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Abstract

The body of work presented here develops numerical time-domain models of Wave

Energy Converter (WEC) arrays or wave farms. It will be shown here that a cluster

of WECs can be more effective in extracting oceanic energy, can facilitate deploy-

ment logistics, and help with grid integration. The objectives of this work are: (i)

developing a theoretical metric to evaluate the energy extraction potential of a WEC

array, (ii) developing an algorithm that ensures the stability of the time-domain mod-

els of WEC arrays, and (iii) identifying strategies that facilitate grid integration and

power management of a WEC array. In the process of developing the theoretical

performance metric, the potential theory was used to develop expressions for wave

potentials as the incoming wave reflects by and transmits through the WEC array.

Decomposing the wave potential in horizontal and vertical parts enabled the applica-

tion of boundary conditions based on continuity in terms of velocities and potentials.

Incorporation of the hydrodynamic terms showed an increase of up to 28% in the

low-frequency range. The knowledge of the wave potentials in and around the WEC

array helped the application of robust system identification strategies that accurately

described the physical phenomenon and ensured the numerical stability of the nu-

merical models. The dissipative nature of the system enabled the application of the

passivity property for system identification. The proposed approach could guarantee

the numerical stability of time-domain modeling of WEC arrays while also ensuring

xxix



high accuracy of the emulated hydrodynamics and the motions of the bodies. For the

case studies considered, the identified systems calculated the motion time-histories

with > 95% accuracy for WEC array cases and > 99% accuracy for the single isolated

body case. Finally, the dissertation addresses the grid integration and power man-

agement issues associated with the power generated by WEC arrays. The oscillatory

nature of ocean waves introduces variability in the total power produced. This work

develops the conditions that exploit the phase offsets in the wave received at individ-

ual WECs at any given time. The conditions developed here will result in constant

power by imposing polyphase power profiles for the WECs in the array. Continuously

constant power is desirable for grid integration and power management. Additionally,

the objectives for an ideal power controller are developed that can make the overall

produced by the WEC array constant.
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Chapter 1

Introduction

All models are wrong, but some are useful.

George E. P. Box

This dissertation focuses on developing time-domain numerical models of WEC arrays

that can facilitate effective model-based motion control and minimize the obstacles for

grid integration. This work does not focus on control but develops numerical models

that can be a robust framework for motion control design. This work takes a mod-

ular approach to the numerical modeling of WEC arrays such that the time-domain

models developed can be integrated with and assist the onboard energy management.

This Chapter discusses the motivation for working on WEC arrays, followed by the

dissertation outline.
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1.1 Motivation

Maintaining a competitive edge in the ongoing fourth industrial revolution requires

automation of the manufacturing, services, and food production industries and can

only be achieved through energy independence [104, 131]. Climate change and re-

source exhaustion necessitate that future energy needs have to be sourced from re-

newable sources. Oceans will exhibit the most manifest effects of climate change.

These effects will range from rising sea levels and frequent hurricanes affecting coastal

population centers to disruption of ocean currents resulting in the collapse of entire

ecosystems. Oceans remain more unexplored than the Lunar, Martian, and Venusian

surfaces [105, 125]. This has resulted in the lack of general awareness of the increased

oceanic pollution. The accumulation of oceanic pollution such as the great pacific

garbage patch, destroys delicate ecosystems and endangers a significant proportion

of the human food supply [126]. The National Oceanic and Atmospheric Adminis-

tration [124] and the National Geographic [28] cited the work by Peng et al. [90],

reporting that plastic waste and other effects of pollution can now be found in the

deepest reaches of the world’s oceans, all the way down to the Mariana Trench (a US

national monument [121, 128, 130]).

Exploring and understanding ocean environments could assuage the damage to marine

ecosystems while the immense energy stored in the world’s oceans can supplement
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future energy needs. Oceans can serve as the most energy-dense renewable resource.

Energy extraction from oceans can support a significant amount of future energy

needs, considering that over 33% of the global population lives within 60 miles of an

oceanic coast. Interestingly, around 40% of Americans live in coastal counties [127].

Marine energy can potentially provide 2.64 trillion kWh per annum in the United

States alone [64]. Further exploration of versatile applications for marine energy can

help support the ‘Powering the Blue Economy’ initiative by the US Department of

Energy’s Water Power Technologies Office [129].

Design and numerical modeling of Wave Energy Converter (WEC) devices is based

on principles of offshore engineering, developed as an amalgamation of concepts from

multibody dynamics, mechanical vibrations, fluid dynamics, marine hydrodynamics,

and naval architecture. While marine-hydrodynamics guide the dynamical analyses of

floating structures such as ships and offshore platforms, the energy extraction objec-

tives of WECs require that the design and dynamical analyses incorporate principles

of hydrodynamics in synchrony with WEC motion control and grid integration.

The design objective for a WEC could be suggested as being as straightforward as

maximizingWECmotions. However, the design workflow is additionally influenced by

other factors such as structural load-bearing capacity and fluctuations in the peak-

to-average ratio of the power produced. Therefore, the design of a WEC should

maximize energy extraction in a form that can be efficiently integrated into a grid
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serving prospective energy customers.

The logistics of deployment and energy extraction efficiency considerations make a

strong case for an array of WECs. A WEC array can desensitize the energy extraction

dependence on the ocean-climate variability. Innovative marine microgrid solutions

can support the energy demands of remote communities, scientific exploration, and

the establishment of Forward Operating Bases (FOBs). Marine Energy Grids (MEGs)

can address the aforementioned issues by reducing the dependency on traditional en-

ergy grids while expanding the scope of scientific research and exploration. Persistent

sensing of offshore environments requires a robust energy supply for powering ma-

rine energy hubs serving energy customers such as Ocean Observation Buoys and

Underwater Unmanned Vehicles (UUVs). Oceans have a high energy density, but

this energy extraction is challenging because of the required infrastructure and the

challenging working environment. WEC devices are good candidates for providing

power to MEGs, producing, storing, and transferring energy at sea. Monitoring and

exploration of oceans can be supported by deploying offshore remote energy hubs such

as WEC arrays and offshore wind farms. An expected attribute of a MEG is that its

energy production and storage may need to change over time due to changing at-sea

electrical load requirements. Wave energy converter arrays offer a possible solution

to the scalability requirement of MEGs.
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1.2 Dissertation Outline

After discussing the relevant literature in Chapter 2, Chapter 3 highlights the Po-

tential Theory-based modeling of oceans, both before and after the introduction of

floating bodies. The Potential Theory-based mathematical description is then used

to identify the equations of motion necessary for the time-domain modeling of WEC

arrays. After laying the theoretical background required for the analyses of WEC

arrays, the author’s research is presented in Chapters 4 - 6.

A high-level outline is as follows:

1. Identifying a performance metric that evaluates the theoretical limit of the

energy available for extraction in Chapter 4.

2. Proposing a novel algorithm to generate passive Linear Time-Invariant (LTI)

WEC array models with high accuracy in Chapter 5. Ensuring the passivity

property can help assuage numerical stability of MIMO systems such as WEC

arrays,

3. Identifying WEC array layout-design criteria that reduce power fluctuation and

storage requirements that can help the WEC array present itself as a constant

source to the grid (Chapter 6).
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1.2.1 Effects of Hydrodynamic Coupling on Energy Extrac-

tion Performance of Wave Energy Converter Arrays

The design space for a WEC array has many variables, including inter-WEC spacing,

individual WEC output capacity, WEC type, array geometry, and the control ap-

proach. Although hydrodynamically decoupled analyses facilitate decentralized con-

trol, they miss a potential opportunity to exploit the hydrodynamic coupling of a more

tightly packed array. A compact array model, parameterized with a non-dimensional

WEC packing ratio, was proposed by Garnaud and Mei [45]. This work extended

those results to include the hydrodynamic coupling between individual WECs in the

array showing an increase in the theoretical energy extraction.

This analysis was then implemented on a numerical model using a 25-WEC, com-

pact array example. The hydrodynamic radiation coefficients were generated using

WAMIT (Wave Analysis MIT) and were incorporated into the dynamic equations

introduced by Garnaud and Mei [45]. An energy extraction efficiency metric, consid-

ering the energy dissipated due to the waves reflected by and transmitted through

the array, was used to quantify the effect of the added terms. Incorporation of the

hydrodynamic terms showed an increase of up to 28% in the low-frequency range.

This is significant for wave energy conversion as it corresponds to waves with higher

speeds and wavelengths. Analyzing the theoretical limit of the energy available to the
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WEC array helped quantify the effect of packing density on the potential for energy

extraction, which can then inform the WEC array design.

1.2.2 Radiation Force Modeling for a Wave Energy Con-

verter Array

This Chapter focuses on developing linear, stable models for the radiation force effects

in floating marine structures, such as Wave Energy Converters (WECs), that can be

used for model-based control strategies. Model-based control strategies need accurate

dynamic models, in particular, for radiation force effects. The current state-of-the-art

Linear Time-Invariant (LTI) WEC array modeling strategies do not guarantee pas-

sivity. Time-domain motion dynamics are commonly described using the Cummins’

equation for floating bodies. Motion control can increase the energy extracted from a

WEC array. The control design for WEC arrays, whether for analysis or implementa-

tion, is challenging because the Cummins’ equation requires a convolution operation

that calculates the radiation forces due to fluid-memory effects of the radiation field

in real-time. This work presents a passivity-based approach to estimate radiation

force transfer functions that accurately replace the convolution operation, preserve

physical properties of the radiation Frequency Response Function (FRF), and ensure

the stability of the motion dynamics model by explicitly enforcing passivity of the

estimated transfer functions.
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The approach developed here can be considered a frequency domain estimation

method when the initial reference function is the radiation FRF Hr(ω), and a hybrid

of frequency-domain and time-domain estimation methods when the initial reference

function is the radiation Impulse Response Function (IRF) hr(t). The proposed ap-

proach has a final optimization routine that enforces the physical properties of the

radiation FRF and minimizes the error between the magnitude and phase of the es-

timated transfer functions and the radiation FRF Hr(ω). The time-domain route

further investigates that if the choice of numerical integration algorithm that calcu-

lates the radiation force IRF, and the estimated systems. This method preserves the

physical properties of the radiation FRF, explicitly enforces passivity, and ensures

the stability of the motion-dynamics model. The multibody dynamics involved in a

MIMO system entail estimating transfer function arrays. The case studies presented

contrast the effect of hydrodynamic couplings and interactions by comparing different

layout configurations of a nine WEC array.

The effect of hydrodynamic coupling is investigated by comparing a sparsely spaced

array and a compact array. This work presents a time-domain modeling framework

for hydrodynamically-coupled multibody dynamics in floating body clusters. The

proposed algorithm can be used for heterogeneous WEC arrays that may not have

the same geometry. The transfer function array models developed here are an essential

step towards designing motion control strategies that can respond to changing ocean

conditions in real-time.
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1.2.3 Storage Minimization of Marine Energy Grids using

Polyphase Power

A maritime domain with gravity waves has significant spatial variability in phase,

causing the power produced by a WEC array to have high peak-to-average ratios.

Minimizing these power fluctuations reduces the demand for large energy storage by

WEC array-powered DC microgrids while reducing losses in the undersea cable to the

shore. Designs that minimize energy storage requirements are desirable to reduce de-

ployment and maintenance costs. This work demonstrates that polyphase power, in

conjunction with an energy storage system, can maintain constant power. It is shown

that an N WEC array geometry can be designed to reduce the energy storage require-

ments needed to mitigate the power fluctuations if the WEC array produces constant,

polyphase power. The conditions that identify the wave frequencies and control effort

required to produce polyphase power are developed. Increasing the number of WECs

in an array reduces aggregate power fluctuations. Finally, the simulated WEC array

power profiles are investigated to verify the mathematical conditions developed for a

three and six WEC case.
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Chapter 2

Literature Review

After presenting a general background on WECs and WEC arrays, this Chapter

discusses the relevant literature on the three major themes of this dissertation. Sec-

tion 2.2 reviews the research on different assumptions, analyses methods, and nu-

merical modeling approaches used for WEC arrays. The time-domain modeling with

motion control requires the system’s Linear Time-Invariant (LTI) model. However,

the motion simulation of LTI models of WEC arrays is challenged by numerical sta-

bility issues. Section 2.3 starts with discussing different time-domain LTI models and

their applicability to Multiple Input Multiple Output (MIMO) models needed for

simulating a WEC array. This is followed by a discussion on the challenges in the

grid integration of WEC arrays in Section 2.4.
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2.1 WECs and WEC Arrays - Background

Clément et al. presented a detailed review of the state of WEC research in 2002 [14].

They outlined the historical development and prominent research institutes around

Europe and discussed the wide variety of WEC devices investigated over the years.

They identified that Denmark, Ireland, Norway, Portugal, Sweden, and the United

Kingdom were the earliest to consider wave energy as a viable energy source. However,

the earliest interest in extracting oceanic energy can be traced back to 1799 when a

patent was issued to Girard and Son in France [14, 66, 101]. They also mentioned the

work by Leishman and Scobie [72] which was commisioned by the UK Department

of Energy - Wave Energy Programme 1974-1983. Leishman and Scobie documented

340 patents related to WECs starting from 1855 when the first British patent was

issued, to 1973 [72]. The 1970s are often considered the starting point of modern

WEC research [66, 76, 101].

The 1970s energy crisis motivated a renewed interest in wave energy [66]. Stephen

Salter pioneered WEC research at the University of Edinburgh by introducing a tear-

drop-shaped pitching device (The Salter Duck) in 1974 [41]. Soon after, numerical

modeling and experimental validation were done by Count [17, 18], Mynett et al. [81],

Serman [106], and [110]. Evans[29], Nebel [82], and Pizer [96] further researched the

numerical modeling of WECs in general and the Salter Duck in particular.
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Around the same time, Chiang C. Mei [79] at the Massachusetts Institute of Tech-

nology (MIT), John V. Wehausen at the University of California, Berkeley [136], T.

Francis Ogilvie at the University of Michigan [86] advanced WEC research at Amer-

ican universities. Their work lead to the development of Boundary Element Method

(BEM) based numerical solver WAMIT (Wave Analysis at Massachusetts Institute

of Technology) [133]. Improvements in computational capabilities led to the develop-

ment of numerical codes that solved Green’s theorem to calculate the hydrodynamic

coefficients needed for the numerical modeling of WECs.

Other notable work was carried out by Johannes Falnes, Thor I. Fossen, Reza

Taghipour, and Tristan Perez at the Norges Teknisk-Naturvitenskapelige Univer-

sitet (NTNU), Norway. It led to the development of the Marine Systems Simulator

(MSS) toolbox [37, 43, 92, 115]. WEC numerical modeling efforts at the École cen-

trale de Nantes, France, led to the development of the numerical codes AQUADYN

and AQUAPLUS by Delhommeau [22, 23], followed by the FORTRAN based code

NEMOH [4, 60], and most recently the python-based BEM code CAPYTAINE by

Ancellin [2]

Le Méhauté remarked that much of the early numerical modeling used the Linear Po-

tential theory. Albeit its limitations, the linear wave theory has been extensively used

for numerical modeling of WECs and was found to be satisfactory when compared to

experimental validations. Le Méhauté presented a graphical summary (Figure 2.1) of
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Figure 2.1: H is the wave height, τ is the wave period, and h is the
water depth. Comparison of the validity of different wave theories and their
assumptions by Le Méhauté [71].

the validity of different wave theories [71].

One of the foremost objectives of numerical solvers for hydrodynamics coefficients

was to develop time-domain models. And early deployment efforts by Haren and Mei

[54], Thomas and Evans [117] recognized the need for deployment of multiple WECs

as a WEC array wave farm. Retzler conceptualized an array of Salter Duck devices

on a a curved spine [98, 99]. Appendix A models a WEC array of Salter Duck devices

on a curved spine. The Pelamis device can be considered evolution and physical
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realization of the work by Retzler [140].

Chiang C. Mei showed that a compact WEC array could produce more power than

the comparable single monolithic WEC [45]. However, the time-domain modeling of

WEC arrays is beset by numerical instabilities when the radiation force is calculated

using Linear Time-Invariant (LTI) models generated using system identification[42].

The LTI system identification of radiation force is crucial for control. This is because

although the radiation force is smaller than the hydrostatic and excitation forces,

it is crucial for dynamic stability and motion control. For instance, the complex-

conjugate control which maximizes energy extraction relies on the accurate knowl-

edge of the radiation damping term. The field has long recognized the significance

of motion control, starting from Greenhow to the most recent developments in ma-

chine learning[3, 5, 51, 65, 100]. This dissertation does not focus on motion control.

However, the motivation for the models developed here is for control design.

Physical deployment of WECs therefore needs,

1. The setting up of an array of WECs (Section 2.2,

2. Their time-domain Linear Time-Invariant (LTI) models,

3. And finally grid integration and power management strategies.
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In the literature review that follows, the discussion starts with the performance met-

rics that have been used for WEC arrays in Section 2.2, followed by the time-domain

modeling techniques that address the numerical instabilities in Section 2.3. Finally,

the challenges to the grid integration of WEC arrays are reviewed in Section 2.4.

2.2 Performance metrics for Energy Extraction

from WEC Arrays

Mavrakos and McIver present a comparison of hydrodynamic characteristics of WEC

arrays [75]. They suggested three analysis methods

1. Multiple-scattering method,

2. Plane-wave method,

3. Point-absorber approximation method.

The multiple-scattering method combines the radiation and diffraction effects using

a matched eigenfunction expansion with Hankel and Bessel functions.

The plane-wave method uses a wide-spacing approximation solving the diffraction

and radiation problems for an isolated buoy. This method ignores the imaginary
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eigenfunctions and, therefore, the evanescent modes.

The point-absorber approximation assumes the device to be smaller than incident

wavelengths and uses the q-factor performance metric that is insensitive to device

geometry and displacement. Mavrakos and McIver suggest these methods are a more

practical model for only arrays with wider spacings operating at higher wavenumbers

[75].

Göteman et al. used irregular short-crested waves in their analysis, capturing the

radiation and diffraction effects for linear 2D arrays using the q-factor [53]. Using

the multiple-scattering and point-absorber approaches to model the array in irregular

waves, they included the effect of varying sea conditions where the devices were far

apart. The wider spacing resulted in neglecting hydrodynamic coupling.

Whittaker and Folley used point-absorber assumptions to optimize for an interac-

tion factor [137]. Child and Venugopal used genetic algorithms to optimize energy

extraction efficiency [12]. McGuinness and Thomas also use the point-absorber ap-

proximation and optimized the q-factor for relatively close devices. Their results

recommend devices that are far apart [77].

Ringwood and Bacelli proposed control strategies for WEC arrays by either taking

a Global Control (GC) or an Independent Control (IC) approach [5] [100]. Their

approach used the plane-wave and point-absorber assumptions to optimize q-factor
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and was well-suited for sparse arrays.

Falnes and Budal considered infinite linear arrays parallel to each other. They intro-

duced the ‘array radiation resistance matrix,’ which is affected by the array members

and also by the groups of arrays [38] . Thomas and Evans considered arrays of three-

dimensional WECs and corroborated Havelock’s results for heaving spheres for a

double row array [55, 117]. Two articles, Siddorn and Taylor and Walker and Taylor,

discuss the trapping effect in an array such that the potential equation gets modified

in the array region and, therefore, modify the hydrodynamics of the array members

[108, 132].

Wider spacing poses practical problems to actual deployment and misses the oppor-

tunity that inter-array interactions can offer. In practical applications, the lower wave

frequencies are more important from an energy extraction perspective as they corre-

spond to waves with higher speeds [85]. It will be shown here that for lower wave

frequencies, there is a considerable improvement in energy available for extraction in

compact arrays due to hydrodynamic couplings.
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2.3 Linear Time-Invariant System Estimation

Real-time motion control of a Wave Energy Converter (WEC) requires a time-domain

model that captures the system’s motion dynamics and hydrodynamic interactions.

The Cummins ’ equation has been typically used to describe time-domain dynamics

for WECs [66, 85].

Marine structures emanate a radiation wave field when excited by an incoming wave-

field, resulting in radiation forces [84]. Modeling motion dynamics using the Cum-

mins’ equation requires a convolution operation to calculate the radiation forces. The

radiation force is causal and needs the body’s velocity information in real-time for the

convolution. The radiation force in the time-domain is calculated using the frequency

domain hydrodynamic coefficients, solved using a Boundary Element Method (BEM)

solver, such as commercial software packages like Wave Analysis MIT (WAMIT).

The frequency-domain hydrodynamic coefficients are then used to calculate an Im-

pulse Response Function (IRF). Convoluting the IRFs with the buoy velocity gives

the radiation force in real-time. This model-based control design requires a transfer

function matrix or state space realization of the system instead of the convolution

model [91, 115]. The approach proposed in Chapter 5, circumvents the convolution

operation by proposing an algorithm to generate a transfer function matrix between

the radiation force and body velocities. A passivity-based approach ensures fidelity
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to the physical system because radiation forces are dissipative in nature. Duarte et

al. present a thorough comparison of different approaches taken by researchers over

the years [26]. Their comparative review is expanded here with recent developments

since their publication. The main approaches to approximate replacement for the

convolution-based calculation of radiation force F⃗R(t) can be classified as,

1. Frequency domain estimation methods use the radiation function Hr(ω) to es-

timate state-space or transfer function models. The main routes taken are,

(a) Identifying continuous-time filter parameters from frequency response

data,

(b) The moment matching method.

2. Time-domain estimation methods first numerically calculate the radiation IRF

hr(t) and then use the IRFs to estimate state-space or transfer function models.

The main routes taken for this approach are,

(a) Curve fitting methods based on Least Squares curve fitting of the IRFs,

(b) The realization theory method is based on Hankel Singular Value Decom-

position (SVD), followed by order reduction strategies such as balanced-

realization order reduction.
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2.3.1 Frequency domain estimation methods

Frequency domain estimation methods estimate the radiation force transfer functions

using the radiation FRF. These methods can be potentially more accurate than time

domain methods because the two staged process of time domain estimation can in-

troduce computational errors such as round-off errors. Additionally, time domain

methods may introduce high frequency content in the estimated transfer function

array, due to truncation of the reference functions (the radiation FRF and its IRF).

2.3.1.1 Identifying continuous-time filter parameters from frequency re-

sponse data

Duarte et al. summarize the least-squares methods used over the years [26]. These

methods minimize the least-squares error between the radiation function and the

estimated LTI system, such that the quantity J is minimized,

J = Λ

(
Hr(ωl)− H̃r(ωl)

)2

(2.1)

where ωl are the wave frequencies being considered for the optimization, spaced with

the step size ∆ω, Λ is some weighting function, Hr(ωl) is the radiation function, while
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H̃r(ωl) is the frequency response of the estimated LTI system. The weighting function,

Λ, is varied with the frequencies being considered, ωl, such that the optimization effort

can be biased for some particular values of the frequencies. This can be implmented

by using the invfreqs() command in MATLAB that uses a based on Gauss-Newton

iterative search optimization. Originally developed for ship motions, this approach

was developed at Norges Teknisk-Naturvitenskapelige Universitet - NTNU and is

packaged as the Marine Systems Simulator (MSS toolbox) [92, 115].

The MSS toolbox has the FDI (Frequency Domain Identification) utility, approximat-

ing LTI models using the frequency-dependent radiation function Hr(ω). The FDI

utility first filters out the frequencies with discontinuous points owing to numerical

errors in the hydrodynamic coefficients data. The process also rejects zero frequency

lines in the estimation process. The estimation process starts from a second-order

system. Then the order is increased to improve the match in the frequency response

of the estimated system and the radiation function Hr(ω). The package then itera-

tively reduces the error between the radiation IRF, and the approximated transfer

function.

