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Figure 1.2: Shock propagating in the lab and shock frame

Then according to Euler’s equation of motion:

d

dx
(P + ρv2) = 0, (1.2)

where P is the pressure. Integrating along X across the shock leaves:

P1 + ρ1v
2
1 = P2 + ρ2v

2
2 = Fp, (1.3)

Where Fp is the momentum flux. So, the ratio between mass flux and momentum

flux is:

Fp

Fmassv
=

P

ρv2
+ 1. (1.4)

We define the ratio of flow velocity to the speed of sound in the medium as Mach

number M:

M2 =
v2

v2s
, (1.5)
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where vs is the speed of sound. From the conservation of energy, we find:

d

dx

[(
1

2
ρv2 + ρe+ P

)
v

]
= 0, (1.6)

where e is the internal energy per unit mass. For a monatomic gas e can be written:

e =
3kBT

2µmH

, (1.7)

where T is temperature, kB is Boltzmann’s constant, and µ is the mean mass per

particle in the units of the mass of a hydrogen atom mH . Integrating along X from

upstream to downstream:

E =
1

2
v21 +

5

2

P1

ρ1
=

1

2
v22 +

5

2

P2

ρ2
. (1.8)

By applying the principles of conservation of mass and energy, along with Euler’s

equation, we can deduce the relationship between velocities upstream and down-

stream:

v2
v1

=
5

4

(
3

5M2
+ 1

)
− 1. (1.9)

In the case of phenomena such as a supernova explosion or a powerful pulsar wind,

the Mach number for the upstream flow is significantly greater than 1. If M ≫ 1

then

v2
v1

=
1

4
. (1.10)
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The right sketch of Figure1.2 shows the situation when we put an observer within the

frame of the shockwave. The shockwave continues to propagate at the velocity U,

with downstream matter flowing into it at a speed of v1 = |U | and upstream matter

flowing out of the shockwave at a speed of v2 =
1
4
|U |.

Figure 1.3: particle scattering from upstream to downstream, and vice
versa

Let us consider one cosmic-ray particle moving with a relativistic speed that is close

to the speed of the light c, while a shock front propagates at a much slower, non-

relativistic velocity U ≪ c. The Lorentz factor of the shock front ≈ 1. When we

observe in the frame of downstream, the cosmic-ray particle diffuses from downstream

to upstream. See Figure 1.3 left. The upstream material approaches this particle with

the velocity v = |v1 − v2| = 3/4U . As the particles diffuse across the shock front, it

interacts with upstream particles. and its energy becomes:

E
′
= E + pxv, px =

E

c
, (1.11)
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