then n > (d + 1)(d + 3) implies & < L. If d = 3(mod4) and
n =0 (mod4d +4), then n > (d+1)(d+5) implies 21 < L. Finally, if d = 3 (mod 4)
and n = 2d + 2 (mod 4d + 4), then n > (d + 1)(d + 3) implies 1 < =2, Now let

T = GOH and denote by 27 each vertex (g;, h;) € V(T) for all i = 0,1,...,d and

j=0,1,....,t — 1. Define [ : V(T) — {1,2,...,n} by

ti+ 2,5 =0,2,...,t—2

ti+1) -5 j=1,3,..,t—1

for all i =0,1,...,d. Clearly, [ is a bijection.

Notice that I(z?) + {(z7™") = t(2i + 1)+ 1 for j = 0,2,....t — 2, so each pair
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(1(x]),1(z*")) are Si1-complements. For every vertex ! € V(T'), we have

w(xf) = ;l(ﬂ) [ (20 +1)+ 1]
= :021:“. dl(mi) — l(xf) d“[ (20 +1) +1]

n(d+2i+1)';(d+1)(j+3) —U(z)),7=0,2,...,t =2

n(d+2i+3)f2(d+1)(j*2) —1(2)), j=1,3,...,t—1

For every ¢« = 0,1, ..., d, define the sequences

and

Observe that (z)7) — I(x)) = 1 for j = 0,2, ...t — 4, I(z]) — I(z]™) = 1 for j =
1,3,....,t — 3, and I(z!™) — [(2!72) = 1. Similarly, we have w(z/"?) — w(z?) = d for
§=0,2,..,t—4 wz))—wz]?) =dfor j =1,3,...,t—3, and w(z! ") —w(z!"?) = d.
Therefore, s; = ti+1,ti+2, ..., ti+t and w; = w(zY), d+w(z?), 2d+w(2Y), ..., (t—1)d+
w(2Y). Then since I(x,,) = (x]) +t and w(zl,,) = w(x]) +td, for all i = 0,2,...,d —
1,7=0,1,...,t — 1, we conclude that the sequence sg, s1, ..., 54 = 1,2,3,...,n and the
sequence Wy, Wy, ..., Wq = W, d + wq, 2d + wy, ..., (n — 1)d 4+ wy, proving that 7" is a d-

handicap graph. Since T is 2d+ 1-regular, we have constructed an H (n,2d + 1,d). O
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We will now employ the bubble graph to give a wide range of possible densities given

n and d.

Theorem 2.5.5. For every odd d, there exists an H (n,k,d) for every odd k such

that 2d +1 < k <n — (2d + 3) provided

e n=0(mod4d+4),n>(d+1)(d+3), and d=1(mod4) or
e n=0(mod4d +4),n> (d+1)(d+5), and d =3 (mod4) or

e n=2d+2(mod4d+4), n> (d+1)(d+3), and d = 3 (mod4).

Proof. Let T = GOH be the H (n,2d + 1,d) produced in Theorem with d-

handicap labeling [ and recall that ¢t = 5. Observe that I(z]) + (22T =

Iz )+ 1) =n+1fori = 0,1,..,5 and j = 0,2,...,t — 2. So the pairs

(l(mj),l(xéti)) , (l(mflfi),l(x#l)) partition {1,2,...,n} into complements. Consider

(2 K3

now B(T). Fori=0,1,.., 5% j=0,2,...,t — 2, let

V(B(T)) = {u} = (af,2353),ul™ = (2], 23)}.

7 —i/0 % 7

From here, the proof is essentially the same as the proof of Theorem [2.4.6 since the
graph G = K41 meets the edge requirements of Theorem [2.4.6) and the graph H

allows a 1-factorization. Therefore, we omit the details. O

41



One may wonder how close Theorem [2.5.5| comes to providing tournaments for all fea-

sible regularities given a class of n. We provide the appropriate corollary to Theorem

2.31] below.

Corollary 2.5.6. If an H (n,k,d) exists where d is odd and n =0 (mod 2d + 2),n >
(d+1)(d+5), thend+2<k<n-—d-—4.

Proof. Let n = (d+1)2c for some integer ¢ > 1(d+5) and let D = (n — 2)*—4d(n—1).

1
Let b(c) = @ and let u = d-+1. Then we have b(c) = cu—1—/uy/c(c — 2)u + 1
in terms of ¢ and u. Then since d + 1 > 1, it follows that (¢ — 1)?u > c(c — 2)u + 1.
Therefore, b(c) > d. On the other hand, we have (u(c—1) —1)? < u?c(c —2) + u since

c>id+5)>u+2> % Thus, d < b(c) < d + 1 which gives [b(c)] =d + 1.

Then since r must be odd, we have r > d 4+ 2 by 2 and 5 of Theorem [2.3.1}

Let b(c) = #. It follows from the above bound on b(c) that n —d — 3 < b(c) <
n —d — 2. Then we have LMJ =n—d—3r<n—d—4by 2 and 5 of Theorem

231 O

Therefore, if d = 2¢+1, Theorem gives all feasible regularities with the exception

of the ¢ smallest and ¢ largest values of k. This leads to the following corollary of

Theorems [2.3.1| and [2.5.5| first proved by Shepanik in [43].

Corollary 2.5.7. [43] Let n =0 (mod 8), n > 8 be given. Then an H (n,k,1) exists

if and only iof k is an odd number such that 3 < k <n —5.
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2.6 Conclusion

We have constructed many classes of k-regular d-handicap tournaments for every
d > 1, addressing the spectrum question for all three parameters; number of teams,
number of games, and handicap number. Also, it is an easy observation that the
complement of a d-handicap graph is an antimagic graph in which the weights form
an arithmetic sequence with difference —1 —d. Therefore, in combination with results
on distance magic graphs (“d = 07”), we have provided infinite classes of graphs which
can be labeled f(x;) = ¢ with the first n natural numbers such that the induced

weights w(z1), w(xs), ..., w(z,) form a d-arithmetic progression for any integer d.

One direction forward is to find constructions for the extreme values of k£ missed

by Theorems [2.4.6] and 2.5.5 for d > 3. We conjecture that d-handicap graphs can

be found for these missing parameters, but it will take a new approach perhaps not
considered here. Another direction forward is to find classes of d-handicap graphs for

the missing classes of n, for example d =2, n =4 (mod 8).
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Chapter 3

Orientable Z,-distance magic graphs*

3.1 Introduction

All graphs considered in this chapter are simple finite graphs. Consider a simple
graph G. We denote by V(G) the vertex set and E(G) the edge set of G. We denote
the order of G by |V (G)| = n. The open neighborhood N(x) of a vertex z is the set of
vertices adjacent to x, and the degree d(x) of = is | N (z)|, the size of the neighborhood

of z. By C,, we denote a cycle on n vertices.

In this chapter we investigate distance magic labelings, which belong to a large family

of magic-type labelings. Generally speaking, a magic-type labeling of a graph G =

*The material in this chapter has been submitted to Discussiones Mathematicae Graph Theory
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(V,E) is a mapping from V) E, or V U E to a set of labels which most often is a
set of integers or group elements. Then the weight of a graph element is typically
the sum of labels of the neighboring elements of one or both types. If the weight
of each element is required to be equal, then we speak about magic-type labeling;
when the weights are all different (or even form an arithmetic progression), then we
speak about an antimagic-type labeling. Probably the best known problem in this
area is the antimagic conjecture by Hartsfield and Ringel [33|, which claims that
the edges of every graph except K, can be labeled by integers 1,2,...,|F| so that
the weight of each vertex is different. A comprehensive dynamic survey of graph
labelings is maintained by Gallian [31]. A more detailed survey related to our topic

by Arumugam et al. [5] was published recently.

A distance magic labeling (also called sigma labeling) of a graph G = (V| E) of order
n is a bijection £: V' — {1,2,...,n} with the property that there is a positive integer

k (called the magic constant) such that

w(x) = Z l(y) = k for every x € V(G),

yENG(x)

where w(z) is the weight of vertex x. If a graph G admits a distance magic labeling,

then we say that G is a distance magic graph.

The following observations were proved independently:
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Observation 3.1.1 ([35], [38], [40], [44]). Let G be an r-regular distance magic graph

r(n+1)

on n vertices. Then k = 5

Observation 3.1.2 ([35], [38], [40], [44]). There is no distance magic r-reqular graph

with r odd.

The notion of group distance magic labeling of graphs was introduced in [23]. A
[-distance magic labeling of a graph G = (V, E) with |V| = n is an injection from V
to an abelian group I' of order n such that the weight of every vertex evaluated under
group operation z € V' is equal to the same element 1 € I'. Some families of graphs

that are I'-distance magic were studied in |10} 12} [15] 23].

An orientation of an undirected graph G = (V, E) is an assignment of a direction
to each edge, turning the initial graph into a directed graph 8 = (V,A). An arc
ﬁ/ is considered to be directed from x to y, moreover y is called the head and z is
called the tail of the arc. For a vertex x, the set of head endpoints adjacent to x is
denoted by N~ (z), and the set of tail endpoints adjacent to 2 denoted by N*(z). Let

deg™(z) = [N~ ()|, deg™ (x) = |[N*(z)| and deg(z) = deg™ (x) + deg ™ (z).

Bloom and Hsu defined graceful labelings on directed graphs [7]. Bloom et al.
also defined magic labelings on directed graphs [8]. Probably the biggest challenge
(among directed graphs) are Tutte’s flow conjectures. An H-flow on D is an

assignment of values of H to the edges of D, such that for each vertex v, the
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sum of the values on the edges going in is the same as the sum of the values on
the edges going out of v. The 3-flow conjecture says that every 4-edge-connected
graph has a nowhere-zero 3-flow (which is equivalent that it has an orientation
such that each vertex has the same outdegree and indegree modulo 3). In this
chapter we ask when we can assign n distinct labels from the set {1,2,...,n} to
the vertices of a graph G of order n such that the the sum of the labels on heads
minus the sum of the labels on tails is constant modulo n for each vertex of G.

Therefore we introduce a generalization of distance magic labeling on directed graphs.

Assume I' is an abelian group of order n with the operation denoted by +. For
convenience we will write ka to denote a + a + ... + a (where the element a appears
k times), —a to denote the inverse of a and we will use a — b instead of a + (—b). A
directed 1'-distance magic labeling of an oriented graph 8 = (V, A) of order n is a
bijection 7: V' — TI' with the property that there is u € I" (called the magic constant)

such that

w(x) = Z 7(y) — Z 7(y) = u for every z € V(G).

yeNS (z) YyEN (2)

If for a graph G there exists an orientation 8 such that there is a directed I'-distance

magic labeling 7 for 8, we say that G is orientable I'-distance magic and the directed
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Figure 3.1: An orientable Zs-distance magic labeling of C's.

_)
['-distance magic labeling ¢ we call an orientable I'-distance magic labeling.
The following cycle-related result was proved by Miller, Rodger, and Simanjuntak.
Theorem 3.1.3 ([38]). The cycle C,, of length n is distance magic if and only if
n =4.
One can check that C, is distance magic if and only if n = 4, however it is not longer

true for the case of orientable Z,-distance magic labeling (see Fig)3.1)).

Circulant graphs are an interesting family of vertex-transitive graphs. These graphs

arise in various settings; for instance, they are the Cayley graphs over the cyclic group

of order n. The circulant graph C,,(s1,S2,...,sk) for 0 < 1 < 59 < ... < s < n/2
is the graph on the vertex set V = {xg,21,...,2,_1} with edges (z;, 7:4,) for i =
0,....,n—1,5=1,...,k where i + s; is taken modulo n.

We recall three graph products (see [32]). All three, the Cartesian product GOH,
lexicographic product G o H, direct product G x H are graphs with the vertex set

V(G) x V(H). Two vertices (g, h) and (¢, h’) are adjacent in:
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e GOH ifand only if g=¢' and h ~ h' in H,or h=h" and g ~ ¢ in G,
e GxHifg~¢g inGand h~h in H;

e (Go H if and only if either g~ ¢ in Gor g=¢ and h ~h' in H.

For a fixed vertex g of GG, the subgraph of any of the above products induced by the
set {(g,h) : h € V(H)} is called an H-layer and is denoted HY. Similarly, if h € H

is fixed, then G", the subgraph induced by {(g,h) : g € V(G)}, is a G-layer.

In this chapter we show some families of orientable Z,-distance magic graphs.

3.2 Circulant graphs and their products

We start by proving a general theorem for orientable I'-distance magic labeling similar

to Theorem [3.1.2

Theorem 3.2.1. Let G have order n = 2 (mod 4) and all vertices of odd degree.
There does not exist an orientable I'-distance magic labeling of G for any abelian

group I' of order n.

Proof. Suppose to the contrary that G is orientable I'-distance magic with orientation

_>
8, orientable I'-distance magic labeling ¢, and magic constant p. Since
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n =2 (mod 4), we may assume that I' is a direct product of cyclic groups containing

Zs. For all g € T, let go denote the Zy component of g. Similarly, for all z € V(G), let
s — .

wo(z) and £y (x) denote the Zy component of w (z) and ¢ (x) respectively. Observe

that

wi@)= 3 G- Y L= Y Gy frevayz € V(G).

yENZ (2) yeEN, (z) yENG(x)

Let wo(a) = > wo(z). Then clearly wo(a) = nup = 0. However, since each
zeV(G)

vertex has odd degree and % is odd, we have wo(g) = > > K—g(y) =1, a

€V (G)yeNg(z)

contradiction. ]

Notice that the above proof also shows that there exists no abelian group I' of order
n =2 (mod 4) such that G is I'-distance magic. From the above Theorem the

below observation easily follows:

Observation 3.2.2. Let G be an r-reqular graph on n = 2 (mod 4) vertices, where
r 1s odd. There does not exist an orientable Z,-distance magic labeling for the graph

G.

However, there are (2k + 1)-regular graphs on n = 0 (mod 4) vertices that are not
orientable Z,-distance magic (see Theorem [3.3.1)), the converse of the above Theo-
rem is not true in general for n = 0 (mod 4). Consider the graph G = K333

with the partition vertex sets A! = {z},x1, 23}, A? = {23, 2% 23}, A% = {23, 23, 23}

o1



and A* = {z§, 2}, z3}. Let o(uv) be the orientation for the edge uv € E(G) such that:

x?xg for 1=0,1,2,
, x}x% for i=1,2, k=0,1,2,
ofwlaf) =
lex‘k for ¢+=0,1,2, k=0,1,2, p=3,4,
—
zjay  for i,k=0,1,2,2<j<p<A4
\
Let now:
— — —
(=3 Tah=6 T@h=1 Tah=11
— — — —
4 (1‘%) =9, 4 (I‘%) =2, 4 (ZL“;’) =4, 4 (*’L’All) =38,
— — — —
¢ ($%) =0, 4 (33%) = 10, ¢ ('Tg} =1, 4 (wg) =95

Obviously w(z) = 6 for any = € V(G).