The estimation process then checks for unstable eigenvalues (eigenvalues with their

real-part in the right-hand plane of the Laplace plane). If unstable eigenvalues are

found, they are reflected about the imaginary axis by multiplying the positive real-

parts by −1, and the estimation process is reinitialized with the new eigenvalues.
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The rejection of zero frequency points and ‘wild points’ and the weighting process

itself does risk losing the physical nuances of the marine system, especially for multiple

bodies in WEC arrays. Iterative increase of orders also risks the overestimating issue

discussed by Perez and Fossen [92]. The process requires the user to pick a frequency

range for estimation. As pointed out by Perez and Fossen, the matches with this

method work best for low-frequency ranges, and it does not guarantee stability and

passivity [92]. Taghipour et al. also observe that the improper scaling of the input

data can be crucial for numerical stability [115].

Forehand et al. also generate a transfer function and a state-space model, with the

added feature that their code package can be used for a WEC array [42]. They esti-

mate the transfer function using the invfreqs() command in MATLAB by minimizing

the root mean square error between the estimated transfer function’s frequency re-

sponse and the radiation effects’ frequency response using the freqreqs() command in

MATLAB. These estimations are done for different orders, and the estimated transfer

function with the least error is chosen. The order of the transfer function system is

then minimized further to estimate the state-space model. The stability and con-

ditionality for the estimated system are checked but not enforced in the estimation

process.
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2.3.1.2 The moment matching method

Recently, some promising developments have been made in frequency domain estima-

tion methods. Faedo et al. at Maynooth University developed a novel approach using

moment matching to estimate LTI systems [31]. In this context, a moment refers

to the radiation function Hr(ω) at some specific frequency. The method uses a few

points or moments on the Hr(ω). Faedo et al. then used these estimated models to

devise an energy maximizing controller model [35]. They also extend this approach

for an MDOF problem [33].

The moment matching method shows promising results with very low normalized

root mean squared errors (NRMSE) between body motions calculated using their

estimated system and those from the convolution [32, 34, 94]. This method relies on

choosing the moments corresponding to the radiation function Hr(ω) peaks. How-

ever, this becomes difficult to judge if the Hr(ω) has a multi-lobed frequency response,

especially for multibody MDOF systems. Although regular geometries like spheres

and cylinders usually have a single-lobed Hr(ω), disparate marine structures or inno-

vative WECs will have multi-lobed Hr(ω), making it difficult to choose the moments,

especially in situations where coupled modes exist.

Similarly, WEC arrays, especially compact WEC arrays, will be a challenging system
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for a moment matching-based method. When marine structures are in close proxim-

ity, such as in a compact WEC array, the velocity field within the area occupied by the

structures gets modified. This results in a trapping effect which introduces the addi-

tional lobes in the hydrodynamic coefficients. These trapping effects are extensively

discussed Eatock Taylor et al. [52, 108, 116]. Wolgamot et al. also described trapping

effects in WEC arrays [138, 139]. These phenomena show that each frequency line

is coded with critical hydrodynamic information about the system. Faedo et al. re-

marked that an additional constraint could introduce passivity to their optimization

[31]. More recently, the same authors have proposed a passivity preserving method

[30]. In that work, Faedo et al. introduced the conditions needed to guarantee pas-

sivity for a single body. In the numerical example shown, the authors selected a set

of moments for a passive model. The accuracy for coupled modes, whose radiation

damping characteristics usually have multiple lobes, can only be enforceable in a

limited bandwidth [36, 88].

2.3.2 Time-domain estimation methods

Time-domain estimation methods are carried out in two stages: the numerical in-

tegration for the radiation IRF , followed by estimating an LTI system based on

this radiation IRF. The general approach for the numerical integration for the cosine

transform is to use either Euler integration or Trapezoidal integration methods. For
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instance, NEMOH, developed by LHEEA Centrale Nantes, uses Euler integration

[60]. Whereas the WEC-Sim package, developed by the National Renewable Energy

Laboratory (NREL) and Sandia National Laboratories, uses the trapezoidal integra-

tion method by calling the trapz() function in MATLAB [102]. Prony’s method can

also be used to calculate the radiation IRF, hr(t) [91]. However, Prony’s method

only works for single bodies. WAMIT uses the f2t utility tool to output radiation

IRFs using Filon’s trapezoidal numerical integration (See Chapter 13 of the WAMIT

manual for the f2t utility manual)[133]. The WAMIT manual for the f2t utility

recognizes that the Fourier transform (and more specifically, the cosine transform

for the radiation IRF) is more accurately calculated by Filon’s integration method,

especially for large values of the time variable.

2.3.2.1 The Least Squares (LS) curve fitting method

Yu and Falnes presented their, in some ways, pioneering work, outlining the different

ways the real-time convolution could be circumvented [142]. They proposed that the

estimated system may need a higher-order approach to describe the radiation IRF.

Yu and Falnes used numerical integration to form companion form matrices for the

radiation and excitation forces. However, the stability and passivity properties of the

estimated state-space models were not considered. Taghipour et al. point out that the

LS methods result in LTI systems whose frequency responses have very poor matches
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with the respective radiation function Hr(ω) [115].

Another notable example of an LS curve fitting model was presented by Alves et

al. [1]. They used the MATLAB function prony to find a discrete transfer function.

However, this method does not ensure stability, especially for higher-order radiation

functions [26].

2.3.2.2 The Realization theory method using the SVD Hankel decompo-

sition

Unneland et al. and Kristiansen et al. created a state-space realization using the

Markovian property of state-space models [69, 122, 123]. The MATLAB function

imp2ss can be used for the SVD Hankel decomposition. Additionally, Taghipour,

Perez, and Fossen showed that overfitting could be mitigated by a balanced order

reduction using the balmr command in MATLAB [91, 115]. This approach does not

enforce stability or passivity, although Taghipour et al. and Perez et al. recognize that

the approximation process should ideally result in a passive LTI system. Perez and

Fossen point out that the realization theory method does not necessarily satisfy the

low-frequency asymptotic values and the relative degree requirements of the radiation

function Hr(ω) [91, 115]. This approach has been widely cited and was incorporated

in the WEC-Sim package developed by Sandia National Laboratories and National
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Renewable Energy Laboratory (NREL) [102]. Subsequent reports published by San-

dia National Laboratories highlight the difficulty of ensuring stability for a complete

dynamics model that has the radiation force implemented as negative feedback [15].

However, this approach will become difficult to implement for a multibody MDOF

system.

2.4 WEC Array Design to Facilitate Grid Integra-

tion

A significant hurdle in mainstream adoption of marine energy is the lack of consen-

sus and research in grid integration strategies [42, 97]. While wind and solar energy

devices have largely achieved design convergence facilitating their grid integration

strategies, marine energy, and especially wave energy research, is still exploring dif-

ferent devices and their respective grid integration [8, 42, 97, 118]. Preziuso et al.

presented a literature review on grid integration of marine energy assets [97]. They

surveyed the grid integration viability for wave energy, tidal energy, and ocean current

energy assets. They further identified that the grid integration of marine energy assets

requires arrays of multiple marine energy assets integrated as microgrids. The fluc-

tuation of waves in nature causes power and voltage fluctuations in a WEC’s Power

Take-Off (PTO). The power fluctuations from a WEC can be mitigated by WEC
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array control, aggregation of a large number of WECs in an array, and using energy

storage systems (ESS) [8, 42, 97, 118]. WEC arrays that produce constant power are

desirable as they (1) reduce storage requirements and (2) reduce transmission losses.

The motivation of the work discussed later in Chapter 5, is to explore ways to achieve

constant power through design and WEC force control, thereby facilitating the grid

integration of WEC arrays. The ESS can be supplemented by control action so that

the power injections from the WEC array are maximized while ensuring that the

power fluctuations are minimized.

Sjolte et al. showed that ESS could reduce the WEC array’s power fluctuation by as

much as 18 % [109, 112]. They recognized that ESS is essential to mitigate power

fluctuation in a MEG. They also analyzed the Levelized Cost of Energy (LCOE) and

showed a cost analysis of using a battery as the ESS for a MEG operating at six

different sea-states. Yu et al. showed that power smoothing techniques could reduce

power fluctuation in a MEG by an order of magnitude and thereby directly affect the

LCOE [141].

The mitigation of power fluctuation using ESS for the WEC array microgrid can

be accomplished using a battery as investigated by Stefek et al. , a super-capacitor

proposed by Brando et al. or a hybrid of battery and super-capacitor as modeled by

Parwal et al. [8, 87, 112]. Brando et al. base their ESS selection on power quality,

bridging power, and energy management [8]. They also considered the charging and
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discharging response times of various ESS to maintain the microgrid’s bus voltage

during power shortfalls. They control the microgrid such that the ESS is connected

to the DC side of their circuit through a buck-boost chopper as the DC side interfaces

with a three-phase AC grid (AC side) using a Voltage Sensitive Relay (VSR). The

VSR control ensures that the active power transfer with the grid from the DC side is

as constant as possible. At the same time, the ESS absorbs the excess power produced

instantaneously by the WECs or compensates for the shortfalls as needed to maintain

the bus voltage. Zhou et al. presented a numerical framework for sizing ESS for WEC

applications [143]. They also show that the dynamics and the motion-control of the

WEC and control strategy of the electrical drive must be integrated to model the

ESS accurately [143].

The physical nature of oceanic waves entails phase offsets in the wave elevations

received at individual members of a WEC array as a function of array layout. Rollano

et al. quantified the effect of phase information on the power output of a virtual

WEC array [118]. They compared the power output performance of a WEC array in

a phase-averaging wave model using Simulating WAves Nearshore (SWAN) against

a phase-resolving wave model FUNWAVE-TVD [11, 107]. A phase-averaging wave

environment can be used for a WEC array with a large number of WECs because each

WEC at a different location in the array will have the opportunity to sample a different

phase of the incoming wave to reduce the variability of the aggregate power [118].

However, they point out that power systems are vulnerable to large wave amplitudes
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making a phase-resolved wave environment crucial to avoid underestimating such

wave events. Rollano et al. conclude that the phase-resolving wave environment is

especially apposite for modeling arrays with a small number of WECs.

Tidal energy researchers have identified the theoretical advantages of using multi-

ple tidal energy assets installed such that they produce staggered power profiles at

mutually complementary phase differences [97]. The advantage thereof is that the

sum of the power profiles generated at staggered phases is a relatively smooth power

profile that can theoretically be a constant flat-line power profile. Giorgi and Ring-

wood used a multi-objective optimization to evaluate eleven tidal energy sites around

Ireland. Their optimization simultaneously maximized the mean power and the min-

imum power while minimizing variance by minimizing the variance in the total power

by using two variables at each site: number of installed turbines and type of installed

turbines [49]. Preziuso et al. remark that the multi-objective optimization used by

Giorgi and Ringwood often have conflicting objectives. Clarke et al. also acknowl-

edge the practical challenges in generating staggered power profiles using tidal energy

assets [13].

Interestingly, the phase profile of gravity waves varies over much more local scales

when compared to the phase profiles of tidal energy harvesting sites. This implies

that the staggered phase profiles received at each WEC in an array can be capitalized

such that the phase of the power produced by each member of the WEC array is
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complementary to each other, and the array produces constant power.

Renewable energy assets produce stochastic power, and therefore many researchers

have used DC microgrids for their grid integration [16, 119, 134]. Cook et al. showed

the advantages of using a mode-adaptive control scheme over decentralized N-state

droop control, either of which can be a compelling control strategy as a localized

WEC array control law [16]. A bi-directional flow of power between the WEC array

and the microgrid can further enhance the power produced by the WEC array using

control action. Forehand et al. observed that not much work has been done on the

coupling of WEC arrays and electrical grids, and even less work has been done on a bi-

directional coupling between a WEC array and electrical grid [42]. They introduced

a bi-directional WEC array model that was coupled with a microgrid. Their bi-

directional model can be used to identify individual and collective contributions to

the power quality, as well as the effect of the power faults in the microgrid on the

PTO. Active control of WEC arrays supplemented with ESS can further mitigate

voltage fluctuation in the microgrid [97].

by
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Chapter 3

The Nature of Ocean Waves,

Hydrodynamics of Floating Bodies,

and their Time-Domain Models

This Chapter will discuss the general characteristics of oceanic waves, identify the

pertinent boundary conditions and relations that affect the general motion of float-

ing bodies and the hydrodynamic effects surrounding them. Ocean waves can be

generated by a wide range of natural phenomena such as the Coriolis effects from

earth’s rotation, astronomical gravitation: tides, weather patterns, plate tectonics:
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tsunamis, among others. This Chapter discusses hydrodynamics theory drawing ex-

tensively from the works by Sir Lamb, Newman, Falnes, Folley, and Korde & Ring-

wood [37, 40, 66, 70, 85].

3.1 Nature of Ocean Waves - Potential Theory

Oceanic waves are often described using a linear combination of sinusoidal waves

as a consequence of the sinusoidal-series summation techniques introduced by Jean-

Baptiste Joseph Fourier [44, 113]. Discussion on the hydrodynamics governing equa-

tions and the boundary conditions were formally compiled and discussed by Sir

William Thomson (Lord Kelvin) [61, 62]. The periodic nature of the waves can be ex-

pressed as a field effect in terms of the velocity potential of the fluid. The contributing

sinusoidal waves can then also be expressed in terms of the wave velocity potential

as described in the correspondence between Lord Kelvin and Sir Stokes [114], further

elaborated by Sir Stokes in the compilation of his hydrodynamics related works [113].

Let Φ(x, y, x; t) represent the wave velocity potential. Assuming two-dimensional

waves such that all changes in displacements and pressure occur in the XZ-plane.

The wave velocity potential can be written as,

Φ(x, z; t) = P (z) sin (kx− ωt) (3.1)
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Where P (z) is some function of z, and the wave propagates along the positive X-

axis (left-to-right). The wave velocity potential can describe the wave characteristics

and the forces the waves impose on floating bodies through hydrodynamic interac-

tions. The work by Journee and Massie [27] summarized the conditions that the wave

velocity potential Φ(x, y, z; t) is required to satisfy,

1. Continuity condition - Laplace equation,

2. Sea-bed boundary condition,

3. Free-surface kinematic boundary condition - Cauchy-Poisson Condition, and,

4. Free-surface dynamic boundary condition.

The above conditions help relate the temporal frequency ω and the spatial frequency

or the wave-number k using the dispersion equation.

3.1.1 Continuity condition - Laplace equation

Assuming the fluid is ideal, surface tension can be neglected Linearized relations by

ignoring the second order and higher order terms. The continuity condition can be

represented as,

35



v⃗ = ∇Φ =
∂ϕ

∂x
+
∂ϕ

∂y
+
∂ϕ

∂z
(3.2)

which can then be expressed as,

∇2Φ =
∂2ϕ

∂x2
+
∂2ϕ

∂y2
+
∂2ϕ

∂z2
= 0 (3.3)

Equation 3.3 represents the Laplace equation. Imposing the Laplace equation on

Equation 3.1,

∇2Φ =
d2P (z)

dz2
− k2P (z) = 0 (3.4)

The general solution of which will be of the form,

Φ(x, z; t) = (C1 exp+kz + C2 exp−kz) sin (kx− ωt) (3.5)

Where C1 and C2 are some constants that shall be determined using the boundary

conditions identified in the rest of this Section.
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3.1.2 Sea-bed Boundary Condition

Assuming an impermeable sea-floor at a depth of −h, the boundary condition at the

sea-floor (z = −h )becomes,

∂ϕ

∂z
= 0, at z = −h (3.6)

Now imposing the boundary condition in Equation 3.6 on Equation 3.5,

kC1 exp(−kh)− kC2 exp+kh = 0 (3.7)

Therefore, the general solution can now be written as,

Φ(x, z; t) = C cosh (k(h+ z)) sin (kx− ωt) (3.8)

Where the constant C shall be determined by imposing all of the boundary conditions

discussed in this Section.
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3.1.3 Free-surface kinematic condition - Cauchy-Poisson

Condition

The free surface kinematic condition was introduced in detail by Cauchy [10] and then

Poisson, and discussed in a more accessible form by Pidduck [95], Sir Lamb [70], and

then Craik [19]. The exact kinematic boundary condition can be written by equating

the substantial derivative (represented by upper-case D) of the wave elevation η with

that of vertical displacement z, such that,

D(z − η)

Dt
=
∂ϕ

∂z
− ∂η

∂t
− ∂ϕ

∂x

∂η

∂x
− ∂ϕ

∂y

∂η

∂z
= 0 (3.9)

If η is small enough, the partial derivative terms representing the slopes ∂η
∂x

and ∂η
∂z

can be ignored such that,

∂ϕ

∂z
=
∂η

∂t
(3.10)

Which represents the approximate boundary condition at the free surface such that

the vertical velocity of the free surface and fluid particles are equal.
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3.1.4 Free-surface Dynamic Boundary Condition

Conservation of mass can be represented using Bernoulli’s equation, such that the

p

ρ
+
∂ϕ

∂t
+

1

2
∇ϕ.∇ϕ+ gη = Constant (3.11)

Substituting η for z and linearizing the taylor series expansion of ϕ at the free-surface

(z = 0 plane), gives the free-surface dynamic boundary condition,

∂ϕ

∂t
+ gη = 0 (3.12)

the derivative of which can be written as,

∂2ϕ

∂t2
+ g

dη

dt
= 0 (3.13)

Note, the derivative of Equation 3.13 can be combined with the free-surface kinematic

boundary condition to arrive at a single boundary condition equation,
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∂2ϕ

∂t2
+ g

dϕ

dz
= 0 at the plane, z = 0 (3.14)

3.1.5 General equation for wave velocity potential Φ(x, z; t)

The wave elevation using Equation 3.8, and with z = 0, can be expressed as,

η = −ωC
g

cosh (kh) cos (kx− ωt) (3.15)

Eliminating the constant C by substituting Equation 3.15 in 3.8, the general wave

velocity potential can be written as,

Φ(x, z; t) =
gη

ω

cosh (k(h+ z))

cosh (kz)
sin (kx− ωt) (3.16)

3.1.6 Dispersion relation

Substituting the free-surface kinematic condition, Equation 3.10 in Equation 3.15

− ω2C sinh (k(h+ z)) sin (kx− ωt) + gkC cosh (k(h+ z)) sin (kx− ωt) = 0 (3.17)
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equating z = 0 and simplifying,

ω2

g
= ± tanh (kh) (3.18)

Equation 3.18 is commonly referred to as the dispersion equation. The solution of

Equation 3.18 when the right side of the equation is positive results in positive and real

eigenvalues, while the complex eigenvalues are discussed in further detail in Chapter4.

3.2 Hydrodynamics of Floating Bodies

In this Section, the potential theory is extended to the situation when the fluid domain

contains floating bodies. The presence of the floating bodies alters the wave velocity

potentials as the incoming wave potential interacts with the floating bodies, and

consequently, the floating bodies emanate a potential field. The expressions for the

potential theory and their boundary conditions are then used to identify expressions

for the hydrodynamic coefficients, forces, and moments.
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3.2.1 Potential Theory in the Presence of Floating Bodies

The Bernoulli’s equation while retaining only the first order (O(n)) terms, can also

be seen as an expression for dynamic pressure. The general form of hydrodynamic

forces (F⃗hd) and moments (M⃗hd) acting on a body can be expressed by integrating

the dynamic pressure over the immersed surface area, Sb, such that,

 F⃗hd

M⃗hd

 = −ρ
∫∫

Sb

∂Φ

∂t

 n⃗

r⃗ × n⃗

 dSb = −ρ
∫∫

Sb

(
∂Φ

∂t
+ gz

)
dSb (3.19)

where the velocity potential, Φ(x, y, z; t) has contributions from the incoming wave

field and the resulting wave field emanating from the floating body due to the diffrac-

tion and radiation effects. Consider plane progressive waves that are two-dimensional

and oscillate in the XZ-plane, with an amplitude A, then the real part of velocity

potential can be expressed as,

Φ(x, y, z; t) = ℜ

((
Σ6

j=1ηjϕj(x, y, z) + AΦA(x, y, z)
)
eiωt

)
(3.20)

Where the real part is represented here using the notation ℜ. The Σ6
j=1ηjϕj(x, y, z)

terms correspond to the radiation problem and represent the velocity potential of

the body motion with unit amplitude without any contributions from the incoming

waves, i.e., in otherwise calm water. Alternatively stated, the Σ6
j=1ηjϕj(x, y, z) terms
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correspond to the velocity potential if the body were floating in still water and then

an external actuator were to act on the body, causing the body to oscillate with

unit amplitude. The forces and moments act on the body as an equal and opposite

reaction to the wave field radiated by the body due to its motion (as though there

were no incoming waves) are the radiation forces.

The AΦA(x, y, z) terms correspond to the wavefields generated due to the incoming

waves and their interactions with the body and are solutions to the diffraction prob-

lem. The forces and moments due to the incoming wave field agnostic to the body

are the Froude-Krylov forces. The incoming wave fields interact then with the body

and are scattered, i.e., diffracted by the body, as though it were held fixed, resulting

in the diffraction forces and moments.

3.2.1.1 Body Surface Boundary Conditions

The ϕj terms for j = 1, 2, ..6, are subject to the boundary condition that the normal

derivative of Φ(x, y, z; t) in Equation 3.20 should be same as the normal velocity of

the body on the body surface, Sb, such that,

∂ϕj

∂n
= iωnj, j = 1, 2, 3 and,

∂ϕj

∂n
= iω(r⃗ × n⃗)j−3, j = 4, 5, 6 (3.21)
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The AΦA(x, y, z) terms are independent of the body motion and are subject to the

boundary condition,

∂ΦA

∂n
= 0 on Sb (3.22)

The velocity potential ΦA can be expressed as the combination of the incoming wave

potential corresponding to the Froude-Krylov force and the disturbance to the incom-

ing wave potential by the diffracted velocity potential, corresponding to the diffraction

force. The ΦA can therefore be written as,

ΦA = ϕ0 + ϕ7 (3.23)

where the ϕ0 corresponds to the incoming wave potential (calculated using Equa-

tion 3.16) and the ϕ7 to the diffracted wave potential which is subject to the boundary

condition,

∂ϕ7

∂n
= −∂ϕ0

∂n
on Sb (3.24)

Equations 3.21,3.23, and 3.24 represent the body boundary conditions.
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3.2.1.2 Fluid Domain Boundary Conditions

All potential terms ϕj where j = 0, 1, 2, ..., 7 in the Equation 3.20 should satisfy the

Laplace equation for the entire fluid domain such that,

∇2 = 0, j = 0, 1, 2, ..., 7 (3.25)

All potential terms should also satisfy the sea-bed boundary condition that the

∂ϕj

∂z
= 0 at z = −h for j = 0, 1, 2, ..., 7 (Equation 3.6), and the free-surface boundary

condition,

− ω2

g
ϕj +

∂ϕj

∂t
, j = 0, 1, 2, ..., 7 (3.26)

3.2.1.3 Radiation Boundary Condition

Finally, imposing the radiation boundary condition to ensure that the incoming wave

potential acts on the body and all other wave potentials - diffraction and radiation

potentials, emanate out from the body, such that,

ϕj ∝ e±ikx, j = 0 and, ϕj ∝ e∓ikx, j = 1, 2, ..., 7 as, x→ ±∞ (3.27)
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Where ϕ0 is used to calculate the Froude-Krylov force directed towards the body,

while the radiation and diffraction potentials emanate away from the body.

