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Abstract: An introductory discussion on a (weakly non-local) gradient generalization of some one-
dimensional elastic and viscoelastic models, and their fractional extension is provided. Emphasis is
placed on the possible implications of micro- and nano- engineering problems, including small-scale
structural mechanics and composite materials, as well as collagen biomechanics and nanomaterials.

Keywords: gradient elasticity/GradEla; fractional elasticity; gradient viscoelasticity; fractional
viscoelasticity; fractional Kelvin-Voigt model

1. Introduction

A gradient generalization of Hooke’s law of elasticity has been proposed in the past
by the last author to model behavior at the nanoscale, where heterogeneity and size effects
become important [1,2]. A recent review with applications to various branches of elasticity
theory and an extension to include fractional derivatives can be found in [3,4].

Among the main results of the above works were the removal of singularities from
dislocation lines and crack tips, the interpretation of size effects, and the description of
experimentally observed nanoscale phenomena that classical elasticity could not capture.
The basic mechanism in the mathematical formulation was to introduce the Laplacian of
strain and/or stress into the standard elasticity constitutive equation, as a representative
measure of the underlying heterogeneity at the micron-scale and nanoscale. This Laplacian-
enhanced gradient generalization of classical elasticity theory was extended to include
fractional and fractal considerations in cases where the underlying micro/nano-structure
could not be described with the use of integer derivatives and Euclidean geometry [5,6]. It
is noted, in relation to this, that the standard Laplacian operator of integer order has a direct
straightforward extension to a fractional Laplacian operator of non-integer order with
corresponding nice properties, and, thus, easily derived fractional results can be obtained.

The purpose of the present article is to make use of the aforementioned developments
by focusing on simple one-dimensional elastic and viscoelastic models in order to better
illustrate the potential of such generalizations and their implications for various problems
in current engineering and biomedical technology, where micro/nanoscale effects need
to be accounted for in a manner that is as simple as possible, yet effective. In particular,
reference is made to micro/nano metallic and polymeric ultra-thin rods used in the fabri-
cation of nanocomposite materials and miniature devices/frames for energy storage and
medical implants, as well as to one-dimensional tendon and collagen fiber problems that
biomechanics deal with.

In Section 2 we briefly discuss the one-dimensional extension of the classical Hooke’s
law of elasticity to include spatial derivatives of the strain of integers and fractional orders.
In Section 3 we discuss the corresponding generalizations of the Kelvin—Voigt model of
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viscoelasticity. Finally, in Section 4, a discussion about a number of related issues that need
to be further considered and a number of future research directions that need to be further
explored is provided.

2. Gradient and Fractional Hooke’s Elasticity Model
2.1. Gradient Elastic Bar

The classical Hooke’s law for an elastic bar in one dimension reads
o = Eg, 1)

where 0 is the stress, € (= du/0dx, u denotes displacement and x the spatial dimension) is the
strain, and E is the elastic modulus. The gradient generalization of Equation (1) amounts
to replacing the (macroscopic) strain, €, with its local (microscopic) gradient counterpart,
¢ — (% (9%¢/9x%), where ( is an internal length related to the underlying substructure (e.g.,
size/spacing of inclusions in a composite material, grain size in a polycrystal). If static
equilibrium is assumed under the action of an applied stress oy, it follows that the governing
differential equation for a semi-infinite bar (0 < x < o0) is

% o
— 2 _— = —0 =
e— 1/ 72 3 €9, 2)
with a general solution given by the expression
e(x) = %9 +ce €)

on the assumption that ¢ is finite as x — oo, or that the gradient solution converges to the
classical solution at the free boundary of a very long bar. By also assuming that, at the finite

boundary (x = 0) the microstrain vanishes (¢ = 0), we obtain c = — %, and thus
_ 90 (4 _ —x/t
e(x) = 2(1-e1), @)

confirming again the fact that, at large distances from the fixed end of the bar, the strain
approaches the value predicted by classical elasticity. Other types of boundary conditions
and; other one-dimensional configurations may also be considered: e.g., a bar of length L
(—=L/2 < x < L/2) with symmetric loading through a stress ¢y applied at its two ends.
On returning to Equation (4), it follows that the local (micro) strain at the end of a bar

of length L is
_ 90 (4 _ L/t
£<L>_E(1 e ), ©)

which, as already mentioned earlier, for a very long bar (L >> /) is the same as the
strain predicted by the classical macroscopic Hooke’s law represented in Equation (1).
In addition, for a bar for which the ratio of the internal length ¢ over its length L cannot be
neglected, Equation (5) can be written in the form of Equation (1), i.e.,