Theorem 3.2.3. If G = C,(s1, S2,...,8k) s a circulant graph such that s < n/2,

then p copies of G is orientable Zy,-distance magic for any p > 1.

Proof. Note that G is a 2k-regular graph, because s < n/2. Let Vi =z}, 2%, ... o
be the set of vertices of ith copy G* of the graph G, i =0,1,...,p—1. It is easy to see
that we can partition G into disjoint cycles xj, xj1s,, Tjt2s,,- - -, 2; of length of order

of the subgroup (s) for h € {1,2,...,k} and j =0,1,...,s, — 1. Orient each copy

of G such that the orientation is clockwise (in which order the subscripts go) around
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each cycle z;,Tj1s,, Tjr2s,,--.,2; for h € {1,2,... k} and j = 0,1,...,s, — 1. Set
- —
now ((zt)=mp+iform=0,1,...,n—1,i=0,1,...,p— 1. Obviously /¢ is a
o 7 e k
bijection. Moreover w(z) =32 n+y € (Y) =D en-@) € () = —2p 325, s; for any

z € V(pG). O

From the above proof of Theorem [3.2.3| it is easy to conclude that in general the
magic constant for orientable Z,-distance magic graphs is not unique (just take coun-

terclockwise orientation in each cycle).

Theorem 3.2.4. If G = Cy(s1,82,...,5:) and H = Cy,(s},s5,...,8,) are circulant

graphs such that s, < n/2, s, <m/2 and ged(m,n) = 1, then the Cartesian product

GUOH s orientable Zy,,-distance magic.

Proof. Let G be a graph with the vertex set V(G) = {g0,91,--.,9n-1}, Whereas
V(H) = {zo,z1,...,Zm_1}. As in the proof of Theorem we orient each
copy of H (i.e HY%layer for any g € V(G)) such that the orientation is clock-
wise around each cycle (g;,2;), (Gi, Tjts. )s (Gis Tjy2st ) - - -, (g5, x;) for a = 1,2,...,p,
j = 0,1,...,88 =1 and i = 0,1,...,n — 1, whereas each copy of G (i.e G"-
layer for any h € V(H)) such that the orientation is clockwise around each cycle
(Gis%5), (Gitsys T5), (Giv2sy, Tj), - - -5 (gisz;) for b= 1,2,... ki =0,1,...,5 — 1 and
j=01,....m—1

Recall that Z,, x Z, = Zp,, because ged(n,m) = 1. Define 7: V(GOH) = Zy, X Ly,
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— —
as {(gi,z;) = (i,j) for i = 0,1,...,.n —1, j = 0,1,...,m — 1. Obviously ¢

is a bijection. Notice that w(g;,x;) = ZyeNJF(gi’xj)?(y) - ZyeN_(giwj)?(y) =
(—23°F | 55, —2 > 71 8;), thus we obtain that GOH is orientable Z,,-distance

magic. 0

Note that the above Theorem is not “if and only if” since the Cartesian product

C,0C,, is orientable Z,,,-distance magic for any n,m > 3, see [19].

We will show now some sufficient conditions for the lexicographic product to be

orientable Z,-distance magic.

Theorem 3.2.5. Let H = Cy,(s1, S2,...,8k) be a circulant graph such that s, < n
and G be a graph of ordert. The lexicographic product GoH is orientable Zoy, -distance

magic, if one of the following holds:

e graph G has all degrees of vertices of the same parity,

e 1 1S even.

Proof. Let G be a graph with the vertex set V(G) = {g0,91,---,9:1}, whereas
V(H) = {xo,21,...,%2n-1}. Let now (g;,x;) = 2% As in the proof of Theo-
rem we orient each copy of H (i.e H9%layer for any g € V(G)) such that the

)

orientation is clockwise around each cycle 3, 2%, 2% o ..., 25 for a =1,2,... K,
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j=0,1,....,s,—land i =0,1,...,t—1. If g;g, € E(G) (i < p), then the orientation

o(a}xy) for an edge xix) € E(G o H) is given in the following way:

y p . .
. zixy, for j,b<mn or jb>n,
o(a:ja:b) =
y .
Ty, otherwise.

— —

Set now ¢ (x!)=mt+iform=20,1,...,2n—1,:=0,1,...,t — 1. Obviously ¢ is
L . ; i - k

a bijection. Notice that w(z}) =37 cnuv iy € (Y) = 2 yen-@iy £ (¥) = =263 s+

deg(g;)n(tn). If now deg(g;) = ¢ (mod 2) then we are done. If n is even, then

n(tn) =0 (mod 2tn), thus we obtain that Go H is orientable Zyy,-distance magic. [

One can ask if G o H of order n is still orientable Z,-distance magic if the circulant

graph H has an odd number of vertices. The partial answer is given in the Theo-

rems and [3.2.9] Before we proceed, we will need the following theorem.

Theorem 3.2.6 ([30]). Let n =11 +ry+...+ 1, be a partition of the positive integer
n, where r; > 2 fori = 1,2,...,q. Let A = {1,2,...,n}. Then the set A can be
partitioned into pairwise disjoint subsets Ay, Ag, ..., Ay such that for every 1 <1 <gq,
|Ai| = 7 with Y2 ,c0, a =0 (mod n+ 1) if n is even and )., a =0 (mod n) if n

18 odd.

Theorem 3.2.7. If G is a graph of odd order t, then the lexicographic product G o

K%H is orientable Zy(on1)-distance magic for n > 1.
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Proof. Let G be a graph with the vertex set V(G) = {g0,91,.-.,9:-1}, whereas
V(Koni1) = {xo,21,...,72,}. Give first to the graph G any orientation and now
orient the graph G o Ko, 1 such that each edge (gi,2;)(gp, 7n) € E(G 0 Ko,11) has

the corresponding orientation to the edge g9, € E(G).

Since t,2n+1 are odd, there exists a partition Ay, As, ..., A; of the set {1,2,..., (2n+
1)t} such that for every 1 <i <t, [A;] =2n+ 1 with > _, a =0 (mod (2n + 1)t)
by Theorem . Label the vertices of the ith copy of Ks,.1 using elements from
the set A; for i = 1,2,...,t. Notice that Z?gl 7(91-,%) =0fori=12,...,t.

— -
Therefore w(gi> xj) = Ey€N+(gi71'j) ¢ (y) - ZyEN*(Qqu) ¢ (Z/) =0. =

Theorem 3.2.8. If G = Cy(s1,52,...,5:) and H = C,,(s},s5,...,8,) are circulant

graph such that s, < n/2, s, < m/2 and ged(m,n) = 1, then lexicographic product

G o H 1is orientable Z,,,-distance magic.

Proof. Let G be a graph with the vertex set V(G) = {g0,91,.-.,9n1}, Whereas
V(H) ={zo,71,...,Tm_1}. Give first to the graph G the orientation as in the proof
of Theorem , i.e. i, Gits,, Git2sy,---,0i for b =1,2,...k, 1 =0,1,...,8 — 1.
For i # p orient now each edge (g;,z;)(gp,xn) € E(G o H) such that it has the
corresponding orientation to the edge ¢;9, € E(G). Recall that for each ver-
tex g € V(G) we have degt(g) = deg (g). Each copy of H (i.e HY%layer for
any g € V(G)) we orient such that the orientation is clockwise around each cycle

(9i>75)s (96, s, ), (Gis Tijgast )s - -5 (95, 25) for a = 1,2,...,p,j = 0,1,...,s, —1 and
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i =0,1,...,n — 1. Recall that Z, x Z,, = Z,, because gcd(n,m) = 1. Then
define ¢ :V(Go H) = Zy X Zy as ((gi,z;) = (i,5) for i = 0,1,...,n — 1,
%
j = 0,1,...,m — 1. Obviously ¢ is a bijection. Notice that w(g;,z;) =
— —

k .
D yen+(giay) L W) = 2pen- (g, £ W) = (=2m3 0 si, =230, ), thus we obtain

that G o H is orientable Z,,,-distance magic. O

Theorem 3.2.9. The lexicographic product C,, 0 C,, is orientable Zy,,-distance magic

for all n, m > 3.

Proof. Let G = C,,, H = C,, be graphs with the vertex sets V(G) = {g0,91, -, 9n-1},
V(H) = {xo,z1,...,2m-1}. Give first to the graph G the orientation counter-
clockwise around the cycle g¢o,91,92,...,90. For each ¢ orient now each edge
(giy7;)(gis1, zn) € E(GoH) such that it has the corresponding orientation to the edge
gi9i+1 € E(G). Each copy of H (i.e HY-layer for any g € V(G)) we orient such that the
orientation is counter-clockwise around each cycle (g;, o), (¢, 1), (9i, x2), - - -, (gs, To)
for i = 0,1,...,n — 1. Define ¢: V(G o H) = Zp, as {(g;,x;) = jn + i for

i=0,1,....n—1, j=0,1,...,m— 1.

w(gi, v;) = Z:ol (7(9i+1,$h) - 7(92‘—1,%))
+ 7(91',133'“) - 7(91',133'71)

= 2n+ 2m,

proving that G o H is orientable Z,,,-distance magic. O
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The analogous theorem is also true for a direct product of cycles shown in the following

theorem.

Theorem 3.2.10. The direct product C,, x C,, is orientable Zy,,-distance magic for

all n, m > 3.

Proof. Let G = C, = ¢0,91,---,9n-1 and H = C,, = x0,T1,...,Tm_1-
For all ¢ and j orient counter-clockwise with respect to j each cycle of
the form (g¢;,;), (9i—1,%j41), (9i—2, Tj12), .- -, (gi,x;) and each cycle of the form
(Giy%5), (Git1,Tj+1), (Gita Tjx2), - - -, (9i, x;), where the arithmetic in the indices is
performed modulo n and m respectively. Then define 7: V(G x H) = Zypm as

7(gi,:cj) =jn+ifori=0,1,...,n—1, 7=0,1,...,m — 1. Therefore for all 7 and

j we have,
— — — —
w(gz‘,%') = 14 (9¢—1;$j+1) + ¢ (9¢+1>$j+1) -0 (gz'—hxj—l) -0 (9z’+17$j—1)
= 4n.

%
Since ¢ is obviously a bijection, we have proved that G x H is orientable Z,,,,-distance

magic. O

Theorem 3.2.11. Let H = (5,(1,3,5,...,2 (%W —1). If G is an Eulerian graph of

order t, then the direct product G x H is orientable Zs,,-distance magic.

Proof. Let G be a graph with the vertex set V(G) = {g0,91,...,9:-1}, whereas

o8



V(H) = {zo,x1,...,T2,-1}. Give first to the graph G the orientation accord-
ing to Fleury’s Algorithm for finding an Eulerian trail in G' and now orient the
graph G x H such that each edge (¢;,2;)(9p,2n) € E(G x H) has the correspond-
ing orientation to the edge g;g, € E(G). Recall that for each vertex g € V(G)
we have deg®(g) = deg (g). Observe that H = K, , with the partition sets
A=A{xp,z2,..., T2} and B = {z1,x3,...,2Ton_1}.

Define

ti+ g for §=0,2,...,2n—2,

7(92'71'1') =

2tn—1—7(gi,xj_1) for j=1,3,...,2n—1,

fori=0,1,...,t— 1.

— —
Notice that ¢ (g;,z;)+ ¢ (gi,xj-1) = 2tn—1fori=0,1,...,t—1,j=1,3,...,2n—1.

— — degt i
Therefore w(gi, 2;) = 3 en+(giay) £ W) = 2pen—(gowy £ (¥) = egT(g)QnQnt —-1) -

deg i) on(2nt — 1) = 0. O

3.3 Complete t-partite graphs

Theorem 3.3.1. K, is orientable Z,-distance magic if and only if n is odd.

Proof. Suppose first that n is odd. Then K,, = C,(1,2,...,(n —1)/2) and thus it is
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orientable Z,-distance magic by Theorem [3.2.3] By Theorem [3.2.1| we can consider
now only the case when n = 0 (mod 4). Suppose that K, is orientable Z,-distance
— —
magic. Let ¢ (z) =1, £ (u) =0, then it is easy to see that w(z) = >_ cn+ () 7(y) —
— —

D yeN-(2) 7(y) =1 (mod 2), whereas w(u) = >, cn+@) € (¥) = 2yen—@) £ (¥) =0

(mod 2), a contradiction. O

Observation 3.3.2. Let G = K, nyns,...n, b€ a complete k-partite graph such that

-----

1< <no<...<npandn=ny+ns+...+n; is odd. The graph G is orientable

Ly -distance magic graph if ng > 2.

Proof. Give first to the graph GG an orientation such that all arcs from the set of
lower index go to the set of higher index. Since n is odd, there exists a partition
Ag, A1, ..., Ag—q of {1,2,...,n} such that for every 0 < ¢ < k — 1, |A;| = n; with
Y aca, @ =0 (mod n) by Theorem Label the vertices from ith partition set of
G using elements from the set A; for i =0,1,... k — 1.

Notice that w(z) = 0 for any =z € V(G). O

Notice that the above Observation is not “if and only if” since K;1; = C3(1) is

orientable Zs-distance magic graph by Theorem [3.2.3

Observation 3.3.3. K, , is orientable Zs,-distance magic if and only if n is even.

Proof. Suppose first that n is even then K, ,, = C5,(1,3,5...,n—1) thus is orientable
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Zsn-distance magic by Theorem 3.2.3| If n is odd, then because 2n = 2 (mod 4), then

Ky is not orientable Zg,-distance magic by Theorem [3.2.1] O

Recall that if n = ny + ny = 2 (mod 4) and ny,ny are both odd, then K, ,, is not
orientable Z,-distance magic by Theorem [3.2.1] It was proved in [17] that if K, ,,
is orientable Z,-distance magic, then n # 2 (mod 4). The next theorem proves the

converse is also true.

Theorem 3.3.4. Let G = K, n, and n = ny + ny. If n # 2 (mod 4), then G is

orientable Z,-distance magic.