3.2.2 Hydrodynamic Forces and Moments

The wave relation for wave potentials and the appropriate boundary conditions can

be used for the expressions for hydrodynamic forces and moments. Substituting

Equation 3.20 in Bernoulli’s equation while retaining only the I order linearized terms,

the expression for pressure exerted on the body can be written as,

Phd = −ρℜ

((
Σ6

j=1ηjϕj(x, y, z) + AΦA(x, y, z)
)
eiωt

)
− ρgz (3.28)

The expression for forces and moments on the body can be expressed by integrating

the fluid pressure over the immersed wetted body surface, Sb, such that,

Fhd

Mhd

 = −ρg
∫∫

Sb

 n⃗

r⃗ × n⃗

 z dS

︸ ︷︷ ︸
FK

−ρℜ

(
Σ6

j=1iωηje
iωt

∫∫
Sb

 n⃗

r⃗ × n⃗

ϕj dS

)
︸ ︷︷ ︸

FR

−ρℜ

(
iωAeiωt

∫∫
Sb

 n⃗

r⃗ × n⃗

 (ϕ0 + ϕ7)dS

)
︸ ︷︷ ︸

Fexc=FFK+FDiff

(3.29)
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Equation 3.29 ascribe the forces and moments on a floating body to:

1. Hydrostatic Force, FK : The force due to the pressure that was being applied,

on the bulk of the displaced fluid, before the body was introduced,

2. Radiation Force, FR: The reaction force to the wave field radiated by the body

due to its motion. The radiation force is a combination of evanescent local effects

manifested as the so-called added mass and the propagating effects represented

as the radiation damping,

3. Excitation Force, Fexc: The combination of the Froude-Krylov force, FFK , ex-

erted by the incoming wave; and the diffraction force, FDiff , which is the dis-

turbance to the FFK due to the diffraction or the scattering by the floating

body.

3.3 Development of Time-Domain Models

Time-domain modeling of the hydrodynamics of WECs is fundamental to the model-

ing, control design, and eventual deployment of WECs. The relations for the radiation

and excitation forces in the previous Section are frequency dependent. Time-domain

modeling requires the use of Fourier transforms to generate an Impulse Response

Function (IRF) for the radiation and excitation forces, which can then be convoluted

47



with the body velocity and wave elevation, respectively.

The Equation 3.29 describes the hydrostatic and hydrodynamic forces for a single

body. While describing the necessary equations for time-domain modeling, this Sec-

tion develops the equations of motion for an array of WECs in the time-domain. Also,

the boundary conditions and assumptions discussed in the previous Section are still

imposed.

The equations of motion shown here can be used for both hydrodynamically coupled

and uncoupled arrays. A WEC array is hydrodynamically coupled when a WEC

is affected by the motion of other WECs in the array. An array can be considered

hydrodynamically uncoupled when its members are far enough apart to have minimal

mode-couplings, i,e. the motion of any WEC in the array is independent of the motion

of any other WEC.

The motion of WECs is commonly described using the Cummins’ equation that uses

the equation shown in (3.30) [66, 85]. The viscous drag forces can be ignored for large

marine structures, as they are small compared to radiation damping [66].

(M+ a∞)⃗̈q(t) +

∫ t

0

hr(t− τ)⃗̇q(τ)dτ +Kq⃗(t) = Q⃗(t) (3.30)

Where the q⃗(t) are generalized motion coordinates, and the coefficient of ⃗̈q(t) is the
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summation of the inertia of the system and the asymptotic added mass. That is, for

an n degree-of-freedom system, M ∈ Rnxn is the inertia matrix, and a∞ ∈ Rnxn is the

added mass matrix at infinite frequency. The second term is the convolution operation

needed to calculate the radiation force, F⃗R(t). Also, K ∈ Rnxn is the hydrostatic and

gravitational stiffness matrix are multiplied with the body displacement to calculate

the hydrostatic force, F⃗K(t), and the Q⃗(t) contains the Froude-Krylov, diffraction,

PTO, and friction generalized forces. For a rigid body moving in 6 DOF (degrees of

freedom), the q⃗(t) are surge, sway, heave, roll, pitch, and yaw modes, and the matrices

M, a∞,hr(t), and K are 6× 6 matrices.

For multiple bodies forming an array of N rigid bodies, each moving in 6 DOF,

these matrices become 6N × 6N matrices, and the off-diagonal terms contain the

appropriate coupling terms. Superposition of hydrodynamic coefficients forces and

moments may suggest mutual exclusivity; however, they are related. For instance,

the radiation force and the excitation force are related using the Haskind relations

and Green’s theorem while the added-mass and radiation damping are related by the

Kramers-Kronig relation, an alternative form of Bode’s gain and phase relationship

[7, 25].

The linear assumptions entail that the incoming waves have small amplitude and

steepness and that the body motions are also small. Note, in this Section, the exci-

tation force coefficients and the radiation function are represented as Hexc(jω) and
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Hr(jω) to emphasize that they are complex functions. The excitation force is the

input to the system, as shown in (3.31). The excitation force Impulse Response

Function (IRF) is expressed as (3.32). Therefore, the convolution in (3.31) models

the excitation force acting on the system for a known wave elevation time-history η as

shown in (3.33). The excitation force can be calculated in advance without affecting

the real-time dynamic model because the excitation force depends on the incom-

ing wave profile. However, for irregular wave inputs, with wave profiles changing in

real-time, prediction of the incoming wave profile becomes critical.

F⃗exc(t) =

∫ ∞

−∞

[
hexc(τ)η(t− τ)

]
dτ (3.31)

where,

hexc(t) =
1

2π

∫ ∞

−∞

[
Hexc(jω)e

jωt
]
dω (3.32)

and,

η(t) =
1

2π

∫ ∞

−∞

[
η(jω)ejωt

]
dω (3.33)

The second term in (3.30), together with the a∞ ¨⃗q(t) term, corresponds to the radi-

ation force. This term is the convolution of the radiation force IRF with the body’s

velocity. This follows from defining the radiation FRF Hr(jω), using the hydrody-

namic radiation effects of the body, i.e., added mass a(ω) and radiation damping

b(ω), which are obtained using numerical solvers like WAMIT. The radiation FRF
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can therefore be expressed as,

Hr(jω) = [jωã(ω) + b(ω)], (3.34)

where ã(ω) = a(ω)− a∞(ω), such that the asymptotic added mass that converges to

a constant a∞ at higher frequencies is subtracted from the radiation function Hr(jω),

and added to the inertia matrix M as shown in (3.30). The inverse Fourier transform

of Hr(jω) in (3.34) results in the radiation IRF, as shown in (3.35)

hr(t) =
1

2π

∫ ∞

−∞

[
Hr(jω)e

jωt
]
dω (3.35)

which becomes,

hr(t) =
1

2π

∫ ∞

−∞

[
[iωã(ω) + b(ω)](cos(ωt) + j sin(ωt))

]
dω (3.36)

Note, the radiation function, Hr(jω) itself is a complex function; however, the corre-

sponding IRF is a real function. This is physically justified by associating the added

mass, which is an evanescent local effect represented as the imaginary-part of the

complex radiation function, and the radiation damping part, which propagates with

the real-part, such that the radiation force, F⃗r(t), is a real causal force experienced

in the vicinity. This can be shown mathematically by observing that sine is an odd

function, while cosine is an even function, and that both the ã(ω) and b(ω) are even
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functions [66]. Therefore the imaginary part of (3.36) is, an odd function and thus

vanishes, while the real part being an even function is twice its value when the lower

limit is zero and the upper limit is ∞. Changing the lower limit of (3.36) to zero

and doubling the real part,

hr(t) =
1

2π

∫ ∞

−∞

[
b(ω) cos(ωt)− ωã(ω) sin(ωt)

]
dω (3.37)

The Kramers-Kronig relations relate the added mass a(ω) and radiation damping

b(ω). The Ogilvie equations use the Kramers-Kronig relations to simplify (3.37) such

that hr(t) can be expressed as either a cosine transform of the radiation damping

FRF b(ω) or the sine transform of the FRF of the added mass a(ω) [86].

hr(t) =
2

π

∫ ∞

0

[
b(ω) cos(ωt)

]
dω

= − 2

π

∫ ∞

0

[
ωã(ω) sin(ωt)

]
dω

(3.38)

Therefore, the radiation IRF is real-valued and causal. Motion-dynamics modeling

of a marine structure will require the convolution of (3.38) with the body velocity

to calculate the radiation force in real-time. Physically, this means the body will

only experience the radiation force after a wave has hit it, and the body generates

a radiation field around it that, in turn, becomes the radiation force experienced by
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the body. The expression for the radiation force in the time-domain can therefore be

expressed as,

F⃗R(t) = a∞ ¨⃗q(t) +

∫ t

0

[
hr(t− τ)⃗̇q(τ)

]
dτ (3.39)

such that, hr(τ) = 0, for τ < 0 . When numerically integrating (3.39), the limits

of the integral can go from the max(0, t − td) to t, where td is the duration of the

radiation IRF (i.e., the radiation IRF is zero for t > td).
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Chapter 4

Effects of Hydrodynamic Coupling

on Energy Extraction Performance

of Wave Energy Converter Arrays

The incident ocean waves get reflected, absorbed or diffracted by a WEC, therefore in

an array of such devices, the reflection and diffraction results in a diffracted wave field

[103]. Diffraction effects, such as Bragg scattering, can be observed in a WEC array

if the buoy dimensions are much smaller than the incident wavelength[47]. Therefore,

WEC array design, that maximizes energy extraction, should be influenced by an

understanding of the radiation and diffraction phenomena. This Chapter is adapted

from Husain and Parker [56]. The work in this Chapter was conceptualized by Parker
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and the theoretical development and simulations were done by Husain.

The wave potential equations shown in Chapter 3, show the equations for the wave

potentials when no floating bodies exist, which is then super-imposed by the wave po-

tentials generated due to introduction of floating bodies. The discussion in Chapter 3

is extended here for a compact WEC array. The underlying assumption being that

the incoming wave field gets reflected-by and transmitted-through the WEC array.

The reflected wave field superimposes with the incoming wave-field, the transmitted

wave field is the wave field in the wake of of the WEC array, while the the difference

between the transmitted and reflected wave fields is the theoretical limit of the energy

available to the WEC array.

A compact array model, parameterized with a non-dimensional WEC packing ratio,

was proposed by Garnaud and Mei[45]. Garnaud and Mei showed that a WEC

array offers the potential for higher energy extraction than a single, large WEC[46].

This chapter extends those results to include the hydrodynamic coupling between

individual WECs in the array showing an increase in the theoretical energy extraction.

This chapter considers a 25-WEC, compact array example to:

1. Demonstrate the trapping-effect that occurs due to the hydrodynamic coupling

within a WEC array,

2. Demonstrate the potential advantages of WEC arrays over isloated WECs,
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3. Develop a framework for evaluation of theoretical limit of the energy extraction

efficiency for a given WEC array, based on its packing density.

The hydrodynamic coefficients were generated using WAMIT (Wave Analysis MIT)

and were incorporated into the dynamic equations introduced by Garnaud and Mei.

An energy extraction efficiency metric, considering the energy dissipated due to the

waves reflected by and transmitted through the array, was used to quantify the effect

of the added terms. This is important for wave energy conversion as it corresponds

to waves with higher speeds and wavelengths.

4.1 Model Description

Figure 4.1 illustrates the array layout and parametric dimensions. The incoming

waves are assumed to be parallel to the positive x direction and two dimensional, i.e.

the wave profile is same across the y direction. As shown in Figure 4.1, a∗ is the

buoy radius, H∗ is the buoy draft and d∗ is the center to center distance between two

adjacent buoys. The normalized array width is denoted by L and the water depth by

h∗. The water depth is much larger than the buoys draft. The incident wave region,

with no buoys is named Region I, the array region with buoys is named Region II

and the region beyond the WEC array along x direction is named Region III.
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The area fraction of the array or the packing ratio f for the compact array is defined

as [46],

f =
πa∗2

d∗2
Therefore, d∗ =

√
πa∗2

f
(4.1)

a
⇤

h
⇤

H
⇤

d
⇤

L

Region I

Region II

Region III

x

z

Figure 4.1: WEC array layout. The Figure was adapted from Husain and
Parker [56].

4.2 Multi-scaled dynamics relations

A WEC buoy can be modeled as a spring-damper system, with frequency dependent

added mass and radiation damping contributions due to hydrodynamics[66]. Gar-

nuad and Mei ignore the resonance and hydrodynamic effects, citing the small size

of the buoys [46]. The development here introduces the hydrodynamic effects to the

equations of motion. Starting analysis with the single buoy dynamics equation of

motion [46].
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M∗∂
2ζ∗

∂t∗2
+ λ∗d

∂ζ∗

∂t∗
+ πa∗2ρgζ∗ = −

∫∫
Sb

ρ
∂ϕ∗

∂t∗
dS

M∗ = ρπa∗2H∗; ζ∗ = A∗ζ; t∗ = t′

√
h∗

g
; Φ∗ = A∗

√
gh∗Φ;

(4.2)

where M∗ is buoy mass and ζ∗ is its heave displacement. The linear load force pro-

portionality constant, λ∗d is the damping of the power take off (PTO) . The water

density, gravitational acceleration and velocity potential are denoted by ρ, g and ϕ

respectively. The excitation force is in the Haskind form, where the bottom surface of

the cylindrical buoy is defined as the physical domain Sb over which the surface inte-

gral is evaluated [85]. The superscript asterisk denotes the buoy’s physical variables

and prime denotes normalized variables.

We now extend Eq. 4.2 to incorporate hydrodynamic effects of frequency dependent

added mass, ma, and radiation damping, B∗
ω. The nondimensional added mass m′

a,

buoy mass M , radiation damping Bω and the PTO’s linear load force damping con-

stant λd are given in Eq. 4.3.
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µm′
a =

ma

πa∗3ρ

M =
a∗H∗

h∗a∗
; defining, H ′ =

H∗

a∗
; hence, M = µH ′

Bω =
B∗

ω

πa∗2ρg

√
g

h∗

λd =
λ∗d

πa∗2ρg

√
g

h∗

(4.3)

The superscript prime denotes normalized single buoy variables. The ratio µ relates

the buoy microscale to the array macroscale, such that µ ≡ a∗

h∗ . The WAMIT gen-

erated hydrodynamic coefficients, the added mass and the radiation damping values,

are normalized and added to the normalized buoy mass µH ′ and the normalized PTO

damping λd respectively. Substituting Eq. 4.3 into Eq. 4.2 gives

(
µ(H ′ +m′

a)

)
∂2ζ

∂t′2
+ (λd +Bω)

∂ζ

∂t′
+ ζ = − 1

π

∫∫
Sb

∂ϕ

∂t′
dS ′ (4.4)

At this point, the analysis of a single buoy can be extended to the macroscale motion

of the aggregate compact array. This is described in detail by Garnaud and Mei using

the method of multiple scales where the macroscale solution arises from the 0th order

term in the potential function expansion. The multiscale expansions introduced by

Garnaud and Mei are shown in Eq. 4.5.
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ϕ = e−iωt′ [ϕ0(x⃗′, x⃗) + µϕ1(x⃗′, x⃗) + µ2ϕ2(x⃗′, x⃗) + ...]

η = e−iωt′ [η0(x⃗′, x⃗) + µη1(x⃗′, x⃗) + µ2η2(x⃗′, x⃗) + ...]

ζ = e−iωt′ [ζ0(x⃗′, x⃗) + µζ1(x⃗′, x⃗) + µ2ζ2(x⃗′, x⃗) + ...]

(4.5)

The multiscale equation of motion can then be written by substituting Eq. 4.5 into

Eq. 4.4

(−µ(H ′ +m′
a)ω

2 − i(λd +Bω)ω + 1)[ζ0 + µζ1 + µ2ζ2 + ...]

=
iω

π

∫∫
Sb

[ϕ0 + µϕ1 + µ2ϕ2 + ...]dS ′
(4.6)

Considering the ζ0 and ϕ0 terms in Eq. 4.6, the ratio of forcing function and heave

displacement can then be written as,

1

(−µ(H ′ +m′
a)ω

2 − i(λd +Bω)ω + 1)
=

1

ζ0

iω

π

∫∫
Sb

ϕ0dS
′ (4.7)

The quantity on the left side in Eq. 4.7, can be simplified by using a Laurent series

expansion of the terms such that,
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1

1− i(λd +Bω)ω − µ(H ′ +m′
a))ω

2
=
∑
j=0

µjFj(ω) (4.8)

where the left side is expanded in a Laurent series, shown in Eq. 4.9, where x =

1 − i(λd + Bω)ω and y = µ(H ′ + m′
a))ω

2. The first two terms of the expansion of

Fj(ω) are shown in Eq. 4.10.

1

x− y
=

1

x
+

y

x2
+
y2

x3
+
y3

x4
+
y4

x5
+O

(
1/x)6

)
(4.9)

F0(ω) =
1

1− i(λd +Bω)ω

F1(ω) =
(H ′ +m′

a)ω
2

(1− i(λd +Bω)ω)2

(4.10)

The analysis below uses only the F0(ω) term where the radiation damping, Bω, is

apparent. The F1(ω) term illustrates the role of added mass if additional terms are

used.
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4.3 Eigenfunction Analysis by Region

4.3.1 Region I

The velocity potential in Region I can be expressed in terms of horizontal and vertical

eigenfunctions [46]. The subscripts I and 0 for ϕ denote the velocity potential in

Region I for the 0th term of the multiscale velocity potential expansion shown in

Eq. 4.5. The lower case ψ and fn denote horizontal and vertical eigenfunctions in

Region I respectively. Note, the vertical eigenfunction fn should not be confused with

packing ratio f , which does not have a subscript.

ϕI,0(x⃗) =
∞∑
n=0

ψn(x, y)fn(z) (4.11)

where,

f0(z) = c0 cosh(k0(z + 1)) and fn(z) = cn cos(κn(z + 1)) (4.12)

are vertical eigenfunctions for normalized depth in z direction i.e. −1 < z < 0, and

(k0, k1, ...) are the eigenvalues of the wave dispersion equation, with the choice of
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c0 =

√
2

1 + ω−2 sinh2 k0
and cn =

√
2

1 + ω−2 sinh2 kn
(4.13)

The wave dispersion equation is stated as,

ω2 = kn tanh(kn), n = 0, 1, 2, ... (4.14)

The above equations are solved using interior point optimization for kn eigenvalues at

each frequency steps such that, k0 is the positive real root and kn ≡ iκn, n = 1, 2, ...

is the nth imaginary root, i.e.

ω2 = k0 tanh(k0), ω2 = −κn tanh(κn), n = 1, 2, 3... (4.15)

These kn eigenvalues are then used to solve for fn(z) eigenfunctions as a function of

water depth z. The absolute value of the real and imaginary parts of the eigenvalues

increases with increase in wavenumber for the first eigenvalue but largely remains

constant for other imaginary eigenvalues which are pertinent to evanescent modes.
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4.3.2 Region II

Garnaud and Mei propose that the compact WEC array region can be seen to have a

modified velocity potential and wave dispersion equation. The Fn(z) eigenfunctions

in the Region II are a function of depth and are affected by packing ratio and the

first order Laurent series term F0(ω). A packing ratio of f = 0.2 was used for the

numerical solutions of these equations.

The velocity potential in Region II , ϕII,0, can be expressed in terms of horizon-

tal Ψn(x, y) and vertical Fn(z) eigenfunctions [46].The upper case Ψ and Fn denote

horizontal and vertical eigenfunctions in Region II respectively.

ϕII,0(x) =
∞∑
n=0

Ψn(x, y)Fn(z) (4.16)

Fn(z) are vertical eigenfunctions for normalized depth in z direction i.e. −1 < z < 0,

and (K0, K1, ...) are the eigenvalues of the modified dispersion relation

Fn(z) = Cn cos(Kn(z + 1)) (4.17)
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with the choice of

Cn =

√
2

1 + σ−2 sinh2Kn

(4.18)

defining σ2 such that,

σ2 ≡ ω2[fF0(ω) + (1− f)] (4.19)

The dispersion relation in Region II is modified by considering the packing ratio

f and the Laurent series term F0(ω) that includes the hydrodynamic effects of the

normalized radiation damping. The modified dispersion equation is given by Eq. 4.20

σ2 = Kn tanh(Kn), n = 0, 1, ... (4.20)

Note, σ2 is complex and therefore eigenfunctions Fn(z) are complex.

The above equations are solved using interior point optimization for Kn eigenvalues

at each frequency step, such that Kn eigenvalues for n = 0 are almost real and Kn

eigenvalues for n = 1, 2, ... are almost imaginary for all frequency steps. These Kn

eigenvalues are then used to solve for Fn(z) eigenfunctions as a function of water depth

z. The absolute value of the real and imaginary parts of the eigenvalues increases

66



with increase in wavenumber for the first almost real eigenvalue but largely remains

constant for other almost imaginary eigenvalue which are pertinent to evanescent

modes.

4.3.3 Region III

Region III has a free surface similar to Region I. Therefore, the eigenvalues and

eigenfunctions calculated for Region I are used for Region III.

4.4 Energy extraction efficiency for a linear WEC

array

Garnuad and Mei consider a long array of normalized width L, with its edges parallel

to the crests of incoming plane waves. The energy extraction efficiency of the array

is calculated by subtracting the energy lost due to energy reflected back by the array

in Region I and the energy transmitted to Region III.

The velocity potential equations can be expressed in terms of reflection coefficients

Rn in Region I, Buoy propagation coefficients Bn and B′
n in Region II and trans-

mission coefficients Tn in Region III. The equations for horizontal velocities and the
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inner products of horizontal velocity and the corresponding region’s velocity potential

eigenfunctions are then used for the expressions for the aforementioned coefficients.

The coefficients will then be substituted in the velocity potential equations in the

three regions. Pressure continuity boundary condition will then be used to formulate

a system of equations that will be solved for horizontal velocities at array boundaries.

The energy lost due to reflections and transmissions can be scrutinized by calculating

the horizontal velocities at the interfaces of the array with Region I and Region III

respectively.

4.5 Energy Reflection and Transmission Coeffi-

cients for Velocity Potentials

4.5.1 Velocity potentials

The velocity potential equation in Region I will have contributions from the inci-

dent wave and the reflections from the array. The potential equation in Region I is

expressed in terms of fn(z) eigenfunctions of the velocity potential in Region I and
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reflection coefficients denoted by Rn, such that,

ϕ0,I(x, z) =
−i

ωf0(0)

(
eik0xf0(z) +

∞∑
n=0

Rne
−iknxfn(z)

)
,

−∞ < x < 0,

(4.21)

In Region II, Garnaud and Mei express the velocity potential using buoy propagation

coefficients, denoted by Bn and B′
n. Modifying the potential equation to include the

Region II Fn(z) eigenfunctions which imbibe the hydrodynamic considerations shown

earlier.

ϕ0,II(x, z) =
−i

ωf0(0)

∞∑
n=0

(Bne
iKnx +B′

ne
−iKnx)Fn(z),

0 < x < L,

(4.22)

In Region III, the velocity potential equation will have contributions from only the

energy that is transmitted through the array. The potential equation in Region III is

written in terms of fn(z) eigenfunctions of the velocity and transmission coefficients

denoted by Tn such that,

ϕ0,III(x, z) =
−i

ωf0(0)

∞∑
n=0

Tne
iknxfn(z),

L < x <∞,

(4.23)
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4.5.2 Horizontal Velocities at Interfaces

Using the velocity potentials, we can write the velocities at the junction of Region I

and Region II as UI(z) and the velocity at the junction of Region II and Region III

as UII(z). These are the horizontal velocities at x = 0 and x = L, respectively.