-1
0 = Eefe;  Eoff = E[l - 67”5} , (6)

where E. is an effective elastic modulus. Possible implications of Equation (6) or its
counterparts for other types of boundary conditions and configurations can be explored in
conjunction with experiments and some efforts along these lines for standard problems of
structural mechanics (trusses, frames, beams, shear-moment diagrams) are currently under
investigation in [7,8].
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2.2. A Fractional Extension
The fractional counterpart of Equation (2) reads

g4 0 (=N e = %, @)

where (% is a fractional internal length (in units of [L]*), and (—A)”‘/ 2 denotes the Riesz
fractional Laplacian [9] of order a (1 < a < 2), defined in terms of the Fourier transform as

FL=8)"2f(x) } () = Ik F{£ ()} (0), ®)

where f(x) denotes a Fourier integrable function. Other definitions of a fractional Laplacian
are possible, and a detailed discussion is provided in [10]. In any case, it is beneficial to
express the fractional Laplacian operator as the convolution of the integer-order Laplacian
with an appropriate power-law kernel [11] (see also [12]). In the one-dimensional case,
the above process provides

(=8)*"2f(x) = F~H{ kI* F{FHK) | (x)
= —F K2 [ kPFFY0) ] () ©)
—F k2 FLAFYR) ().

In Equation (9), the Laplacian A coincides with the second order spatial derivative
92, for which the property F{Af}(k) = —|k|2F{f} (k) holds. In the case of unbounded
one-dimensional space, —oo < x < co with1 < a < 2, Equation (9) can be expressed
in terms of the Riesz fractional integral operator [9] as (—A)*/2f(x) = —(Z>7*9%f)(x),
or, equivalently, in convolution form through the Riesz potential — [ Ra(x — §) aé f(g)dc,
where Ry (x) i= FH{[kl~C=9 b(x) = 3. [x[I=% with 7 = 227*/FT(1 - §)/T(%50).
After some simplifications we obtain

N B 1 o 1 0% f
(=8)*2f(x) = 2cos(ma/2)T(2 —w) /—oo |x — &|x—1 87(',‘2%'

(10)

Equation (10) provides us a Caputo-type expression for the one-dimensional fractional
Laplacian in infinite space. However, in the case where the domain under consideration
has finite boundaries, or occupies a semi-infinite space, additional terms arising from the
boundaries should be included. In particular, for the problem of a semi-infinite bar with a
fixed boundary at x = 0, the fractional Laplacian of the strain ¢ also includes two additional
boundary terms proportional to the value of the strain €(0) and its derivative d,e(0) at
x = 0, respectively. This aspect, which does not arise in the non-fractional treatment of the
problem at hand, will be discussed elsewhere for more general configurations and gradient
models. For the present case and configuration, however, it turns out that Equation (10)

leads to . . 0(0) 52
_AN\a/2 _ « 7""
(=A)" e(x) = 2cos(7tuc/2){F(20c) /. rocetam T

1 0.e(0) sgn(x) S(O)}
Ir2—a)|xj*1  T1—-a)x|«

(11)

where 6(&) denotes the Heaviside function. It then follows [10] that we can conclude that

(—A)Y/2 = D . where D, denotes the Riesz fractional derivative in [0, ), defined as
Df e(x) = —;(R%D“e(x) + REDE ¢(x) ), (12)
*+ 2 cos(ma/2) * e
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with RED? and RLDE denoting the left- and right-sided Riemann-Liouville fractional
derivatives given, respectively, by

PR S A L (9
RLDte (x) = m@/o G dg, (13)
d
" RLDIX e(x) — 1 ﬁ /‘00 8((:) dg (14)
TR T2 =) 0x? Sy (gox)r T

The equivalence between the fractional Laplacian (—A)*/? and the Riesz fractional
derivative Dfallows us to rewrite Equation (7) as e — £* D§, ¢ = 0p/E. Then, by applying
the Fourier sine transform,

Fs{e}(k) =&(k \/>/ ) sin(kx) d (15)
FoUYe (%) \/7/ ) sin(kx) dk, (16)

and taking into account the boundary condition €(0) = 0, we are led to the following
integral expression
e(x) = 209 sin(kx)
nE Jo k(14 0%k*)
Equation (17) is the required fractional generalization of Equation (4). To confirm this,

we observe that, in the limit « — 2, we recover Equation (4) through the integral (3.725-1,
p- 429 of [13])

dk. (17)