Proof. Let G = Ky, », with the partition vertex sets A" = {zf,},...,x} _} for
1 =1,2. Without loss of generality we can assume that ny; > ns.

Let Z, = {ag,a1,a9,...,a,_1} such that ag = 0, a1 = n/4, as = n/2, a3 = 3n/4
and a;41 = —a; for i = 4,6,8,...,n — 2. Let o(uv) be the orientation for the edge

uv € E(G) such that:

, xzxi for i=0,1,...,n9 — 1,
70
ofwlaf) =
15

r;xy, for 1=1,2,....n -1, k=0,1,...,n9 — 1.

Case 1. nq,no are both odd.

7@6) = ay, 7(:5}) = ag, 7(301) = qp and 7(:1021) =ay4; fori=3,4,...,n; — 1.

(xF) = ap,vi fori=1,2,... ng— 1.
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Case 2. nq,ny are both even.

— — —
((zg) = a1, €(x1) =azand {(x})=ag; fori=2,3,...,n; — 1.
%
7($%) = ag, 7(351) =ag and { (2?) = a,,4; fori=2,3,... ,ny — 1.
Note that in both cases w(z) = n/2 for any = € V(G). O

Theorem 3.3.5. Let G = Ky, nyny and n = ny + ng + n3. Then G is orientable

L, -distance magic for all ny,ns, ng.

Proof. Let G = Ky, ny s With the partition vertex sets A* = {zf,z%,..., 2} _} for
i=1,23.

Assume first that n is odd. We have to consider only the case n; = ny = 1 by
Observation 16. If n3 = 1, then G = (5 is orientable Z,-distance magic, so assume

n3 > 3 is odd. Set the orientation o (uv) for the edge uwv € E(G) such that:

. xé$07
o (x]x}) = %
a:f’xo 1=0,1,...,n3—1
We will orient the remaining edges of the form xjz? for i = 0,1,...,n3—1 later. Now

let 7(3:(1)) =0, 7(1’%) =n—1, and 7(:6?) =i+ 1fori=0,1,...,n3 — 1. Notice
that 312" 7(203’) = 1. Observe now that w(z2) and w(z3) fori =0,1,...,n3—1 are
independent of the yet-to-be oriented edges and hence w(z2) = w(z?) = 1. So all that
remains is to orient the edges of the form z}z3 fori = 0,1,...,n3—1 so that w(z}) = 1.

It is easy to see that this is equivalent to finding a,b € {1,2,...,n — 2} C Z, such
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that a + b = ”T“, a # b. Clearly such a and b exist for all odd n > 5 since the group

table for Z, is a latin square. Therefore, set the orientation

ﬁ

1 -
ror;, t=a—1,b—1,

51

x;x5, otherwise,

o(zlx}) =
which implies that w(v) =1 for any v € V(G).

From now on n is even. Without loss of generality we assume that n; is even. Let
Zy, = {ag,a1,as,...,a,_1}. We will consider now two cases:

Case 1. n =0 (mod 4).

Let ap =0, ay = n/4, as =n/2, a3 = 3n/4 and a;41 = —a; for i = 4,6,8,...,n — 2.

Set the orientation o(uv) for the edge uv € E(G) such that:

x?xg for i=0,1,...,n0—1,
_ zird for i=1,2,....n—1, k=0,1,...,n9 — 1,
o(zjzy) =
rixy for i=0,1,....,n1—1, k=0,1,...,n3 — 1,
zizd for i=0,1,....,n0—1, k=0,1,...,n3 — 1.

Let now 7(@1)) = ay, 7(33%) = a3 and 7(35}) = a;p fori =2,3,...,n; — 1.
Case 1.1 ng, n3 are both odd.

%
(a?
(2

¢ (23) = ay and ) = Qpyr14i fori=1,2,... ng— 1.

7
7(353) = agy and 7

) = Gpyingti for i =1,2,... ng—1.
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Case 1.2. ng, nz are both even.

7(:10(2)) = ay, 7(:6%) = ay and 7(x22) = Qp,4; fori=2,3...,ny— L

7($f’) = Qpyynpti for i=0,1,...,n3 — 1.

Note that in both subcases w(v) = n/2 for any v € V(G).

Case 2. n =2 (mod 4).

Without loss of generality we can assume that no > ns.

Let ag=0,a1 =n/2,aa=1,a3=n/2—1,a,=n—1,a5 =n/2+ 1 and a;11 = —a;
fori=6,8,10,...,n—2. Set the orientation o(uv) for the edge uv € E(G) such that:

i —
o(zjzy) = { zlxh  for  j<np.

(2

%
Let now 7(@1)) = ag, 7(@) =agand { (z}) =a; 4 fori=23,... ,n; — 1.
Case 2.1. ng, nz are both even.

2y _ -
(27) = apyyopi for i =2,3,... ny — 1.

(23) = Ay pmgss for i =2,3,... ,ng — 1.
Note that D 4 7@) =n/2 for i = 1,2,3 thus w(v) = 0 for any v € V(QG).
Case 2.2 no,ng are both odd.

— —
Assume first that ny > 3. Set £ (z2) = ay, 7(95%) = a4, [ (2%) = a5 and

%
C(z)) = apy14i fori=3,4,...,ny — 1.

)

%
7($8) = ap and /£ (2}) = apin,0i for i« = 1,2,....,n3 — 1. As in Case 2.1

D reai 7(3:) =n/2 for i = 1,2,3 thus w(v) = 0 for any v € V(G).
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Let now ny = ng = 1, then ny = 0 (mod 4). Set the orientation o (uv) for the edge

wv € E(G) such that:

N
&

, 1leven

&
=)
&

7odd

8

S.:l

8
<

) (z{xﬁ) =

|

izO,l,...,n1—1

&
ow
s

2l

&
=)

&
o

%
Observe that > g = % since n = 2 (mod 4), and also Y £ (x]) — Y 7(1:11) =1
9€7Ln iodd ieven
so w(v) = 2 for any v € V(G). O

We finish this section with the following conjecture.

Conjecture 3.3.6. If G is a 2r-reqular graph of order n, then G is orientable Z,, -

distance magic.

Acknowledgments

We would like to thank Petr Kovar for all valuable comments.

65






Chapter 4

Orientable Z,-distance magic graphs

via products|

4.1 Introduction

In this chapter we study a generalization of distance magic graphs introduced recently
in [I4]. Let G be a simple, undirected graph on n vertices. Let ¢ be a bijection
¢ V(G) — {1,2,...,n}, and define for every vertex x € V(G), the weight of x,
w(z) = > L(y). If the weight of every vertex is equal to the same number £, called

yEN ()

the magic constant, then we say ¢ is a distance magic labeling of G. If such a labeling

*The material in this chapter has been submitted to Australasian Journal of Combinatorics
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can be found, we say that G is distance magic. For a survey of distance magic graphs
see [5]. If one uses group element as labels, the following generalization of distance

magic labeling is possible.

Let I' be an abelian group of order n with operation +. Let f be a bijection f :
V(G) — T'. If there exists u € I" such that w(z) = > f(y) = u, for all vertices
YyEN(z)

x € V(G), then we say G is I'-distance magic. Clearly if G is distance magic, then it

is also Z,-distance magic, but the converse is not necessarily true.

We now consider the analogous labeling in the setting of directed graphs first intro-
duced in [I4]. We begin with an undirected graph G = (V, E'). A replacement of each
edge in F with an arc, having a head at one vertex and tail at the other is called an
orientation of G, denoted 8(‘/, A). For a vertex z, let N*(z) = {y € V: yt € A}
and N~ (z) = {z € V : % € A}. Let indeg(z) = |N*(z)| and outdeg(z) = [N~ (x)|.
Let I" be an abelian group of order n with operation +. For two elements g, h € T', we
use the notation g — h to mean g + h~!, where h=! is the additive inverse of h. Also,
for repeated addition g + g + ... + g, where g appears k times, we use the notation
kg. A directed I'-distance magic labeling of an oriented graph 8(‘/, A) of order n is
a bijection 7: V' — I' with the property that there is a u € I', called the magic

constant, such that

w(x) = Z 7(3;) — Z 7(?;) = for every z € V(G).

yeENE () yENG (@)
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It should be emphasized that the arithmetic takes place in I'. If a graph G admits an
orientation 8 for which a directed I'-distance magic labeling 7 exists, we say that
G is orientable T'-distance magic and we call the directed I'-distance magic labeling

7 an orientable I'-distance magic labeling.

Let Z,, be the cyclic group of order n. With regards to orientable Z,-distance magic
labeling, Cichacz et. al characterized complete graphs, complete bipartite graphs,
complete tripartite graphs, circulant graphs, and certain products of graphs in [14].
They also showed that some graphs are not orientable Z,-distance magic. In partic-

ular, they proved the following.

Theorem 4.1.1. [14] Let G have order n =2 (mod 4) and all vertices of odd degree.

Then G is not orientable Z,-distance magic.

The motivation for our study is a conjecture stated in their concluding remarks [14].

Conjecture 4.1.2. If G is a 2r-reqular graph of order n, then G is orientable Z,,-

distance magic.

Determining whether an arbitrary graph is orientable Z,-distance magic is not prac-
tical. One strategy for building classes of graphs that are more fruitful to study is to
combine common families of graphs via graph products. The three graph products
we will use in this chapter are recalled in [32]. All three, the direct product G x H,

the strong product G X H,and the lexicographic product G o H, are graphs with the

69



vertex set V(G) x V(H). Two vertices (g, h) and (¢’, h') are adjacent in:

e GxHifg~¢g inGand h ~h' in H;

e GX H if either g=¢' and h ~h' in H,or h=h" and g~ ¢ in G, or g ~ ¢’ in

G and h ~ h' in H;

e (Go H if and only if either g~ ¢ in Gorg=¢ and h ~ k' in H.

If V(G) = {90,915 --+sgm-1} and V(H) = {hg, hi,..., hyy_1} for some m and n, re-
spectively, we use the notation (7, j) to denote the vertex (g;, h;) in any of the above
products. If (i,7) appears as an argument in a function f, for easier reading and
more transparent typesetting, we will use the notation f (7, j) rather than f((7,7)).
We will also use (4, j) to refer both to the vertex and the label of the vertex. Since the

labelings considered in this chapter are bijections, this should cause no ambiguity.

Observe that of the products defined above, only the lexicographic product is not
necessarily commutative. The lexicographic product G o H is sometimes also referred

to as graph composition and denoted G [H].

Let [n] = {0,1,...,n — 1} for a natural number n. Furthermore, for a given i € [n]
and any integer j, let ¢ + j denote the smallest integer in [n] such that i + j =

i+ 7 (modn).
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Let C,, = g, x1, ..., xn_1, To denote a cycle of length n. If the edges in C,, are oriented
such that every arc has the form Z;z;41 for all i € [n], then we say the cycle is oriented
clockwise. On the other hand, if all the edges of the cycle are oriented such that every
arc has the form Z;z;_1 for all i € [n], then we say the cycle is oriented counter-
clockwise. In addition, we use the notation G to denote the graph complement of G

and the notation pG to denote p disjoint copies of the graph G.

4.2 Direct product of cycles

In this section, we turn our attention to the direct product. The direct product of

two cycles is a four-regular graph. Anholcer et. al obtained the following result in
13l
Theorem 4.2.1. [3| The direct product C,, x C,, is distance magic if and only if

m=4orn=4orm,n=0 (mod 4).

If instead the elements of Z,,,, are used as labels, Anholcer et. al obtained the following

similar result in [4].

Theorem 4.2.2. [4] The direct product C,, X C,, i$ Zpy-distance magic if and only

if m € {4,8} orn € {4,8}, or m,n =0 (mod 4).

Allowing an orientation of the edges yields the following result.
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Theorem 4.2.3. For anyp > 1, m > 3, and n > 3, p copies of the direct product

Cp x Cy, 18 orientable Ly, -distance magic.

Proof. Let G = C,, = 90,91, Gm-1,90 and H = C,, = hg, h1,...,h,_1,hg. Then
orient each copy of G x H as follows. For each i € [m] and j € [n], orient counter-
clockwise with respect to j each cycle of the form {(7,5),(¢ 4+ 1,7 + 1),

(¢4+2,7+2),...,(4,5)}. Similarly, orient counter-clockwise with respect to j each
cycle of the form {(¢,j),(¢ —1,5+1),(i —2,54+2),...,(4,5)} . Since the graph
G x H can be edge-decomposed into cycles of those two forms, we have oriented
every edge in each copy of G x H. Now let (i, j, k) denote the vertex (i,j) of the k"
copy of G x H for i € [m], j € [n], and k = 1,2,...,p. Now for all such i, j, an k, let

7 V(p(G x H)) = Zpmyn where

—

i, j, k) = pmj +i+m(k — 1),

where the arithmetic is performed in Z,,,,. To show that 7 is injective, we have

— —

0(i,5,k) =0(¢,j', k') if and only if

pmj+i+m(k—1) =pmj' + i +m(k — 1) (mod pmn).

Reducing this equation modulo m gives i = ¢’ (modm), which implies i = i’ since

i,i" € [m]. Then we have m(pj + k — 1) = m(pj’ + k' — 1) (mod pmn), which implies

J
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p(j—j') =K — k(modpn). Thus j = 7' and k = k" since 0 < |j — j/| <n —1 and
0 < |k—K|<p—1. Therefore { is injective, hence bijective. Finally, recalling that

w(t,J, k) € Zymn, for any i, j, and k we have,

w(z’,j, k) = ZyEN+(i,j,k) Z(y) o ZyeN—(i,j,k) F(y)
= (G4+1,54+1,k)+0G—1,5+1k)

= 2m|[G+1) -G -1

If j € {0,n— 1}, then

= 4pm — 2pmn
= 4pm,

while if 0 < j <n — 1, we have

w(i,j, k) = 2pm-2

= 4dpm.

Hence, p copies of the direct product C,, x C), is orientable Z,,,,,-distance magic. [
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4.3 Lexicographic product

We begin this section by considering the lexicographic product of two cycles. The
graph C,, o C, is a (2n + 2)-regular graph. The following was proved by Anholcer et.

al in [3].

Theorem 4.3.1. [3| The lexicographic product of two cycles Cp, o Cp,, m,n > 3 is

distance magic if and only if n = 4.

For oriented graphs, every cycle length is allowed.

Theorem 4.3.2. For any p > 1, m > 3, and n > 3, p copies of the lexicographic

product of two cycles C,, o C,, is orientable Zyy,,-distance magic.