UI(z) =
∂ϕ0,I

∂x
(0, z) UII(z) =

∂ϕ0

∂x
(L, z) (4.24)

4.5.2.1 Horizontal velocity in region I

Now writing the horizontal velocity in Region I at x = 0, using the velocity potential

equation in Region I.

UI(z) =
∂ϕ0,I

∂x
(0, z) =

1

ωf0(0)

(
k0f0(z)

+
∞∑
n=0

Rn(−kn)fn(z)

) (4.25)

Using the inner product definition ⟨fn|fm⟩ =
∫ 0

−1
fn(z)fm(z)dz and also, using the

orthogonality property
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such that ⟨fn|fm⟩ = 1, if n = m and ⟨fn|fm⟩ = 0 , if n ̸= m, we have,

⟨UI |f0⟩ =
k0

ωf0(0)

[
1−R0

]
(4.26)

4.5.2.2 Horizontal velocity in Region II

Similarly, in Region II the relation for velocity potential in Region II, ϕ0,II , can be

used to get expressions for the horizontal velocities in buoy region.

∂ϕ0,II

∂x
(x, z) =

−i
ωf0(0)

∞∑
n=0

(Bne
iKnx −B′

ne
−iKnx)iKnFn(z) (4.27)

Now writing the horizontal velocity in Region II at x = 0

UI(z) =
∂ϕ0,II

∂x
(0, z) =

−i
ωf0(0)

∞∑
n=0

(Bn −B′
n)iKnFn(z) (4.28)

and at x = L
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UII(z) =
∂ϕ0,II

∂x
(L, z) =

−i
ωf0(0)

∞∑
n=0

(Bne
iKnL

−B′
ne

−iKnL)iKnFn(z)

(4.29)

Now using the orthogonal property and taking the inner product with Fn at x = 0

⟨UI |Fn⟩ =
−i

ωf0(0)

∞∑
n=0

(Bn −B′
n)iKn (4.30)

Similarly, using the orthogonal property and taking the inner product with Fn at

x = L

⟨UII |Fn⟩ =
−i

ωf0(0)

∞∑
n=0

(Bne
iKnL −B′

ne
−iKnL)iKn (4.31)

4.5.2.3 Horizontal velocity in Region III

Now writing the horizontal velocity in Region III at x = L

UII(z) =
∂ϕ0,III

∂x
(L, z) =

−i
ωf0(0)

∞∑
n=0

(Tne
iknL)iknfn(z) (4.32)
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Taking inner product with fn at x = 0 will lead to

⟨UII |fn⟩ =
−i

ωf0(0)

∞∑
n=0

(Tne
iknL)ikn (4.33)

4.5.3 ReflectionR0, Rn, Buoy Propagation Bn, B
′
n and Trans-

mission CoefficientsTn

The expressions for horizontal velocities at interfaces and their inner products with the

corresponding region’s vertical eigenfunctions can be simplified to get the following

equations.

R0 =

[
1− ωf0(0)

⟨UI |f0⟩
k0

]

Rn = ωf0(0)

[
− ⟨UI |fn⟩

kn

] (4.34)

Bn = −iωf0(0)
⟨UII − e−iKnLUI |Fn⟩

2Kn sinKnL

B′
n = −iωf0(0)

⟨UII − eiKnLUI |Fn⟩
2Kn sinKnL

(4.35)

Tn = ωf0(0)
⟨UII |fn⟩
eiknLkn

(4.36)
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4.6 Velocity Potentials using Horizontal Velocities

at Interfaces and Eigenfunctions

The coefficients shown in Eq.s 4.34, 4.35 and 4.36 can now be used to restate the

velocity potential equations.

4.6.1 Region I

4.6.1.1 ϕ0,I(0, z)

Now, writing the potential equation at x = 0 by substituting Eq. 4.34 in Eq. 4.21,

we get,

ϕ0,I(0, z) =
−i

ωf0(0)

(
f0(z) +

(
1− iωf0(0)

⟨UI |f0⟩
ik0

)
f0(z)

−iωf0(0)
∞∑
n≥1

(
⟨UI |fn⟩
ikn

)
fn(z)

) (4.37)
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ϕ0,I(0, z) =

(
−i

ωf0(0)
2f0(z) +

(
− ⟨U |f0⟩

ik0

)
f0(z)

−
∞∑
n≥1

(
⟨UI |fn⟩
ikn

)
fn(z)

) (4.38)

4.6.2 Region II

4.6.2.1 ϕ0,II(0, z)

Now, writing potentials at x = 0 by substituting Eq. 4.35 in Eq. 4.22, we get,

ϕ0,II(0, z) =
−i

ωf0(0)

∞∑
n=0

(
− iωf0(0)

⟨UII − e−iKnLU |Fn⟩
2Kn sinKnL

−iωf0(0)
⟨UII − eiKnLU |Fn⟩

2Kn sinKnL

)
Fn(z)

(4.39)

ϕ0,II(0, z) = −
∞∑
n=0

(
⟨UII − cos(KnL)UI |Fn⟩

Kn sinKnL

)
Fn(z) (4.40)
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4.6.2.2 ϕ0,II(L, z)

Now, writing ϕ0,II(L, z) at x = L by substituting Eq. 4.35 in Eq. 4.22, we get, In

Region II.

ϕII(L, z)

=
−i

ωf0(0)

∞∑
n=0

(
− iωf0(0)

⟨UII − e−iKnLUI |Fn⟩
2Kn sinKnL

eiKnL

− iωf0(0)
⟨UII − eiKnLUI |Fn⟩

2Kn sinKnL
e−iKnL

)
Fn(z)

(4.41)

Therefore,

ΦII(L, z) = −
∞∑
n=0

(
⟨UII cosKnL− UI |Fn⟩

Kn sinKnL
)Fn(z) (4.42)

4.6.3 Region III

4.6.3.1 ϕIII(L, z)

Writing potential at x = L by substituting Eq. 4.36 in Eq. 4.23

ΦIII(L, z) =
−i

ωf0(0)

∞∑
n=0

iωf0(0)
⟨UII |fn⟩
eiknLikn

eiknLfn(z) (4.43)
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Therefore,

ΦIII(L, z) =
∞∑
n=0

⟨UII |fn⟩
ikn

fn(z) (4.44)

4.7 Pressure continuity at the interfaces

We would now apply the pressure continuity condition at the array boundaries at

x = 0 and x = L and equate the velocity potentials at array boundaries. Following

which, the orthonormal conditions are used to arrive at a system of equations which

can be solved for horizontal velocities UI and UII respectively.

4.7.1 Expressing ϕI(0, z) = ϕII(0, z) and ϕII(L, z) = ϕIII(L, z)

−i
ωf0(0)

2f0(z)−
∞∑
n≥0

(
⟨UI |fn⟩
ikn

fn(z)

)

= −
∞∑
n=0

⟨UII − cos(KnL)UI |Fn⟩
Kn sinKnL

Fn(z)

(4.45)

−
∞∑
n≥0

(
⟨UII cosKnL− UI |Fn⟩

Kn sinKnL
)Fn(z) =

∞∑
n≥0

⟨UII |fn⟩
ikn

fn(z) (4.46)
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4.7.2 Orthonormal expansions

Using the inner product property of orthonormal expansions we can simplify the

inner products. We define M12 as the inner product of two eigenfunctions, f1 and f2.

Therefore, ⟨Fq|fn⟩ =Mqn,

Mqn = ⟨Fq|fn⟩ =
∫ 0

−1

Fq(z)fn(z)dz (4.47)

Mqn = ω2f(1− F0)
(cncosh(kn)Cmcosh(Kq)

K2
q − k2n

)
(4.48)

Therefore we can express,

⟨UI |fn⟩ = ⟨
∑
q,n

(UI,q)Fq|fn⟩ =
∑
q,n

MqnUI,q Also,

⟨UII |fn⟩ = ⟨
∑
q,n

(UII,q)Fq|fn⟩ =
∑
q,n

MqnUII,q

(4.49)
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4.7.3 System of equations for numerical solution

Note the system of equations here, ought to be solved numerically at each frequency

step.

−i
ωf0(0)

2f0(z)−
∑
q,n

(
MqnUI,q

ikn

)
fn(z) =

∑
n≥0

(
− UII,n

Kn sinKnL
+

UI,n

Kn tanKnL

)
Fn(z)

(4.50)

∑
q,n

(
MqnUII,q

ikn

)
fn(z) =

∑
n≥0

(
− UII,n

Kn tanKnL
+

UI,n

Kn sinKnL

)
Fn(z)

(4.51)

Now taking the scalar product with Fp for p = 0, 1, 2, 3... we can further simplify to

−i
ωf0(0)

2M0p −
∑
q,n

(
MqnUI,q

ikn

)
Mnp

=

(
− UII,p

Kp sinKpL
+

UI,p

Kp tanKpL

) (4.52)
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∑
q,n

(
MqnUII,q

ikn

)
Mnp =

(
− UII,p

Kp tanKpL
+

UI,p

Kp sinKpL

)
(4.53)

We numerically solved the above system of equations for horizontal velocities cor-

responding to the compact array boundaries with incident region and transmission

region.

4.8 Reflection Coefficient R0, Transmission Coef-

ficient T0 and dimensionless Power-extraction

Efficiency E

The horizontal velocities at the compact array boundaries with incident region and

transmission region from Section IX can be used such that the transmission coefficient

can be restated as

T0 = iωf0(0)
⟨UII |fn⟩
eiknLikn

(4.54)

And the Reflection coefficient can be restated as

80



R0 = 1− iωf0
⟨UI |f0⟩
ik0

(4.55)

Therefore, for calculating transmission and reflection ratios as performance criteria

in terms of extraction rate, adding the contributions from all frequency steps and

velocity steps. The transmission and reflection coefficients are then calculated at

each depth.

T0(z) =
∑
q,k

iω(k)f0(k)
Mq0(0, q, k)UII,q(q, k)

eik0(k)Lik0(k)
(4.56)

R0(z) = 1−
∑
q,k

iω(k)f0(k)
Mq0(0, q, k)UI((q, k))

ik0(k)
(4.57)

Where, q indices correspond to frequency steps and k indices are the corresponding

wavenumber steps. Using the above discussion we can now express the dimensionless

power-extraction efficiency as

E = 1− |T |2 − |R|2 (4.58)
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4.9 Hydrodynamics of the Compact Array

The compact 25-buoy array in Figure 4.2 was modeled in WAMIT to get its hydro-

dynamic coefficients. The buoy radius a∗ was set at 1 m and the draft H∗ was set

at 1 m, with a packing ratio f = 0.2. Therefore, the inter-buoy distance d∗ was set

at 3.9633 m. The water depth was 100 m. The buoys were indexed as illustrated in

Figure 4.2.

Figure 4.2: WEC array layout used for WAMIT analysis; A packing ratio
of 0.2 was used to determine the mutual distances between the buoys. The
incoming waves are in positive x direction and are uniform across y direction
[56]

4.10 Results

The effect of hydrodynamic coupling on energy extraction is illustrated using the 25

WEC array shown in Figure 4.2. The WECs with greater hydrodynamic coupling

82



0

0.05

0

0.1

0.15
N

o
rm

a
li
s
e
d

 R
a
d

ia
ti

o
n

 D
a
m

p
in

g
: 

B

0.2

0.25

10

Buoy ID

20
1.81.6

Wavenumber: k
0

1.41.210.80.630 0.40.20

Figure 4.3: normalized radiation damping from WAMIT as a function of
wavenumber and buoy ID. The buoys in the crowded parts of the array show
additional peaks at higher wave-numbers due to hydrodynamic coupling [56]

0.5 1 1.5 2 2.5 3

 Normalized Wavenumber: k
0

5

10

15

20

25

30

35

E
x

tr
a

c
ti

o
n

 E
ff

ic
ie

n
c

y
 c

h
a

n
g

e
 i

n
 %

Normalized array Length, L = 5.0

Normalized array Length, L = 1.0

Normalized array Length, L = 0.5

Normalized array Length, L = 0.1

Figure 4.4: Percentage change in extraction efficiency after considering
hydrodynamic radiation effects as a function of wavenumber. The change in
extraction efficiency is shown for different normalized array lengths (L) [56]

have a higher radiation damping. The array layout and spacing considered here is

similar to WECWAKES project [120]. The WAMIT generated radiation effects are

shown in Figure 4.3 as a function of normalized wavenumber for each buoy. Each

buoy is assigned a Buoy ID, corresponding to the indices shown in Figure 4.2. This
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surface plot is the normalized damping plots of the buoys in the array stacked along

Buoy ID axis.

The additional lobes for the nine buoys in the interior area of the array can be seen

in Figure 4.3. This behavior is expected in coupled multi-body vibrating systems. It

can be seen that the additional lobes are particularly high for Buoy ID 12, 13 and

14, and especially for Buoy ID 13. While a single isolated WEC buoy will have a

single peak in hydrodynamic coefficients plots, hydrodynamic couplings in an array

have additional lobes depending on the individual buoy’s location in the array.

WAMIT analysis revealed that the WEC buoys with higher hydrodynamic coupling

interactions in the interior of the array, had higher hydrodynamic radiation coefficients

over a wider frequency range. This suggests that larger arrays have higher extraction

efficiency over a wider frequency range as compared to smaller arrays.

The hydrodynamic reflection and transmission effects are calculated using the eigen-

value analysis of the system, parameterized by both packing density and wave speed

as described in the previous sections. The energy extraction efficiencies are calculated

by considering the energy dissipated due to the waves reflected by and transmitted

through the array.

Figure 4.4 shows the difference between theoretical energy extraction with and with-

out consideration of hydrodynamic coupling between the WECs. Consideration of
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hydrodynamic coupling shows that up to 28% more energy can be extracted. The

effect of WEC location in the array can be observed in the extraction efficiency plots,

where peaks in the normalized radiation damping plot, Figure 4.3, are seen in the

energy extraction efficiency plot of Figure 4.4. This shows that the array geometry is

important for even small compact arrays.

4.11 Summary

This chapter compared the effect of incorporating hydrodynamic couplings to a com-

pact array. It was found that the hydrodynamic coupling of the compact array devices

enhances the energy extraction potential. This is because of higher hydrodynamic

interactions manifested by higher radiation damping over a wider frequency range.

WAMIT modeling further illuminate the significance of such hydrodynamic interac-

tions. Devices that had more neighbors, such that they were positioned more inter-

nally in the array, correspondingly showed higher energy extraction efficiency. This

enhances the energy available for extraction because the device radiation damping in-

creases for a wider frequency range due to increased device interactions in a compact

array. Additionally, hydrodynamic couplings in a compact array increases retention

of wave energy, such that less energy is transmitted through the array or bounced off

as reflected energy. The work discussed in Chapter 4, can be experimentally tested
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and verified by comparing the water elevations at different points within and around

the array. The experimental testing can be done based on the physical modeling done

as part of the WECWAKES project that modeled a 25 buoy WEC array [120].
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Chapter 5

Radiation Force Modeling for a

Wave Energy Converter Array

A WEC array requires real-time control whose design should exploit its model. The

motivation and focus of this chapter are to generate passive transfer function arrays

that model the radiation forces for an array of WECs. Time-domain motion dynam-

ics for floating bodies are commonly described using Cummins’ equation of motion

for floating bodies. A wide range of control design methods requires a state-space

or transfer function model instead of the time-domain model with convolution. The

control design for WEC arrays, whether for analysis or implementation, is challenging

because the Cummins’ equation requires a convolution operation that calculates the

radiation forces due to fluid-memory effects of the radiation field in real-time. Over

87



the years, researchers have presented Linear Time-Invariant (LTI) models that cir-

cumvent the convolution operation. The estimation method can be initialized using

the radiation frequency response function (FRF) or the radiation impulse response

function (IRF), followed by optimization using the radiation FRF. When the initial

reference function was the IRF, the IRF was numerically integrated using Euler’s

method and Filon’s quadrature formula to calculate the Fourier transforms needed to

generate the IRFs. Overall, the direct estimation using radiation FRF as the initial

reference was most accurate. After introducing a passivity-based approach to esti-

mate radiation force transfer functions, the algorithm was extended to a WEC array.

The effect of hydrodynamic coupling is investigated by comparing a sparsely spaced

array and a compact array. The algorithm can be used for non-homogeneous WEC

arrays that may not have the same geometry. The transfer function array models de-

veloped here are an important step towards designing motion control strategies that

can respond to changing ocean conditions in real-time.

The rest of the chapter is organized as follows. The Section 3.3describes the perti-

nent equations of motion and develops a time-domain model for a WEC. The Section

5.1introduces the need for passivity in estimated LTI systems and outlines the phys-

ical properties of the radiation FRF that the LTI system is supposed to emulate.

The Section 5.2 outlines the algorithm for the proposed approach. The algorithm’s

efficacy is demonstrated using a single-cylinder at two different scales in Section5.3.
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The estimated system’s accuracy is quantified in terms of its frequency response func-

tion (FRF) and passivity using the Input Passivity Index (ν). Section 5.5 describes

the motion simulation using the estimated transfer functions and compares its per-

formance to direct convolution. Following this, Section 5.6analyzes the results and

discusses the observations. Finally, Section 5.7summarizes this chapter.

5.1 Passivity properties of the radiation FRF,

Hr(ω), radiation IRF, hr(t), and estimated LTI

system, G(s)

The properties of radiation effects are encapsulated in the radiation FRF Hr(ω);

therefore, the estimated LTI system, G(s), should preserve the physical phenomenon

being approximated. The boundary conditions of the radiation FRF Hr(ω), and its

time-domain counterpart radiation IRF, hr(t), are summarized in Table 5.1. Table 5.1

is similar to the properties discussed by Duarte et al., and Perez and Fossen [26, 93].

In Table 5.1, properties 1, 2, and 3 are a consequence of the Riemann-Lebesgue

Lemma, while the BIBO stability condition in property 4 establishes the input-output

stability of the convolution for radiation forces [93, 115].
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Property Implications

1. limω→0Hr(ω) = 0 There are zeros at s = 0

2. limω→∞Hr(ω) = 0 Strictly proper

3. limt→0+hr(t) ̸= 0 Relative degree 1

4. limt→∞hr(t) = 0 Bounded Input Bounded Output (BIBO) stability

5. The mapping, ẋ → F⃗R(t) is passive Hr(ω), therefore G(s) is Positive Real (PR)

Table 5.1
Properties of the radiation FRF Hr(ω), radiation IRF, hr(t), and

estimated LTI system, G(s), see [26, 93].

Property 5 in Table 5.1 entails the dissipativity property of the radiation FRF Hr(ω)

since it starts as 0 and then converges to 0 since the radiation forces are dissipative.

The Ogilvie equations indicate that the radiation IRF, hr(t), can be calculated using

the radiation damping coefficients, b(ω) [86]. The radiation damping coefficients,

b(ω), also starts from 0 and converges to 0 since the hydrodynamic theory dictates

that the radiation damping coefficients, b(ω)> 0,∀ω. It can be therefore said; the

radiation forces are passive since radiation forces are dissipative and they generate no

energy. For linear systems, the passivity property is equivalent to positive realness

[63, 115].

The estimated transfer functions are used to calculate the radiation force and are used

in the negative feedback of the complete dynamic system. A challenging property of

linear systems is that even if a system such as a transfer function is stable on its

own when used in the closed-loop of the complete system, it can result in making the
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overall system unstable. Therefore, system stability can be assessed by looking into

its passivity property. Passivity implies that the physical system does not generate

energy and can only store or dissipate energy. Therefore, the estimated transfer

function array should be passive, i.e., positive real. This stability criterion has been

recognized by various researchers, such as in [15, 26, 69, 91, 115]. The passivity

condition essentially requires that the estimated LTI system, G(s), or the radiation

force transfer function array, populated by transfer functions between body velocity

and radiation force, F⃗R(t), is positive semi-definite, which implies that the real part of

the transfer function array is positive. Formally, the passivity condition for a transfer

function array, which is a Multiple Input Multiple Output (MIMO) system, can be

stated as discussed by Khalil [63]. Let G(s) be a p × p proper rational transfer

function matrix, and suppose det[G(s) +G(−s)T ] is not identically zero. Then G(s)

is strictly positive real if and only if

1. G(s) is Hurwitz; that is, poles of G(s) have negative real parts

2. G(s) +G(−s)T is positive definite for all ω ∈ R

3. Either G(∞) + G(∞)T is positive definite; or it is positive semi definite and

limω→∞ω
2MT [G(jω) +G(−jω)T ]M is positive definite for any p× (p− q) full

rank matrix M, such thatMT [G(∞)+G(∞)T ]M = 0, where, q = rank[G(∞)+

G(∞)T ]. Additionally, if G(∞) + G(∞)T = 0, then M = I, which is the case

for radiation damping.
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As discussed by Kottenstette et al., a system with a positive input passivity index

ν implies positive-realness and hence passivity for an LTI system [68] also, as stated

by Khalil, two passive systems where one system is in the negative feedback loop of

the former system results in an overall passive system [63]. Also, if one of them is

input passive and the other is strictly passive, the overall system is passive [63, 68].

Additionally, the lack of passivity of one can be made up by a higher passivity index

of the other [63, 111]. Interestingly, if the viscous drag force (proportional to the

velocity squared) is not ignored, the input passivity index of the plant will increase.

This makes the plant P (s) just barely passive, based on the input passivity index.

Therefore, the radiation force transfer function must have a safe margin for the input

passivity index to ensure the stability of the overall system by making up for the slim

passivity index margin in the P (s).

This chapter assesses the passivity using the input passivity index, ν, such that

ν = 1
2
minωλmin(G(jω) + GT (−jω)), where λmin are the minimum eigenvalues of

(G(jω)+GT (−jω)). For SISO LTI systems, the input passivity index corresponds to

the horizontal distance of the Nyquist plot from the imaginary axis, or in other words,

the real part of the Nyquist plot, since for a SISO LTI system, (G(jω) + GT (−jω))

results in 2Re(G(jω)), making ν = Re(G(jω)). Note, for a scalar transfer function

passivity corresponds to the Nyquist criterion for feedback systems, requiring the

phase of the LTI system in question being within [−π/2,+π/2] rad.
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Classical control methods such as the Nyquist plot can be used to assess the robustness

of stability and passivity. However, assessing stability through a passivity-index based

approach, as proposed here, has certain advantages, including,

1. Satisfying robust stability criteria such as L2 stability, and more generally, dis-

sipativity,

2. Using passivity ensures mapping the estimated LTI system to the physical prop-

erties of the system being modeled,

3. Passivity-based stability analysis can be used for a MIMO system, such as

Multiple Degree of Freedom (MDOF) analysis of a single body or multiple

body arrays.

Note, the evaluation of stability is based on a real quantity - the input passivity-index.

Interestingly, the analytic property of the radiation FRF is preserved when using the

passivity-index based system estimation because the estimation method matches both

the magnitude and phase of the radiation FRF. The estimated system does eventually

converge because a passive system is also dissipative, thereby preserving the analytic

property of the radiation FRF [67, 68].