200 [ sin(kx) gk~ %0

_ _ ,—x/L
“@loe= 77 | ee - g 0 ) a8

By noting that sin(kx)/k = [ cos(k&)dZ, we can express Equation (17) as ¢(x) =
20 [ 9(&)dE, where

P(x) = l/: f‘f%{i dk. (19)

The function ¢ (x) is identified as the fundamental solution of the fractional Helmholtz equa-
tion, i.e., ¢ + £4(—A)*/2¢p = §(x). In the limit &« — 2, we have ¢, o = (71/2¢) exp(—x/¥)
(see 3.723-2, p. 428 of [13]). By using a number of standard results in fractional calcu-
lus [4,14,15], we can obtain the following Mellin—Barnes integral representation for the
function ¢(x), expressed in terms of the Fox H-function Hy7" [9,16] as

1—
o-masil i epan)

20l \f
From Equation (20) it can be verified that ¢(x) is consistent with ¢|,—,» = (71/20)
exp(—x/¢) from Equation (19), via the application of the Legendre duplication formula. It
then follows that (x) can be expressed in terms of the H-function through Equation (20) as

3, (03). (%,;)} . @

7

Rl= R
K= K=

7

e(x) =

océfE {
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Equation (21) clearly satisfies the boundary condition €(0) = 0 and can be utilized to
express the local strain at the end of a bar of length L through the integral

K= K=

4
7

R|= R

1—
1—

o0 L1l ¢
el) = D [THE| S, dz. (22)
{Xé\/ nE 0 ’ 20 ’ (0/ %)r (%r %)
In analogy with Equation (6), we define the fractional effective elastic modulus Eg‘f Fas

-1

L 11
_ 2,1 g ww
o’ ]’ 7207 272

For along bar L >> /, the strain ¢ given by Equation (21) recovers the classical Hookean
expression €(L)|L 0 = 0p/E, since, in the limit L — oo, the following relation holds

7

1—
1—

R R
R R

a0y

0o /°° 21| €
el o= —2 [ HM| L
e = SrvmE Jo H13 | 20 1), (3,1

Furthermore, in the limit £ — 0, the classical Hooke’s law of Equation (1) is recovered.
An alternative expression for the strain can be obtained through the direct application
of the Mellin transform in Equation (17), yielding the following equivalent H-function
representation

11

i . (25)
L), (34),(0})
It is noted that Equation (25) can also be obtained by the direct integration of Equa-

tion (21). In the limit # — 2, Equation (25) reduces to its integer-order counterpart of
Equation (4).

a0 21| X
= — H ’ —_
e(x) = Zr/7E M| 20

3. Gradient and Fractional Kelvin—Voigt Viscoelasticity Model
3.1. Gradient Kelvin—Voigt Viscoelastic Bar

The Kelvin-Voigt solid is a representative example of linear viscoelastic behavior,
exhibiting creep and damping. It reads

0 = Ee+ g, (26)

indicating that the stress is made up by an elastic component (Ee) and a viscous one (ji¢)
where ¢ is the strain rate and y denotes the viscosity coefficient taken as constant.

For a constant applied stress ¢ = oy (the same as in Section 2), the integration of
Equation (26) gives

s:%@—e—f”), 27)

where T = p/E, and the initial condition €(0) = 0 was used. For long times (t — o),
Equation (27) shows that a one-dimensional bar, made by this solid, extends (or “creeps”)
under a constant applied stress from its initial length where €(0) = 0 (i.e., before 0y is
applied) to a final length where e(c0) = 0y /E, (i.e. the value attained instantaneously for an
elastic bar). In addition to this “creeping” behavior, the model exhibits damping, i.e., the
loading and unloading paths/curves do not coincide (as for elastic behavior) and the area
enclosed by the two curves is the energy dissipated during the cycle. This type of anelastic
behavior is attributed to microscopic processes, such as production/annihilation, and the
internal motion of structural defects (vacancy clusters in metals, fragments of molecular
chains in polymers, microcracks in rocks).
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In fact, general viscoelastic behavior may be described by the following set of equations
(e.g., [17,18])
o=f(ea), i=g(en), (28)

where (f, g) are constitutive functions, and « denotes a set of internal variables. In this
connection, it should be pointed out that the last author suggested [19,20] to replace the
“evolution law” for the internal variables as given by Equation (28); with a “complete
balance law” containing both a rate and a flux term.