Proof. Let G = Cyy = 90, 91, -+, Gm—-1, g0 and H = C,, = hg, hq, ..., hy_1, ho. Let (4, j, k)
denote the vertex (i, j) of the k' copy of GoH fori € [m], j € [n],and k € {1,2, ..., p}.
For each copy of G o H , orient the edges so that N*(i,j,k) = {(i,7 +1,k)} U
{@+1,t,k) : t € [n]} and N~ (4,5,k) = {(i,7 — L, k)} U{(z —1,t, k) : t € [n]}.

Now for all such 4, j, and £, let 7 V(p(G o H)) = Zypmy, where

T (0,4, k) = p(mj +1) + (k — 1),

where the arithmetic is performed modulo pmn. Clearly, 7 is bijective.
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For any ¢, j, and k£ we now have,

—

w(i,j, k) = ZyeN+(i,j,k:) C(y) — ZyEN—(i,j,k) 7(9)
= Ui+, + Y LG+ 1,8k

te(n]

— TG —1k) - G- 1Lk

ten]

= [+ -G -Dl+pn[GE+1)—(—1)

= pma + pnb,
2,ifj € {0,n—1} 2, ifi € {0,m — 1}
where a = ,and b = . Then since
2 — n, otherwise 2 — m, otherwise

pma + pnb = 2pm + 2pn (mod pmn), we have that w(i,j, k) = 2pm + 2pn for all

(i,7,k) € V(p(G o H)), proving the result. O

Next we turn our attention to complete multipartite graphs. Cichacz et. al proved

the following in [I4].

Theorem 4.3.3. [14] The complete graph K, is orientable Z,-distance magic if and

only if n is odd.

For complete bipartite graphs, they proved the following sufficient conditions.

Theorem 4.3.4. [14] Let G = K, n, and ny +ng =n. If n # 2 (mod 4), then G is

orientable Z,-distance magic.
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Combined with Theorem {4.3.4] the next result settles the spectrum for complete

bipartite graphs and more.

Theorem 4.3.5. Let ny +ng+ ... +n, =n. If n =2 (mod 4) andp =1 or p is

even, then Ky, n,...n, 18 not orientable Z,-distance magic.

-----

Proof. Let G = K, n, If p =1, then G =2 K, is an odd regular graph on
n = 2(mod4) vertices, so it is not orientable Z,-distance magic by Theorem [1.1.1]
So assume p is even. For the sake of contradiction, suppose n = 2 (mod4) and G
is orientable Z,-distance magic with orientation 8 and orientable Z,-distance magic
labeling 7 : V(G) = Z,. Observe that Z, = Zs X Zyj» by the Fundamental
Theorem of Abelian Groups since ged (2, g) = 1. Therefore, there exists a labeling

FVI(G) = Zy x Zy )2 and element (a,b) € Zg X Zy /5 such that w(v) = (a,b) for all

v e V(G). Let ?;(v) represent the Z, component of 7(1}) for all v € V(G). Therefore,

- Y Bw- X Bw=Y B

yeN*(v) yeN—(v) yEN(v)

%
Since ? is bijective, there exists an odd number of v € V(G) such that fy(v) = 1.
Since p is even, it follows that there exists an odd number of partite sets A such that

> z(v) = 1 and an odd number of partite sets B such that z(v) = 0. But this

vEA vEB

is leads to a contradiction, since for x € A and y € B,

w(x) = (0,b) # (1,b) = w(y).
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Corollary 4.3.6. Let G = K, », be a complete bipartite graph such that n; +ng = n.

Then G is orientable Z,-distance magic if and only if n Z 2 (mod 4).

The next result serves as a cautionary tale for the lexicographic product.

Corollary 4.3.7. Let n =n; +ny = 1,3 (mod 4) and k =2 (mod 4). Then K, n,

is orientable Z,-distance magic, but Ky, n, o K}, is not orientable Z,y,-distance magic.

Proof. The proof is clear since K, ,, o K & Kiny kn, and knq +kng = 2 (mod4). O

Next we recall a theorem regarding distance magic labelings proved by Miller, Rodger,

and Simanjuntak in [3§].

Theorem 4.3.8. [38] If H is an r-reqular graph, then G = H o Ky, is distance magic.

Now we prove an analogous theorem in the setting of oriented graphs.

Theorem 4.3.9. If H is an orientable Z,-distance magic graph of order n, then the
lexicographic product G = H o K}, is orientable Z,-distance magic except possibly
when k = 2 (mod 4) and H contains a vertex x such that indeg(x) # outdeg(z)

(mod 2).

Proof. Let H be an orientable Z,-distance magic graph on n vertices with directed

Zn-distance magic labeling f : V(H) — Z,, orientation H , and magic constant

7



p € Z,. Then construct the graph G = H o K, with vertex set V(G) = {(i,4) :
i€ V(H),j =1,2,...,k} by replacing each vertex i of H with k isolated vertices
such that two of the new vertices are adjacent whenever their counterparts in H are
adjacent. We will orient the edges of G later. For all i € V(H), let B; represent the
set of k vertices which have replaced the vertex i. We will now label the vertices in
each set B;. For i € [n], define cosets A; = {i+ (n)} C Zy,y, where (n) is the subgroup
generated by n. Clearly, Z,; = AgUA;U...UA,_yand A,NA; =0« i+#j. Forall

i € [n], let T A; — B; be an arbitrary bijection.
Case 1. k is odd or indeg(x) and outdeg(x) have the same parity for all x € V(H).

Orient the edges of G so that each edge (i, j)(p, q) for (i,7) € B; and (p,q) € B, has

the same orientation as its counterpart ip in ﬁ Let

Si = X ()
= Ya
a€A;
= i+n+i)+..+((k—1)n+1)

k[2i+(k—1)n]
2 )

with all arithmetic performed modulo nk. Let x € B; and let N (i) = {ay, ..., a,} and
P

Ny (i) = {by,...,b,} where p = indeg(i) and q = outdeg(i). If we write > a; = a and
i=1

q
b; = b, then a — b = p, (with all arithmetic performed in Z,) since H is orientable
=1

=
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Z,-distance magic.

w(z)

Then recalling & is odd or p = ¢ (mod 2), we have

D q
2 Sai— 2 S
i=1 i=1

K2(ar+..+ap) tp(k=—1)n] _ k[2(bi+..4+bg)+a(k—1)n]
2 2

Surorep + HEOR g e

Sa — Sy + =D
Sa — Sp (mod nk)
k(a — b) (mod nk)

ku (mod nk),

_>
which shows [ is a directed Z,-distance magic labeling of G.

Case 2. k=0 (mod 4).

Notice that every vertex in B; can be expressed uniquely as i + tn for some t € [k].
For every edge ij € E(H), orient the edges in G between B; and B; as follows. For

all a,b € [k|, orient the edges between i + an € B; and j + bn € B, such that if

a=0,3 (mod 4),

Ni(i4+an) = {j+bn:b=0,3 (mod4)},

Ng(i+an) = {j+bn:b=1,2 (mod4)},
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and if a = 1,2 (mod 4)

Ni(i4+an) = {j+bn:b=1,2 (mod4)},

Ng(i+an) = {j+bn:b=0,3 (mod4)}.

Let i +an € B; for some a € [k] and let ij € E(H). Denote w;;(i + an) as the weight
of i +an in G induced by the edge ij € E(H). If a =0,3 (mod 4), then
w;i(t +an) = > (j+bn) — > (4 +0n)
b=0,3 (mod 4) b=1,2 (mod 4)
= [(0n+3n) — (In+2n)] + ...+ [(4n+ Tn) — (5n + 6n)]
+ [((k—=4)n+(k—1)n)— ((k—=3)n+ (k—2)n)]

= 0.

Ifa=1,2 (mod 4), essentially the same calculation shows w;;(i4+-an) = 0 . Therefore,
each edge 77 in H induces 0 weight in G, so the graph G is orientable Z,;-distance

magic. [

4.4 Strong product of cycles

The strong product of two cycles, C,,, ¥ C,, is an eight-regular graph which contains
the direct product C,, x C), as a spanning subgraph. For all of the theorems in this

section, let m,n > 3 be given and let G = C,,, = g0, 91, ..., Ym—1, go and
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H = C, = hg,hy,.... hy_1,hg. Form the strong product G X H with vertex set
VI(GR H) ={(i,j) : i € [m],j € [n]}. The graph G X H can be edge-decomposed

into cycles of the following four types:

I' (27])7 (Z?j + 1)7 (Z?j + 2)7"‘7 <Z7j)’
I (4,7),c—=1,5+1),(¢t—2,5+2),...,(i,7),
ML (i,5), (i + 1,5+ 1), + 2,5+ 2),.... (4,5),

V. (i,4), 6+ 1,7), (e +2,5), ... (4,])

Orient each cycle of types I, II, and III counter-clockwise with respect to j, and
orient each cycle of type IV counter-clockwise with respect to i. For a given bijection

7 V(GX H) — Zp, and any vertex (i,j) € V(G X H), we have

W) = Saenron @) = Soen-iy € (@)
- TG4+ G+ 14+ 10+ (G i+ + CG—1,5+1)
- [7(1:— L)+ C—1,—1)+ C(ij—1)+ ((i+1,5— 1)] .

The first set of constructions is based on the greatest common divisor of the cycle

lengths.

Theorem 4.4.1. If ged (m,n) = 1, then the strong product C,, X C,, is orientable

Loy -distance magic.

Proof. If ged(m,n) = 1, then Z,,,, = Z,, X Z, by the Fundamental Theorem of
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Abelian Groups. Define 7: V(C,, R Cy) = Zp, X Z,, where

7 (i,5) = (i,])

For all (¢,7) € V(C,, K C,,), we have

w(i,j) = (4i+1,4j+3)— (4i—1,4j—3)

= (276)7

proving the theorem. O

To prove the next theorem, we use a labeling similar to the one used by Froncek
on the Cartesian product of two cycles in [23]. The Cartesian product C,,,0C,, is a

spanning subgraph of C,,, X C,,.

Theorem 4.4.2. If ged(m,n) = 2 or 4, then C,, K C,, is orientable Z,,,-distance

magic.

Proof. Assume m < n and let a diagonal of C,,,XC,, be a sequence of vertices (i, 0), (i+
1,1),....,(m—=1,m—=1),(0,m), (1,m+1),...,(i—1,n—1) of length I. Let g = ged(m,n).
Clearly, [ = lem(m,n) and there are " = g diagonals. For ease of notation, we will
denote the diagonal D' = (di,dt,...,d; ;) for i = 0,1,...,g — 1. Similarly, we define a
back diagonal as a sequence of vertices (,0), (1 —1,1),...,(0,7),(m —1,i+1),..., (1 +

1,n — 1) and denote it by B* = (b}, b}, ...,b ) for i =0,1,...,9 — 1.
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Let H =< g >, the subgroup of Z,,, generated by g. Define ¢ : V (C,, K C,)
— Zumn by labeling the vertices of the diagonal D? with the elements of the coset
H + i in increasing order for ¢ = 0,1, ..., g — 1. Divide n by m and write n = km + r

for0<r<m-—1.
Case 1. g = 2.

Because there are only two diagonals, b% = d; for some h. Counting steps through

(m—2)n

the lattice, it is not difficult to see that h = + 1. Therefore the two

R [

sequences, (b, b}, ...,b% ) and (d,d;,d5,,...) are equal since |B’| = |D?|. Notice
for any vertex (i,7) = db on D', we have NT(i,j) = {d},, b5, d5tY, dii} and
N=(i,5) = {d'_y, b, it dg“} for some numbers c, p, ¢, and t + 1 is performed mod-
ulo 2. Therefore,
w(i,j) = (dfwl —d, )+ (d;ill - dzﬂ)
+ (g —dgth) + (Vg — b0)
= 29+g+g+2h

= 2¢g(2g+h).

Case 2. g =4.

Since the graph contains exactly four diagonals, b, = di, for some h’. Along the lines

of the previous case, we obtain &' = 2" 4 9 and consequently b’ — bi_, = gh.
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For any vertex (i,j) = df, on D', we have N*(i,5) = {d' 1, bl d)}}, d\7}} and
N=(i,j) = {d'_,. 0! ditt di~'} for some numbers ¢,p,q, and t + 1 and ¢ — 1 are

a—17"YcH

performed modulo 4. Therefore,

w(i,j) = (dhpy —do_y) + (45 — )
+ (A = dgh) + (0, — b))
= 29+g+g+gh

= g(4+h).

Since h is independent of ¢+ and 7, we have proven the result. O

The next theorem uses an isomorphic group to provide the labeling.

Theorem 4.4.3. Let ged(m,n) = d where d = 3,5, or 6. If >t m and d* { n, then

C,, ¥ C, 1s orientable Z,,-distance magic.

Proof. Let ged(m,n) = d € {3,5,6}, d> f m, and d* { n. Therefore, ged(%,d) =
ged(2,d) = 1 which implies ged(2, 2) = ged(Z, d?) = ged(2,d?) = 1 and Zy,, =
Zg» X Lm x Zm. Let 7 and j represent the remainder of ¢ divided by d and j divided

by d, respectively.
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Define 7 V(Cn®Cy) = Zagz X Zm X Lin as

7 (i,5) = (a0, B,7),

where 0 < 8<%, B =i(mod?),0 <~y < %y =j(mod%), and oy is defined as
follows. If d = 3, let

Oé3:35+5

If d = 5, let

If d = 6, let

67 + 27, i even
Qg = )

6(i—1)+2j+1,i0dd

where the arithmetic is performed modulo d?.

— —
To show ¢ is injective, we have 7(2’,]’) = (ag, 5,7) = (&, B',y) = £ (¢,7) if and

only if ag = o) (mod d?) and 8 = ' (mod ) and y = 7' (mod %). Consequently,

=0 <= i—i=0(mod?)

y=v <<= j—j=0(mod%)

m

Therefore, i — ' = a" for some integer a : |a| < d, and j — j' = b% for some integer

b: |b| < d.
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If d = 3, then

az = aj(mod3?) = 3i+j =3I+ j (mod3?)
— j=j (mod3)
= j—j =0(mod3)
= j—j =0(modn)
— Jj=J,

since j — j/ = 0(mod %) and ged(3, %) = 1 by assumption. But,

j=7 = 3i=3i(mod3?)
= 3(i —14') = 0 (mod 3?)
— i —1i =0(mod3)
= i —7 =0(modn)
= =1

— —
Therefore, ¢ is bijective when d = 3. A similar argument can be made to show ¢ is

bijective when d = 5, 6.

