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Abstract

Many governments around the world are pledging to reduce their consumption of

fossil fuels as they look to curb the amount of green house gasses they release into the

atmosphere. These green house gasses are what scientists blame for global warming

and the recent increase in extreme weather events. Producing electricity is one of the

largest producers of these gasses but utilizing renewable sources can greatly decrease

the amount of green house gasses produced. Common forms of renewable energies are

wind and solar and both of these green energies have reached a state of maturation

where they are economically viable to implement into full scale electrical grids.

Wave energy is a less developed renewable energy and it has not yet reached the level

of maturation where it can readily be implemented into the electric grid. Marine

energy sources are a promising new source of energy as the majority of Americas

population lives along the coast and the energy in water is more energy dense that

of solar and wind powers. However, in order to implement full scale wave energy

converters there needs to be additional development in wave forecasting, controls

systems, power electronics, energy storage systems, grid integration, and the overall

efficiency of the system.

In this study wave energy converters are modelled from the excitation force of the

xix



water interacting with the buoy to the grid current being injected into the onshore

electrical grid. The power and the efficiency of the system is analyzed from wave to

wire and a control system is implemented to increase the efficiency of the system in

a multi-frequency irregular wave environment. Additionally, the positioning of wave

energy converters is an array is studied to determine the optimal placement of each

buoy in order to maximize the energy delivered to the onshore electrical grid.
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Chapter 1

Introduction

As the global energy demand continues to rise, the interest in using marine energy

technologies (METs) as renewable energy sources (RESs) is increasing. Achieving

carbon neutrality while meeting global energy demands, will require utilizing a mix

of RESs such as solar, wind, and wave energy. Solar and wind energy are economically

viable RESs, but Wave Energy Converters (WECs) still require improvements in their

energy capture, energy storage system (ESS) sizing, and grid integration. ESSs are

necessary for the operation of WECs, but to reduce the levelized cost of energy

(LCOE) the installation cost of the ESS must be reduced by minimizing its size. In

addition to minimizing the size of the ESS the wave-to-wire efficiency of the system

must be maximized in order for WECs to be an economical RES [2]. To capture the

2640 TWh of energy in the oceans surrounding the United States WECs need to be

1



further developed by utilizing power packet networks (PPN) and power electronics to

efficiently convert this energy to usable electricity [3].

To create usable electric energy from the ocean WECs use a buoy to absorb the

wave force. The mechanical energy is converted to electrical energy via a rack-and-

pinion power-take-off (PTO) and an electric machine on the buoy. The rack-and-

pinion PTO converts the linear heaving motion of the buoy into a rotational velocity.

The rotational velocity is utilized to turn an electric machine located on the buoy

and generate electricity [1]. The power produced by the permanent magnet electric

machine on the buoy is stored in a DC bus before being transported to shore at a

constant DC voltage via an undersea cable. It is then coupled to the onshore electrical

grid [4]. WECs operate in multi-frequency sea states composed of many different

frequencies across a spectrum. To maximize the power delivered to the electric grid

from the WEC, the control system for the buoy must resonate with the dominant

frequencies of the wave environment it operates in.

One way to describe the multi-frequency sea state the WEC is operating in is with

a Bretschneider spectrum. The Bretschneider spectrum utilizes the peak period and

the significant wave height of the wave environment to generate a frequency spectrum

of the local sea-state at a given time [5].

There are many different ways to predict sea-states. The authors in [6] predict wave

environments utilizing wave gauge data and analyze the errors associated with the

2



predictions. In [7], the effect accurate wind speed data has on wave models is studied,

and the improvements made to wave forecasting over the years are discussed. Future

sea-states can also be predicted using regional wave models. Regional wave models

are developed by using data for wind direction and speed. To develop more accurate

wave forecasts, spotter buoys can be utilized to assess the energy in the wave envi-

ronment. The data from the spotter buoy can be used in addition to the regional

wave forecast data and an Ensemble Kalman filter (EnKF) to develop more accurate

wave predictions for the upcoming sea-states. These accurate predictions can also be

utilized to determine unsafe operating conditions for the buoy where a brake must be

applied.