For an internal variable « with a diffusive transport (and linear behavior as assumed
for all models discussed herein), Equations (28); and (28), are then replaced by

%u

=Ee—Aa; &=D-— —
o € x;, & 722

Muw — Ne, (29)
where all the coefficients are constants. For a constant applied stress ¢ = 0y, the time
differentiation of Equation (29); in Fourier space gives &, = (E/A)é¢x, while, by Fourier
transforming Equation (29),, we obtain &y = —(Dk? + M) — Ne, where the subscript k
denotes a Fourier transformed quantity. We see that by neglecting the diffusion-like term
we obtain —Awy = (NA/M)e + (E/M)é, or —Aa = (NA/M)e + (E/M)¢, and, thus,
the expression of the Kelvin—Voigt model given by Equation (26) and the creep formula
given by Equation (27) result from a proper identification of the coefficients.

If the diffusion term is retained in Equation (29), and we adiabatically eliminate the

term &y (& =~ 0) in the Fourier space, we obtain ay = — [N/ (M + Dk?)]ex which upon
Taylor expansion, gives a = — (% - %kz) gg, Or @ = —%e — %%. Thus, a can be

eliminated from Equation (29); in favor of the second spatial derivative of ¢, resulting in the
gradient elastic model of Section 2. It follows that, by assuming a pair of internal variables,
one behaving as in the previous paragraph and another as in the present paragraph, we
can arrive at a gradient extension of the Kelvin—Voigt model of the form

o=E(e- 278 e (30)
B ox? He:
It is now possible to provide an analysis of Equation (30) and its fractional counterpart
to interpret, among other things, size effects in creep. For a constant applied stress (0 = 0p),
Equation (30) can be written in the form

9%

é:Aﬁ—i-Bs%—l", (31)
where the constants (A, B,T') relate in a straightforward manner to those in Equation (30),
and a simple change of variables can reduce Equation (31) to the classical Fick diffusion
equation. Other type of models, including a fourth-order derivative in ¢, as well as spatial
derivatives of ¢ can also be derived and some related spatio-temporal viscoelastic models
will be discussed in the future, as this is not within the scope of the present paper.

3.2. A Fractional Extension

For the remainder of this Section, we discuss a fractional extension of the classical
Kelvin-Voigt model given by Equation (26). By replacing the integer order derivative
¢ = de/dt with its time fractional counterpart, oBe/otP, where B is a non-integer number
0 < B < 1, we first derive the corresponding creep equation associated with the fractional
index B, i.e., the fractional counterpart of Equation (27).

One of the most commonly utilized choices for 9P¢/9tF is the time-fractional derivative

of Caputo type ng ¢, defined as

CB B 1 1 oe(x, 1)
ODts(x,t)—r(l_ﬁ)/o oo e AT 0<B<, (32)
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which, for = 1, reduces to the usual first-order integer derivative, de/dt. It then follows
that the time-fractional counterpart of Equation (26) reads

o= Ee+ g ngs, (33)

where g denotes the fractional viscosity coefficient. For a constant applied stress oy,
Equation (33) is solved by applying the Laplace transform and taking into account the
initial condition ¢(0) = 0, resulting in the expression

0o tP
e_E[1—Eﬁ<—Tﬁ>], (34)

where 15 = pg/E (in units of [T]#), and E p denotes the Mittag-Leffler function of fractional
calculus [21,22], defined as Eg({) = Y37 ¢"/T(Bv + 1). The Mittag-Leffler function is a
proper generalization of the exponential function, since E1({) = exp({); { € R. Therefore,
the above expression reduces to the integer-order Kelvin—Voigt expression of Equation (27)
for p — 1. It follows that, due to the presence of Eg, Equation (34) exhibits a much slower
than exponential decay ~ O(tF) as t — oo.

Next, we extend the time-fractional Kelvin—Voigt model of Equation (33) by also
including a spatial gradient term proportional to the second derivative of the strain 92¢ in
its elastic component. In relation to this, it is noted that a Laplacian term proportional to ¢
(i-e., 92¢ in one dimension) could also be considered as suggested by the last author [2] and
partially implemented by others [23,24], but this is outside the scope of the present article.
This is also the case for other possible models including the fractional Laplacians of both ¢
and ¢, as well as 0 and ¢.

On returning to a particular illustrative example, we consider the following time-
fractional counterpart of Equation (30),

0%
2 C
U:E(eﬂ axz)ertlgODfs. (35)

We further consider the problem of a bar under constant stress 0p. In this case,
Equation (35) is solved through the combined application of Fourier sine (in space) and
Laplace (in time) transforms, by also taking into account the initial condition ¢|;_,o = 0,
as well as the boundary condition ¢|,_,g = 0. The resulting expression reads

e(x,t) = % /Ooo e W_m(—gr,srﬁ) erf<2;:/2> dc, (36)

where W_g 1 is a particular case of the Wright function W) ,({) = Y070 ¢V /T (Av + p)v,

and erf({) denotes the error function, defined as erf({) = 277~ /2 fog e~ d¢. The behavior
of Equation (36) in the limit t — oo is given by the formula of Equation (4), since €|t ~
oo/E [0 ¢ erf(T’i/Z)dé . Similarly, in the limit £ — 0, it turns out that Equation (36)
reduces to the time-fractional solution of Equation (34).