Let (i,7) € V(C,,, K C},). We calculate w(i, j) component-wise. Let

'U)(Z,]) = <w17w27w3)7

where wy € Zg2, wp € Zm, and w3 € Zx. First we determine w, for each d € {3,5,6}.
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Consequently, the arithmetic will be performed in Zg.

Ifd=3,

wi = BE+D+)+@BE+1D)+G+1)

+ BGi+G+D))+BE-1)+G+1)

~ [BED+)+EEFD+F-1D)]

— [F+G-D)+BFD+G=D)]

= 3.

It d = 5,

+i+1-2))+ B+ +(i+1-25-2))

Gj+i—-1=-2j)+ (G —-1)+(@—-1-2j+2))]

(55

+ GG+ +E—-21-2)+BG+1)+ (G —1-21—-2))
[
(

5—-1D+(—2j+2)+BG-1)+G@+1-2j+2)

= B[G+)-G-1D]+i—-2j—-2-i—-2j+3

+ i-2j+2-i-2j—3

= LBE+D-G-1)],

sincei —2j—2=4—2j+3and i —2j +2=1i—2j — 3. Then for j € {1,2,3}, we
have w; = 15-2 = 5 (mod 25), and for j € {0,4}, we have w; = 15-(—3) = 5 (mod 25).

Therefore, w; = 5.
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Finally, if d = 6 and ¢ is even we have,

wy = (6i+2j4+1)+ (6i+2(j+1)+1)

6i+2(+1)+ (6(—2)+2(G+1)+1)

(
— [66=2)+2j+ 1)+ (6G=2)+2(7—1) +1)]
[

(6i+2(j—1)) 4+ (61 +2(j — 1)+ 1)]

= 6(i—-(G0—-2)+6(UJ+1)—-(G-1)).

Notice, 6 (i — (i — 2)) = 12 (mod 36) for all ¢ and 6 ((j + 1) — (j — 1)) = 12 (mod 36)

for all 7, so w; = 24.

If d =6 and 7 is odd,

6(i+1)+2j)+ (6(i+1)+2(j+1))

(6G=T1)+2j) + (6(—=1)+2(G—1))]

(6(

+ (6GE—1)+2G+1)+1)+(6(i—1)+2( +1))
[
[

(6G=T)+2( = 1) +1) + (6(+ 1) +2(j —1))]

= 6((+D-G=D)+6(GFD - G-1).

But, 6((i+1)—(t—1)) = 12(mod36) for all ¢ and 6((j+1)—(j—1)) =

12 (mod 36) for all 7, so wy = 24.

Next we calculate wy and w3 which are each independent of d.
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Recall w, € Z% and ws € Zg. We have

wy = 2i—1)+i+(i+1)

— [20@+1)+i+i—1]

—
and
wy = j+3(+1)
— 30 -1
= 6.
Hence,
w(i, j) = (w1, —2,6),
where .
3, for d=3
wy = 5 for d=5 >
\ 12, for d=6
proving the theorem. O

The next set of constructions is based on the modulo 4 congruence class of the cycle

lengths.

Theorem 4.4.4. Ifmn = 2 (mod 4), then C,,)XC,, is orientable Z,,,-distance magic.
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Proof. If mn = 2 (mod4), then 2 divides exactly one of m or n. Without loss of

generality, we may assume 2 | m. By the Fundamental Theorem of Abelian Groups,

%
we have Zy, = Zy X Zmn. Define £ :V (Cn®C,) — Zy X Zmn where

(0, %n —l—j) , Leven

¢ (27]) =

(1, %njtj) , todd

ﬁ
Clearly ¢ is a bijection, and if 7 is even we have,

w(i, j)

While if 7 is odd we have,

w(i, j)

proving the theorem.
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One may ask what can be said of C,,, K C,, if mn = 0(mod4). A partial answer is

given in the next theorem.

Theorem 4.4.5. If m = n = 2 (mod 4), then C,, K C,, is orientable Z,,,-distance

magic.

Proof. Let ged(g,5) = 0. We establish two cases based on 0.
Case 1. § = 1.

Since ged(%, 5) = 1 and both % and % are odd, we have Z,,,, = Z4 x Zm x Lz by the
_>
Fundamental Theorem of Abelian Groups. Define ¢ : V (C,, X C,,) — Z4 X Zm X ZLn

where

7 (i,4) = (ri]),

where
0, ‘even, jeven
1, ideven, jodd

2, 4odd, jeven

3, todd, jodd

\

i € Zmand i =i (mod ), and j € Zzand j = j (mod §). To show 7 s injective, we

observe that

— - —

7 (i,5) = (rig) = (n#,7) = € (7,7
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implies 4 = 7' (mod 7). Say i = a’y +b and i’ = ¢§ +b for some a, c € {0,1} and some
0 <b< . Since % is odd, and r = r’ implies that 7 and 7" have the same parity,
it must be the case that a = ¢, and hence i = /. Essentially the same argument

_>
shows that j = j'. Therefore, ¢ is injective, and hence bijective. We calculate w(3, j)

component-wise. Let

U}(l,]) = (w1’w27w3)7

where wy € Zy, wy € Z%, and ws € Z%. We leave it to the reader to show w; = 0.

Then
wy = 20+1)+i+(i—-1)
— R26-1D)+i+(G+1)
= 2
and
- [+30 1)
= 0.

We conclude that for any (i, j) € V(C,, K C,,), we have

w(i, 5) = (0,2,6).

Case 2. 6 > 1.
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%
Since “* is odd we have Z,, & Zy X Zmn. Define ¢ : V(Cn RC) — Zy X Z mn

where
(r, %” + j) 1even
(i—-1)n . odd
e T 10
where 7 is as in the previous case. To show 7 is injective, assume that 7 (1,7) =
7 (7/,4"). As in the previous case, r = r’ implies that ¢ and ¢’ have the same parity.
'L,

Suppose i and ¢’ are both even. Then %g +j = 5% + 7' (mod ) implies j =

j' (mod ). By the same argument used in the previous case, it follows that j = j'.

-/

But then we have 2 = £2 (mod ) which implies i = i’ (mod ") since n is even
and " is odd. But this along with the fact that 0 < |7 —¢'| < m implies that i = 4'.
The argument proving ¢ = 7" and 7 = j' if ¢ and i’ are both odd is essentially the
same and is left to the reader. Therefore, ¢ 1is injective, hence bijective and we

proceed to determine the weights. As in the previous case, we calculate w(i, j) for

any (i,7) € V(C,, ® C,,), component-wise. Let

w(i,j) = (wg,ws)

where w; = 0 € Z4 (from Case 1) and wy € Zmn. If 1 is even,
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while if 7 is odd,

Hence,

proving the theorem. O]

We conclude this section with a labeling over the group Z,, X Z,.

Theorem 4.4.6. For any n > 3, the graph C,, X C,, s orientable Z,, X Z,-distance

magic.

Proof. Define 7: V(C,XC,) = Z, X Z, where

7 g) = (G=07),

— —
and j — ¢ represents the remainder of j — ¢ divided by n. Clearly, ¢ is a bijection
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and for any (i,j) € V(C, X C,), we have

w(i,j) = (G—i=1,)+0—-ij+D+0—i+1,j+)+0G—0,5+1)
- =i+ )+ -1+ —i=1,7 -1+ =45 1)

= (07 6) )

which proves the theorem. O

4.5 Conclusion

We have proven that for two cycles C),, and C,, both the lexicographic product and
the direct product are orientable Z,,,-distance magic. We have also provided some
constructions for labeling lexicographic products of regular graphs. With regards to
the strong product of two cycles, we have settled some cases. Hence, we conclude

with the following open problem.

Problem 4.5.1. Find an orientable Z,,,-distance magic labeling for C,, X C,, for all

m,n > 3.
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Chapter 5

Orientable Z,-distance magic labeling

of Cartesian product of two cycles*

5.1 Definitions and known results

A distance magic labeling of a graph G = (V, E) of order n is a bijection f: V —
{1,2,...,n} with the property that there is a positive integer k (called the magic

constant) such that

w(x) = Z f(y) =k for every x € V(G),

yEN (z)

*The material in this chapter has been submitted to Australasian Journal of Combinatorics
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where N(z) = {y|lzy € E} is the open neighborhood of vertex z. We call w(z) the
weight of vertex x. See [5] for a survey of results regarding distance magic graphs.
Froncek adapted distance magic labeling by using the elements from an abelian group
as labels rather than integers in [23]. Let G = (V, E) be a graph of order n and let I'
be an abelian group of order n. Then if there exists a bijection ¢ : V' — I" with the

property that there is an element p € I' such that

w(x) = Z U(y) = p for every z € V(G),

yEN (z)

we say the labeling ¢ is a I'-distance magic labeling and we say the graph G is I'-
distance magic. If such a labeling exists for every abelian group of order n, then we

say G is group distance magic.

The Cartesian product GLJH of two graphs G and H is a graph with vertex set
V(G) x V(H) and two vertices (g, h) and (¢’,h') are adjacent in GOH if and only
if g = ¢’ and h is adjacent to h’ in H, or h = h’ and ¢ is adjacent to ¢’ in G. Let
C, = x9,71,...,T,_1, g denote a cycle of length n. Froncek proved the following

result in [23].

Theorem 5.1.1. [23] The Cartesian product C,,[3C,, is Zpy,y,-distance magic if and

only if mn is even.
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Cichacz made progress towards settling when C,,[JC,, is group distance magic by

proving the following in [9].

Theorem 5.1.2. [9] Let | = lem (m,n). If m or n is even, then C,,C,, is Z, x I'-

distance magic for any a = 0(modl) and any abelian group I' of order ™=,

Cichacz and Froncek proved the following non-existence result in [15].

Theorem 5.1.3. [15] If G is an r-reqular graph of order n and r is odd, then G is

not Z,-distance magic.

The following analog of group distance magic labeling for directed graphs was intro-
duced in [I4]. Let G = (V,E) be a graph. Assigning a direction to the edges of
G gives an oriented graph B(V, A). In this chapter, we will use the notation zy to
denote an edge directed from vertex z to vertex y. Let N*(z) = {y|ly# € A} and
N—(x) = {272 € A}. A directed T-distance magic labeling of an oriented graph
8 = (V, A) of order n is a bijection 7: V' — I' with the property that there is a

w €T (called the magic constant) such that

w(x) = Z l(y) — Z 7(3;) = p for every z € V(G).

yEN*(z) yEN— ()

If for a graph G there exists an orientation 8 such that there is a directed I'-distance

magic labeling 7 for 8, we say that G is orientable I'-distance magic.
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In this chapter, we focus on orientable Z,-distance magic labeling, where Z,, is the
cyclic group of order n. For the sake of orienting a cycle C,,, if the edges are oriented
such that every arc has the form 7,z for all i € {0,1,...,n — 1} (where the addition
in the subscript is taken modulo n), then we say the cycle is oriented clockwise. On the
other hand, if all the edges of the cycle are oriented such that every arc has the form

xix;q forall i € {0,1,...,n — 1}, then we say the cycle is oriented counter-clockwise.

Figure 5.1: Orientable Z4-distance magic labeling of Cy

It is an easy observation that C,, is orientable Z,-distance magic for all n > 3 (orient

all the edges in the same direction around the cycle and label the vertices consecutively

{0,1,..n — 1}).

The following theorem was proved by Cichacz et. al in [14] .

Theorem 5.1.4. [14] Let G be a graph of order n in which every vertex has odd

degree. If n =2 (mod4), then G is not orientable Z,-distance magic.

Regarding the Cartesian product of two cycles, they obtained the following partial

result.

Theorem 5.1.5. [14] If gcd(m,n) = 1, then the Cartesian product C,,0C,, is ori-

entable distance magic.
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In Section we prove that Theorem is true without the assumption

ged (m,n) = 1.

5.2 Cartesian product of two cycles

We begin with a construction for the case when one cycle length is a multiple of the

other.

Theorem 5.2.1. The Cartesian product C,,[dC},, is orientable Zj,,z2-distance magic

for allm >3 and k > 1.

Proof. Let G = C\, = 90,91, -+, Gm-1,90 and H = Cy,, = ho, by, ..., hgm—1, ho. Then
orient each copy of GOH as follows. Fix j € [km]. Then for all i € [m], ori-
ent counter-clockwise each cycle of the form (g;, h;), (gi+1, ;) , -y (giz1, Bj) 5 (94, Rj),
where the arithmetic in the subscript is performed modulo m. Similarly, fix
i € [m]. Then for all j € [km], orient counter-clockwise each cycle of the form
(gis 1) 5 (gis 1) s ooy (Gis hj—1) 5 (i, h;) , where the arithmetic in the subscript is per-
formed modulo km. Since the graph GUH can be edge-decomposed into cycles
of those two forms, we have oriented every edge in GLIH. For a given a, let
0 < M(a) < m be defined as the remainder of a divided by m. That is, a = gm+M(a)

for some positive integer q. Now let xf denote the vertex (g;,h;) € V(GOH) for
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i € [m], 7 € [km]. Now define TV Zim2 by
l{ad) = mj + M(i = ).

—

Expressing l(xf) in the following alternative way,

mj, fori = j (modm)
mj + 1, fori = j + 1 (modm)
l(x) = mj + 2, fori =7+ 2 (modm) >

mj + (m — 1), fori =7 — 1 (modm)

_>
we see that [ 1is clearly bijective.

Then for all 27 we have N* (2!) = {2!"', 2], ,} and N~ (2]) = {2~ !, 2]_,} where the

arithmetic is performed modulo km in the superscript and modulo m in the subscript.
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Therefore,

w(a]) = Wal™)+ialy) = [laly) + 1]

m(2 —km), j € {0,km — 1}
m-2,j€{l,...km—2}

= 2m,
since m(2 — km) = 2m (mod km?).

Thus, ['is an orientable Zym2-distance magic labeling. O]

For a given integer a, let 0 < R(a) < d represent the remainder when « is divided
by d. That is, a = gd + R(a) for some positive integer ¢. For a given natural
number p, let [p] denote the set {0,1,...,p — 1}. For a set S and a number ¢, let
S+c={xr+c: xeS}. Each case in the proof of the next theorem uses a directed
labeling which is shown to be a bijection from the vertex set of the graph to the

appropriate group in the Appendix.