Real-time accurate wave predictions are essential for tuning the control system of the

WEC to the dominant frequencies of the multi-frequency sea-state it is operating in

[2, 8, 9]. Complex Conjugate Control (C3) has two requirements for implementation:

the buoy must resonate with the frequencies in the excitation force and the controller

damping must be equal to the mechanical damping of the WEC system [10, 11].

PDC3 utilizes impedance matching to approach the upper limit of 50% efficiency for

a heaving point absorber WEC [10].

The predicted wave spectrum data can be decomposed into its individual frequency

components using a Fourier Transform. The frequency data of the wave spectrum

can be used to calculate the magnitudes and phases of the peak frequencies and

3



implement C3 [2, 8, 9]. To implement C3 control in the time domain, the magnitudes

and phases of the peak frequencies are used within a proportional derivative (PD)

control feedback loop. The magnitudes and phases are used to set the proportional

gain of the PD controller, and the derivative gain is set equal to the mechanical

damping of the system to satisfy the requirements of C3 [2, 8, 9, 12]. The time

domain implementation of C3, known as Proportional Derivative Complex Conjugate

Control (PDC3), was implemented on a WEC in [13].

Implementing PDC3 control on one buoy increases the power production of the WEC.

To increase the power production of an array of PDC3 WECs PPN technology can

be used to improve the wave-to-wire efficiency of the system and increase the power

delivered to the onshore electrical grid [14]. PPNs were first explored as Electricity

Power Packets (EPP) in [15] to incorporate more RESs into an electrical grid without

compromising stability. PPNs can be used in a WEC array to minimize the power

variation across the system. This leads to fewer losses in the ESS and more power

delivered to the electric grid.

This thesis is divided into three sections. The first portion outlines the design process

and the modeling of the mechanical, electrical, and control systems of the WEC array.

This is followed by details of the simulation setup and MATLAB functions utilized

in the array simulation. Finally, this thesis presents the simulation data of the array

and an analysis and discussion of those results.

4



Chapter 2

WEC Model and Control

A point absorber WEC with a grid connection to shore is shown in Figure 2.1 The

Figure 2.1: WEC system connected to the onshore electrical grid via an
undersea cable.

buoy of the WEC operates in a wave climate that exerts a force on the buoy. This force

produces a heaving, linear velocity on the buoy. This heaving velocity is converted

to a rotational velocity through a rack-and-pinion gear system on the WEC. The

rotational velocity is used to turn a permanent magnet electric machine on the WEC

5



to generate power. The generated power is sent to an undersea substation where it is

then exported to shore via a DC undersea cable before connecting to the grid through

a grid-tie inverter.

2.1 Wave Climate

To develop accurate simulations of WECs operating in the ocean the excitation force

needs to first be studied. The excitation force in a WEC system comes from the

interaction of the buoy with the water waves. Understanding and studying the inter-

action of the buoy with the waves it is operating in is essential to precisely model the

system and the power the buoy will generate.

2.1.1 Buoy Data for Sea States

There are many different ways to develop estimates for wave climates and sea states

in a certain geographic region. One way to generate these sea states is by utilizing

regional wave models and spotter buoys. Regional wave models use wind speed data

to develop an estimate of the sea state and the energy within it. In addition to

regional wave models, spotter buoys can be used to collect real-time data on the

frequencies within the sea state and the height of the waves. This data is used in an

6



Ensemble Kalman filter to generate accurate predictions for the current wave climate

and the future wave climate. The peak frequency and the significant wave height from

the wave data can be used to generate a wave spectrum such as the Bretschneider

spectrum [16].

2.1.2 Bretschneider Spectrum

The Bretschneider spectrum is calculated using the significant wave height and the

peak frequency of any given wave climate. The spectrum represents the most common

wave frequencies in the sea-state and their magnitudes. The one-sided wave spectrum

for ocean waves is calculated as in Equation 2.1

S(ω) =
5

16

ω4
m

ω5
H2

1
3
e

−5ω4
m

4ω4 (2.1)

where ω is the frequency in radians per second, ωm is the peak frequency and H 1
3
is

the significant wave height of the spectrum. This spectrum can be converted to a time

domain wave height using the WAFO toolbox in MATLAB [17]. The wave height can

then be scaled up to represent a wave force acting on the buoy or used to calculate a

more complex wave force.
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2.1.3 Morison Equation