As a final illustration of the various possible models, we consider the fractional
extension of the gradient Kelvin—Voigt model of Equation (33) by replacing the first-
order time derivative d; with the Caputo fractional time derivative ng , as well as the
second spatial derivative 32 with the Riesz fractional Laplacian —(—A)*/2. The resulting
space—time-fractional gradient Kelvin—Voigt constitutive equation reads

o= E[sw“(—A)“/zs} + pg §DPe, (37)

where (" is a fractional internal length, and g is the corresponding fractional viscosity
coefficient. For a constant applied stress 0y, Equation (37) is solved by employing the
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Fourier sine transform (see Section 2) combined with the Laplace transform. Inversion of
both transforms yields the following expression for €(x, t)

e(x,t) = 2 /O Te W (<Lt P) @, (2/; )d; (38)

x

where @, () is the fractional generalization of the error function, defined through the
expression

Du(0) = ocjﬁ ./f 111

In Equation (39), we introduced the generalized Wright function, ;¥;, which is an
extension of the generalized Hypergeometric function ,F; and defined as

’%> , —&2| de (39)
1)’ '

Nl— R [=

0 H}ll F(a]-+Aj1/) gv

=Y - z (40)

v=0 [T, T(bj + Bjv) V!

(aerl) ce (ap,Ap) .

(b1, By) ... (b, By) ¢

PT‘?(O =¥y

By considering the long time asymptotics (as t — o0) of Equation (38) or equivalently,
when the viscosity effects are negligible (in the limit y5 — 0), it can be confirmed that the
solution of Equation (38) reduces to the expression for the strain of the one-dimensional
bar given by Equation (21) which, as shown earlier, is also equivalent to Equation (25).
Furthermore, if spatial gradients are neglected, i.e., when ¢ — 0, the integral expression of
Equation (38) is readily evaluated, yielding the time-fractional relaxation solution given
by Equation (34). Finally, in the limit « — 2, Equation (38) reduces to the integer-order
solution of Equation (36), due to the fact that ®,({) coincides with erf({) in that limit.
Exact analytical expressions for Equation (38) and its asymptotics, along with further
generalizations and specific applications, will be provided in a future publication.

4. Conclusions and Discussion

A concise account on certain 1D gradient/fractional models for elasticity and viscoelas-
ticity was provided to illustrate the many various possibilities that exist for generalizing
their classical counterparts. The choice of the most suitable generalized models depends on
their simplicity and their ability to capture new phenomena and experimental observations
that their classical counterparts are not able to describe.

One-dimensional strain-hardening models and other rheological (e.g. Maxwell’s
viscoelastic and Brinkman’s plastic) models can also be enhanced with gradient terms and
their implications can be discussed in a similar manner. Their 3D counterparts can also be
addressed, since the fractional Laplacian has been well studied, and a substantial number
of results are available [10].

It follows that this type of gradient and fractional generalizations of classical defor-
mation models will only deserve further attention when they can describe phenomena
(pattern formation, size effects) not captured by standard theories. In fact, these theories
have been developed on the basis of observations and experiments for macroscopic bodies
where the underlying micro/nano structural heterogeneity, and spatio-temporal pattern
formation could be averaged out in the corresponding macroscopic model development.
With the current growth of experimental probes to detect material behavior at the micron
scale and nanoscale, the relevance of generalized non-local gradient and fractional /fractal
models may be important. The present article is a modest contribution in this direction.

A final remark concerns the generalization of these one-dimensional (1D) models to
three dimensions (3D). In addition to questions related to 3D equilibrium and compatibility
requirements, which do not arise in a non-trivial manner in the present 1D case, one also
needs to address the issue of frame indifference, i.e., “the invariance requirements under
translations and rotations”, as a reviewer indicated by pointing, for example, to refer-
ence [25]. For a more general discussion on fractional aspects and invariance considerations
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in continuum mechanics formulations, the reader can consult a most interesting recent
reference [26]. Another pertinent issue is the question of identifying the length scale ¢
in relation to three-dimensional micro/nano structures in various materials, which still
remains an open problem to collectively elaborate upon.
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