There is, however, a trade-off between the stability of the estimated models and their

fidelity to the physical system. While estimating, it must be kept in mind that, in
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general, increasing the order of the estimated model may result in a better fit but

sacrifice passivity (and thus, stability) and also risk overfitting.

Overfitting results in the estimated system having high-frequency poles (typically

higher than 10 rad/s) that do not correspond to the actual physical system because

marine systems are relatively very slow (typically operate within 0 to 4 rad/s). On

the contrary, reducing the order of the estimated system will enhance passivity but

sacrifice accuracy to the physical system being estimated.

It is proposed that the passivity property can be checked for, and the orders of the

estimated transfer functions can be chosen through iterations, as discussed in [91, 115].

Many researchers, therefore, start with the smallest order possible, and then increase

order while checking for model accuracy and passivity [91, 115].

The current state-of-the-art methods, therefore, check for passivity but do not enforce

or guarantee the passivity in the estimated transfer functions [30, 31, 91, 115].
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5.2 The Algorithm

The radiation force estimation strategy in three stages,

1. Generation of a reference for the radiation transfer function,

2. Iteration to obtain a low-order, accurate, and passive transfer function,

3. Final tuning to ensure minimum phase, such that at least one zero of the esti-

mated radiation transfer function is at the origin (i.e., s = 0 is a zero).

From now on, the frequency domain approach will refer to the estimation using the

radiation FRF, Hr(ω), while the time-domain approach will refer to the estimation

using radiation IRF, hr(t). In Figure 5.1, the light blue line shows the frequency

domain approach, which is also referred to as the direct estimation method in the

literature [26]. The red downwards arrow on the top right of the Figure 5.1 shows the

additional step of generating the radiation IRF, hr(t), for the time-domain approach.

This is followed by an iterative estimation routine to satisfy the stability and accu-

racy conditions. Finally, an optimization routine ensures that the estimated transfer

function is minimum phase.
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START

Generate radiation function 𝑯𝑹(𝝎), using 
hydrodynamic coefficients (Eq. 6)

Numerical integration to 
calculate radiation IRF 𝒉𝒓(𝒕), 
using Euler or Filon
integration methods (Eq. 13)

FREQUENCY DOMAIN 
ROUTE

TIME DOMAIN
ROUTE

ITERATIVE TFEST() STAGE
Setup tfest() command in MATLAB such that:
Initial conditions for the estimated transfer function is zero
Hurwitz stability is enforced

Initialize estimation iterations by running the tfest() command with N number of poles, 𝑁 = 𝑁଴

Subject to conditions:
Input passivity index is positive in the operational frequency bandwidth,  𝝂 > 𝟎 1.
Maximum magnitude of poles and zeros is less than 𝟏𝟎 𝒓𝒂𝒅/𝒔2.
Frequency response of the estimated transfer function matches the 𝑯𝑹(𝝎) by more than 90 % in the 
operational frequency bandwidth.

3.

Check if 
conditions are 

satisfied
NO

𝑵 = 𝑵 − 𝟏

Check
𝑵 > 𝟑

YES

INITIALIZE OPTIMIZATION ROUTINE
Cost function: 
Minimize error in magnitude and phase between the frequency 
response of estimated transfer function, and 𝑯𝑹(𝝎)

Constraints:
The estimated transfer function is minimum phase and has a zero at 
the origin.



All other conditions from the iterative tfest() stage.

YES

Check if all 
conditions are 

satisfied

YES

NO

Success = 1 Success = 0

NO

END

      

Figure 5.1: Algorithm for the estimation of radiation transfer function
array G(s). 96



5.2.1 Generation of a reference for the radiation transfer

function

5.2.1.1 Frequency domain approach

For the frequency domain approach, the radiation FRF Hr(jω) is generated using

WAMIT as shown in Eq. 3.34. This function is then used as the reference function

for the iterative estimation of radiation transfer functions. Since the radiation FRF

is dissipative, it asymptotically approaches zero. In the discussion that follows the

frequency at which the radiation FRF is less than 5% of its maxima (f0 rad/s is

greater than the frequency at the maxima) will be referred to as f0 rad/s.

5.2.1.2 Time-domain approach

The time-domain approach uses the radiation IRF, hr(t), as the reference for estimat-

ing the radiation transfer function. The radiation IRF is calculated by the numerical

integration of the Ogilvie equation, which entails calculating the cosine transform of

radiation damping coefficients as discussed in [86], such that,

hr(t) =
2

π

∫ Ω

0

b(ω) cos(ωt)dω (5.1)
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Where Ω is the cut-off frequency at which the frequency domain radiation damping

data is truncated. The radiation IRFs can be calculated using just the radiation

damping function, b(ω), as shown in Eq. 3.38 and 5.1. Note that alternatively, the

radiation IRF, hr(t), can also be written in terms of the added mass, a(ω). However,

the radiation damping b(ω) starts from zero and converges to zero asymptotically,

while the added mass a(ω) has a positive value at infinity, i.e., a∞ > 0. The added

mass at infinity, a∞, can therefore be a source of numerical errors from BEM solvers

such as NEMOH or WAMIT [60, 133]. Additionally, as noted by Kriastansen et al.,

the radiation IRF, hr(t), converges faster when the radiation damping form of Eq.

3.38 is used [69].

The radiation IRF, hr(t), has a cosine function in its kernel and therefore is an

oscillating function. The radiation FRF, Hr(ω), and hence the radiation IRF, hr(t),

is often referred to as the memory effect function. Strictly speaking, the IRF still

has energy after t > π/∆ω s, where ∆ω is the frequency step, thereby making the

Discrete Fourier Transform of the b(ω) not an exact quantity. This can be understood

from hydrodynamics theory, such that, although the radiation effects are causal, they

have effervescent local effects, manifested as added mass, and propagating effects,

manifested as radiation damping that linger much later than the initial impulse,

resulting in the memory effect [66]. As stated in Table 5.1, the radiation IRF, hr(t),

converges to 0, but it does so much later than the initial impulse, owing to the

memory effects. For accurate system identification, especially for MIMO systems,
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the hydrodynamic coefficients must be generated at a fine resolution. So for the

frequency resolution used in a subsequent example (0.005 rad/s), the π/∆ω term

would be 629 s. Even for a coarser frequency resolution of 0.02 rad/s the π/∆ω is

157 s. Therefore, the calculation of the cosine transform in practice would require

truncation. Note that although the radiation FRFs of auto-coupled modes (diagonal

terms) do start from 0 and converge to 0, within relatively low-frequency bandwidths,

the radiation FRFs of cross-coupled modes (off-diagonal terms) are highly oscillatory

and do not converge to 0 until much higher frequencies than the auto-coupled modes.

This makes the choice of an accurate numerical integration method critical. Note, that

the time-domain modeling should be capable of adapting to novel WEC designs which

may use other modes such as pitch or surge, or a combination of mode-couplings.

For the time-domain routes, two numerical integration methods were compared,

namely, Euler integration and Filon’s quadrature formula for trigonometric integrals,

which can be seen as a special case of Adaptive Recursive Simpson’s rule [39]. Note

the fft() (Fast Fourier Transform) or the dct() (discrete cosine transform) commands

in MATLAB can be used to generate the IRFs. However, this chapter investigated

the effects of the numerical integration method (to generate the reference IRF), on

the accuracy of the estimated LTI system. As mentioned earlier, the WAMIT man-

ual recognizes the higher accuracy of Filon’s integration method in Chapter 13 that

describes the f2t utility [133]. In an effort to have greater control over the sources of

inaccuracies, Filon integration was implemented using custom code. Filon’s method
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is computationally less expensive than Simpson’s rule, as best explained by L.N.G

Filon’s remarks that Simpson’s rule requires finer step-sizes than his method [39].

Filon’s method is capable of handling highly oscillating functions and, therefore, can

capture the memory effects in the radiation IRF, hr(t), with much more accuracy.

The characteristic root error in the numerical integration methods needed to compute

the radiation IRF, hr(t), indicates the accuracy of the numerical integration. The

characteristic root error for Euler integration is proportional to the step size h [9].

For Filon’s method, Barakat et al. show that the error in the numerical integration

primarily depends on the rapidly oscillating part of the integrand [6]. Barakat et

al. and H̊avie observed the challenges regarding the expression for error in Filon’s

method while stating the error is proportional to the second derivative of the function

[58]. Dominguez et al.discuss the stability and error for similar oscillatory integrals

[24]. Dominguez et al. proved that the error in Filon’s method for this context is

an exponentially decaying function of step-size h and the number of discrete points

N used in the numerical integration [24]. Therefore, Filon’s method is stable and

much more accurate than Euler’s method when calculating the reference function for

the transfer function estimation. This chapter calculates the radiation IRF, hr(t),

using both Euler integration and Filon integration methods, and then compares the

corresponding estimated transfer functions.
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5.2.2 Iterative estimation of radiation transfer functions

This stage corresponds to the iterative loop initialized with N0 poles in Figure 5.1.

The estimation process is done using the tfest() command in MATLAB. The func-

tion uses iterative optimization to curve fit either impulse response data or frequency

response data. The function has options that let the user enforce Hurwitz stability.

This is done by reflecting poles estimated in the right-hand plane about the imaginary

axis and starting the estimating optimization again. The estimated transfer function

is then further refined using non-linear search optimization to get the best possible

fit. The tfest() command by default estimates a strictly − proper transfer function.

The estimation process is carried out for each mode combination, resulting in a trans-

fer function array, G(s). For MDOF systems such as WEC arrays, mode-couplings

include both intra-body and inter-body interactions, while for single body MDOF

systems, mode-couplings include implying intra-body mode couplings. When esti-

mating transfer function matrices, G(s), the input passivity index (ν) characteristics

correspond to the positive-definiteness of the transfer function matrix. The matrix

of magnitudes of each individual transfer function in G(s) can be seen as a Toeplitz

matrix. It was observed that the ν of the entire transfer function matrix could be

enhanced if the ν of the Toeplitz matrices making up the transfer function array in-

creased [80]. Therefore, iterating on the order of the individual transfer functions in

G(s) to achieve more positive ν for each transfer function helps in estimating more
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positive ν for the transfer function array G(s).

The iterative estimation process using the tfest() command is initiated with the high-

est expected order, N0. At each iteration, the tfest() command estimates a transfer

function array G(s). This G(s) should then satisfy the following criteria,

1. G(s) is bandwidth-limited passive, such that the input passivity index is positive

(ν > 0) for a defined frequency bandwidth,

2. G(s) has accurate frequency response, such that the percentage fit between the

frequency response of G(s) and the radiation FRF Hr(jω) is greater than 90%

for a defined frequency bandwidth,

3. Finally, G(s) should not have poles frequencies higher than 2f0 rad/s in the

Laplace domain. This is necessary to avoid overfitting and avoiding poles that

do not correspond to the physical phenomenon G(s) is supposed to replicate.

This upper bound was empirically set to about two times the frequency at which

the radiation FRF converges to 0.

If the estimation process fails to find a G(s) that satisfies these three criteria, the

algorithm reiterates by reducing the expected order by one. This iterative process is

deemed to fail if the estimated order has to be reduced below the third order. Note,

that regardless of the initial reference function being the radiation IRF, hr(t), or the

radiation FRF Hr(jω), the iterative process compares the frequency response of G(s)
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with the radiation FRF Hr(jω), ensuring accuracy with the hydrodynamics radiation

damping data.

5.2.3 Final optimization routine

The estimated G(s) from the previous step serves as a very good initial guess for the

final optimization. The estimated G(s) from the iterative tfest() routine has very high

accuracy and positive input passivity index ν. However, the G(s) estimated from the

iterative routine in the previous step often generates transfer functions that do not

have a zero at the origin. The G(s) is then subjected to optimization to enhance

accuracy and passivity index characteristics while ensuring that the properties listed

in Table 5.1 are exhibited by the estimated transfer function array G(s).

The final optimization is set up so that the cost function is a weighted function

formed by the sum of the absolute squared difference between the frequency response

magnitude and phase of the transfer function array G(s) and the radiation FRF

Hr(jω), such that,

J = α
∑(

|Hr(jω)|−|G(jω)|
)2

+β
∑(

∠(Hr(jω))−∠(G(jω))

)2

+γ

(
νG(jω).ν

T
G(jω)

)2

(5.2)
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where J is the cost function to be minimized by optimization, α is the weight for the

magnitude difference, β is the weight for the phase difference, and γ is the weight

for the input passivity index ν. The weights of the cost function are so chosen

that both phase and magnitude of the optimized G(s) are more accurately matched

with the radiation FRF Hr(jω) and a positive passivity index within the operational

frequency bandwidth. Additionally, the frequency range over which the optimization

is performed can also be chosen such that the accuracy and passivity characteristics

are further improved.

The optimization is further subject to constraints such that the estimated G(s) sat-

isfies the properties laid out in Table 5.1 and meets the following criteria,

1. G(s) must be minimum-phase and have a zero at the origin,

2. G(s) must be strictly proper, i.e., has a relative degree of 1,

3. The input passivity index is positive, such that ν > 0, for a defined frequency

bandwidth,

4. All poles are less than 2f0 rad/s,

5. The accuracy of the optimized G(s) exceeds 90% for a defined frequency band-

width.

Figure 5.2 shows the effect of optimization on the estimated G(s) for the case of a
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single heaving cylinder with a radius of 1 m and draft 1m. It can be observed that

the optimized G(s) has resolved the non-minimum phase issue in the G(s) before

optimization. The zero at the origin constraint helped in significantly enhancing

the accuracy of the optimized G(s) with respect to Hr(jω) at low frequencies. The

optimized G(s) satisfied the properties listed in Table 5.1 for the frequency bandwidth

in which hydrodynamic data was available.

The final optimization ensured that the G(s) had a minimum phase. This also helped

increase the input passivity index ν. As shown in Figure 5.1, should the optimization

fail in satisfying all aforementioned conditions, further iteration is done by reducing

the initial estimation order. Further refinement is subject to the empirical inverse

relationship between the accuracy and the stability such that an increase in the ac-

curacy typically decreases the passivity index and vice versa.
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Figure 5.2: Comparison of the estimated G(s) before and after the final
optimization for the case of a single heaving cylinder with a radius of 1 m
and draft 1m.
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5.2.4 Scaling Scheme

Scalability of the estimated transfer functions is desirable for consistency in modeling

the WECs at prototype-scale and deployment-scale. The algorithm can be scaled up

or down by first normalizing the estimated transfer function using wave frequency,

water density and the characteristic length, and then performing Froude scaling using

the characteristic length for wave frequency and the pertinent hydrodynamics coeffi-

cients. The normalizing scheme for the added mass, radiation damping and the wave

frequency can be expressed as [133],

āi,j(ω) =
ai,j(ω)

ρgLk
; b̄i,j(ω) =

bi,j(ω)

ρgωLk
;

where,

k = 3 for (i, j = 1, 2, 3)

k = 4 for (i = 1, 2, 3, j = 4, 5, 6) or (i = 1, 2, 3, j = 4, 5, 6)

k = 5 for (i, j = 4, 5, 6)

(5.3)

Since the radiation FRF as shown in Equation 3.34, the radiation FRF is expressed as,

Hr(jω) = [jωã(ω) + b(ω)], dividing the radiation FRF by ρgLk will result in an ex-

pression in terms of the normalized hydrodynamic coefficients shown in Equation 5.3.

This normalization scheme can be used to scale the radiation transfer functions. If

the characteristic length of a given radiation force transfer function is, L = L0, then
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a radiation force transfer function function for a system that is scaled by a factor of

L = L1 can be scaled using the scaling factors necessary for scaling the corresponding

radiation FRFs. Consider a system with a characteristic length L = L0 and radiation

FRF Hr0(ω), and an another system with characteristic length L = L1 and radiation

FRF Hr1(ω); then these radiation FRFs can be related using the ratio of the two

characteristic lengths Lsc =
L1

L0
, such that,

Hr1(jω) = Hr0(jω)L
k
sc, whose frequency would scale as, ω1 = ω0L

− 1
2

sc (5.4)

where the subscript 0 corresponds to the radiation FRF being scaled, the subscript 1

to the scaled up or down radiation FRF, while all other physical parameters will be

scaled using Froude scaling respectively. Therefore, the estimated transfer functions

can be scaled using a factor of Lk
sc such that,

G1(s) = G0(s)L
k
sc (5.5)

while all other physical parameters are also scaled using Froude scaling. Note, the

factor of Lk
sc can also be arrived upon by recalling that a ratio of some given radiation

IRF, hr(t), and a scaled radiation IRF will also be a factor of Lk
sc. Therefore, if the

estimated transfer functions accurately replicate the magnitude and phase of the

corresponding radiation FRFs, the estimated transfer functions can be scaled by a

factor of Lk
sc.
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5.3 Case Studies

The algorithm is demonstrated using a single cylindrical buoy and a nine-buoy WEC

array. The cylindrical WEC buoy represents a prototype that can be tested at a typ-

ical wave-tank facility. The incoming waves were set parallel to the +x-direction. An

axisymmetric body makes for a good candidate for hydrodynamic analysis because

of symmetry. This Section compares the accuracy and passivity characteristics of the

estimated transfer functions’ Frequency Response Function (FRF). Falnes et al., and

Folley used the non-dimensionalized hydrodynamic coefficients while discussing the

radiation FRF, and IRF characteristics [37, 40]. The estimated radiation transfer

functions shown here can be conveniently non-dimensionalized and scaled using the

cube of the characteristic length (represented as ULEN or L in WAMIT documenta-

tion).

For a single WEC, the estimation process generates a 6 × 6 transfer function array

G(s), whose diagonal elements correspond to self-interacting modes and off-diagonal

elements correspond to coupled modes. This chapter shows the Heave mode only,

but similar analyses can be carried out for other modes and mode couplings. For the

single WEC case, the algorithm is demonstrated using a frequency domain route and

two time-domain routes (see Section5.2.1). Henceforth, the estimated transfer func-

tion array, estimated using the frequency domain route, will be denoted by GHr(s).
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For time-domain routes, when the reference radiation IRF, hr(t), is calculated using

Filon’s integration, the estimated transfer function array will be denoted by GFilon(s),

and when the radiation IRF, hr(t), is calculated using Euler integration, the estimated

transfer function array will be denoted by GEuler(s).

The accuracy of the estimated transfer function array, G(s), is demonstrated by

comparing its FRF with the radiation FRF Hr(ω) matrix constructed with the purely

Heave modes and their couplings. The passivity characteristics are quantified using

the input passivity index ν, such that ν = 1
2
minωλmin(G(jω) +G(−jω)), where λmin

are the minimum eigenvalues of (G(jω) + G(−jω)). The accuracy of the FRF is

assessed using Normalized Root Mean Square Error (NRMSE) fitness percentage,

such that,

NRMSE(%) = 100×
(
1− ||y − ŷ||

||y −mean(y)||

)
, (5.6)

where y is the validation data, which would be the magnitude of the radiation FRF

Hr(ω), while ŷ would be the FRF of the G(s) being assessed.
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5.3.1 A Single WEC

The single WEC was modeled as a cylinder of radius of 1 m and draft 1 m, such

that the radius to draft ratio is unity. The algorithm was initiated with an N0 = 10

poles (see Section 5.2.2 and Figure 5.1). The higher-order transfer functions had high

accuracy but did not satisfy the passivity requirements, while the converse was true for

lower-order transfer functions. The final estimated transfer functions had satisfactory

accuracy and had a positive input passivity index ν, for the frequency bandwidth

in which radiation damping data from WAMIT was greater than 0. Convergence

studies of the hydrodynamic coefficients generated by WAMIT. Appendix B discusses

the convergence study for this case in greater detail. The comparison of different

mesh resolutions shown in Appendix B helped choose a suitable mesh size that had

negligible difference when compared to a much higher resolution mesh.

5.3.1.1 Comparison of Frequency Response of estimated transfer func-

tions

Figure 5.3 shows the comparison of frequency response characteristics of GHr(s),

GEuler(s), and GFilon(s). Notice that all estimated transfer functions are minimum-

phase. The phase plots show that the phase for all transfer functions stays between
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Figure 5.3: Comparison of magnitude and phase of Hr(ω) with FRFs of
GHr(s), GEuler(s), and GFilon(s) for a cylinder with a radius of 1 m and
draft 1 m, in heave mode.

±π/2, which suggests positive-realness and passivity. This corresponds to the Nyquist

plot being in the right-hand plane for a SISO system. The FRF of the estimated

transfer functions is compared to the Hr(ω). All three routes are minimum-phase

with phase plots between ±π/2 rad. Figure 5.4 shows the NRMSE fit percentage

for the frequency domain route and the two time-domain routes as a function of

frequency by comparing the radiation FRF Hr(ω) and the FRFs of GHr(s), GEuler(s),

and GFilon(s). Using one method over the other can be decided based on a range of

factors, such as operating frequencies and computational limits when using higher-

order transfer functions Interestingly, for some frequencies between 0-2.0 rad/s, the

GHr(s) results in a poorer match than GEuler(s), owing to sensitivity in the frequency

method, as discussed in Section5.6. However, for the overall frequency bandwidth, the
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Figure 5.4: The Normalized Root Mean Square Error (NRMSE) fit be-
tween the magnitude of the radiation FRF Hr(ω), and the FRFs of GHr(s),
GEuler(s), and GFilon(s) for a heaving cylinder with a radius of 1 m and
draft 1 m. The frequency range for this comparison is 0 − 3.0 rad/s. For
most frequencies, the FRF of GHr(s) has the best match with the radiation
FRF Hr(ω).

direct method, i.e., the frequency domain method, has the best accuracy performance,

while GFilon(s) performs better than GEuler(s) at relatively higher frequencies.

5.3.1.2 Comparison of Input Passivity Index of estimated transfer func-

tions

Figure 5.5 shows that the estimated transfer functions have a positive input passivity

index between 0 to 4 rad/s. Therefore, the estimated transfer functions will have

passivity for the frequency bandwidths where ν is positive. Since this chapter is
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Figure 5.5: Comparison of Input Passivity Index, ν, for GHr(s), GEuler(s),
and GFilon(s) for a cylinder with a radius of 1 m and draft 1 m, in heave
mode.

only using the heave mode, the transfer function system is a single transfer function

corresponding to that mode, and therefore, the input passivity index reduces to the

FRF of the corresponding estimated G(s). In other words ν = 1
2
minωλmin(G(jω) +

G(−jω)) = 1
2
(2G(jω)) for SISO LTI systems. Note that for multi-mode analyses,

such as MDOF systems or multibody systems, the transfer function system will be a

MIMO transfer function matrix and therefore would not reduce to G(s). As discussed

in Section 5.1, stability analyses can also be done using the Nyquist criterion; however,

it is limited to SISO systems. The input passivity index analyses shown here make

the stability analyses simpler, especially for MDOF and multibody systems, as shown

in the following Subsection.
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5.3.2 A Homogeneous WEC Array of Nine Cylindrical

WECS

For a WEC array, the self-interacting modes and their mutual couplings result in

a 6N × 6N radiation FRF array. The hydrodynamic coefficients were calculated

using WAMIT and convergence studies helped decide appropriate mesh resolution

(see Appendix B). For this chapter, only the Heave modes and their mutual couplings

are considered, such that the radiation FRF array was a N × N array. Increasing

the packing density of a WEC array affects the mode-couplings due to increased

interaction between the array members. For the nine-buoy WEC array, the G(s)

was estimated using the frequency-domain route only. The G(s) were estimated at

different packing densities by varying the mutual distances d between the WECs. The

mutual distances are based on the compact array’s area fraction, a quantity defined

here as a packing ratio, initially introduced by Garnaud and Mei for homogeneous

compact arrays made up of cylinders [46]. The packing ratio, f is defined as,

f =
πR2

d2
(5.7)

Where, R, is the radius of a single-cylinder, and d is the center to center distance

between two adjacent cylinders. The G(s) was estimated for the packing ratios of
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1.257 × 10−3, 5 × 10−3, and 1 × 10−1 corresponding to the center to center distance

between two adjacent bodies, d = 50.00 m, 25.06 m, and 5.60 m respectively. The

array layout is shown in Figure 5.6. The cylinders are assigned body indices, incre-

mented along the +x axis and then along the +y axis. The body indices are shown

in figure 5.6.