Theorem 5.2.2. The Cartesian product C,,.C,, is orientable Z,,-distance magic

for all m,n > 3.

Proof. Let m,n > 3 be given and let gcd(m,n) = d. Then define A = mTJF” and let
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ged(%,d) = a. By Theorem , we may assume d > 2. By Theorem and the
fact that the product is commutative, we may further assume d < min{m,n}. Let
G=Cn={90,9,9m-1,9} and H = C,, = {ho, hq, ..., hn_1, ho}. Then orient each
copy of GOH as in Theorem [5.2.1, Now let 27 denote the vertex (g, k) € V(GOH)
for all 7 € [m] and j € [n]. We proceed in three cases based on the parity of m and n.
Since we will define a different directed labeling for each case, we first pause to make
the following observation. For any directed labeling [ : V(GOH) = Zpy, of Cﬁ[ , we

have

. % %
w(z}) = Zyez\w(wf) [y) - ZyGN*(mf) H )

= U™ + 1)~ |

~
A~
8
TN
—_
~—
A~
8
SR
|
—
~—
—

for every vertex xf € V(GOH), where the arithmetic is performed modulo n in the
superscript and modulo m in the subscript. However, it should be emphasized that

the weight calculation is performed in the group Z,,,.

Casel.1. m and n both odd and ged (A, d) = 1.

For all 27 € V(GOH), define [ : V(GOH) — Zy, where

[(«)) =jm+in+R(G—1i).
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wxl) = (G+Dm+in+jm+(i+1n
— [m+(GE—-1)n+ (G —1)m+in]
b+ RG—i+1)-RG—i+D+R(G—i—1)—R(G—i—1)

=  sm++rn,

where s € {2,2 —n} and r € {2,2 — m}. But, sm + rn = 2m + 2n (mod mn), so
w(z!) = 2m + 2n.

In the remaining cases we will omit the equality involving s and r above and only

show the final congruence modulo mn.
Case1l.2. m and n both odd and ged (A, d) > 1.

Let k = 1 when a®t d and let k = 2 when o? | d. Then for all 2/ € V(GOH), define

low : V(GOH) = Zpy, where

—

: d
@qﬁqu+mﬁ+ng—w.
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Therefore,

7

w(z!) = G+ 1)m+in% + jm+ (i + 1)nk
— [m+(G—-1)n%k+ (G- Dm+in%k]
b RG-i+D)-RG—i+1D)+R(G—i—1)—R(G—i—1)

= 2m—|—2no%.

Suppose exactly one of m and n is odd. Since the Cartesian product is commutative,
we may assume without loss of generality that m is even and n is odd. Then as in

the previous case, ged (A, d) establishes two subcases.

Case2.1. m even, n odd, and ged (A, d) = 1.

For all z/ € V(GOH), define [ : V(GOH) — Zy, where

, jm+in+ R(j — i), ieven
l(a7) =
(G—1m+(i—1)n+d+R(j —1i), iodd

If 7 is even we have

w(x]) = (G+Dm+in+ (j—m+in+d
— [G=Dm+ (i —2n+d+(j — )m+in]
b RG—i+)-RG—i+D)+RG—i—1)—R(G—i—1)

=  2m + 2n.
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While if 4 is odd we have

w(z!) = jm+G—-Dn+d+jm+(i+1)n
— [m+GE—-n+ (G —-2)m+(i—1)n+d
b+ RG—i+1D)-RG—i+D)+RG—i—1)—R(G—i—1)

=  2m + 2n.

Case2.2. m even, n odd, and ged (A, d) > 1.

Asin Case 1.2, let k = 1 when o? f d and let k = 2 when o? | d. For all 2} € V(GOH),

define lyr : V(GOH) — Zp,, where

Jjm + z'nailk +R(j —1), ieven

Lo (w]) =
(G—Dm+(—1n%k +d+R(j—1i),iodd

If 7 is even we have

w(mﬁ) = (j—i—l)m—l—inaik—f-(j—l)m—l—ina%
— [G=Dm+(i—2)n%k +d+(j— 1)m+ in%]
+ RG—i+1)-RE—i+1)+REG—i—1)-R@G—i-1)

= 2m—|—2naik.
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While if 4 is odd we have

w(z]) = jm+(i—Dn%+d+im+(i+1)nk
— m+G-1nEk+(G—-2)m+ (- 1nk +d
+ RE—i+1D)-RG—i+D+RG—-i—-1)-R@GE—i-1)

= 2m+2n%k.

Suppose that both m and n are even. Since gcd (m,n) = d, at most one of % and %
is even. Since the Cartesian product is commutative, if one of 7 and 4 is even, we
may assume without loss of generality that % is odd. Then as in the previous cases,

ged (), d) establishes two subcases.
Case3.1. 7 even, 5 odd, and ged (A, d) = 1.
For all #/ € V(GOH), define f : V(GOH) — Zpy and [ V(GOH) — Zupy, where

A jm+in+ R(j —1i), fori = j = 0 (mod 2)
fxi) = :
GJ—1m+@GE—1)n+d+R(j—1i), fori =j=1(mod2)

and

—

f(&), fori = j (mod2)

f(xg_l) + 1, fori # j (mod 2)

By Lemma [5.4.7, f maps the vertices {z : i = j(mod2)} bijectively to 2Z,.
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Then clearly f + 1 maps the vertices {277" i # j (mod2)} bijectively to 2Zy, + 1.
Therefore, [ V(GOH) — Zpyy, is a bijection since Zp, = 2Zpmn U 2Zppy + 1. 1If

i = j (mod2) we have

w(el) = ™) +1al,) = [l(zl) + (=)

w(el) = U™ +lalyy) = [aly) +Ua] ™)

+ RUG—i+1DH)+RG—-1—-1)—-RY—i+1)—R(H—1—1)

= 2m+ 2n.

Case3.2. 7 even, 5 odd, and ged (A, d) > 1.

As in the previous cases, let k = 1 when a? { d, let k¥ = 2 when o? | d, and for all
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2! € V(GOH), define for : V(GOH) = Zy and lox : V(GOH) = Zyy, where

L jm+ink + R(j — i), fori = j = 0(mod 2)
fak(d): )
(G—Dm+(i—n%k +d+R(j—1i), fori =j =1 (mod?2)

and

for(@), fori = j (mod 2)

-

lak (93]) =

(2

f;k(mf_l) + 1, fori # j (mod 2)
By Lemma [5.4.8 and essentially the same argument used in Case 3.1, we conclude

that lox : V(GOH) — Zp,, is a bijection.

Finally, if i = j (mod 2) we have

wel) = Ll + i) - Tely) + (el )]
= @] 1 Sl ) 1 =[Sl + 1+ Sl ) 1]
= fa) + el = (@) + @)
+ RUG—-1)+RG—-i1—-2)—R(H—1)—R(H—1—2)

= 2m—|—2na%.
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While if @ #Z j (mod 2) we have

—

wiad) = (@l + laed) = la(aly) + Lk (@)
= @™+ farlalay) = [far@l) + fan(al )]
= LT+ ) = ) + ]
+ RG—i+D)+RG—-i1—1)—-R{E—1+1)—R(j—i—1)

= 2m—|—2na%.

In every case, w(z?) is constant for all 27 € V(GOH). Hence, C,,[0C,, is orientable

Zimn-distance magic. O

It is worth mentioning that finding a directed Z,,,,,-distance magic labeling of C.,,[JC,,
oriented as in Theorem is equivalent to constructing an m x n array A = (a; ;)

containing each element of 7Z,,, exactly once with the property that
Qi1 — Qij-1 + Qip1j — @iy (4)

for every a; ;. Accordingly, the R(j — i) term which appears in the labelings of the

proof of Theorem [5.2.2| corresponds to a d x d sub-array which is a Latin square having
property (+).
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5.3 Future work

We have shown that the Cartesian product of any two cycles is orientable Z,,-distance
magic. In [I8] we showed that the repeated Cartesian product of a cycle is orientable
Z,-distance magic. Then a natural direction forward is to generalize to the Cartesian

product of many cycles of various lengths. We pose the following problem.

Problem 5.3.1. For what numbers mni,ns,...,n. s the Cartesian product

C,,0C,,0..0C,, orientable Z,, n, .. n,-distance magic?

Another possibility for future work is to consider abelian groups other than the cyclic

group. Therefore we pose the following.

Problem 5.3.2. Determine all abelian groups I' such that C,,.JC,, is orientable I'-

distance magic.

One may wonder whether an orientable distance magic graph G of order n is also
Z,~distance magic, or vice versa. Since Z,-distance magic labeling is more restrictive
than orientable Z,-distance magic labeling, intuitively it should not be the case that
orientable Z,-distance magic implies Z,-distance magic. Indeed, Theorems [5.1.1f and

show that this is not the case.

But perhaps Z,-distance magic implies orientable Z,-distance magic. Theorems
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and indicate that the contrapositive checks for the case of odd regular graphs

on n = 2 (mod 4) vertices. Therefore, we end by posing the following conjecture.

Conjecture 5.3.3. If a graph G of order n is Z,-distance magic, then it is orientable

2, -distance magic.

5.4 Appendix

In this section, we prove a series of lemmas regarding the labelings used in the main
theorem of Section [5.2] Recall for a given integer a, we let 0 < R(a) < d represent
the remainder when a is divided by d. Let m,n > 3 be given. Let ged(m,n) = d,
ged(%,d) = a, and define A\ = ™. We begin by establishing some relationships

between m, n, d, and . Assume 1 < d < min{m,n} for the lemmas that follow.

Observation 5.4.1. If o® { d, then ged (oz%, d) = a and ged (%, g) = 1.

Proof. By elementary properties of the greatest common divisor, ged (%, %) =1
implies ged (% - §, %) = ged (%, 1) ged (%, 5). But ged (- 5, 5) = Fecd (7, 7),

and ged (2,2) = Zged (1,4) =

g Therefore, ged (%, 4) = ged (%, ﬂ) Multiply-

o

ing both sides by «a gives ged (a%,d) = aged (%, g) But since o? t d, we have

ged (Oz%, d) = « and hence, ged (%, g) =1. O

113



Observation 5.4.2. If o* | d, then ged (a*2,d) = o and ged (%, %) = 1.

Proof. Essentially the same argument as in the proof of Observation [5.4.1| gives
ged (a2, 2) = aged (2,2). Since o? | d, we have ged (a%,d) = o and thus
ged (Oé%, g) = «. Hence, gcd (%, %) = 1. The fact that ged (azg,d) = o? follows

from ged (a%, g) = q. [l

For the following lemmas, let Z,,, be the cyclic group of order mn, let V =
{(i,7) : i € [m], j € [n]}, and for a given function g : V —— Z,,,, define ¢ (i,j) =
g(i,7) — R(j —i). For an element g € Z,,,, we denote by < g >, the subgroup

generated by g .

Lemma 5.4.3. If ged (A, d) = 1, then the mapping g : V = Ly, given by g(i,j) =

jm—+in+ R(j — 1), is a bijection.

Proof. To show that ¢ is injective suppose that ¢’ (i,7) = ¢ (a,b) for some

(a,b), (i,7) € V. Therefore, we have

Jjm+in = bm + an (modmn) . (5.1)

Rearranging this equation gives (j — b)m + (i — a)n = 0(modmn). For ease of
notation, let x = j — b and y = i — a. Then since x| < n —1, |y| < m — 1, and

xm + yn = 0(modmn), we have that xm + yn = kmn for some k € {—1,0,1}.
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Suppose k = +1. Then |y| = |i —a| = w € Z if and only if 2 = 0 since n { m
by assumption (recall d < min{m,n}). But if x = 0, then yn = £mn, but this
is impossible since |y| < m. Hence, 2m 4+ yn = 0. Then dividing by d, we have

v +y5 = 0. Since

a3

and 5 are relatively prime, the solutions have the form
(z,y) = (%r,—2r),Vr € [d]. We have now established that there are exactly d
ordered pairs in V' which have the same value under ¢’. This means that in order
for g to be a bijection, we must show that {R(y, —x,): r € [d]} = [d]. To this
end, observe that R(y, — z,) = (y» — v,) = —r — 5r = —rA(modd) for each
r € [d]. Since ged (A, d) = 1, we have (\) = Zg, hence (—\) = Z,. Therefore,

{R(y, — ) : r € [d]} =[d], so ['is an injection, hence bijection. O

Lemma 5.4.4. If ged(\,d) > 1, let k =1 if o®* 1 d and let k = 2 if o | d. Then the
Mmapping gok © V> Lupp given by gor (i, §) = jm +in-% +R(j — i), is a bijection.

«

Proof. Suppose that ¢/, (i,j) = g.. (a,b) for some (4, 7), (a,b) € V. Then we have
jm + maik =bm+ anaik (modmn). Letting t = j — b, and u = i — a, dividing by d,

and observing that o | n gives

= 0 (mod —n). (5.2)

Now observe that ged (%, d) = o = o? | m. Therefore, a { % since otherwise,

o | 5 =a*" | n. Then if k = 1, we have o | n and o { d implies that o | % which

in turn implies ged(%, %) > 1, contradicting the assumption, ged(m,n) = d. While
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if k =2, we have o | n implies ged(%, %) > 1, a contradiction of Observation [5.4.2]

Then since o | % but o { % , we have that o | u from (5.2). But also, % | uZy.

By equation (5.2) and Observations and , ged (2, %) =1 = 2 |

Therefore, both o and % must divide u. Similarly, % must divide %, which implies

£

that 7 | t. This allows us to provide a full description of the pairs (u,t) satisfying

(5.2). Let S be the set of all such pairs. Then for all p € [Ojik}, we have

k. ailk = d pairs in S. Therefore, we have established

Note that there are exactly «
that exactly d ordered pairs in V' share the same value under g/ ,. Now it remains to

show that these ordered pairs have distinct values under R. For ease of notation, let

r=R(—=Za"), y = R(%), and z = R(Z). Furthermore, let H = (x) < Zq. Then,

|H| = ordg,(x) = m = a%, by Observations [5.4.1{ and [5.4.2, Applying R to each

member of S defines the multiset,

R(S)={H+0,H+(y+2z2),H+2y+2z),..H+ (" —1)(y+2)}.

