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Abstract

This thesis concerns the generating functions fy x(q) for standard Young tableaux of
shape A with precisely k& descents, aiming to find closed formulas for a general form
given by Kirillov and Reshetikhin in 1988. Throughout, we approach various methods

by which further closed forms could be found.

In Chapter 2 we give closed formulas for tableaux of any shape and minimal number
of descents, which arise as principal specializations of Schur functions. We provide
formulas for tableaux with three parts and one more than minimal number of descents,

and demonstrate that the technique is extendable to any number of parts.

In Chapter 3 we aim to reduce the complexity of Kirillov and Reshetikhin’s formula by
identifying the summands contributing a nonzero amount to the polynomial. While
the resulting formulas are lengthy, they greatly reduce the computation time for

specified partition shapes and numbers of descents.

In Chapter 4 we investigate an apparent relation among fyx(q) and fix_1(¢) and

discuss how this may lead to a greater insight of the distribution of these statistics.

Included appendices give a library of utilities in SageMath and Mathematica to gen-

erate the polynomials f) ; and demonstrate Chapter 4’s relationships.

x1






Chapter 1

Introduction

A weakly decreasing sequence A = (A1, A, ..., A,) of positive integers whose sum is
n is called a partition of n, denoted A = n. For an introduction to partitions and
further definitions, we refer the reader to Andrews’ and Macdonald’s texts ([I] and
[2]). One may describe this partition graphically using its Ferrers’ diagram or Young
diagram, a left-aligned arrangement of boxes in a grid where the number of boxes in
the first row is A, the number of boxes in the second is Ay, and so on. We note that
in Russian or French texts, these diagrams may appear inverted. For example, the

partition A = (5,4,2,1) of 12 may be represented as the following:

Figure 1.1: Partition of shape A = (5,4,2,1)



Occasionally we will write A in frequency notation as A = ai'as®...a with q;

strictly decreasing, where e; is the number of parts of size a; in A. In this example,
A\ = 5412111 By mirroring the Young diagram of A through its diagonal, we obtain
the conjugate partition X' = (X},..., X} ). To each box in row 4 and column j of the
Young diagram of a partition A, we associate a positive integer given by the number
of boxes directly below it and to its right, including itself. We denote this value h; ;,
the hooklength of box (i, 7). Filling the Young diagram of A = (5,4,2, 1) above with

the hooklength of each box, we have

816]4[3]1]
6/4[2]1
31

1]

Figure 1.2: Partition of shape A = (5,4, 2, 1) with its hooklengths

We may also skew a partition A by another, p, with the restriction that p; < \; for
all i. The skew partition A\ p is the set of boxes in the Young diagram of A but not
in pu. Skewing A = (5,4,2,1) by u = (3,2,1), we have the following skew diagram,

with hooklengths filled:

1]

Figure 1.3: (5,4,2,1)\(3,2,1) with its hooklengths.



For each partition shape A, we may choose to fill its Young diagram with integers
1,2,...,n, with the restriction that the numbers must increase across columns and
down rows. The set of all fillings obeying these restrictions is called the set of stan-
dard Young tableauz of shape A, denoted SYT(A). If we instead loosen this restric-
tion to allow for weakly increasing integers along the rows of A, we obtain the set
of semistandard Young tableauz of A\, SSYT(\). We may fill the Young diagrams as-
sociated to skew partitions in the same way, giving the sets of skew-semistandard
and skew-standard Young tableauzr. However, we will mainly concern ourselves with
SYT(A) in this paper. Originally written by Frame, Robinson, and Thrall [3], the

number of standard Young tableaux of shape A, |[SYT())|, is given by the following:

n!

o= |SYTO) = —
Hh(i,j)E)\ h’(l:])

(1.1)

Upon the standard Young tableaux of shape A\, we may define a statistic: a function
f :SYT(X) — Z which associates each tableau with an integer. We note that though
the statistics we are interested in are integer-valued, but they need not be in general.
One such tableau statistic is the descent number. Within a tableau 7, we call an
occurrence of the integer ¢ + 1 in a row below i a descent. The set of i for which
i + 1 appears in a row lower is denoted by Des(7), the descent set of 7. The descent
number, then, is given by des(7) := |Des(7)|. We note that for all 7 € SYT()),
we have r — 1 < des(7) < n — A\;. Another important statistic is the major index

of a tableau, given by maj(7r) := ZieDeS(T) i. For example, the following SYT of



A = (5,4,2,1) has descent set {2,6,9} and major index 17:

112]5]6]12]
3[4]9]11
718

10

Figure 1.4: A standard Young tableaux of shape (5,4,2,1).