Figure 5.6: Compact array layout of 9 cylinders.

The WEC array has 9 cylinders of a radius of 1 m and draft 1 m, such that the

radius to draft ratio is unity. In the discussion that follows, the indices of the data

correspond to mode couplings. For instance, the data corresponding to (1, 1) cor-

responds to body 1-body 1 mode coupling; in other words, this corresponds to the

radiation force transfer function for body 1 in heave mode with no coupling since this

mode combination is a diagonal element of the transfer function array. On the other
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hand, the data corresponding to (1, 5) corresponds to body 1-body 5 mode coupling,

which is an off-diagonal term in the transfer function array G(s); in other words, this

corresponds to the radiation force transfer function for the body 1 in heave mode

coupled with the heave mode of body 5.

5.3.2.1 Effect of packing density on Hr(ω) and G(s)

The magnitude of the diagonal mode-couplings corresponding to the self-interacting

Heave is as much as 400 % higher than the maxima of the off-diagonal radiation

FRFs. This shows that the off-diagonal terms representing the coupled modes have

significantly less contribution to the buoy dynamics. Therefore, although some of

the off-diagonal estimated transfer functions have low matches, their contributions

do not impact the overall motion dynamics. This would be demonstrated by time

histories of the motion dynamics discussed in the next Section. As discussed in

Subsection 2.3.1, WEC arrays exhibit a ‘trapping effect’ which results in an increase

in radiation damping coefficients for centroidal buoys with respect to the surrounding

circumjacent buoys [56, 116]. Garnaud and Mei derived the modified wave potential

for a compact array [46]. Husain and Parker expanded their work by including the

contributions of the frequency-dependent hydrodynamic coefficients and showed that

the radiation damping increases for the centroidal buoys in compact arrays due to

hydrodynamic couplings [56]. The radiation damping coefficients (real-part of Hr(ω))
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Figure 5.7: Input passivity index, ν, for nine-buoy WEC array with an
inter-buoy distance of 50 m.

for the Heave mode for the buoy 5, which is surrounded on all sides, is slightly higher

than the radiation damping of its neighbors. Decreasing the inter-buoy distance

further increased the ‘trapping effect’

Hydrodynamic couplings are quite significant as the packing density of the WEC

array is increased as the inter-buoy distance is reduced from 50 m to 25.06 m, and

finally to 5.6 m.

5.3.2.2 Effect of packing density on the Input Passivity Index, ν.

Figures 5.7 - 5.9 compare the input passivity indices of the estimated transfer function

arrays of the aforementioned WEC arrays against the corresponding function formed
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Figure 5.8: Input passivity index, ν, for nine-buoy WEC array with an
inter-buoy distance of 25.06 m.

Figure 5.9: Input passivity index, ν, for nine-buoy WEC array with an
inter-buoy distance of 5.6 m.

using the radiation FRF, Hr(ω), at each frequency step. While comparing Figure

5.7 with the input passivity index of the single-cylinder case in Figure 5.5, it can be

observed that the ν for the WEC array has multiple local maxima or ‘lobes’. These
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lobes can be attributed to the hydrodynamic interactions and couplings in the WEC

array. The radiation force is dissipative, and its IRF decays with time, so in the

array, with an inter-buoy distance of 50 m, the wake of the radiation IRFs lose most

of its energy by the time that radiation impulse reaches adjacent buoys. Reducing the

inter-buoy distance increases the hydrodynamic coupling and increases the sensitivity

of the numerical stability of the radiation force calculations. This phenomenon can

be observed in the ν for the more compact array with an inter-buoy distance of 25.06

m by its loss in passivity. Notice in Figure 5.8 that the passivity, which indicates

the energy dissipation drops for the reference radiation FRF as well. Although the

overall system is dissipative, with an increase in packing density, as the hydrodynamic

couplings increase, the Heave modes also have significant coupling with non-heave

modes such as Surge and Pitch. This can be inferred by the increase in the magnitudes

of mode-couplings between modes corresponding to different degrees of freedom. This

results in the energy dissipation of only heave modes, and its couplings manifest a

drop in passivity due to increased hydrodynamic couplings. The natural frequency of

the cylinder with a radius of 1 m and draft 1 m is approximately 0.8 rad/s. As the

numerical sensitivity of the passivity index increases with the packing density of the

array, the energy dissipation at the resonance frequency and its harmonics decrease,

as can be empirically observed from Figures 5.7 - 5.9.

The most compact array with an inter-buoy distance of 5.6 m shows a further de-

cline in ν due to significantly higher hydrodynamic couplings. Note, as observed by
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Taghipour et al. a lack of passivity doesn’t necessarily mean lack of stability [115].

Further, the assumptions made in Table 5.1 do not hold for a compact array due to

hydrodynamic couplings. As cited earlier, the wave potential in a compact array is

modified, and therefore whilst analyzing the passivity of a compact array, all modes

and their couplings (a 6N × 6N array, where N represents the number of buoys)

should be considered. However, this chapter is limited to the analysis of the heave

modes and their couplings. The authors hypothesize that the transfer function array

with all modes and their couplings (a 6N × 6N array) would be a dissipative system

and thus have a positive passivity index. As shown in the next Section, all array

configurations have stable motion dynamics with high accuracy (> 90%).

5.4 A Heterogeneous WEC Array of Cylindrical

WECs and a CorPower Device

This Section demonstrates the algorithm using a heterogeneous array comprised of

a CorPower device surrounded bu eight cylindrical WECs. The CorPower device

specifications can be found at [135]. It can be described as a combination of three

shapes: a cylinder of a diameter of 8.4 m and height of 4.6 m, over an inverted-

truncated cone (inverted nightlamp-like shape) geometric Section whose top radius is

8.4 m and bottom radius is 1.25 m. The third and bottom-most part of the device
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Figure 5.10: The spatial layout of the heterogeneous WEC array. The
wave-field shown represents the PM spectrum used in this Section.

extends as a cylinder of radius 1.25 m for length of 7.32 m. The draft of the device is

14.5m measured from the bottom-most surface of the device. The other WECs in the

array had a cylindrical geometry of radius 4 m. The hydrodynamic coefficients were

calculated using WAMIT and convergence studies helped decide appropriate mesh

resolution (see Appendix B).

This heterogeneous WEC array was designed to represent a realistic deployable com-

pact array. The distance between any two neighboring bodies was 50 m along

the +X−axis and +Y−axis. The hydrodynamics were calculated assuming plane-

progressive waves propagating along the +X−axis Figure 5.10 shows the heteroge-

neous WEC array’s spatial layout.
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Figure 5.11: Passivity Index, ν, as a function of wave frequency.

5.4.1 Passivity Index, ν for the Heterogeneous WEC Array

The WECs in the heterogeneous array had a much higher volume (16 times of the

cylinders in previous cases), and the heterogeneous array had much hydrodynamic

interactions. The multiple lobes in the passivity index of the heterogeneous array in

Figure 5.11 indicate hydrodynamic couplings in the system. Interestingly, the mini-

mum eigenvalues of the radiation FRF are negative at higher frequencies, indicating

couplings with other modes, such the energy in the heave modes is being dissipated

using the other modes of the WECs. All estimated transfer functions matched with

the corresponding reference radiation FRF by more than 90 % in terms of NRMSE

error introduced in the previous cases.
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5.5 Motion Simulations

A motion simulation model was created based on the Cummins’ equation discussed

in Section 3.3. Only heave mode is presented here, such that the generalized motion

coordinates q(t) can be replaced by heave displacements, x(t). Also, the generalized

external forces Q(t) can be replaced by the excitation force, Fexc(t), and control force,

Fc(t).

Rewriting the Cummins’ equation, (3.30) as,

ẍ(t) =
1

M+ a∞

[
Fexc(t) + Fc(t)− FR(t)−Kx(t)

]
(5.8)

5.5.1 The Single WEC Case

The dynamics equation shown in (5.8) is used to simulate the complete dynamics

model in the time-domain. The complete dynamics model was set up in MATLAB-

Simulink. The hydrodynamic coefficients were calculated at a water depth of 100 m.

The excitation force was calculated offline prior to the simulation. The cylinder was

approached by a regular wave of amplitude 0.25 m and wave period 6.22 seconds.

For these motion simulations, no control force was applied, and the cylindrical body
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only experienced the excitation force as an input.

Figure 5.12: Body motion in heave mode for the cylinder with a radius
of 1 m and draft 1 m (Small Buoy), when the radiation force is calculated
using GHr(s), GEuler(s), and GFilon(s) compared to the body motion in
heave mode when the radiation force is calculated using the convolution.
The overall NRMSE match is expressed as a fitness percentage in the legend
of the upper plot, while the lower plot shows the root mean squared error
(RMSE) as a function of time.

Figure 5.12 shows the heave motion characteristics for a period of 100 seconds. The

simulation was first run such that the radiation force was calculated using direct

convolution and then using the estimated transfer functions. These body-motion

simulations were done in Simulink.

These simulations were run for only the heave mode but can be easily run for any

other mode or mode combination, appropriately using the estimated transfer func-

tion matrices. Figure 5.12 shows the heave motion for a single regular wave. The

models can be easily used for irregular waves if the wave input horizon can be reliably
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predicted in advance.

Note that in Figure 5.12, the motion simulation shows some transient behavior at

the beginning of the time history. It is the result of the buoys being released from

rest at t = 0, while the fluctuating behavior seen at the start of the bottom figure

in Figure 5.12 is numerical. This fluctuating behavior can be mitigated by using a

ramp function as done in the WEC simulator package WEC-Sim [102]. However, such

pre-processing or truncation was not done for this case to show the initial transient

behavior. The overall NRMSE matches for all estimated transfer functions approach

99% if the initial 40 seconds of data is truncated.

After the initial transient behavior, the RMSE reduced significantly and converged

for all three routes. This indicates that all routes have a similar impact on the overall

motion dynamics once the initial numerical transient period is passed. Note that the

dynamics model shown here used a linearized model, but the analyses shown here

can be easily adapted for a model that uses non-linear Froude-Krylov forces as the

external forces acting on the body.

5.5.2 The Homogeneous WEC Array Cases

A transfer function matrix G(s) was formed using the body-only heave modes and

the inter-body heave mode couplings. The dynamics equation of motion in (5.8) is
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Figure 5.13: Displacements when FR(t) is calculated using estimated trans-
fer functions, compared with displacement when FR(t) is calculated using
direct convolution for the WEC array with an inter-buoy distance of 50 m.

used to simulate the complete dynamics model in the time-domain using MATLAB-

Simulink. The excitation force was calculated offline to the simulation. The cylinders

were approached by a regular wave of amplitude 0.25 m, , and wave period 12 s (wave

frequency of π/6 rad/s). For these motion simulations, no control force was applied,

and each cylindrical body only experienced the excitation force as an input.

Figure5.15 shows the heave motion characteristics such that the simulation was first
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Figure 5.14: Displacements when FR(t) is calculated using estimated trans-
fer functions, compared with displacement when FR(t) is calculated using
direct convolution for the WEC array with an inter-buoy distance of 25.06
m.

run by calculating the radiation force using real-time convolution and then run again

by calculating the radiation force using the estimated transfer function matrix. These

simulations were run for only the heave mode but can be easily run for any other mode

or mode combination, appropriately using the estimated transfer function matrices.

The most compact array configuration showed a greater than 96 % match with the

simulation that used the convolutions to calculate the radiation forces. The WEC
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Figure 5.15: Heave displacements of the 9 body compact array when FR(t)
is calculated using estimated transfer function array, compared with displace-
ments when FR(t) is calculated using direct convolution for the WEC array
with an inter-buoy distance of 5.6 m.

array configurations with greater inter-buoy distances had slightly better matches.

The wave inputs for the compact array vary depending on the body location. The

WEC arrays were acted upon by a two-dimensional wave in the x − z plane, so the

wave elevation was the same across the y axis. However, for bodies along the x

axis, the phase at which the bodies experienced the incoming wave was different.

128



The incident wave elevations experienced by the bodies were calculated using the

wave propagation equation. Equation (5.9) uses the Cartesian coordinates such that

x-direction is positive from left to right, while z-direction is positive when moving

up. The general equation for wave elevation of a water wave propagating in positive

x-direction can be described as [40, 85],

η(x, z; t) =
ιgA

ω

cosh(k(z + h))

cosh(kh)
ekze−ι(kx−ωt) (5.9)

Where η(t) is the temporal displacement in the x and z-direction. For surface waves,

z = 0, and A is the amplitude of the water wave, (5.9) then reduces to

η(x, t) =
ιgA

ω
e−ι(kx−ωt) (5.10)

The argument in the exponential part of the equation (e−ι(kx−ωt) carries the phase

information of the wave. Assuming that no phase is added to the wave as it progresses

through the WEC array, equation (5.10) can be used to relate the phase at which

the wave approaches a particular WEC buoy in the array. The inter-buoy spacings

in the +x-direction were set at 50 m, 25.06 m, and 5.605 m. For the layout shown in

Figure,5.6 the WEC array with inter-buoy spacing set at 5.605 m, the x coordinate

of the bodies 1, 4, and 7, was 0 in (5.10). For bodies 2, 5, and 8, the x coordinate
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was 5.605 m, and for bodies 3, 6, and 9, the x coordinate was 11.210 m. The

percentages shown in Figures 5.13 - 5.15 are the NRMSE fit percentage between

the body motion when the radiation force is calculated using the estimated transfer

function arrays, compared to the body motion when the radiation force is calculated

using the convolution of radiation IRF, hr(t), and body velocity.

As discussed for the single-cylinder case, the initial transient time histories for the

WEC array buoys were truncated. The accuracy percentages in Figure 5.15 show

the comparison between 20 s to 50 s. As before, the time-domain model can be

simulated for irregular waves if the time history of the elevations can be reliably

predicted before the simulation. These irregular wave elevation time histories can

then be convoluted with the excitation force IRF to calculate the inputs to the WEC

array buoys. Additionally, if the time histories for non-linear Froude-Krylov are

provided, the model can accommodate such inputs.

Note the WEC arrays modeled here didn’t incorporate the contributions of non-heave

modes to heave time histories due to hydrodynamic coupling. A more realistic WEC

array model would include the contributions of the support structure and moorings

that would maintain the WEC array layout. This would further introduce forces and

couplings of dynamics modes WEC buoys.
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5.5.3 The Heterogeneous WEC Array Case

The heterogeneous WEC array was simulated with irregular waves modeled using

the Pierson-Moskowitz spectrum, with a significant wave height, HS = 1 m and a

significant wave period of 8 s. This wave climate is representative of moderate swell

seas.

Figure 5.16: Heave displacements of the heterogeneous WEC array when
FR(t) is calculated using estimated transfer function array, compared with
displacements when FR(t) is calculated using direct convolution
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5.6 Discussion

Frequency domain and time-domain estimation methods were used to estimate trans-

fer functions between body velocity and radiation forces. Frequency domain estima-

tion methods are the most direct route to generate the desired time-domain models.

Over the years, many researchers have raised reservations over frequency domain

estimation methods [91, 115]. Taghipour et al. point out that frequency domain ap-

proaches can result in overfitting because the approximated models can have higher

than necessary orders [115].

Frequency domain estimation methods are more sensitive than the time-domain meth-

ods, especially to the numerical errors in the numerically calculated hydrodynamics

coefficients at very low frequencies (< 0.1 rad/s) and at very high frequencies (> 10

rad/s) [91]. This sensitivity is an artifact of the hydrodynamics coefficients from

BEM solvers such as WAMIT having numerical errors for very low frequencies and

very high frequencies, especially for geometries with horizontal panels [133]. Also,

for some cases, the generated radiation damping can have negative values or outliers

at a few frequencies, especially around the body’s natural frequency and irregular

frequencies [40]. Therefore, direct estimation methods are further challenged when

curve-fitting an equivalent LTI radiation force transfer function. Whereas, time-

domain methods can desensitize the estimation process because the radiation IRF,
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while incorporating the hydrodynamics, expresses the reference function with more

data points. The calculated IRFs, to put it simply, smoothen out the hydrodynamic

information over more data points, making the estimation less sensitive.

Perez and Fossen also point out that frequency-domain estimation methods match

better for lower frequencies [91]. Therefore, the frequency domain estimation meth-

ods can be vulnerable to losing the nuances of the system’s physical characteristics at

higher frequencies, owing to their sensitivity and tendency to overfit by using higher

orders. The literature overwhelmingly uses time-domain estimation methods to re-

place the radiation force F⃗R(t) convolution, which needs the calculation of radiation

IRF, hr(t), as the estimation benchmark. The radiation IRF, hr(t), calculations are

typically done using Euler integration or trapezoidal integration [1, 69, 91, 115, 142].

This chapter explored the effect of using a significantly more accurate integration

method, Filon’s integration method, formulated especially for kernels resembling the

radiation IRF, hr(t). However, the higher accuracy in calculating the radiation IRF,

hr(t) using Filon’s integration method came at a higher computational cost.

5.6.1 The Single WEC Case

The estimated models were assessed on two metrics: how well the estimated models

replicated the FRF of the radiation FRFs, and secondly, how well was the body
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motion replicated when the radiation force was calculated using the estimated models

as opposed to calculating the radiation force using convolution. Interestingly, the

algorithm can achieve more accurate transfer functions using the direct estimation or

frequency domain route despite its sensitivity while satisfying passivity conditions.

The accuracy of time-domain methods can be improved by using the more accurate

Filon’s integration to calculate the radiation IRF, hr(t), especially at relatively higher

frequencies.

Given how close the motion dynamics of the body are, it is very difficult to ascertain

which estimated model is closest to the actual physical phenomena, especially since

the hydrodynamic data, used for calculating the reference radiation FRF Hr(ω), and

radiation IRF, hr(t), are based on hydrodynamic coefficients calculated using BEM

solvers. This is especially applicable for the time-domain routes because the extent

of numerical characteristic root error in the integration for Euler and Filon’s method

changes at each function evaluation of the IRF [6, 9].

As discussed in Section5.2.2, the algorithm tries to strike a balance between the ac-

curacy of the estimated transfer function and its passivity characteristics by iterating

upon the order of the estimated transfer function system. Empirically, increasing the

order of the estimated transfer function system increases its accuracy while decreasing

its passivity and vice versa.

The Boundary Element Method (BEM) algorithm used by WAMIT produces some
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numerical discontinuities due to irregular frequencies, especially at higher frequen-

cies when the hydrodynamic coefficients approach their asymptotic values. However,

marine systems operate at relatively low-frequency bandwidths. For instance, JON-

SWAP and Bretschneider wave spectrums have the most energy concentrated between

0 to 1.5 rad/s [40, 66, 85]. Therefore, for marine applications, the estimated transfer

functions should have passivity characteristics.

Interestingly, the comparison of body motions shows that the transfer functions from

either approach achieve qualitatively similar results. Similar observations were made

by Taghipour et al., suggesting that the body motions tend to be less sensitive to

the otherwise sensitive LTI system estimation process [115]. However, effective and

optimal motion-control design requires that the model-based controller be based on

the physical phenomenon’s most accurate representation.

Significantly, the estimated systems did not have high-frequency poles, despite esti-

mated LTI systems being high order systems. Low order estimation methods compro-

mise the accuracy of fit in favor of stability and robustness, resulting in underfitting,

as was the case in [91, 115]. Conversely, high order estimation methods compromise

guaranteeing stability and robustness because they have poles faster than the physical

system’s properties due to overfitting [91, 115]. The estimation algorithm succeeded

in preventing underfitting and overfitting while guaranteeing Hurwitz stability and

ensuring passivity.
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5.6.2 The Homogeneous WEC Array Cases

The case studies that are shown here demonstrate that the algorithm can model ac-

curate and stable motion-dynamics models of MDOF marine systems with various

degrees of hydrodynamic coupling. The WEC array buoys at the inter-buoy dis-

tance of 50 m are practically hydrodynamically isolated from each other. Therefore,

they have almost identical Hr(ω) and hr(t) characteristics. As the packing density

increases, the hydrodynamic couplings increase. Each body experiences a unique

wave field based on its location in the compact array and pertinent hydrodynamic

couplings.

The off-diagonal terms representing the coupled modes of the radiation FRF have

highly-oscillating functions but relatively low magnitudes. The off-diagonal terms

were modeled with relatively higher-order transfer functions due to the sensitivity of

the coupled modes. The magnitudes of the off-diagonal terms in the sparse array (d =

50 m) are numerically small and highly oscillating, making the transfer estimation

more challenging. For instance, the Body 1 to Body 9 interaction has a relatively lower

match but represents the coupling between the bodies at the opposite corners of the

compact array. However, the algorithm achieved better matches in the more compact

arrays because of the relatively higher numerical magnitudes of the off-diagonal terms.
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The input passivity index (ν) showed some interesting characteristics. The increase

in hydrodynamic coupling can be seen in the ν characteristics. Notice that Figure

5.7 has a more oscillatory ν when compared to the ν shown in Figure ??. And as the

packing density is further increased, the ν characteristics become more oscillatory, as

the ν characteristics show the loss of passivity at some frequencies. The decline in

passivity can be attributed to the increased inter-mode couplings between heave and

other modes (see 5.3.2.2).

The motion time-histories from the models using the convolution-based radiation

forces were used as the reference for the time-domain performance of the models us-

ing the estimated transfer function array to calculate the radiation force. Ultimately,

the body motion characteristics should replicate the motion characteristics calculated

using Cummins’ equation. As shown in Section5.5, all cases resulted in very accurate

motion characteristics while staying stable. A numerical stable time-domain model

that can be analyzed in the Laplace domain using the estimated LTI systems can

eventually analyze multibody dynamics of more complicated models with the neces-

sary control.

137



5.6.3 The Heterogeneous WEC Array Case

The heterogeneous WEC array case was a more realistic representation of ocean

deployable WECs. This case can be considered a compact array, given that the

inter-WEC distance of 50 m is about 6 times the diameter of the array members.

The radiation force transfer functions were estimated with > 90 % accuracy for each

mode considered. The motion dynamics comparison showed a modest decline in the

match because an irregular wave climate was used. The motion dynamics matches

were > 94 % when regular waves were used.

5.7 Summary

The real-time convolution operation needed to calculate radiation forces can be cir-

cumvented using estimated LTI systems. Motion control of floating marine structures

requires the Cummins’ equation to be modified, such that the radiation force is cal-

culated using an LTI system.

This chapter presents an algorithm to calculate radiation forces experienced by float-

ing marine structures using an LTI system. The algorithm enforces the stability of

the complete dynamics model by ensuring the passivity of the estimated LTI system.
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The passivity of estimated transfer functions and the complete dynamics model is

assessed using the input-passivity index. The passivity-based algorithm facilitates

motion control analyses of floating marine structures. The passivity criteria are more

stringent than mere gain margin criteria by ensuring the stability of the complete

dynamic models. Also, the passivity-based approach, unlike the Nyquist plot-based

approach, can be extended to MDOF systems with multiple modes and bodies. The

modeling architecture presented here can serve as a base dynamics model for marine

hydrokinetics simulations. Such a base model can then integrate and compute control

forces for a model-based controller deployed on sea-worthy devices.