It remains to show that the cosets of H in R(S) partition [d]. First observe that

y + 2z # 0 (mod d) since otherwise we have o | 2 which we have already established

is a contradiction. Secondly, suppose (y 4+ z) € H. Then & + 2 = —2aFq (mod d)
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for some ¢ € [a#‘l,c] But since o | %, it must be the case that o | Z, which leads to
the same contradiction as before. Therefore, (y + z) ¢ H. Hence R(S) = [d], and so

Jok 18 an injection, hence bijection. O]

Lemma 5.4.5. Let m be even and n be odd. If ged(X, d) = 1, then the mapping

jm+in+ R(j — 1), i even
g: Ve Ly given by g(i, j) = is a

(j—1)m+(GE—Dn+d+R(j—1),iodd

bijection.

Proof. Suppose that ¢’ (i, j) = ¢’ (a, b) for some (i, j), (a,b) € V. It cannot be the case
that ¢ and a have different parities. For the sake of contradiction, suppose i is even
and a is odd. Then we have jm +in = d+ (b— 1)m+ (a — 1)n (mod mn). Therefore,
(j—b+1)m+(i—a+1)n = d(mod mn). But this is a contradiction since (j —b+1)m
and (i —a+1)n are both even and d is necessarily odd. So it cannot be the case that i
is even and a is odd. Essentially the same argument shows it cannot be the case that i
is odd and a is even. Therefore, 7 and a must be of the same parity. If 7 and a are both
even, then ¢’ (i, j) = ¢’ (a, b) implies equation (5.1) from Lemmal[5.4.3] while if 7 and a
are both odd, then we have d+(j—1)m+(i—1)n = d+ (b—1)m+ (a—1)n (mod mn),
which also is equivalent with (5.1). Thus g is a bijection by the same argument as in

Lemma 5.4.3] O
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Lemma 5.4.6. Let m be even and n be odd. If ged(A\,d) > 1, let k = 1 when o? { d,

and let k = 2 when o | d. Then the mapping gor : V — Zpn given by

jm+ink + R(j — i), ieven
Gar(i,7) = is a bijection.

(G—Dm+ (i —nsk +d+R(j — 1), iodd

Proof. Suppose that ¢, (i,j) = g/« (a,b) for some (4,7), (a,b) € V. As in Lemma
5.4.5, 7 and a must be of the same parity. If 7 and a are both even, then necessarily
Jjm + inaik =bm + ana;‘lk (modmn). Whereas, if ¢ and a are both odd, then we have
that d + (j — )m + (i — )n% = d + (b — 1)m + (a — 1)n% (mod mn). However,
letting t = j — b, u = i — a, dividing by d, and observing that o | n, we see that

both equations are equivalent to (5.2) from Lemma Hence in either case, g.x

is a bijection by the same argument used in Lemma [5.4.4] O

In the next three lemmas, assume m and n are even. Then let Vo, =
{(4,7) eV :i=j(mod 2)} C V. Let 2Z,,, = {2h : h € Zu,} denote the
subgroup of Z,,, consisting of the even integers contained in Z,,,. Similarly, let
2[d] ={2h: h € Z4}. Also note that since m and n are both even, then at most one

of 7 and % may be even. So assume without loss of generality that % is always odd.

Lemma 5.4.7. Let m and n be even. If gcd(A, d) = 1, then the mapping g : Vo —

2L given by
gm+in+ R(j — 1), fori = j = 0 (mod 2)

g9(i,j) = 15 a bijection.
(j—1)m+(G@—1)n+d+R(j—1i), fori =7 =1(mod2)
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Proof. Suppose ¢’ (i,7) = ¢’ (a,b) for some (7, j), (a,b) € V. Observe that it cannot be
the case that i, j are both even and a, b are both odd, since otherwise (j —b-+1)m+(i—
a+1)n = kmn+d for some integer k would imply (j —b+1)% +(i—a+1)% = ’”?LT”—H,
a contradiction since the left hand side of the equation is even and the right hand side
is odd (recall that % is odd). For the same reason, it cannot be the case that i, j are
both odd while a, b are both even. Therefore, i, j, a, and b are all of the same parity.
Consequently, ¢’ (i,j) = ¢ (a,b) implies equation (5.1) from Lemma [5.4.3, With no
restriction on the parities of x = j — b and y = i — a, this equation was found to have
the d solutions (z,,y,) = (%r,—2r) for each r € [d] in the proof of Lemma m
However, in the present case we require that z and y both be even. Recall that % is
odd. Therefore, the % solutions to (5.1) are (z,,y,) = (%27", —%27‘) for each r € [g]
We have now established that there are exactly g ordered pairs in V5 having the same
value under ¢’. This means that in order for g to be a bijection, we must show that
the set {R(yT —x):TE [g]} = 2|[d]. To this end, observe R (y, — x,) = (y, — ;) =
—29r—22r = —2r\ (mod d) for each r € [2]. Since ged (A, d) = 1, we have (\) = Z,,
hence (—\) = Z, . Therefore, {R(z,,y.) : r € [2]} = 2[d]. Therefore, the ¢ ordered

pairs of V5 having the same value under ¢’ have distinct and even values under R.

Hence, g : Vo — 2Z,,, is an injection, hence bijection. O
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Lemma 5.4.8. Let m and n both be even. If gcd(A, d) > 1, let k = 1 when o® { d,

and let k = 2 when o | d. Then the mapping gor : Vo — 2Ly given by

jm+ink +R(j — i), fori = j = 0(mod 2)
Gar(i,7) = is a bi-
(j—Dm+(i—1n%k +d+R(j — 1), fori = j =1 (mod 2)

jection.

Proof. Suppose ¢’ (i,7) = g/« (a,b) for some (i, j), (a,b) € V. As in Lemma [5.4.7] it
must be the case that ¢, j, a, and b are all of the same parity. Then letting u =7 — a,
t = j — b, dividing by d, and observing that o* | n we have that ¢', (i, j) = ¢ (a,b)
implies equation (5.2) from Lemma [5.4.4 With no restriction on the parities of u
and ¢, we observed in the proof of Lemma that a full description of the d pairs

(u,t) satisfying (5.2) is given by

for all p € [O%} However, in this case we are restricted to the pairs in § such that u

and ¢ are both even.

If % is odd, then gcd(%,d) = « is odd, since d is even. So o is also odd, and hence

2 is even, since n is even. Then for all p € {0,2, ..., ailk} and all [ € {1,3, ..., aik — 1},
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S1 C S where

S = ACalp,0), Gpatl =%, 3p), (halp - 22, 2),

m m (aF=2)n m m (a¥—1)n
"'7(7akl_(o‘k_2)77( ) )’(Eakp_(ak_l)ﬁa( ) )}?

«

is the full set of ¢ solutions to (5.2) in this case.

k

On the other hand, if % is even we have ged("},d) = a is even, so " is also even.

Then since ged (%, O%) = 1 by Observations |5.4.1| and |5.4.2|, we have that £ is odd

ok

and hence 7 = aik - % is odd, since % is odd. Then for all p € [O%}, Sy C S where

Sy = {(%a'p,0), (Farp— 2%, 2), (Gakp — 4%, ),

ey (%akp - (ak - 2)%7 M)}:

is the full set of ¢ solutions to (5.2) in this case. Therefore, in either case we have
established that exactly g ordered pairs in V5 share the same value under g/ .. Now
we will show that these ordered pairs have distinct values under R. We have already
observed that R(S) = [d] in the proof of Lemma [p.4.4 Then since 51,5 C S and
% = % = % and both S; and Sy contain ordered pairs of the form (u,t) where u

and t are both even, we conclude that R(S;) = R(S2) = 2[d]. Hence, the mapping

ok + Vo —> 27, is an injection, hence bijection. O]
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Chapter 6

Orientable Z,-distance magic labeling

of Cartesian product of many cycles”

6.1 Introduction

A distance magic labeling of a undirected graph G of order n is a bijection ¢ : V(G) —
{1,2,...,n} such that the weight of every vertex, w(z) = > {(y), is equal to some
yeEN (z)

constant, p (called the magic constant) for every x € V(G). For a comprehensive

survey of distance magic labeling, we refer the reader to [5].

Let Z, be the cyclic group of order n. An orientable Z, -distance magic labeling of a

*The material in this chapter was submitted to Electronic Journal of Graph Theory
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graph, first introduced by Cichacz et. al in [I4], is a generalization of distance magic
labeling. Let G = (V, E) be an undirected graph on n vertices. Assigning a direction
to the edges of G gives an oriented graph 8(‘/, A). In this chapter, we will use the
notation 17/ to denote an edge directed from vertex z to vertex y. That is, the tail of
the arc is x and the head is y. For a vertex z, the set of head endpoints adjacent to z
is denoted by N~ (z) , while the set of tail endpoints is denoted by N*(x). A directed
Zy-distance magic labeling of an oriented graph 8(‘/, A) of order n is a bijection
7: V' — Z, with the property that there is a u € Z, (called the magic constant)

such that

%
w(x) = Z l(y) — Z 7(3/) = p for every z € V(G).
yENg(:p) yGNg(z)
If for a graph G there exists an orientation 8 such that there is a directed Z,-
distance magic labeling ¢ for 8, we say that G is orientable Z,-distance magic and
the directed Z,-distance magic labeling 7, we call an orientable Z,-distance magic

labeling.

Throughout this chapter we will use the notation [n] to represent the set
{0,1,...,n — 1} for a natural number n. Furthermore, for a given i € [n] and any
integer j, let ¢ 4+ j denote the smallest integer in [n] such that i+ j =4 + j (mod n).

For a set S and a number a, let S+a={s+a: s € S}.
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Let C'),, = xg, 1, ..., x,_1,%9 denote a cycle of length n. For the sake of orienting the
cycle, if the edges are oriented such that every arc has the form m—,Jr{ for all i € [n],
then we say the cycle is oriented clockwise. On the other hand, if all the edges of the
cycle are oriented such that every arc has the form Tiis foralli € [n], then we say

the cycle is oriented counter-clockwise.

6.2 Cartesian Product of Two Cycles

The Cartesian product GOH is a graph with the vertex set V(G) x V(H). Two
vertices (g, h) and (¢', h’) are adjacent in GOH if and only if g = ¢’ and h is adjacent
with A" in H, or h = b’ and ¢ is adjacent with ¢’ in G. Hypercubes are interesting
graphs which arise via the Cartesian product of cycles. The hypercube of order 2k,
(Qor is equivalent to the graph C,OC,0...00CY, where C, appears k times in the
product. This graph is 2k-regular on 4* vertices. Labeling hypercubes has provided
the motivation for the following theorems. Recall the following theorem proved in

[19] (Chapter 5 of this dissertation).

Theorem 6.2.1. [I9] The Cartesian product of cycles, C,,[AC,, is orientable Z,-

distance magic for all m > 3 and n > 3.

The next theorem lays the groundwork for labeling hypercubes.
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Theorem 6.2.2. For any p > 1, and n > 2, p disjoint copies of the graph C,,10C,,

is orientable Zy,2-distance magic.

Proof. Let G = C,, = 90,91, -+, 9m-1,90 and H = C,, = hg, h1,..., hy_1,hg. Then
orient each copy of GOH as follows. Fix j € [m]. Then for all i € [m], orient
counter-clockwise each cycle of the form (g;, h;), (gi+1, ), -, (gi—1, hj) , (gi, hj) in
every copy of GOH. Similarly, fix ¢ € [m]|. Then for all j € [m], orient counter-
clockwise each cycle of the form (g;, h;) , (¢i, hj+1) s s (93, hj—1) , (9, h;) in every copy
of GLH. Since the graph GLH can be edge-decomposed into cycles of those two
forms, we have oriented every edge in each copy of GLJH. Now let k:cf denote the
vertex (g;, h;) of the k' copy of GOH for i,j € [m], and k € {1,2,...,p}. Then, for

%
each k € {1,2,...,p}, define ¢ :V — Z,,2 by

(")) = pmj+ (k= m+i—j,

—

where the arithmetic is done modulo pm?. Expressing £(*z7) in the following alter-
native way

((*z]) = pmj + (k — Lym + a,

—
for i = j (modm), a € [m| makes it clear that ¢ is bijective. Then for any given k£ and
for all 4,5 € [m] we have N* (*z]) = {*27** k2]  } and N~ (2f) = {*27 7, F2l_ }.

Recalling that w(*z]) € Z,,,2, we have
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— — . — . —

wlhel) = AT + 8 y) — ) + )
= [+1+j—j—3—1pm
+ (=i -1+ GE—j+1)-(GE—j+1)
= G+ -G —1pm

(2—m)pm, j € {0,m — 1}

2pm, 0 <3 <m—1

= 2pm,

so  is an orientable ZLipm2-distance magic labeling, proving the result. [

6.3 Cartesian Product of Many Cycles

In this section we consider the repeated Cartesian product of a cycle.

Theorem 6.3.1. For any m > 3, the Cartesian product C,,01C,,0...00C,, is ori-

entable Z,n-distance magic.

Proof. Let G,, = C,,00C,,1...0C,,, the Cartesian product of n C,,’s. Then for n > 2
we may describe G, recursively as G,, = G,,_10C,,. We also have |V (G,)| = m", so
the labeling will take place in Z,,». The proof is by induction. For n = 1, we apply the
labeling {xg, Thy s xgn_l} — {0, 1,...,m — 1} and orient the cycle counter-clockwise.

Clearly for j € {0,m — 1}, w(z})) =2 —m = 2 (modm) and for 0 < j <m — 1, we
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have w(x)) = 2 = 2 (modm), so G is orientable Z,,-distance magic.

For n = 2, Theorem gives that (G, is orientable Z,,2-distance magic and using
the nomenclature from Theorem [6.2.2, we have w(z!) = (2 — m)m = 2m (mod m?)

for j € {0,m—1}, i € [m] and w(z]) =2m for 0 < j <m — 1, i € [m]. Furthermore,

for each fixed j, the labels of 27 belong to the set [m] + jm for both base cases.

Now construct G,, = G,,_10C,, as follows. Let H; = G,,_; for i € [m|. Furthermore,

for a given i, let Hg > G, o for j € [m]. Let xf denote an arbitrary vertex in the
subgraph HZ . Then for any integers a,b let xZIfI’ denote the corresponding vertex

in the isomorphic subgraph Hgis . Using this terminology, we have Ng, (xj ) =

(2

Ne, ,(z)) U {$£+1, SEg_l} . Let wy,(27) denote the weight (in Z») induced on
by the subgraph H; and w,;(2]) denote the weight (again in Z,,») induced on
xz by the subgraph Hi Now partition Z,,»-1 = PpU P, U P, U ...U P,,_1 so that

P; = [m" 2] + jm"2 for j € [m].