For a statistic f(s) on the elements s of a set S, its generating functionis ) ¢ ),
with ¢ an indeterminate. A generating function, then, is an element of the polynomial
ring Z[q] if S is finite and f(s) is restricted to nonnegative integer values. One example
is the polynomial f) := ZTGSYT( N ¢™(7) the generating function for the major index
on the set SYT(A). We will often say this “counts” the number of 7 € SYT(X) with
major index m on the coefficient of ¢™, since each tableau 7 contributes precisely
¢™(7) to the polynomial. The polynomial f is a quintessential example of a ¢-analog,
a polynomial in ¢ which, when one lets ¢ — 1, gives some other combinatorially
interesting value. In this case, fy is a g-analog of f*. When one has a g-analog, it
is desirable to provide a simple representation for the polynomial, referred to as a

closed form. Richard Stanley gave a closed-form representation for f in [3] as

_ qu(iil))‘i [n] '

f)\ = Z qmaj(T) — —q’ (12)
TESYT(N) Hhi,]'GA [h'LJ]q
where [n], :=1+q+---+¢" ' = % and [n],! := [n]y[n—1];...[1], are g-analogs of

n and n!. Letting |¢| < 1, we can think of these polynomials as existing within Z[q]],



the ring of formal power series in q.
Another important object is the g-binomial coefficient, a g-analog of the binomial

coefficient (M;\;N ) We write this as

N |, [IM])[N] (1-=q¢)(1=¢*)...(1—¢q") ' '

By convention, if M > 0, then [Jg[]q =1 and if M < N, then H\/][]q = 0. The ¢-

binomial coefficient has several useful, though not entirely obvious properties. First,
[M;\;N }q is a polynomial in ¢ with positive integer coefficients which can be seen by

iterating an extension to the Pascal relation for ¢-binomial coefficients, the g-Pascal

relation [M“V] — [MJerl}q 4 M [M+N—1

N N N1 ]q, to its boundary conditions. An elegant

M+N

interpretation, given in [4], describes [

}q in terms of the number of M-dimensional
subspaces of an (M + N)-dimensional vector space over the field of order ¢ (a prime
power). This description is used to interpret the coefficient of ¢™ in the resulting
polynomial as the number of partitions of n into at most M parts with each part of

size at most N (i.e. the partitions of n in the M x N box). To refer to the coefficient

of ¢" for a polynomial f(q), we will typically write [¢"]f(q).

Definition 1 A polynomial f(q) = Zi\im a;q" with coefficients a; € R is said to
be symmetric if (¢ f(q) = [¢™7f(q) for all i. Equivalently, f(q) is symmetric
if flq) = q*f(q) for some A. A symmetric polynomial f(q) has central degree

(M +m)/2 and two symmetric polynomials with the same central degree are said to



be concentric.

M+N

The g-binomial is also a symmetric polynomial. Since [qz][ N

}q is equal to the

number of partitions of size ¢ in the M x N box, we may obtain [q

P, by

taking the complement of each given partition of size ¢ in the box, then rotating the
box 180 degrees about its center. The resulting partition shape has size M N — ¢, and
is in one-to-one correspondence with its complement, so these two sets of partitions
are equinumerous.

Definition 2 A polynomial f(q) = ZM

i=m

a;q" with coefficients a; € R is said to be
unimodal if the sequence of coefficients (G, Gmi1, - .., an) 1S unimodal; that is, if

Uy < A1 < - < aj > ajpg > - > ap for somem < j < M.

Unlike the symmetricity of ¢g-binomial coefficients, it is rather difficult to combina-
torially show unimodality. The first injective map proving this fact was given by
Kathleen O’Hara in 1990 [5]. O’Hara’s theorem gives a symmetric chain decomposi-
tion of a partially ordered set corresponding to the g-binomial coefficient, separating
elements into co-centered maximal length chains. Doron Zeilberger gave an algebraic
interpretation of her theorem in terms of integer partitions in [6], which we write here

as in [7]:

Theorem 1 (The KOH Theorem) Let A = (A, ds,...) F N and Y; = 30| \;,



with Yo = 0. Then

M+ N (M+2)-Y; Y;
R IR STt 1 [ e FE
4 AN i>1 J+1

To see that yields the desired property, we note that the product of two sym-
metric and unimodal polynomials is also a symmetric and unimodal polynomial. Al-
gebraically, one can confirm that each term in the sum over partitions of N has the
same central degree. By iterating the theorem downward to degenerate cases and
instances of [ﬂq =14+qg+¢*+--+¢*" for some integer A, one obtains both
the symmetricity and unimodality of [M+N] . We also define the class of symmetric
functions in n variables known as the Schur polynomials. Symmetric functions are
named as such because any permutation of their variables yields the same function
— not necessarily because they are symmetric as in Definition [l A composition p
of n is a sequence of positive integers whose sum is n. The content of a tableau
7 € SSYT(A\p) is the composition ¢t = (t1,%s,...) of |7|, where ¢; gives the number
of times j appears in 7. For future reference, the set of (skew-) semistandard Young
tableaux of shape A\p with content p is denoted as SSYT(A\p, u). Let z4,..., 2,

be variables and denote 2™ = z{'a% ... xf". The Schur polynomial indexed by \\p is

defined as

Sap(T1,- -, Tn) = Z x’. (1.5)

TESSYT(A\p)