In fluid dynamics, the Morison Equation is used to calculate the force on a body in

an oscillatory flow. The equation is calculated by summing the two force components

acting on the structure: the inertia force is in phase with the wave acceleration, and

the drag force is in phase with the velocity. The inertia force is calculated using

the Froude-Krylov force and the hydrodynamic mass force, while the drag force is

calculated using the drag equation. The total force calculation using the Morison

Equation is

fe(t) =
π

4
ρCMD2ẍ(t) +

π

2
ρCDDẋ| ˙x(t)| (2.2)

where CM is the inertia coefficient, CD is the drag coefficient, D is the buoy diameter,

ρ is the fluid density, x(t) is the wave height, and ẋ(t) is the wave velocity. The wave

force then acts on a mechanical buoy operating in the ocean.

2.2 Mechanical Drive Train

An array of WECs is composed of multiple buoys with electric machines on them.

The mechanical system for the array of WECs is based on the work done in [1].

The mechanical system for each of the buoys in the WEC array is modeled as a

8



mass-spring-damper (MSD) differential equation

mẍi + ciẋi + kxi = fe,i + fu,i. (2.3)

The excitation force, fe,i, and the control force, fu,i, are phased-shifted due to the

shift in the physical placement of the buoys. The control force is actuated through

the linear force of the permanent magnet DC machine as

fu,i =
τ

r
=

ia,iKm

r
(2.4)

where Km is the permanent magnet DC machine torque constant and r is the radius

of the gear in the rack-and-pinion PTO. The rack-and-pinion PTO converts the linear

heaving velocity of the buoy into a rotational velocity through the gear radius. The

rotational velocity used to turn the electric machines on the buoys is calculated as

vi = ẋi = rwm,i (2.5)

where vi is the linear velocity of the buoy, r is the gear radius, and wm,i is the

rotational velocity of each of the electric machines. The electric machines produce

power on each of the buoys and are connected in parallel to a DC bus. The values

for the parameters of the mechanical system are shown in Table 2.1.
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Table 2.1
Mechanical System Parameter Values

Parameter Description Units

m Buoy Mass 268 kg
c Buoy Damper Coefficient 1226 N/m

s

k Buoy Spring Coefficient 1194 N
m

Rr Buoy Radius 1.4 m
r Rack and Pinion Gear Radius 0.025 m

Figure 2.2: Model of a WEC connected in parallel to an undersea
substation.

2.3 Electrical Drive-Train

The electrical schematic of a WEC is shown in Figure 2.2. This model of the WEC

contains DC electric machines on each buoy, a DC bus, a DC line to shore, and a grid

tie inverter. The DC machine on each buoy can be modeled as

dia,i
dt

=
1

La

(va,i − ia,iRa −
Kmvi
r

). (2.6)

The power generated by each of the electric machines is sent to the DC electrical bus

as

ipto,i =
Ppto,i

vb
=

va,iia,i
vb

. (2.7)
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The DC machines on the buoys are connected in parallel to the electrical bus. The

sum of the currents from the six buoys into the electrical bus is calculated as

iptosum =
N∑
i=1

ipto,i. (2.8)

The DC electrical bus is modeled as a resistor, capacitor, and ideal ESS in parallel.

The undersea substation is connected to an undersea cable that transports the power

to the onshore electrical grid. The grid connection is represented by a parallel com-

bination of a resistor, capacitor, and current source to model the power injected into

the grid. The electrical bus is modeled as

v̇b =
1

Cb

(iptosum − vb
Rb

− u− iL) (2.9)

where u is the ideal current from the ESS that is injected into the electrical bus to keep

it at a constant voltage. The ideal current from the ESS modeled as a supercapacitor,

is calculated as

u =
vsc − vb
RESR

. (2.10)
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Table 2.2
Electrical System Parameter Values

Parameter Description Value

Km PMDC Torque Constant 2 Nm
A

La PMDC Armature Inductance 1e−3 H
Ra PMDC Armature Resistance 1e−3 Ω
vb PTO Collection Bus Voltage 325 V
Cb Bus Capacitance 20e−6 F
Rb Bus Parasitic Resistance 1000 Ω
RL Undersea Cable Resistance 2.5 Ω
LL Undersea Cable Inductance 95.6e−6 L
Cg Grid Inverter Capacitance 20e−6 F
Rg Grid Inverter Resistance 1000 Ω
CESS ESS Capacitance 50e−6 F
RESR Equivalent Series Resistance of Cb 80e−9Ω