Assume G,,_; is orientable Z,,»-1-distance magic with labeling 7 V(Gn-1) = ZLpn—
and orientation G,,_;. Then in G,, apply ¢ and its corresponding orientation to
Hy = G,,_1. As in the base cases, we may assume that the labels of Hg belong to P;
for j € [m] and

(2—m)m™2 je{0,m—1}

’LUHO(ZL%) =
2mn2, 5 € {1,2,..m — 2}
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Next, orient all the edges in each subgraph Hq, Hs, ..., H,,_1 as in Hy. Then the only
edges left to orient in GG, are cycles of the type {xé, x{, e minq} for fixed j. Orient

_>
each of these cycles counter-clockwise. Now define ¢ : V(G,) — Z,» as follows.

—

O(z)) +i(m — D)m" 2 +m" 1 0<j<i

—

O(xd) +i(m—1)m" 2, i<j<m-—1

To show that  is a bijection, it suffices to show that for each fixed 1, 7 P —
Pj_; +im™ Hor all j, since for each fixed i, j — ¢ runs through [m] as j runs through
[m]. Since the labels of H}, belong to P; for j € [m], we have

Pi+im—1)m" 2 +m 1 0<j<i

Z: Pj —
Pi+im—1m" 2 i<j<m-—1

Now, if 0 < 5 < 7, we have

P, — Pi+im—1m"2+m"!
=  [m" 2]+ jm" 2 +i(m — 1)m" 2 + mn1
= [+ (= m 4 (4 Dm
= M"Y+ (G —i)m" 2 +mm" 2+ im!
= "+ (m+j—i)m" 4 im"?

= Pj—i + imnL.
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While if : < j <m — 1, we have

P —  Pj+i(m—1)m"?
= [m" 2+ jm" 2 +i(m — 1)m" 2
— [man] + (,] . i)man + Z'mnfl

= Pj_i +im" L,

Therefore, it is clear that for each i € [m], the label set used on H; is i-m™ ' +{PyU
PU..UP, 1} = Zypn +1m™ 1 | so we see that 7 V(G,) — Zpn is bijective.

This completes the labeling and orientation of G,,.

—

Observe that £(z7) = ¢(x) (mod m™2). Therefore, W g (z)) = (e (]) in Zpn. Then

we have,
wi,(@]) = wy(a]) + Ul — Uo7
— ) ol d+y gy g—1
- wHé (x(J) + (Iz ) (‘rz )
But
(k) = wiy (o) — (B ™) = Flad ™)
Therefore,
wi () = wiy () = O ™) + 0@ + U2 = (27

130



where a = 2m™ 2 —m" 'I{j =0orm—1}, b=i(m—1)m" 24+ m" {0 <j+ 1<
t— 1}, and c=i(m—1)m" 2+ m" {0 < j — 1 < ¢ — 1}, where [ is the indicator

function. Then we can write

wy, () = 2m" 24w {0<j+1<i—1}—

)

{j=0orm—1}—I{0<j—1<i— 1}

Let [ ={0<j4+1<t—1}-{j=00orm—1}-I[{0<j—1<7—1}. Wewil

now show that I = —1 when j =i or i — 1 (modm) and I = 0 otherwise.

Case 1. j =i (modm).

Since j,i € [m], we have j =i and hence  =1—1—1= —1whenj=0o0rj=m—1.

Otherwise, if 1 <j<m —2,wehave [ =0—-0—1=—1.

Case 2. j =i —1(modm).

Ifj=0 wehave ] =0—1—-0= —1, whileif j =m—1, weobtain [ =1-1—-1= —1.

f1<j<m-2 wehave I=0-0—-1=—1.

Case 3. j # i, 1 — 1 (modm).

If j=0,wehave I =1—1—-0=0, whileif j=m—1, wehave I =1—-1-0=0.

Otherwise, if 1 < j <2 —2 wehave [ =1—-0—-1=0,andife4+1 <7 <m— 2,
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we have ] =0—-0—-0=0.

In all cases, we have shown I = —1 when j =i or i — 1 (modm) and I = 0 otherwise.

We have now fully determined the weight induced by the subgraph H; for each i € [m].

We have,
(2—m)m" 2, j=iori—1(modm)

n—2

2m"™ ™=, otherwise

We are ready to determine the weight of each vertex. To this end we have w(z]) =

wy, (x7) + U(r) ) — (2]_,) and we recall that the arithmetic is to be performed in

/.

Suppose j =iori — 1 (modm). Then we have

Il
[\
3

since (1 4+1)— (¢ —1)=2(modm”) when 1 <i<m—2and (:+1)—(2—1) =

2 —m (modm™) when i € {0,m — 1}.
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On the other hand, suppose j # i, i — 1 (modm). We have

2m —1)m" 2 1<i<m-—2

w(z!) = 2m"?+

(2—m)(m—1)m" 2 —m"1 ie{0,m—1}
2mr 1 <i<m—2

2m" ! —m" i € {0,m — 1}

2m™~! (mod m™).

Hence, w(xz ) = 2m"™ ! for all 4,5 € [m], so G,, is orientable Z,,-distance magic for

all n > 1. ]

Corollary 6.3.2. The hypercube Qo is orientable Zyx-distance magic for all k > 1.

Proof. Since Q9 = C',01C,01...00CY, the Cartesian product of k£ Cy’s, Theorem [6.3.1

gives the result. O

One may wonder if the hypercube ox11 is orientable distance magic. Since the graph
is odd regular, a little pessimism is understandable. Indeed, Cichacz et. al proved
in [I4] that no odd regular graph on n = 2 (mod 4) vertices is orientable Z,-distance

magic. However, Qo1 contains 226+1

vertices, a number divisible by 4, so it is possible
that (Qop,1 is orientable Zgart1-distance magic for some k. It can easily be checked

that Q1 = K5 is not. The following theorem rules out ()3 as well.
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Theorem 6.3.3. The hypercube Q3 is not orientable Zg-distance magic.

Figure 6.1: The hypercube, Q3

Proof. Let G = ()3 as shown in Figure An important fact we will use is that
regardless of the orientation of the edges, the (directed) weight of a given vertex has
the same parity as the sum (performed in Zg of course) of its neighbors. Suppose
for the sake of contradiction that G is orientable Zg-distance magic with orientable

Zs-distance magic labeling ¢ : V(G) — Zsg and associated magic constant p.

Suppose p is even. Observe that N(z1) = {x9, x4, 2¢}. Then since p is even, either all

— — —

three of £(x2), (x4), {(xs) are even or exactly one is even. Suppose it is the case that

— — —

all three of ¢(xs), ¢(x4),(x¢) are even. That leaves but one other vertex with an even

—

label. Since N(x3) = {2, x4, 25}, and w(z3) = p is even, it must be the case that ¢(z3)
is even. Consequently, £(z1), {(x3), {(x5) must all be odd. But N(z4) = {21, 23,25},
so w(xy) = p is odd, a contradiction. Therefore, it cannot be the case that all three
of Z(xQ), ﬁ(x4), ﬁ(xﬁ) are even. In fact, because the graph is vertex transitive, we have

shown that no vertex may be adjacent to three even labeled vertices. So it must

be the case that every vertex is adjacent to exactly one even-labeled vertex and two
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odd-labeled vertices. But this is impossible since there are an equal number of odd

and even elements in Zsg.

If 1 is odd, essentially the same argument leads to another contradiction. Hence, (3

is not orientable Zg-distance magic. O

We conclude this section with the following conjecture.

Conjecture 6.3.4. The odd-ordered hypercube, Qo1 is not orientable Zozi+1-

distance magic for any k.

6.4 Conclusion

We have proven that any number of disjoint copies of the Cartesian product of two
cycles is orientable Z,-distance magic. We have also shown that the repeated Carte-
sian product of a cycle is orientable Z,-distance magic, a result which encompasses
even-ordered hypercubes. Finally, we have shown that the two smallest odd-ordered
hypercubes are not orientable Z,-distance magic graphs. One possible direction for-
ward is to prove Conjecture [6.3.4] Another area for improvement is to consider the

Cartesian product, C,,,0C,,,0...00C,,, for integers n, ng, ..., ng.
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Chapter 7

Conclusion and future work

My research on two problems are presented in this dissertation. The first problem
asks which graphs allow a d-handicap labeling. That is, a labeling of the n vertices of
a graph using the first n natural numbers is sought so that the weight of the vertex
labeled 7 is d more than the vertex labeled ¢ — 1. The second problem asks which
graphs admit an orientable Z,-distance magic labeling. That is, for a simple graph
G of order n, an orientation of the edges and a bijective labeling of the vertices using
the elements of Z,, is sought so that the weight of every vertex is equal to the same

constant.
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7.1 d-Handicap tournaments

7.1.1 Conclusions on d-handicap tournaments

In Chapter [2 the notion of handicap labeling is generalized to d-handicap labeling.
Necessary conditions for the existence of a d-handicap graph, H(n, k, d) are identified
and families of d-handicap graphs for large classes of n and a wide range of regularities
k, for every d > 1 are constructed. The following theorems provide a summary of the

results from Chapter

Theorem 7.1.1. If an H (n,k,d) exists, then

1. w(z;) =di + w, for alli e {1,2,...,n}.
2. If nis even, then k = d (mod 2).
3. If nis odd, then k =0 (mod 2).

4.n2{2(d+1+\/m)]

n-2-vD
5. ’V 22 D-‘

IN

k<2202 where D = (n - 2)° — dd(n — 1),

Theorem 7.1.2. Let d > 2 be an even integer and let G be any d-reqular distance
magic graph of order v > d + 2. Let n = vt for any even integert > d+2. Ifd =0

(mod 4) ort =0 (mod 4), then there exists an H (n,2d,d) .
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Theorem 7.1.3. Let d > 2 and t,v > d+ 2 be even integers and let n = vt. If d =0
(mod 4) or v =t =0 (mod 4), then there exists an H (n,k,d) for all even k such

that 2d < k <n —2d — 2.

Theorem 7.1.4. For every odd d, there exists an H (n,k,d) for every odd k such

that 2d +1 < k <n — (2d + 3) provided

en=0(mod4d+4),n> (d+1)(d+3), and d=1(mod4) or
en=0(mod4d+4), n > (d+1)(d+5), and d =3 (mod4) or

e n=2d+2(moddd+4), n > (d+ 1)(d+ 3), and d = 3 (mod 4).

7.1.2 Future work regarding d-handicap tournaments

When compared with the necessary conditions, it was shown in Chapter [2[ that The-

orems [7.1.3|and [7.1.4]leave only a small number of feasible regularities & for which an

H(n, k,d) may exist. In fact, for d = 1 and d = 2, the necessary conditions are met for
the appropriate class of n. Therefore, a natural direction forward is to "fill the holes"
by finding a construction for these extreme values of k. The smallest open cases are
presented in the following problems. Solutions to the problems would provide a full

characterization of 3- and 4-handicap tournaments, respectively, for n = 0 (mod 16).
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Problem 7.1.5. For all n = 0(mod 16), n > 32 construct an H(n,k,3) for k €

{5,n —T}.

Problem 7.1.6. For all n = 0(mod 16), n > 48 construct an H(n,k,4) for k €

{6,n — 8}.

Another more ambitious direction forward is to consider the following problem.

Problem 7.1.7. For a given d > 1, characterize all n such that an H(n,k,d) exists

for some k.

A solution to Problem would provide a full list of the number of teams that
could play a d-handicap tournament. In Chapter [2|it is shown that this problem has
recently been solved for d = 1 and n even [30]. For d even, Theorem[7.1.2]ties possible
n to the existence of distance magic graphs. For d odd, Theorem provides a

partial characterization of such n.

7.2 Orientable Z,-distance magic graphs

In Chapters 3 - 6 the notion of distance magic labeling is generalized to directed

graphs.
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7.2.1 Conclusions on orientable Z,-distance magic graphs

For the purposes of this subsection, for a given graph, GG, let n be the order of G. A

summary of the findings in Chapters 3 - 6 is provided by the following theorems.

Theorem 7.2.1. The following graphs are not orientable Z,-distance magic.

e Any graph G having all vertices of odd-degree and n = 2 (mod4).

77777

e The hypercube, Q3.

Theorem 7.2.2. The following graphs are orientable Z,,-distance magic.

Every cycle, C,.

The hypercube, Q,,, m even.

Any number p copies of cycle related products; C,,10C,,,, Cy, X C,, or Cp 0Ch,.

Repeated Cartesian product of a cycle, C,,,1C,,0...0C,,,.

The strong product of cycles Cy,, RC,,, if ged(ny, ne) € {1,2,4} or ged(ny, ny) =

d € {3,5,6}, d*tny, and d* { n,.

Cpy ®C,, if ngng =2 (mod 4) or ny =ny =2 (mod 4).
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Any number p copies of the circulant graph, C,,(S), for any connection set S

such that %5 ¢ S.

The products of circulants C,,(S1) o Cy,(S2) and C,, (51)0C,,(Ss), if

ged(ng,ng) =1, - ¢ S1, 2 ¢ Ss.

The lexicographic product G o Cy,,(S), m & S, for odd ordered graph G with all

vertices of the same parity or m even.

The lexicographic product G o Ko,,1q for odd ordered graph G.

The lexicographic product GoK}, for any orientable Z,,-distance magic graph G
except possibly when k = 2 (mod 4) and G contains a vertex having indegree

and outdegree of different parities.

The direct product G x Cy,(1,3,5,...,2 {%W — 1), G is an Eulerian graph.

K, if and only if n is odd.

Koy nys n# 2 (mod 4).

Ky ngng, for all n.

Kningnns, 1 <np <ng < ... <ny, ng > 2, n odd.

-----
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7.2.2 Future work regarding orientable Z,-distance magic

graphs

The most obvious direction for future work is characterizing complete multipartite
graphs. These graphs were characterized up to and including complete tripartite
graphs in Chapter [3] Another more ambitious goal is to prove the conjecture stated
at the end of Chapter [3| that all 2r-regular graphs admit an orientable Z,-distance
magic labeling. Clearly, this cannot be proven by a construction. Rather, a novel

approach must be found, perhaps using the adjacency matrix and linear algebra.

Another direction forward is to consider groups other than the cyclic groups, possibly
classifying for a given graph G of order n all abelian groups I' of order n which provide
an orientable I'-distance magic labeling of GG. Alternatively, one may consider using
the natural numbers as labels which would provide applications akin to tournament

scheduling seen in Chapter
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