It is a fact that when p is the empty partition, the principal specialization of this
Schur polynomial, s(1,q,...,q"), is always unimodal [2]. While there are many
proofs for the unimodality of s)(1,q,...,q"), Goodman, O'Hara, and Stanton ([§])
were able to conclude this fact using the Kirillov-Reshetikhin formula below .
Schur polynomials have myriad uses in algebraic combinatorics, but we are primarily

concerned with the Jacobi-Trudi identities applied to the principal specialization ([2],

page 41):

Theorem 2 For A= (Ay,...,\), p=(p1,---,pr), 0 < p; < N,

n n—1+XN—pj—i+]
SA\P(17Q7"'>q ):det(|: n—lj :| ) (16)
1<ij<r
_ det (q<>[ o ] ) S
N — P =it 0] 1cigen

The main focus of this paper concerns the generating function fy ;(¢) for the major
index over SYT(A, k), the set of standard Young tableaux of shape A with exactly k

descents:

Palg) = 3 gmit (1.8)

TESYT(N)
des(7)=k

The motivation for the study of these polynomials arises from the work of Cheng,

Elizalde, Kasraoui, and Sagan [9] concerning polynomials A, x(¢), the major index



statistic of certain pattern-avoiding permutations of length n with exactly k descents.
Sagan conjectured that the A, ;(¢) were unimodal, a fact proven by William Keith in
[10]. The key fact is that the A, x(¢) can be written as a sum of concentric polynomials
frk(q) shifted by some amount, reminiscent of the concentric polynomials in (1.4).

However, this requires us to prove that the f) ;(¢) themselves are unimodal.

1.1 g¢-Kostka polynomials and the Kirillov-

Reshetikhin Formula

The g-Kostka polynomial associated to SSYT(\, u) is

K}\#(q) _ Z (]Charge(T), (19)
TESSYT (A, 1)

where charge(7) is the charge statistic on semistandard Young tableaux. A full refer-
ence on the charge statistic for semistandard Young Tableaux may be found in [I1].
To restrict to standard tableaux, let the content 1 = 1, the all ones composition,

so then

Kymlg) = > gt (1.10)



We will limit our definition of the charge statistic to standard young tableaux. For
T € SYT()), define the standard word or reading word of T, rw(7), as a concatenated
list of the entries in the tableau beginning with the last row. For instance, consider

the tableau 7 from Figure [T.4}

ot
D

12.

‘5\10&»—

This tableau has reading word rw(7) = (10,7,8,3,4,9,11,1,2,5,6,12). Let the index
of a letter i in a reading word be the number of times a letter j < i has the letter j+1
to its right. The charge of a reading word is the sum of the indices of all letters in
the word. For instance, the index of 10 is 6, since among the numbers ¢ = 1,2,...,9,
precisely six of them have i+ 1 to their right in the word. In this example, the indices

for each letter in rw(7) are

Indices: 6 4 5 1 2 6 7 0 1 3 4 8 =47

Finally, define the charge of a standard Young tableau 7 to be the charge of its
reading word. In our example, charge(r) = charge(rw(7)) = 47. We can perform
this computation in a slightly different way. Notice that for ¢ € {1,... |\ — 1}, i is

a descent in 7 if and only if it appears to the right of i + 1 in rw(7): the entries of

10



7 which contribute to the charge and those which contribute to the major index are

mutually exclusive and partition {1,...,|\| — 1}:

maj(r) = Y i, (1.11)

1€Des(T)

charge(r) = > (IA] = 7). (1.12)

1€{1,...,]A\|—1}\Des(7)

Note that for a given tableau 7 € SYT(\), this gives

maj(7) + charge(r) = (‘;’) (1.13)
This allows us write f* in terms of K, x(q):
_ _ (A

e =a Ry a). (1.14)

As an example, consider the two polynomials for A = (3,3, 1):

f(3,3,1)(q) :q6+q7+2q8+2q9+3q10+3q11+3q12+2q13+2q14+q15+q16

Kianar(q) = ¢ +¢° +2¢" +2¢° + 3¢° + 3¢™ + 3¢™ +2¢™ + 2¢" + ¢"* + ¢"°

A key observation is that ((1.13]) holds at the level of each tableau, so we may refine

this polynomial by various classes of the tableaux. For instance, consider the charge

11



statistic over standard Young tableaux of shape \ with exactly k descents, or

T7ESYT
des(7)=k

Ef ()= Y g, (1.15)
)
Thus, we may write fyx(¢) in terms of this new polynomial, as seen in [§]:

fla™) =a GIKE L (@) (1.16)

Both of these families of ¢-Kostka polynomials were studied by Kirillov and
Reshetikhin in [12], who gave a formula for both in terms of a summation over admis-

sible sequences of partitions, (a), together with certain statistics on these sequences,

c(a) and P?(«):

c(o Pia a) + Oé'(il - afil
Eyn@= Y, 9] { ( )a . “} (1.17)
a=(p,at,a?,...) ay & T Qin q

a a
Q; — Qg

K@= > qc(“’H [P"a(a) o _a?“] : (1.18)

Note that the latter differs from the former in a restriction on the first part of the
second partition in the sequence. The construction of this formula decomposes these
g-Kostka polynomials into symmetric polynomials with the same central degree.
Since each term in the decomposition is nonnegative, this also suffices to show the

unimodality of these polynomials, and thus fyx(¢) as well. This, along with the

12



relation established in [I0], is enough to show the unimodality of Sagan’s A, x(q).