The electrical bus is connected to the onshore grid via an undersea cable. The un-

dersea cable and grid connection are modeled as

diL
dt

=
1

LL

(vb − iLRL − vg) (2.11)

v̇g =
1

Cg

(iL − igrid −
vg
Rg

). (2.12)

The parameters in the WEC array electrical systems are shown in Table 2.2 and the

variables are shown in Table 2.3.
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Table 2.3
Electrical System Variables

Parameter Description Units

va PMDC Armature Voltage V
ia PMDC Armature Current A
ipto Current from Electric Machine Drive A
vsc ESS Voltage V
u Current from ESS A
il Line Current A
vg Grid side Voltage V
igrid Current into Grid Inverter A

2.4 Controls

To extract the most energy from the ocean waves the buoy of the WEC system must

resonate with the ocean waves. This process is made complex by the multitude of

frequencies within any given wave climate. In addition to controlling the position of

the buoy, the electrical system of the WEC must be controlled. The DC bus must

be kept at a steady nominal DC voltage and the current injected into the grid is

controlled with a feed-forward loop.

2.4.1 Proportional Complex Conjugate Control

The excitation force on the WEC array was modeled in 2.4. Any given sea state

that the WEC array will be operating in can be described as the sum of each of the
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individual frequency components that are summed together to create the irregular

wave as

fe =
N∑

n=1

Ansin(wnt+ ϕn). (2.13)

This excitation force can be decomposed into its frequency components as

f̂e(t) = a0 +
N∑

n=1

[ancos(nωt) + bnsin(nωt)] (2.14)

where a0 is the average value of fe(t), and the amplitudes of the sine and cosine

components of one frequency in the wave force summation are an and bn respectively.

To extract the maximum energy from the wave force each WEC must resonate with

the peak frequencies in the wave spectrum. To resonate with the peak frequencies of

the wave the amplitudes of the individual frequency components must be calculated

and a controller must be designed for each of the peak frequencies. Using a Sequential

Least Squares Estimator (SLSE) the amplitudes of the sine and cosine components

of each individual frequency can be calculated as

xn = [a1, b1, ..., an, bn]
T = xn−1 + PAT (Y − Axn−1) (2.15)

where the weighting matrix is P , A is the matrix containing the amplitudes for the sine

and cosine components of the frequency, Y is the measured values to be estimated, and

xn−1 is the previous sine and cosine amplitude estimates for an individual frequency
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Figure 2.3: Block diagram of the decomposed excitation force and PDC3.

[18].

The calculated amplitudes for the frequency components can be used to implement

PDC3 on the WEC array [19], [9], [2]. PDC3 requires that the multi-frequency

excitation force acting on the WEC array be broken down into its individual frequency

components. A PD controller can then be designed for each individual frequency

to implement C3. The individual frequency control channels will then be summed

together to create the full control force acting on the buoy. This process is shown in

Figure 2.3

The proportional gain in PDC3 is calculated to resonate the WEC with an individual

frequency component of the full wave spectrum. The proportional gain is calculated

as

kp,i = ω2
imi − ki. (2.16)

The derivative gain in the PD controller is designed to maximize the power absorbed

by the buoy by setting the real portion of the control impedance equal to the real
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part of the mechanical impedance. The derivative gain is calculated as

kd,i = ci. (2.17)

The sum of the individual frequency control channels is then used to provide the

complete control force for each of the WECs operating in an irregular wave climate.

2.4.2 Buoy Phasing Control

In a WEC array, each buoy is shifted in the water which will cause a phase shift, ϕ,

in the electrical signals from the WECs. When the electrical signals from each WEC

in the array are shifted at phase ϕ and the wave is at a frequency of ωn, the power

output from each WEC becomes

pi(t) =
1

2
(cos(2ωnt− 2(i− 1)ϕ) + 1). (2.18)

The sum of all the powers of N WECs in an array is

Parray =
N∑
i=1

pi(t) (2.19)

=
1

2
(csc(ϕ)sin(Nϕ)cos(2ωnt+ ϕ(1−N))) +N). (2.20)
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The sum of the total powers will be constant when

csc(ϕ)sin(Nϕ) = 0. (2.21)

This happens at a phase shift of

ϕ ∈
{
π

N
,
2π

N

}
. (2.22)

Therefore if the six WECs of the array are positioned and paired to behave as three,

they will produce a constant total output power when the WECs are positioned in

the water as to produce a ”phasing” of π/3 rad = 60o or 2π/3 rad = 120o apart in

time [20].