Although closely related, both stability and hydrodynamic couplings can be charac-

terized using the passivity index. Not only does the passivity index ensure numerical

stability, but it also indicates the degree of stability quantified as the input passiv-

ity index. Motion simulations further confirmed that the estimated transfer function

array could replace the convolution operation for MDOF floating marine structures.

Further work on passivity-based control can be explored. The passivity-based time-

domain methods presented here can help develop a robust model-based framework for

motion-control and the establishment of Marine Energy Grids, especially for power

management and power control. For hydrodynamically coupled MDOF systems, the

input passivity index is an important criterion for model robustness. It can be a cru-

cial design parameter guiding the WEC array layout design, motion modeling, and

control.
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Chapter 6

Storage Minimization of Marine

Energy Grids using Polyphase

Power

Multiple Wave energy converter (WEC) buoys can be used to establish a WEC array-

powered microgrid collectively forming a Marine Energy Grid (MEG). A maritime

domain with gravity waves will have significant spatial variability in phase, causing

the power produced by a WEC array to have high peak-to-average ratios. Minimizing

these power fluctuations reduces the demand for large energy storage by WEC array-

powered DC microgrids while also reducing losses in the undersea cable to the shore.

Designs that reduce energy storage requirements are desirable to reduce deployment
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and maintenance costs. This work demonstrates that polyphase power, in conjunc-

tion with an energy storage system, can be used to maintain constant power. This

work shows that an N WEC array geometry can be designed to reduce the energy

storage requirements needed to mitigate the power fluctuations if the WEC array

produces constant, polyphase power. Additionally, the conditions that identify the

wave frequencies and control effort needed to produce polyphase power are developed.

This Chapter also shows that increasing the number of WECs in an array reduces ag-

gregate power fluctuations. Finally, WEC array power profiles are investigated using

simulation results to verify the mathematical conditions developed for a three and six

WEC case.

The recommendations made in this Chapter can be easily integrated with PTO force

control strategies. This Chapter proposes that the WEC array PTO force control

should be informed by the advantages of producing polyphase power. This Chapter

demonstrates that a WEC array that produces polyphase power will require a smaller

ESS and will require less controller effort when compared to nonpolyphase power.

The rest of this Chapter is organized as follows; Section 6.1 the mathematical condi-

tions needed to design a WEC array that produces polyphase power. A simulation

case study is presented in Sections 6.2 and 6.3. Finally, a summary is given in Section

6.4.
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6.1 Constant Power WEC Array Conditions

This section develops the spacing, control force phasing, regular wave frequency and

energy storage control conditions so that an ideal WEC array will produce constant

power. The most general case is considered first followed by a homogeneous array

whose sufficient conditions for constant power are greatly simplified.
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xN

wave velocity

Figure 6.1: Top-down view of an N buoy WEC array. WEC motion is
assumed to be in heave only [57].

Consider the N WEC array of Figure 6.1 where the devices are arranged such that

their hydrodynamic coupling is negligible and they all receive the same wave forces.

The vertical speed of the ith WEC is assumed to be

żi = vi cos(kxi − ωt) (6.1)

where vi is its amplitude, k the wave number, xi the x component of its position vector
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from the origin of the reference frame, ω is the temporal frequency and t is time. The

wave number and frequency are related by the dispersion equation of Eq. 6.2

ω2 = gk tanh (kh) (6.2)

where g is the local gravitational acceleration and h is the water depth. Assuming

that the ith WEC’s control force is

Fc,i = kc,ivi cos (kxi − ωt+ θi) (6.3)

where kc,i scales and θi phase shifts the velocity. The ith WEC power output is

pi = kc,iv
2
i cos (kxi − ωt) cos (kxi − ωt+ θi), 0 ≤ θi ≤

π

2
(6.4)

where θi = 0 yields maximum power and θi = π
2
results in minimum power. The

control law of Eq. 6.3 captures a wide range of control strategies, including the resistive

approach used in the case studies in Sections 6.2 and 6.3. Summing Eq. 6.4 over all

N WECs, employing some trigonometry and defining 2Ai = kc,iv
2
i , the array power

is
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p =
N−1∑
i=0

Ai [cos (2(kxi − ωt) + θi) + cos θi] (6.5)

To achieve constant power ṗ must be zero for all time leading to the condition

N−1∑
i=0

Ai sin (2(ϕi − ωt)) = cos 2ωt
N−1∑
i=0

Ai sin 2ϕi − sin 2ωt
N−1∑
i=0

Ai cos 2ϕi = 0 (6.6)

where

ϕi = kxi +
1

2
θi (6.7)

This results in two simultaneous equations, Eq. 6.8, that when satisfied, ensures the

array power is constant. For a given regular wave, k or ω, and specified WEC spacing,

xi, there are 2N free parameters - Ai and the θi of Eq. 6.7.

N−1∑
i=0

Ai sin 2ϕi = 0

N−1∑
i=0

Ai cos 2ϕi = 0

(6.8)
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If the WEC spacing is fixed, then these constant power conditions are satisfied for

only a set of specific wave numbers k. This may seem limiting, however, Eq. 6.7

illustrates that by adjusting the WEC control phase, θi, it is possible to achieve

constant power for a continuous variation in k with some sacrifice of output power.

Reducing an individual WECs power output by adjusting its θi may be justifiable

since maintaining the array’s constant power reduces: (1) power loss due to storage

cycling, (2) storage capacity requirements and (3) losses arising from transmitting

sinusoidal power from the array.

To quantify the array storage requirements, consider the case where Eq. 6.8 is not

satisfied. The array’s power output due to the WECs, Eq. 6.5, will be sinusoidal. A

storage device can be added to the array that absorbs and contributes energy such

that the net power transmitted from the array is again constant. Considering the

storage device as the N th ”WEC” in the array, the polyphase conditions of Eq. 6.8

become

N−1∑
i=0

Ai sin 2ϕi = −AN sin 2ϕN

N−1∑
i=0

Ai cos 2ϕi = −AN cos 2ϕN

(6.9)
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The magnitude and phase of the storage power, AN and ϕN , are

(2AN)
2 =

(
N−1∑
i=0

Ai sin 2ϕi

)2

+

(
N−1∑
i=0

Ai cos 2ϕi

)2

tanϕN =

∑N−1
i=0 Ai sin 2ϕi∑N−1
i=0 Ai cos 2ϕi

(6.10)

where AN can be used to determine the storage capacity based on the expected wave

frequency, array configuration, and the use of θi to trade-off power output for storage

capacity.

As an example, consider an N = 5 array where the WECs have identical power

output, Ai = A, when operating at peak capacity, θi = 0. For a wave frequency

ω = ω0 = 0.3237 rad/s, or k = 0.0126m−1 where the depth is h = 100m, the total

power is constant when ϕi = {0◦, 72◦, 144◦, 216◦, 288◦} for i = 0 . . . 4 as shown in

Figure 6.2a.

Now consider the case where the wave frequency is reduced by 20%, ω = 0.8ω0, but

the WEC spacing is unchanged, resulting in a sinusoidal total power output shown in

Figure 6.2c. In this example xi = 100im, but any appropriate spacing would suffice.

The array can be brought back to constant power in two ways: (1) through storage

control or (2) adjusting the control force phasing, θi, of Eq. 6.3. Figure 6.2c shows the

storage solution using Eq. 6.10 where AN = 0.6215. The required storage capacity,

E, is the magnitude of the integral of the storage power, in this case E = AN/0.8ω0.
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Another approach to securing constant power is to control the phase angle θi. These

can be found by solving a constrained optimization problem: Calculate the θ∗i that

minimize J =
∑
θi subject to the equality constraints of Eq. 6.8 and 0 ≤ θi ≤ π

2
.

The motivation for this particular J is to keep the individual WEC output as close as

possible to the maximum. It’s important to note that alternative cost functions can

be used that may be better from an array perspective. The results for J =
∑
θi are

shown in Figure 6.2d where θ∗0 = θ∗3 = 0 and θ∗1 = 52.5◦, θ∗2 = 11.4◦ and θ∗4 = 30.0◦.

While constant power was achieved, the array power was reduced from 2.5 to 2.3 or

about 8%. This could be an acceptable reduction depending on the availability of

array storage or the loss incurred transmitting the sinusoidal power of Figure 6.2b.

It’s important to note that as the number of WECs in the array increases, the array

power penalty decreases dramatically. For example, if 10 WECs are used, the power

reduction is about 0.1% for the same 20% change in wave frequency.

Next, consider the special case where all the WEC’s are identical, Ai = A. Without

any loss of generality, the reference frame origin can be placed at the 0th WEC as

shown in Figure 6.1. The constant power conditions in this situation are

N−1∑
i=1

sin 2ϕi = 0

N−1∑
i=1

cos 2ϕi = −1

(6.11)
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Figure 6.2: Five-WEC array example illustrating (a) constant power when
the wave frequency, ω0 satisfies the polyphase conditions, (ω = ω0, θi = 0,
AN = 0) (b) the effect on power when ω ̸= ω0 (ω = 0.8ω0, θi = 0, AN = 0),
(c) using storage to achieve constant power (ω = 0.8ω0, θi = 0, AN = 0.6215)
and (d) using θi to achieve constant power without storage (ω = 0.8ω0,
θi = θ∗i , AN = 0) [57].

For N = 3 the solution is ϕ1 = 120◦ and ϕ2 = 240◦ and for N > 3 there are multiple

solutions. Using Eq. 6.7, the ϕi can be attained using a variety of spacing, xi, and

control phasing, θi.

Applying two additional conditions: (1) equal spacing, xi = Li, where L is the

distance between any two WECs and (2) peak power operation, θi = 0, the constant

power sufficient conditions can be written using closed-form set operations. To show
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this, arithmetic progression expressions are substituted into Equation 6.11 as shown

in Eq. 6.12.

N−1∑
i=0

sin (2kLi) =
sin (NkL)

sin (kL)
sin ((N − 1)kL) = 0

N−1∑
i=0

cos (2kLi) =
sin (NkL)

sin (kL)
cos ((N − 1)kL) = 0

(6.12)

If the wave length, λ = 2π
k

is known, Eq. 6.12 can be manipulated to create the

sufficient conditions for the set of separation distances, {L},

{L} =

{
mλ

2N

}
−
({

mλ

2(N − 1)

}
∪
{
mλ

2

})
m = 1 . . .M (6.13)

where the subtraction symbol is the relative compliment operator and M , R and

Q are ≥ 1 and wavelength and wavenumber are related by λ = 2π
k
. The number of

separation distances returned isM . Similarly, if the separation distance L is specified,

then the sufficient condition for the set of wavelengths, {λ}, that yield constant power

are

{λ} =

{
2NL

m

}
−
({

2(N − 1)L

m

}
∪
{
2L

m

})
m = 1 . . .M (6.14)
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Figure 6.3 helps to visualize the possible spacing solutions given a wave frequency

ω0 for the five-WEC array considered earlier. In this case the wavelength was set

to λ0 = 60m corresponding to ω0 = 1.1036 rad/s when the water depth is h =

100m. The most densely packed solution is shown with the blue circles and the most

sparse solution shown with red circles. They both have the 0th WEC in common

at the origin. The horizontal lines are the phase angles calculated earlier and the

diagonal lines repeat according to the wavelength. Valid solutions must span all five

phases, ϕi = {0◦, 72◦, 144◦, 216◦, 288◦} for i = 0 . . . 4, while intersecting the diagonal

wavelength lines.
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Figure 6.3: Two spacing solutions for the five-WEC array example intro-
duced earlier. The phase, ϕi described by Eq. 6.8, is plotted with respect
to the buoy location xi. The 0th WEC for both solutions is at the origin
shown as a black circle. A tightly packed solution is shown with blue circles
while a sparsely packed solution is shown in red [57].
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6.2 Simulation Case Study

While the previous development was motivated by the WEC array application, it did

not consider the WEC’s dynamic response. Thus, it was applicable to any set of N

generators but ignored the more realistic WEC response to waves. In this section

constant power conditions are explored using WEC array dynamic models. Three

and six-WEC arrays were considered for the special case described above where their

inter-WEC spacing, L = 100m, was constant, and their power outputs were identical,

Ai = A. The WEC array simulation included a storage controller that ensured the

total power was constant regardless of the wave frequency or spacing. The simulation

was executed by sweeping through a range of wave frequencies where the storage

power sinusoidal amplitude was used to assess performance. Similar to the analysis

above, the six-WEC array was less sensitive to variations in the conditions that yielded

constant power than the three-WEC array.

The WEC array model consisted of N cylindrical buoy point absorbers each with

1.0m radius and 1.0m draught. It was assumed that their constant, inter-WEC

spacing L was sufficiently large so there was no dynamic coupling. Furthermore, all

the WECs incident waves had the same properties and so their power outputs were

identical as mentioned above. The local water depth was h = 100m.
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The ith WEC’s dynamic model was adapted from [66, 85] and is shown in Eq. 6.15

where the i subscripts are omitted for brevity.

(m+ a∞)z̈ = Fe + Fc + Fr + Fs (6.15)

The added mass at the infinite frequency is denoted by a∞, and the forces on the right

are: excitation, Fe, control, Fc, radiation, Fr, and hydrostatic Fs. The expressions

for each are,

Fe =

∫ ∞

−∞

[
hexc(τ)η(t− τ)

]
dτ

Fc = −kcż

Fr = −
∫ t

0

hr(t− τ)żdτ

Fs = −ksz

(6.16)

where hexc is the excitation impulse response function, η(t− τ) is the wave elevation,

hr is the radiation impulse response function and ks is the linear hydrostatic stiffness

constant. The z and ż correspond to the vertical WEC displacement and velocity

respectively. The hydrostatic stiffness constant and other hydrodynamic coefficients

were generated using the boundary element solver in the hydrodynamic analysis soft-

ware WAMIT.
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a) The excitation force IRF, hexc(t).
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b) The radiation force IRF, hr(t).

0 1 2 3 4 5 6 7 8 9 10

Time (s)

-1

-0.5

0

0.5

1

1.5

h
r(

t)
  

(k
N

s
/m

)

Figure 6.4: The impulse response functions experienced by each WEC.
The inter-WEC spacing was L = 100m, and no significant hydrodynamic
coupling could be observed for the cylindrical WECs with 1.0m radius and
1.0m draught [57].

The hexc and hr were computed using the Fourier-transform of the frequency-

dependent excitation force and radiation damping hydrodynamic coefficients, respec-

tively and are shown in Figure 6.4. Similarly, the added mass at infinite frequency

was found to be a∞ = 1950.6 kg, and the hydrostatic stiffness was found to be

ks = 3.1 kN/m. The rate feedback control law, Fc, is a subset of the family in-

troduced earlier in Eq. 6.3. The excitation force contains the dynamic Froude-Krylov

and diffraction forces. The linear assumptions require that the incoming waves have
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small amplitude and steepness and that the WEC motions are also small.

The peak RMS power and energy were calculated for the last 100 s of the simulations

(total run time being 500 s) to avoid the initial transient behavior. The peak RMS

power, as shown in Figure 6.5 was calculated using the storage power sinusoidal am-

plitude in Equation 6.10. The energy spent by the ESS was calculated by integrating

the storage power over the last 100 s, which in this case would be E = AN/ω. No-

tice, in Figure 6.5, the ESS power increases with an increase in wave frequency while

the ESS energy is less sensitive to increase in wave frequency because as the power

increases, so does the wave frequency. Therefore, the ESS specifications should be

informed by both the power and energy requirements.

The ith WEC’s power output is given by Eq. 6.4, with θi = 0, and the total WEC

power by Eq. 6.5. When the array conditions are such that constant power is achieved,

the total power will be p = 1
2
NA. This value was used as the reference for the storage

controller, which simply added the necessary power to make up the difference between

the reference and the instantaneous, total WEC power output.
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6.3 Results

For both the 3-WEC and 6-WEC arrays, the simulation was used to assess the storage

needed to produce constant power with inter-WEC spacing held at L = 100m. The

incident wave amplitude was 0.25m and the wave frequency was stepped for a total of

1000 frequencies between 0.75 to 1.75 rad/s . At each frequency, the simulation was

allowed to run for 500 seconds. The simulated storage power for both cases are shown

in Figure 6.5. The constant power frequencies are shown as red dots as computed

by the {λ} set of Eq. 6.14. As expected, these match well with the minima of the

simulated storage power.

One of the primary differences between the three and six-WEC arrays is their sen-

sitivity to variations in wave frequency. If the objective is to reduce the amount of

oscillation in the array power, the least desirable situation is when the wave frequency

corresponds to a local maximum in the storage plots. Selecting a spacing that allows

that avoids maxima for the expected wave frequency variation is more easily achieved

for the six-WEC array. This storage ”flatness” increases dramatically with N .
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a) Three-WEC Array

b) Six-WEC Array

Figure 6.5: Storage power and energy, as a function of wave frequency
(0.75 rad/s - 1.75 rad/s), required to ensure that the WEC array power was
constant for both three and six-WEC arrays. The inter-WEC spacing was
L = 100m. The storage energy requirements are less sensitive to increases
in wave frequency when compared to storage power [57].

6.4 Summary

Energy generated by a single wave energy converter needs modulation, but a network

of WECs with staggered phases can complement each other to result in constant

power that can be integrated to a marine energy grid. Increasing the number of

WECs in a WEC array reduces the fluctuations in the aggregate power produced by
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the WEC array. If the WECs constituting the WEC array produce polyphase power,

the fluctuations in the net power produced by the WEC array can be mitigated.

This work shows that the phase of the ocean waves can inform the layout of a WEC

array to produce polyphase power. The simulation model also demonstrates that the

control effort to maintain constant power requirements can be significantly reduced

if a WEC array produces polyphase power. Additionally, the constant total power

is less susceptible to transmission losses for the undersea transmission lines. Finally,

polyphase power generation capabilities can significantly reduce the size of the ESS

needed for the power management of a MEG.

This work can be extended to irregular wave conditions with different wave periods

and directions. The majority of the energy in the incoming wave is concentrated in

a narrow bandwidth of wave periods. For instance for Pierson-Moscowitz spectrum

most of the energy is concentrated between the wave periods of 6−10 s. Linear theory

can be used to describe most irregular wave spectra using 5 to 10 significant wave

periods and their corresponding wave heights. The conditions developed in this work

used the summation of sinusoidal series to identify conditions needed for generating

polyphase. These conditions can be extended to irregular waves by including the

significant wave periods and wave heights in the summation of the sinusoidal series

used to develop such conditions. Additionally, asymmetric hull design of the WEC

can further assist in achieving polyphase condition. Ultimately, the power produced

by a deployed WEC array is bound to have some fluctuations. However, this work
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tries demonstrate that the phase of the waves received at individual WECs in an

array should be a consideration in control design for power-management of WEC

array based Marine Electric Grids.
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Chapter 7

Conclusions and Future Work

This work analyzed the physical phenomena that affect WEC arrays, addressed the

challenges in their numerical modeling, and proposed grid integration strategies. This

work developed a metric to evaluate the theoretical limit of the energy available to a

WEC array. This was followed by the development of a radiation force estimation al-

gorithm to ensure the numerical stability of time-domain models. The algorithm was

verified for WEC arrays with different packing densities. The algorithm was found

to have a threshold for estimating passive models for the WEC array with respect

to WEC array packing density. Lack of passivity does not necessarily mean instabil-

ity, but the model is no longer guaranteed to be stable for all operating conditions,

especially around the relevant, resonant frequencies. Overall, the estimated models

simulated WEC array motion characteristics within 5 % even for the densest WEC
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array simulated. The numerical WEC array models also exhibited the trapping effect,

such that the available wave energy flux increased with an increase in hydrodynamic

couplings. This corroborated the theoretical assumptions used to develop the WEC

array performance metric. The oscillatory nature of wave energy resources challenges

the establishment of Marine Energy Grids as they require a constant power source.

The grid integration issues introduced by the oscillatory power profile of renewable

energy sources are mitigated by Energy Storage Systems and can add high logistical

and operational costs. This work recommended WEC array design considerations

that could markedly reduce the Energy Storage System effort. This work used plane-

progressive waves that oscillate in the vertical plane. The analyses shown here could

be extended to circular waves and irregular waves. Additionally, a normalized version

of the system identification algorithm could further extend the applicability of the

proposed algorithm.

This work showed that, in a WEC array,

1. The hydrodynamic couplings can increase the energy that can be extracted,

2. The radiation damping hydrodynamic coefficients can be used as an indicator

of hydrodynamic coupling and the theoretical limit of the energy that can be

extracted,
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3. The Linear Time-Invariant system identification of radiation force should en-

force passivity to ensure the numerical stability of time-domain models,

4. Producing constant power is desirable for grid integration,

5. Layout design can help harmonize the power produced by the WEC array such

that it produces constant power.

Multi-body dynamics analysis of WEC arrays remains challenging, especially when

external mechanisms such as support structures and mooring forces are introduced.

The current state of the art in multi-body dynamics is constrained due to the dense

inertia matrices involved in WEC array multi-body dynamics due to the added-mass

terms. Tools to solve such problems can be a significant contribution to WEC array

research.

Lastly, access to WEC modeling tools remains a significant hurdle for the WEC

research community and the emerging industry. The development of open-source tools

can significantly increase the critical mass of people innovating, designing, testing

WECs. The time-domain models discussed here can be extended to open-source code

packages in the future.
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Appendix A

Frequency Domain Modeling of

Salter Duck Arrays

Consider a wave energy converter in terminator configuration, i.e., the axis of the

device is coplanar with the water surface and facing the incident waves. The axis

is located at the hub of the central axis, and the incoming waves cause oscillations

about it. The geometry is ellipsoid such that the attacking circular section (section

facing incoming waves) has a much lower radius than the non-attacking rear circular

section. The axis is located near the non-attacking section. Such a device was first

investigated by Salter et al at the University of Edinburgh [103]. Therefore, the device

is referred to as ‘salter duck’ in the literature [73, 74, 83, 96, 110]. Further, consider

multiple such salter ducks held together by a spine in an arc. Retzler analyzed this
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by modeling a flexible spine coplanar to the water surface and arching away from the

direction of the waves [99].

A.1 Governing Equations

The fluid is assumed to be incompressible, irrotational, and inviscid so that a harmonic

velocity potential ϕ exists where Cartesian coordinates system x, y, z is chosen with

z = 0, the plane of the undisturbed free surface. The linearized free-surface condition

is,

kϕ+
∂ϕ

∂z
= 0 on z = 0 and, k =

ω2

g
(A.1)

A harmonic velocity potential describing a wave with amplitude A, making an angle

β with the positive x-axis is described by Evans [29] and Retzler [99] as,

ϕ(x, y, z) =
gA

ω
eikx cosβ+ikysin(β−kz), where, ω = gk tanh (kh) (A.2)
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The phase velocity is given by,

V⃗p =
ω

k
=
√
gj tanh (kh) (A.3)

In deep water kh≫ 1 and tanh (kh) = 1, therefore,

∂ϕ

∂x
=
gkA

ω
ekx cos (kx− ωt)

∂ϕ

∂z
=
gkA

ω
ekx sin (kx− ωt)

(A.4)

The horizontal and vertical velocities differ by π/2 in phase so that for infinite depths

and small waves, the particles move in approximately circular paths with radii de-

creasing exponentially with depth. For finite depths, particles move in ellipses, which

get flatter as the water gets less deep [29, 66].