Though K-R provides a general formula for all fy;, writing a single formula down
quickly becomes computationally taxing. For fixed A and k, one must sum over all
admissible sequences of partition, «, which grows rapidly as one increases k and
the number of parts of A\. In Chapter [3| we will discuss an avenue to reducing the
computational load through restricting the admissibility conditions imposed upon
the sequences a. If one were to find closed forms for f) j instead, we could altogether
avoid computation. As we will see in the next section, such closed forms typically
have fewer terms than the number of admissible sequences of K ';’1‘ /\I(Q)' Further,
these closed forms tend to be combinatorially interesting, allowing for additional

interpretations of the polynomials.

1.2 Closed forms and beyond

In this paper, we aim to find closed forms for the major index distribution over
SYT (A, k), far(q), for several families of partition shapes and fixed k. Further, we
explore potential avenues for extending these results to larger families and descent

numbers. Recall Stanley’s refinement of Frame-Robinson-Thrall’s formula for the

13



number of SYT by major index:

_ qu(iil))‘i [n] |

maj(7) q:
gt = (1.19)
2 I1h. ,exlhisle

rESYT(N)

As an ultimate goal, finding a unifying closed formula for any A and k& would give
a (closed) refinement of by descent number, perhaps with the inclusion of an
additional parameter.

One interesting facet of f) j was revealed in Keith’s study of the polynomials in [10],
and is explored further herein. The polynomials for extremal descent numbers yield
principal specializations of Schur polynomials up to multiplication by a power of q.

Keith showed the case for fy for k maximal:

Theorem 3 (Keith [10]) Let A = (A,...,\) Fnya=a(a) = (A, ..., A\). Then

n—A1+1

P = a3 s(tg, a0, (1.20)

In Chapter |2, we show the complementary statement, fy; for k& minimal:

Theorem 4 Let A = (A, Ao, ..., \.). Then

Iar—1= q(g))” det ([)\Z B )\;jj(,r a Z)} > e (1.21)

14



While this alone is fascinating, it is possible that the polynomials for non-extremal
descent numbers can be expressed in terms of linear combinations of certain princi-
pal specializations or their shifts by a power of ¢q. In fact, for two-rowed standard
(and skew-standard) Young tableaux, there is a determinantal form which arises as a

principal specialization of a Schur function:

Theorem 5 (Keith [10]) Let A = (A1, A2) and pn = (p1) with 0 < py < Ay. Then

(i R Wl e N

i2 i
=q S(Al_i,,\ri)\u(l,q,...,q“). (1.23)

Other work, notably [I3] by George Wang, yields a formula f) j for partitions of the
form X = (A1, Ay, 27272 2M=h2): precisely those with Durfee square of size 2. In this
manuscript, we give a closed formula for f)x(q) for standard Young tableau with

three parts and one more than the minimal number of descents:

Theorem 6 Let A = (n,k,j) = N. Then we have

fra=q" (f(n+1,k+1),3 — fon+1,5)3 T f(k,j),:s) + q6j_8f(nfj+2,k7j+2),3
j—1
+ Z 0" (finitahita)s — fin—itsj—i+2)3 + fi—it2,j—i+2)3)

1—¢ A —¢" 7 (1 —g" (1 —g" 77
(1-9)(1—-¢)(1-¢ '

. q3j+2k+1<1 R qnfj+2>(

15



In terms of principal specializations of Schur functions (using the shorthand sg =

sg(l,q,...,q")), we have

s = C(Sm-2-2) — Sm-24-3) + Sk-3,-3)) + ¢ S(n—jm15-j-1)
7j—1
+ Z CIGZ(S(n—i,k—z‘) — S(n—iyj—io1) T S(k—i-1,j—i—1))
i—1

. . 1— Jj—1 1— k—j+1 1— n—k+1 1 — n—j+2
_ q3]+2k+1<1 _'_qnkarl + qnf]+2>( q )( q )( q )( q )

(1—-q)%*(1 —¢*)(1—¢%

This theorem notably proves conjectures Conjectures 14 and 15 of [I0], extending
current work on the subject. Further, the ability for us to write fi, ) 3(q) (nearly)
as a ¢-linear combination of Schur polynomials indicates that future extensions to
larger numbers of descents or parts may take on a similar form.

Finally, several of the formulas we prove and conjecture herein have several regular-
ities. We will see symmetry and equivalence (up to a shift) among these formulas,
typically demonstrated by partition (or tableau) conjugation and complementation

in some region. These are often the most noticeable with rectangular tableaux:

Theorem 7 Let A= (n,...,n) =n"Fnr. Then
rolg) = " ( {n j r] - {m;r 1] q) = frr-1(9) ( {n ;r r] - {W;r 1} q)- (1.24)

We note that demonstrates a pleasant result: since f,r,(q) is unimodal ([10]),

16



n;&-r} - [nr—i—l

the difference of ¢-binomials [ 1

. }q is also unimodal. This is precisely the

trivial case of F. Bergeron’s ad-bc conjecture, which states

Conjecture 1 (Bergeron [1]]) Fiz any positive integers a,b,c,d such that a is the

smallest and ad = be. Then the coefficients of the symmetric polynomial

b+ c} [a + d]
— (1.25)
{ b 1, d 1,
are nonnegative and unimodal.