Having a constant output power from the WEC array has many advantages including

the reduced need for energy storage, a reduction in the ripple of the voltage in the

electrical collection bus, and a decrease in power losses which leads to an increase

in power delivered to the electrical grid. Since the WEC array is operating in an

irregular wave climate, which is composed of multiple frequencies, there may not be

a phase or time shift that results in constant power but instead a phase shift that

results in minimal power variation.

To create further sequencing between the electrical signals from each of the buoys

in the WEC array the array can be angled in the water with respect to the incident
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Figure 2.4: Hexagonal Arrangement of the Six WEC Array.

wave force. The angling and spacing of a six WEC array is shown in Figure 3.20

2.4.3 Feed Back Control of ESS Current

The current into the bus from the ESS device is calculated using a PI feed back loop.

This control loop is designed to regulate the bus voltage to a constant DC voltage

and is calculated as

ṽb = vb,ref − vb (2.23)

u = iess = kpṽb + ki

∫
ṽbdt. (2.24)
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2.4.4 Feed-Forward Control of Grid Current

The grid-tie inverter for this study was modeled as a current source, igrid, in paral-

lel with a resistor and capacitor. The power exported to the onshore electric grid

significantly impacts the line current, bus voltage, and stability of the system. The

reference current exported to the onshore grid is calculated in a feed-forward process

as

iL,ref = ipto,sum − vb,ref
Rb

(2.25)

vg,ref = vb,ref − iL,refRl (2.26)

ig,ref = iL,ref −
vg,ref
Rg

= ipto,sum(1 +
Rl

Rg

)− vb,ref (
Rb +Rg +Rl

RbRl

). (2.27)

Updating the current command to the grid continuously would be ideal but cannot be

achieved in practice due to communication limitations in the hardware. To represent

these limitations in the model the grid current is updated to the reference current

export command at an interval of Tff .
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2.5 Optimization Cost Function

In addition to phase shifting the buoys, the placement of the buoys in the water can

be angled with respect to the incoming wave force and the rate at which the grid

current command is updated can be varied to minimize the power variation of the

WEC array. The cost function to minimize the power variation for the WEC array

is designed to minimize the variation in the bus voltage, and minimize the energy

and power of the ESS while maximizing the power and energy delivered to the grid.

The input variables into the cost function include the time shift between buoys, the

degree shift of the incident wave, and the grid update rate. The cost function that

was developed for this study and that was input into MATLAB’s fmincon function

is shown in

J = xGE/GE + xGP/GP +∆Vb/xVb
+ ESSE/xESSE + ESSP/xESSP . (2.28)

GE, GP , ∆Vb, ESSE, and ESSP are the optimized values from the MAT-

LAB/Simulink simulation for the grid energy, grid power, bus voltage noise, ESS

energy, and ESS power respectively. The weighting factors xGE, xGP , xESSE, xVb
,

and xESSP were initially set to a value of one and then updated with the minimized

or maximized values of their respective variables to equalize the importance of each

of the variables on the overall cost.
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Using the input variables shown in Table 2.4 as inputs to MATLAB’s built-in non-

linear optimizer, fmincon, the power variation cost function can be minimized.

Fmincon takes a nonlinear cost function and the initial values of the variables that

will be manipulated in the Simulink model to minimize the given cost function. The

variables that were minimized or maximized in the cost function are shown in Table

2.5.

Table 2.4
Initial Values for fmincon Cost Function Input Variables

Variable Units

∆t s
Degree Shift o

Grid Update Rate s

Table 2.5
Variables to Minimize or Maximize in the Cost Function

Parameter Variable Minimize or Maximize

Variation in Bus Voltage ∆Vb Minimize
ESS Energy ESSE Minimize
ESS power ESSP Minimize
Grid Energy GE Maximize
Grid Power GP Maximize

2.6 Simulation

The models of the WEC and WEC arrays were built utilizing MATLAB/Simulink.