A.1.1 Hydrodynamics of Multiple Ducks

The general equation for a body oscillating in water can be given by,

[m⃗+ aiω]¨⃗x+ [bi(ω) + cd] ˙⃗x+ kixi = Ffi(ω)e
iωt + FC(ω) (A.5)

Where the aiω denotes the frequency-dependent added mass and bi(ω) denotes the
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frequency-dependent radiation damping. The quantity added mass denotes the rate

at which the body exchanges energy with the waves it creates with its oscillation,

whereas bi(ω) denotes the rate at which the body radiates energy to the far-field.

The excitation force comprises of the diffraction force Ffi(ω), control force FC(ω),

and radiation force FR(ω).

Haskind relation given by Equation A.6, simplifies Green’s second identity to give a

relation for diffraction force [37],

Ffi(iω) = −iωρ
∫∫ (

ϕ0
∂ϕi

∂n
− ϕi

∂ϕ0

∂n

)
(A.6)

where ϕ0 is the incident wave potential, and ϕi corresponds to the body index in the

array. The expression is integrated over S∞ which represents a cylinder at infinity

surrounding the body in the far-field. It is assumed that the velocity flux for radiation

ϕR and velocity flux for diffraction ϕD, are outgoing in the far-field. Salter duck can be

considered as a two-dimensional body which can be considered as a beam sea device.

If the device crest length is considered L and the far-field radiated wave amplitude is

denoted by (A) with subscript UW denoting up-wave and DW denoting down-wave

directions, the Haskind relation in Equation A.6 can be simplified to give,

Ffi(iω) = ρgAUW (iω)L (A.7)
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The radiation damping for a single mode i can be given by Haskind-Hanoka relation

[29, 37, 66]given by Equation A.7 as,

bi(ω) =
|Ffi(iω)|
8PWLγ

, where, γ =
|AUW (iω)|2

|AUW (iω)|2 + |ADW (iω)|2
(A.8)

Korde shows that Green’s second identity when applied to the radiation potential

and just the body disturbed part of the diffraction potential (ϕs = ϕ0 − ϕD), and the

respective conjugates quantitatively link the radiation behavior of the device in calm

water to the reflection/transmission of incident waves when the device is held fixed.

R(iω)A∗
UW (iω) + T (iω)A∗

DW (iω) +AUW (iω) (A.9)

The device will experience radiation denoted by AUW (iω) and ADW (iω) and also

reflection/transmission as measured by R(iω) and T (iω) . Evans and Korde describe

a relation for which describes the efficiency for energy conversion by taking the ratio

of power absorbed and the power incident on the device [29, 66],

η = γ − AUW (iω)a∗ − γ

γ
, where, α =

ωUi(iω)

gA
(A.10)

where Ui(iω) denotes the oscillation velocity complex amplitude. Equation A.10
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explains the importance of velocity control for efficient energy absorption. If Ui(iω)

is controlled optimally such that AUW (iω)a∗ = γ, the device can have the maximum

possible efficiency such that η = ηmax = γ [29, 66].

Coming back to the discussion of salter ducks, the geometry of the device entails

that the down wave transmissions approach zero, i.e., ADW = 0. This results in γ

becoming 1. This is a very appealing feature of the salter ducks as this results in

approaching 1, i.e., 100% of the energy can be absorbed by the salter ducks by virtue

of geometry. Since multiple salter ducks are considered here, each of the devices will

experience a force due to the wave radiated by other devices. Therefore, matrices for

radiation damping and added mass must be considered. Due to Newton’s III law,

reciprocity entails symmetry in radiation damping, added mass, and forces resulting

in hydrodynamic coupling. As pointed out by Falnes and Korde, each device can

be considered as six oscillators (for 6 DOFs). For N bodies, therefore, there are 6N

oscillators. Corresponding parameters are then denoted by the subscript i in the

following equations such that i = 6(p− 1)+ j, where p denotes the index of the body

being considered and j the considered mode. When considering the excitation force,

the oscillating body with complex velocity amplitude ûi radiates a wave that acts

on oscillator i with an additional complex amplitude −ZiiuI . Using the principle of

superposition, the total force acting on oscillator i becomes,

(F̂(t,i) = F̂(e,i) − ΣZiiûi (A.11)
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where the sum is taken over all oscillators, including oscillator number i. The complex

matrix Z is the radiation-impedance matrix and can be decomposed in radiation

resistance and radiation reactance matrices such that [29]

Z = R+ iωm (A.12)

Where m is the hydrodynamic added mass matrix. Falnes and Kurniawan give a

relation for far-field wave elevation as,

ηd,r,g = −iω
g
Cd,r,g(θ)(kr

− 1
2 + e−ikr+···), as, kr → ∞ (A.13)

where ηd,r,g denotes diffraction, radiation and outgoing wave elevations. It should

be pointed out that the wave elevation η0 = Ae−ikr cos (β+θ), where β is the angle of

the incident wave from the horizontal x-axis. It should be noted that the excitation

force is also a function of as the angle of the incident wave becomes crucial because

the arched arrangement of the salter ducks on the spine will entail different angles of

approach.
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A.1.2 Hydrodynamics of the Curved Spine

The dynamics in the pitch mode for a single salter duck is discussed by Count, Cruz

et al Lucas et al [17, 20, 73, 74].

The single duck pitches about an off-centered axis. Therefore, the Cummins’ equation

can be modified to consider the pitch mode and then expanded to consider multiple

devices.

If an ideally rigid curved spine is considered, the rigid spine will constrain some

degree of freedoms for the device array. Since the spine would be rigid it would

allow pitching about it as an axis for the salter ducks. However, the salter ducks

would not be able to surge, heave (independent of each other), sway, roll, and yaw

about their own body axes. The dynamics of the spine were investigated by Retzler,

where he considered the spine to be a beam under bending [99]. For the structure

of the beam, two approaches can be taken, such that either the spine is a continuous

spine with individual salter ducks hinged on it so that they pitch along a continuous

spine; another approach would be to consider the curved spine connecting only the

adjacent ducks. If the spines are considered to be a beam, bending would occur in the

horizontal local x direction and the vertical local z direction. For the salter ducks,

this would result in an additional surge and heave displacements along with a yaw
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and roll angular displacements respectively. Considering the crest of the wave long

enough such that it doesn’t result in twisting torsion in the spine beams, the spine

would not add to the pitch of the salter ducks. However, the pitching of the salter

ducks would introduce some torsional twists in the spine depending on the relative

difference of the pitch angular displacement of adjacent salter ducks. If the crest of

the wave is considered long enough and the relative capture length of the salter ducks

is less than the length of the spine connecting them, axial displacements of the beam

and hence sway on the salter ducks, due to the wave-induced axial displacement of

the beam can be ignored. However, sway in the salter duck may be introduced due

to the axial displacement in the spine caused by the relative difference in the surge of

other salter ducks. The shear in the spine would not be considered as the difference

in the force acting upon different points on the beam facing the incident wave can be

ignored to cause shear on the spine.

A.1.3 Dynamics of Bending Spine

Retzler considers the beam model for the spine in the horizontal local x axis (normal

to the axis of the spine) where the incoming wave makes an angle β with the x-axis

[98, 99]. Defining the equations of motion in x direction for a beam of elasticity E
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and sectional moment of inertia I, one can write,

F = −EI ∂
4x

∂y4
(A.14)

Where length of the spine is along y-axis and x-axis is normal to the axis and in the

plane of z = 0. Therefore, the dynamics equation can be expressed as,

− (mb + ab,m)ẍ− Zẋ+ EIxiv = WxxAxx (A.15)

Where, mb is the mass of the beam, ab,m denotes the frequency-dependent added-

mass, Z is the impedance damping and includes the frequency-dependent radiation

damping term, iv denotes the fourth differential of x, W denotes the wave force

coefficient and A denotes the wave amplitude. Defining k as the wave number such

that

k =
2π sin β

λ
(A.16)

where β is the wave angle to x-axis. The fourth order linear non-homogeneous equa-

tion in x (Equation A.14) can be solved by undetermined coefficients. Assuming

steady state sinusoidal conditions the force can be expressed as WA0e
i(t−ky). There-

fore

x = x0e
i(t−ky) ; ẋ = iωx; ẍ = −ω2x;xiv = k4x(28) (A.17)
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Therefore, rewriting in frequency domain as,

− (mb + ab,m)ω2x− Ziωx+ EIk4x = WxxAxx (A.18)

And,

x =
WxxAxx

(mb + ab,m)ω2 − Ziω − EIk4
(A.19)

Equation A.19 indicates that resonance would occur when the inertia term is canceled

by its added spring term. The homogenous equation given by Equation A.19 can be

solved by substituting x = x0e
µy

(mb + ab,m)ω2x0e
µy − Ziωx0e

µy − EIk4x0e
µy = 0 (A.20)

µ =
4

√
(mb + ab,m)ω2 − Ziω

EI
(A.21)

Using De Moivre’s theorem

x = x0e
iωt[e−iky + Σ3

0Cje
µjy] (A.22)
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The four coefficients C0,1,2,3 can be worked out by using the boundary conditions such

that, at the ends of the beam, the bending moments and the shears must be zero

EI
∂4x

∂y4
= 0; z = 0, L; EI

∂3x

∂y3
= 0; z = 0, L (A.23)

The four boundary conditions help in the solution for unknowns in C such that,

[
∂2x

∂y2

]L
0

= x0

[
− k2e−iky + Σ3

0Cjµ
2
je

µjy

]L
0

= 0[
∂3x

∂y3

]L
0

= x0

[
ik3e−iky + Σ3

0Cjµ
2
je

µjy

]L
0

= 0

(A.24)

By elimination and substitutions with µ, values of x as a function of time and distance

y down the spine can be worked out. For each axis frequency-dependent values need to

be substituted accordingly, along with the respective mass and elasticity of the beam.

Respective wave parameters such as ω, A and k (using ω2 sin β/g for deep water) are

also respectively substituted. As discussed at the beginning of this section, bending

would also occur in the vertical local z direction. The relations in the z-direction will

have a similar form. However, there would be a difference in wave amplitude A in

the surge and heave modes. Retzler points out that the amplitude in heave mode will

be a constant, but in surge mode its multiplied by the cosine of the wave angle such

that,

As = Ah cos β (A.25)
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Retzler refers to Garrison’s work in deducing that each strip of the beam is unaffected

by its neighbor using strip theory until radiated wave angles are such that crest

lengths are in the comparable order of the spine’s beam segment, this corroborates

the assertion made in the beginning of this section [48, 99]. Using beam theory, the

moment M for the beam can be given by,

M =
EI

R
(A.26)

Where R is the radius of curvature of the beam and is large, the angle θ gives the

angle of a spine joint, given the pitch of the joints is h such that,

θ =
h

R
(A.27)

Given the spine has stiffness σ Nm/rad

M = σθ, then, MR = σθ
h

θ
= σh = EI (A.28)

Similarly, if joint damping is then beam damping becomes h. the aggregate relation

for flexural rigidity can therefore be given by,

EI = h

(
sr +

1
1
σ
+ 1

st

)
(A.29)

where, sr is the reference spring, commanded spine stiffness is given by σs and intrinsic
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stiffness of the spine segment is st. Therefore, the final equation for bending moment

can be given by,

M = (σ + iωδ)h
∂2x

∂y2
(A.30)

The above relations can then be used for a similar analysis in the heave mode i.e. z

direction. From above discussion, it can be deduced that resonance will occur in the

spine when the spring terms cancel the inertial terms and the impedance. The value of

k increases with angle of incidence reaching a peak at β = π/2. Therefore, with drop

in frequency the resonance moves to larger angles of incidence, but since β is limited

to π/2 there will be a frequency below which no resonance will occur. From above

relations, it can also be seen that at 0 wave angle the k will also become 0 and therefore

no bending will occur. Also, at resonance, (mb + ab,m)ω2 = (EI + added spring)k4.

Therefore, the bending moment at resonance is proportional to
√
EI. Retzler further

expands the continuous beam model as a discrete model and works out a nodal

analysis, such that the spine is segmented and not continuous.

A.1.4 Torsion due to pitching salter ducks

Since the incident wave approaches at an angle and due to the distance separating

the salter ducks, the salter ducks would not pitch in phase, such that the pitch

angular displacements for adjacent salter ducks will be different. The difference in
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the pitch angular displacement will introduce a twist in the connecting spine beam.

The pitch angular displacement was expressed earlier as for a single duck. Therefore,

the difference between two adjacent salter ducks’ pitch angular displacement can be

given by, ϵn − ϵn+1 = ∂ϵ. Therefore, the torsion for the horizontal spine can be given

by [21],

T = GJt
∂ϵ

∂y
(A.31)

Where, Jt is the torsional parameter which is πr4/4 for a solid circular cross section

and G is the torsional modulus. Therefore, the torsional dynamics equation can be

given by,

− (mb + ab,m)ϵ̈− Zϵ̇+G
πr4

4

∂ϵ

∂y
= 0 (A.32)

As for bending discussed above one can write,

ϵ = ϵ0e
i(ωt−ky); ϵ̇ = iωϵ; ϵi = ktx (A.33)

Therefore, the dynamics equation can be rewritten as,

(mb + ab,m)ω2ϵ− Ziωϵ−GJtktϵ = 0 (A.34)
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A.1.5 Effect of bending moment of spine on salter ducks

As discussed earlier in this section, the bending of the spine in surge mode will entail

yaw and surge effects. The angle θ represents the angle at the ends of the spine

due to bending. θ can be accommodated in the displacement matrix in the time

domain by adding to the salter duck’s yaw angular displacement using the principle of

superposition. The resulting additional small surge due to bending can be calculated

by multiplying the distance of the point at which the spine is attached to the salter

duck and the distance to the center of the salter duck such that the added surge

term in the matrix becomes θl/2 (where l is the capture width of the salter duck).

Similarly, in the heave mode, the heave of the spine due to bending in z direction

will entail roll and heave effects on the salter duck. This workflow can be analogously

used to work out the angle α at the ends of the spine due to bending. The small-angle

α can be added to the roll angular displacement of the salter duck, and αl/2 will be

added to the heave displacement for the Salter duck displacement matrix using the

202



principle of superposition, such that,

x =



x+ θl/2

y

z + αl/2

ψ1

ψ2 + θ

ψ3 + α



(A.35)

Where, X denotes the displacement matrix, which can then be plugged back in the

dynamics equations discussed above. ψ1 denotes the pitch angular displacement,

ψ2 is the roll angular displacement, and ψ3 is the yaw angular displacement. The

spine will also contribute to the hydrodynamic coupling and can be treated as an

additional dynamically coupled body. The hydrodynamic coefficient matrices for

frequency-dependent added-mass and frequency-dependent radiation damping can

be numerically calculated using WAMIT.
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A.2 Numerical Model for Salter Duck Array

A.2.1 Model Description

As discussed in the previous section a salter duck would encounter hydrodynamic

couplings such that the motion in different degrees of freedom gets coupled with each

other. When we analyze multiple such ducks, the motion in different degrees of free-

doms of one duck would also get coupled with the motion of other salter ducks in their

different degree of freedoms. The hydrodynamic coefficients can be calculated using

the WAMIT package. This analysis will consider three such salter ducks arranged in

an arc such that the arc is concave with respect to the incoming waves. A simple

sinusoidal wave will be considered. Complex conjugate control will be used for the

control force. Power generated due to pitch motion over a 10 second period will be

calculated using the mean velocity and force for the pitch degree of freedom. The arc

mooring interaction is not considered; therefore, the analysis will effectively consider

an array of salter ducks in an arc. The discussion in previous sections can consider

such moorings but would require a more thorough definition of moorings. Also, the

WAMIT package cannot analyze multiple bodies of different geometries but can do

calculations for an array of single body geometries.
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A.2.2 Model Setup

WAMIT requires a geometric mesh file of the body under consideration. The geometry

for a salter duck was described parametrically. The geometry was defined such that

the two faces of the beak of the salter duck make an angle of 45◦ or π/4 rad with

each other. The two faces are also tangential to the hub cylinder. Using sine triangle

laws, the top extension of the beak that is the posterior side can be expressed as

x = R sin (3π/8)
sin (π/8)

and the extension of the anterior face of the beak can be expressed as

d = R
sinπ/8

.

The mesh file needs a discretized definition of the geometry. This discretization

was done using the NEMOH package, which can then be used as an input for the

WAMIT package to generate the hydrodynamic coefficients. However, WAMIT could

not solve the hydrodynamics for the body and ran into stack overflows. Similar

problems were encountered by Lucas et al., and Lucas resolved this by considering a

horizontal cylinder with an off-centered axis [74]. Lucas verified this approach using

experimental testing and concluded that such a horizontal cylinder is a very close

approximation of the salter duck geometry [73]. The equivalent horizontal cylinder is

described such that the equivalent radius is Re =
R− R

sin (π/8)

cosπ/8
and the offset of the axis

of rotation e is: e = Re −R.
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Figure A.1: The modified Salter-Duck geometry was used for this work.

Figure A.2: Equivalent cylinder

The equivalent horizontal cylinders were described as a discretized mesh file, and

three of them were arranged in an arc such that they made an angle of 60◦ with the

adjacent duck from the center of the arc. As shown in Figure A.4, the mesh file was
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Figure A.3: The Salter Duck WEC array is used for the numerical
modes=ls.

thus used as the input mesh file for WAMIT.

A.2.3 Hydrodynamic coefficients and Performance

The operating parameters were set such that the mean power could be compared to

the results by Lucas. The diameter of the body was set at 6 m, and a sinusoidal wave

of amplitude 0.1 m was used to run the simulations. The frequency for the incoming

wave was varied from 0 to 5 Hz with graduations of 0.1 Hz.

The comparison of hydrodynamic coefficients and velocities shows that the central

Salter Duck has higher numerical values of hydrodynamic coefficients. This translates

to higher velocities and power profiles. The increase in hydrodynamic coefficients can

be ascribed to the trapping-effect described by Sir Taylor et al. and is observed and

discussed in Chapters 4 and 5.
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Figure A.4: The hydrodynamic coefficients of the Salter Duck WEC array.
The normalization is done by dividing the added mass and radiation damping
terms by the mass of the fluid displaced by the WEC body.

Figure A.5: Velocity and control force as a function of wave frequency.
The control force was calculated using complex-conjugate control.

WEC 1 WEC 2 WEC 3
Mean Reaction Force (off-center axis) 1.4 MN/m 1.12 MN/m 1.15 MN/m

Mean Absorbed Energy 1.48 GWh 0.93 GWh 0.98 MN/m

Table A.1
Performance characteristics of Salter Duck WEC array. WEC 1 was the

central Salter Duck whereas WEC 2 and 3 were the peripheral Salter Ducks

The mean reaction force at the off-center axis was 1.59 MN/m according to work done

by Lucas for a cylinder of diameter 6 meters. In contrast, the mean absorbed energy
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was 0.5 GWh for a cylinder of radius 6 meters. The discrepancy can be attributed

to the fact a regular sine wave was used for this analysis, whereas Lucas used the

Bretschneider spectrum.

A.3 Conclusions

The hydrodynamics for wave energy converters in terminator configuration was an-

alyzed. The hydrodynamics of salter ducks was looked into more closely. Relations

were developed for an array of salter ducks moored together with a flexible spine in

an arc layout. For the simulation analysis, the spine was assumed to be rigid and

therefore constraining roll, yaw, heave, surge, and sway degree of freedoms. Anal-

ysis was done for a simplified yet equivalent model for a salter duck array of three

devices. This analysis focused on the pitch degree of freedom and its hydrodynamic

coupling due to multiple devices. For this analysis, the reactive forces, velocity, and

power generated was calculated and compared to the analysis done by Lucas [73, 74].

Comparable results were obtained. The results highlighted the importance of array

layouts and alluded that WEC devices can have better performance in an array. The

simulation results from this analysis of multiple devices were relatively better than

those from work done by Lucas for a single device. This is further corroborated by

the better performance of the central device in the arc layout since the central device

had the other two devices closer to itself as compared to the devices surrounding the
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peripheral devices. It also became clear that the angle of approach of waves is crit-

ical to devices in terminator configuration. A mooring arc that has some flexibility

with some control can, therefore, potentially substantially enhance performance by

changing these angles of attack. Further work would entail the integration of hydro-

dynamics due to a flexible spine and the constraints it would impose, especially on

the surge and heave degree of freedoms. The design of the spine would have to be

optimized such that it enhances favorable mode couplings and enhances performance.

A controller for this mooring arc can potentially significantly enhance performance.

The terminator salter ducks have significantly higher efficiency than other devices,

but this advantage gets reduced if the angle of attack of the waves is non-favorable.

This can be mitigated by a controllable spine that optimizes the approach of the

incoming waves.
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Appendix B

Convergence Studies of BEM-code

Generated Hydrodynamic

Coefficients

The hydrodynamic coefficients generation from a BEM-code like WAMIT can be

computationally expensive. The computational costs are closely related to the mesh

discretization of the geometry of the floating structure. Convergence studies are

recommended when conducting BEM runs to investigate the trade-offs associated

with mesh discretization, computational costs and computational precision [59]. The

Response Amplitude Operator (RAO) of a floating body requires the knowledge of

hydrodynamic coefficients and the hydrostatic stiffness. Therefore, the RAO can be
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Figure B.1: The cylinder discretized using 420 panels.

Figure B.2: The cylinder discretized using 930 panels.

Figure B.3: The cylinder discretized using 3660 panels.

used as a measure for the convergence of magnitudes and phases for the computed

hydrodynamic coefficients [50]. Over the years several researchers have compared

and found WAMIT as a reliable BEM modeling platform for WECs, and used the

WAMIT generated results to evaluate the performance of other BEM codes such as

NEMOH and Capytaine developed at École centrale de Nantes [2, 60, 89].

The RAO for a floating body using the hydrodynamics coefficients introduced in

Section 3 can be expressed as [37],
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Figure B.4: The RAO magnitude and phase for a cylinder discretized using
420, 930, and 3660 panels.

ζi(jω) =
Ffi(jω)

−(mi + ai(∞)ω2 + jωbi + ki
(B.1)

where, ζi(jω) is the displacement RAO, and Ffi(jω), ai(∞), bi, ki, are the excitation

force, added mass at infinity, radiation damping, and hydrostatic stiffness respectively.

Consider a cylinder of radius 1 m and draft 1 m. The said cylinder was discretized

using 3660, 930, and 420 panels. Figures B.1-B.3 show three different discretization

resolutions. The mesh resolution was controlled using Rhinoceros 3D [78]. On closer

inspection, it can be observed that the cylinder with the lowest resolution mesh could

not achieve the curvature observed at higher mesh resolutions. The RAO for the

three discretized cases was evaluated by comparing the NRMSE for the cases with

420 panels and 930 panels against the case with 3660 panels. Figure B.4 shows the
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comparison of magnitude and phase of the RAO. This comparison is indicative of the

typical recommended workflow for BEM based computations [133]. Additionally, for

simple geometries analytical closed-form solutions can further increase confidence in

the numerically computed hydrodynamic coefficients.
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Appendix C

Letters of Permission

This appendix shows the relevant permissions to reuse content. The first permission

letter corresponds to Chapter 4 reusing content from [56]. The second permission

letter corresponds to Chapter 6 reusing content from [57].
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Figure C.1: Permission to use the content from IEEE explore
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Figure C.2: Permission to use the content from Journal of Marine Science
and Engineering
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