Bergeron’s conjecture, along with problems concerning the unimodality of differences
of certain ¢g-binomial coefficients and the strict unimodality of ¢-binomial coefficients
have seen much interest interest in recent years ([I4], [15], [16] [7], [I7], [18]). It
would be interesting to determine if closed forms for f,r x(¢) with k& > r yield related

non-trivial results in this vein.

Another theorem gives a relation upon tableaux whose partition shapes are comple-

mentary within the r x (A; + 1) box:

Theorem 8 Let A= (A, Ag,..., N ) andp= (M +1=A\  A+1—=XA\_q,..., N +1—

Ao, 1). Then

D= (5) ) ¢

Froo1 =4 o1 (1.26)
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As an example, consider the partition A = (5,3,2) and its complement in the 3 x 6

box, p = (4,3,1):

A +1

Figure 1.5: Complementary partitions in the 7 x (A; + 1) box.

The distributions fy2(q) and f,2(q) are given by the following:

| g, B, B,
pa=daa( (1)) =g, om, oo,
g, B, B,

- (Bl L, -],

:q7+2q8+3q9+3q10+3q11+2q12+q13
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pi+2—i
fp’zzquetq 3 D el
—J 1q¢/1<ij<s

= ((a] 1, 1B

:q5+2q6+3q7+3q8+3q9+2q10_|_q11

Note that (r — 1)|A| = (3) (A1 + 1) = 2(10) — 3(6) = 2, so Theorem [8 holds for this
small example.

These relations arise frequently enough, even experimentally, to raise significant cu-
riosity regarding potential hidden structures among the f)x(¢q). Indeed, Chapter
discusses one such possible structure based on polynomial division among families of

tableaux.

1.3 Tableau threads

Throughout the paper, we make frequent use of the reference to consecutive runs of
integers in the filling of a tableau. To this end, we define the threads of a tableau.
Let A = (A1,...,A) Fnand 7 € SYT(\ k) for r — 1 < k < n — Ay have descent
set Des(7) = {dy,...,dr}. Define the ith thread of 7 as the sequence of consecutive

positive integers T;(7) := (1+d;_1,...,d;), with dy = 0 and dy1; = n. Fori > (k+1)
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ori < 1,let T;(7) = 0. As an example, consider the following tableaux 7:

r=[1[2]5]6]710[11]17.
314|8]9]15]16
1213]14

Its descent set is Des(7) = {2,7,11}, and so its threads are Ti(7) = (1,2), Tu(7) =
(3,...,7), T5(r) = (8,...,11), and Ty(7) = (12,...,17). As a descent set does not

identify a tableau, neither does the list of threads. Consider

p=[1[2]4[5]6]7[10[11].
3819151617
121314

The tableaux 7 and p both have the same shape, descent set, and threads, yet are
not the same tableau. However, if we instead specify which portion of each thread
is in each row, we may fully identify a tableau using its threads. Let T;"(7) be the

portion of T;(7) in the mth row of 7 for 1 <i < k+1and 1 <m <r. Then

r= (o) (1.27)

The example tableau, 7, can be written in this way as

(1,2) (5,6,7) (10,11) (17)

= 0 (3’ 4) (8’ 9) (15, 16)

0 0 0 (12,13,14)
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This is evidently reversible given a valid doubly-indexed list of threads 77", as one
may write the entries 7 by reading the entries in the table left-to-right, top-to-bottom.

For specificity, a valid list of threads has the following properties:

1. Each positive integer 1,...,n appears exactly once among all threads;

2. BEach non-empty entry 77" is a list of increasing consecutive positive integers;

3. The entries of non-empty 7; are less than those in 7} iff ¢ < j;

4. The entries of non-empty 7)™ are less than those in 77" iff m > n.

This list of threads corresponds to a 7 € SYT(A, k) if the total number of entries
across all sequences in row ¢ gives \; for 1 < ¢ < r and the largest positive integer in
column j is the jth descent, d;, for 1 < j < des(7). Further, define |T;| (resp. |7,
as the length of the ith thread (resp. in the mth row) of 7, the total number of boxes

of 7 in the ith thread (resp. and in the mth row).
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Chapter 2

Closed formulas and symmetries

2.1 Minimum descents

In [10], Keith provided a formula for fy,_»,(q), the polynomial for major index over
descent of tableaux of shape A = (A1,...,\;) with maximum number of descents.
Here, we communicate a similar proof for fy,_1(¢) and provide a formula regarding

conjugate tableaux.
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Theorem 4 Let A = (A, Ag,..., A\.). Then

r—j

v ([T
r—1 ¢/ 1<i,j<r

_ det ({ o ] q(”‘;”)) |
A =i+l 1<, <N

Pt = g det (Pi‘”* <T‘i>} )
g/ 1<ij<r

Proof.  Suppose r = 1. Then fyo = 1, as there is a single SYT of shape (\;) with

major index 0. We have

1 1—itj
NERLE I
l—i+7], 1<i,j <M

as the matrix has [ﬂqq@) = 1 on the diagonal, [(l)]qq(g> = 1 on the subdiagonal, and
zeroes elsewhere.