A MATLAB script was utilized to develop the wave spectrum and initialize the pa-

rameters of the mechanical and electrical systems where the parameters are shown in
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Tables 2.1 and 2.2 respectively. The wave environment the buoys were simulated in

was developed in a MATLAB file or by utilizing MATLAB functions.

2.6.1 Wave Analysis for Fatigue and Oceanography Toolbox

To develop the irregular wave spectrum the buoy would be operating in the Wave

Analysis for Fatigue and Oceanography (WAFO) toolbox for MATLAB was utilized.

This toolbox provides the necessary functions for developing random waves and has

the capabilities required to create estimated sea spectrums. Using the WAFO toolbox,

and the built-in Bretschneider function, random sea states were generated and

utilized to simulate the operation of WECs.

2.6.2 Simulink Model

The WECs were simulated by developing a block diagram model in Simulink. The

top level of this model is shown in Figure 2.5. This top-level model is broken into

five different blocks: Buoys, Buses, Lines, Grid, and Vector Power calculations.

The Buoys block was broken up into four different subsystems as shown in Figure

2.5. The WEC Mechanical System block contains the MSD differential equations as

shown in 2.3. The PDC3 control calculations are contained in the Control System
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Figure 2.5: Top Level View of Simulink WEC Model.

for Armature Voltage PDC3 block. The electric machine on the buoy described in

2.6 and 2.7 are contained in the WEC Electrical System and PTO current blocks

respectively.

The Bus block contains two subsystems for calculating the voltage and current of

the supercapacitor in the ESS and the Bus Voltage as calculated in 2.9. The Line

subsystem contains no further subsystems and contains the line current calculation

calculated as in 2.11. The Grid subsystem contains three subsystems: Grid Voltage,

Grid Voltage Controller, and Grid Current. The Grid Voltage block calculates the grid

voltage using 2.12 and the controller block controls the grid voltage to the reference

value of 325 volts using a PI controller. The current injected into the grid is calculated
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Figure 2.6: Subsystems within the Buoys Top Level Block.

using 2.27 in the Grid Current subsystem.
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Figure 2.7: Subsystems within the Bus Top Level Block.

Figure 2.8: Subsystems within the Grid Top Level Block.
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2.6.3 Solver Settings

There are many different configurations within the Simulink model solver in order to

handle a wide range of systems and models accurately. This model was simulated

using the solver settings shown in Table 2.6. The solver settings can be accessed

under Model Settings and under the Solver section in Simulink.

Table 2.6
Solver Settings for Simulink Model

Parameter Selection

Type Variable-step
Solver ode23tb (stiff/TR-BDF2)
Max step size auto
Min step size auto
Initial step size auto
Relative tolerance 1e-3
Absolute tolerance auto
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Chapter 3

Results and Discussion

3.1 Validation of Model in Regular Wave Environ-

ment

To ensure the proper operation of the buoy, the WEC model was first tested in a

simple sinusoidal wave environment. The excitation force was a sinusoidal wave of

one frequency, and the parameters for this wave are shown in Table 3.1. The sinusoidal

excitation force is shown in Figure 3.1.

The velocity and position of the buoy are shown in Figure 3.2. From the plots, it can

be verified that the buoy’s position is correctly following the velocity of the buoy by
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Figure A.2: Wave Forces for Six Buoys Shifted Using the Time Shifting
Method.

Figure A.3: Wave Forces for Six Buoys Shifted Using the Airy Wave The-
orem and the Time Shifting Method.
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Appendix B

Point of Diminishing Returns for

added PDC3 Control Channels

Adding in additional control channels to the PDC3 will increase the resonance of the

buoy with the ocean waves but at a certain point there will be diminishing returns

on power generated for each control channel added.

A six WEC array was simulated in a hexagon formation with an optimized time shift

between the buoys. Additional control channels were then added in to determine the

point of diminishing returns. The update rate at which the current command to the

grid-tie inverter was also varied to determine the optimal operating conditions for the

control system. The average power delivered to the onshore electric grid is shown in
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Figure B.1: Power Delivered to the Onshore Electrical Grid when the
Number of Control Channels is Varied.

Figure B.1.

From these results it was determine that the optimal number of PDC3 channels is

ten due to the diminished returns from adding eleven and twelve channels.
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