Suppose now that r > 1, and let A = (A1,..., ). Consider the columns of the
partition, labelled {1,2,...,A;}. Let S be a collection of the columns of a tableau
7 € SYT(A,r — 1) corresponding to the columns inhabited by 7,(7), the last thread
of the tableau, excluding the first column. That is, a collection of columns S is valid
if S contains 2,3,...,A,, and if the bottom entry of a column in S is in row ¢ of the
tableau, then all columns to the right whose bottom entries are also in row ¢ are also
in the column. If |7,(7)| = 1, then the first box in the last row of 7 has the label n

and so S = 0.
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Consider now SU{1}, the collection of columns corresponding to the entire last thread
of 7. The removal of this thread removes the boxes n—|S|,n—|S|+1, ..., n, eliminates
a single descent from 7, and reduces the major index by n — (|S| + 1). Denote the
su{1}).

resulting partition shape as A\H Performing this removal for all possible final

threads, we have the recurrence

-1 —(|S|+1
r—1=4"" a0+ E ¢" Y £ suan) g
SC{2,...,A1}
50

— —(|S|+1
= § q" ] )f)\l(SU{l})m,Q.
SC{2. M1}

Marking S in a dark gray and {1} in a light gray, consider the following filling of

A= (7,3,3,2), where S = {2,3,6,7}:

[\]

7|8 S -

e
ot
DWW

10

—
H:

Figure 2.1: SYT of shape (7,3,3,2) with last thread in columns
{1,2,3,6,7}.
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By induction, the claim of the theorem is now

r N —itj
A r)
i Jlq 1<i i<\

X —x(@) —i+j], 1<i,j <\

SC{2, A1}

Consider terms in which \; € S, and pair with the terms given by S U {\;}. Denote

i, as the Dirac delta, such that d;, is 1 if i = A, 0 otherwise. Then we have

r—1 N —x(i)—i+j
([, 7= T
i —x(@)—i+jl, 1<i,j <M
_ r—1 N =X (D) —i+i—6;
et ([, L] )
N —x(i) —i4+j— dins q 1<i,j<N
_ qn—(|S|+2) {q det ({ / r — 1 . } q(Aéx(;‘)iH))
X —x(@) —i+j], 1<i,j <\

r—1 N X (D) —iti—6; y
+det<[ N }q(z ’1)) }
A= x(@) —i+4j —din g 1<i,j<\1

Expand each determinant as a sum over permutations, and consider o =

(01,...,05) € &,,. The terms in the sum that correspond to this permutation
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are:

ﬁ r—1 (%) ﬁ r—1 (ﬂ-—é- )
n(|5|+2)l [ - ] g { — ] i—6i ]
q q q + g\ 2
i=1 ﬁ’L q i=1 /BZ - 5i,)\1 q
FrA1—1 ¢ - - -
— s | TT 75 o) { ) 1] (3) [ - } <‘“N>]
=4q q q qr 2/ + q\ 2
-g-ﬁ" dq 1L B q 5)‘1_1(1
rA1i—1 ¢ - o -
—1 Bi r—1 r—1 By, —1
S (L NARE
=4 q g + g\ 2
L ];!: L /B’L 1q 1L B,\l q /8/\1 —1 q
A T — 1] (¢ ) [ r (BA )
_n—(IS|42) - 5 ] .
=q q q 2 ,
_il_‘[_ﬂi_q 115,
since [Z]q =qF [”gl]q + [Z:ﬂq. So, we now have the claim
n—(1S]+2) r—1+40dx (hxO=r g
fara1 = Z q det N — (i) — " 4 q 2 )
SC{2, A1} i~ XU Tty 1<i <M

The sets S now never contain A;, and the last row of each matrix has r in the
upper index of the g-binomial coefficient. Continue this matching process for indices

A — 1,A1 — 2,...,2, until finally, first noting that det A = det AT and multiplying

27



! multiplies the determinant by the same factor, we have:

q"—)q det (|: / >‘1 :| q(Aii;rjl))
N —i+] . .
= qu)\:ll )‘271 det < |: . )\1 ‘| q(A;l;Jl)>
A — 14 . .
—aer([, N Lt
)\i -1+ q .
= det ({ / M ] q(A;—;+j)+ij)
>\i — 1+ ] g I<ig <
= q(Al;l)_(M?H) det <[ / )\% ] q(A;;H)>
A —14] . L<ijon

_ det ({ N } q<*%;“>)
A =i+l 1<i,j<h

row i by ¢%~

2.2 Symmetries

It is no coincidence that the proofs for maximum and minimum descents are incredibly
similar. In fact, if we consider the set of tableaux of shape A with k& descents, we
may simply conjugate the Young diagrams to obtain a set of Young tableaux with a

conjugate number of descents. This yields the following relation:
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Theorem 9 Let A = (A, Ao, ..., A\.) F n. Let M be the sum of the smallest magjor

index and largest major index among all SYT (A, k). Then

ok = q(;)iMf)\’,n—k—l- (2.1)

Equivalently, letting k = (r — 1) +i:

f/\,(r—1)+i = q(;)iMf)\/,(n—r)—i- (22)

Proof.  Let 7 € SYT(A, k) with descent set Des(7) = {di,...,dr}. Consider the
placement of box d; + 1 in the Young diagram of 7 for 1 < i < k. Since d; is a
descent, d; + 1 must appear in a row lower than d;, and either in the same column
or one to the left of d;. In the conjugate tableau 7/, the box d; + 1 will now be in
the same row or above d;, in a column to the right. Hence, d; is not a descent in the

conjugate tableau. Similarly, a box which isn’t a descent in 7 will become a descent

in 7. Further, maj(7’) = () — maj(7’), since Des(7’) = {1,2,...,n — 1}\Des(7). O

While writing down M explicitly can be tedious for most A and k, the case of minimum
(and maximal) descent fillings of A and its conjugate is straightforward, allowing us
to conclude the theorem at the start of the chapter without a lengthy proof. To do

so, we rely on the following lemma:
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Lemma 1 Let A = (A,...,\;). Among SYT(A,r—1), a tableau with mazximal magjor
index T, 18 constructed by filling {1,2, ..., A1} across the first row, {\1+1,..., A\ +

Ao} across the second row, and so on. Further, maj(Tmm) = Y i, (r — i)\,

Proof. Let 7 € SYT(A\,r — 1) be the described tableau. Each thread T;(7) of 7 is
contained entirely to row ¢ for 1 <7 < r. Suppose a tableau yu of the same shape with
larger major index and the same number of descents exists. Then one thread T;(u)
must be longer, in which case T;(u) extends to a row above row i. However, since
thread T;(p) begins in the first column of row i, this creates a gap, which must be
filled by the next thread, and so on, eventually leaving an unfilled collection of boxes
along the outer edge of the tableau. This may only be filled by a new thread, T, (),
but then the tableau would have r descents. Hence, 7 is has the maximum major

index among tableau of the same shape and minimal of descents, and has major index

ma‘](T):)\1+()\1+)\2>+(>\1+)\2+)\3)++(>\1++)\r71)

:(7"—1))\1+(’I"—2))\2+"'+)\r,1

= Z(r — i)\
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Theorem 10 Let A = (A, Ag,..., \) Fn. Then

Fan-an = q(n+1) "M et (2.3)

(n+1

f)\,rfl = an_ 2 )f)\’,nfr' (24)

Proof. We know that f\,_, and fy x,_1 are equivalent up to a shift by a power of
q, so we only need to find the the minimum degree of both polynomials.

Consider the filling 7 of A with minimal descents and minimal major index. The
major index of 7 is simply Z L ,) = >, (¢ = 1)\, given by the power of ¢ in
Stanley’s formula for the distribution of major index over SYT(A). The minimum
major index of a filling 7 of A with maximal number of descents can be found by
conjugating 7»: 74 is a tableau with maximal number of descents and maximal major
index, given by the previous lemma. That is, 75 has entries {1,2,..., A} down the
first column, {\| +1,...,\] + A5} down the second column, and so on. Every entry
counts towards the major index except the last entry in each column, so maj(y) =
(”H) Z ZJ , Aj. Algebraically, we simplify the shift from f,x, to fuv -1 as

(292

:x) Zf;z'—l)A;:(n 1) (E;X;A z—l)\')
(n

N &
) S IR ERY
=1
(n

1
)—n>\1.

=1 7

o+

o+
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Similarly, we write the shift from fy,_1 to fx n,—» as

oo (7)) e (1)

Consider now the partition A = (Aq,...,\,) placed at the top-left corner of the
r X (A + 1) box. The complement of A in this box forms a second partition, p =
AMAT= A A +1 =X\ 1, ., A+ 1= Xo, 1), of size |p| = (A1 +1) —|\|. While these
two partition shapes may be wildly different, their generating functions for major

index over minimal descents are related.

Theorem 8 Let A = (A, Ag,... .\ ) andp=(M+1-=N\  M+1—XN\_q,..., 1 +1—

Ao, 1). Then

r—1)|>\\—(;)()\1+1)f

f)\,r—l = Q( p,r—1-

Proof. 'The conjugate partitions corresponding to A and p are

N =(X,...,A),) and

p’z(p’l,...,p'pl):(r,r—)\')\l,r—)\’/\l_l,...,r— Not1)-
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Applying the determinant forms for each generating function, we have

[ r M—itj

a1 = det( N } g 2+J>> ;
A — ], 1<i i<
_ . -

fp,’l“fl = det( , . 1 q(p 2+9>)
i =1 +71, 1<i,j<p1

I r PNy —igo it
7= A\ mig2 — 2T q 1<i, /<A —Apt+1

For the first generating function, we reverse the order of rows and columns in the
matrix, sending entry (i, j) to position (A\; —i+1,A\; —j+1) for 1 <i,j < A;. Note
that while swapping the position of two rows or two columns of a matrix inverts the
sign of the determinant, performing this for all rows and columns is an even number

of operations. Hence, the sign of the resulting determinant is unchanged and we have

r Ny —iprHimd
It =d€t<{)\, . ] q( te ))
AN—itl T2 1<ij <A

q

The diagonal entry is q(;) when M) _;,; = 7. This happens for indices \; — A, +1 <
i < A1, i.e. in the rows corresponding to A}, A5, ..., A} . The entries to left of the

diagonal in these rows, then, is zero. Evaluating the determinant by minors, we have

» Mo, i—j
Far—1= q(2)A"det([ / oy } q( S J>> :
Aicigr T =7 q 1<6,j <A —Ar

Now, consider the generating function for f,,_;. In the first row of the corresponding

matrix, p| = r, so every entry is 0 except for the one in the first column, which is
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T

q(Q). Hence, we have

, r r—\, i —i+J
for—1= q(2)det ({ A\ . } (]( A ))
= At Tt 1<i,5< A=A

, r=A\ it
— q(Q)det ( |i)\, r ' ‘| q( Ap 2*1 J)) .
M—it1 T U], 1<6,j <A —Ar

To show the two determinants are equivalent up to a shift, we only need to shift each
entry of the matrix corresponding to f,,_; the appropriate amount. Expanding the
power of ¢ in each entry of the matrices, we see that the entries in column i of the
matrix corresponding to p need to be multiplied by q%(r_l)(z(i“&ri“)_”, and those
in row j by ¢(*="7. Multiplying any row or column of a matrix by a scalar multiplies
the determinant by that scalar, so the determinants are equal up to a shift by the

following power of g:

A1—Ar

> G = DI+ X, ) =) = (= 1)i] + (g) (A —1)

=500 3 P+ (5
, , 1 T
=(r =D, ++MNoa] - 57“(7“ — (A — A\ + (2) (Ar—1)
= (r =DM —r\) + (;) (20 — A1 — 1)

= (r =1\ - (g) (A +1).
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Note, then, that these two generating functions are equal if and only if |A| = %:

if each partition fills exactly one half of the r x (A\; + 1) box. It would be interesting
to find a combinatorial explanation for this relation. Consider the final thread in
each partition shape. In a tableau of shape A, this thread is required to traverse the
last row, then may continue on to any of the higher rows. For the i*" row, we have a
number of choices: we may skip the row, or continue the thread on that row in any
of A; — A\i11 places. Hence, we have a total of Z:;ll Ai— A +l=M—-A+r—1
choices. For a tableau of shape p, we similarly have a total of Z::_ll pi — pit1 +1 =
22;11()% F1=Aipr— A+ 1=A) +1) = Z::_ll Mi— M1 +1l= M — A\ +r—1
choices for the last thread. To prove this relation combinatorially, one would need to
show that these choices (for all threads) are equinumerous and that they have the
same distribution with respect to the major index. Now, consider the shift in the
relation. The first term in the exponent of the shift, (r — 1)|A|, could be considered
as an “impossible” maximal major index, wherein all » — 1 descents in a tableau of
shape A are in the largest box. The second term, (;) (A + 1), is the major index of

the one tableau that fills the r x (A\; + 1) box.
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2.3 Minimum-plus-one descents

2.3.1 Three rowed tableaux

For general three-rowed partitions A = (A1, Ay, A3) = N, finding a suitable closed
formula for f); for ¢« > 2 can become quite tedious. Here we provide a combinatorial

argument yielding a closed form for ¢ = 3, after proving a lemma used within.

Lemma 2 Let A,B,C € N. Then

A .
ZqB_CH{BH] :{A+B+1} _{ B } (2.5)
=0 ¢ q C+1 q C+1 q

Proof.  We interpret the summation combinatorially. The left-hand side gives the
partitions in the (B—C+i) x C' box with an extra strip of shape 1x(B—C+i) appended
to each. Ranging over ¢, this indexes the partitions in the (A+ B — C) x (C'+ 1) box
by the size of their first part. The first parts considered are those of lengths B — C'
to A+ B — C, so we have all partitions in that box except those with first part of

size B — (C' + 1) or lesser, which is precisely given by the right-hand side. O
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Theorem 6 Let A = (n,k,j)F N. Then we have

fA,3 = qfl (f(n+1,k+1),3 - f(n+1,j),3 + f(k,j),g) + q6j78f(n—j+2,k—j+2),3

j—1
X Z g0 (f(n—i+37k_i+3)’3 — fn—i43j—i+2)3 f(k—z'+2,j—i+2),3)
1=1
. (n.k)
j — 1 @ @ a1 — a2 + 1
_{1] Zq21+32+1[ : }
9 a=(k ) !

Proof. Let 7 € SYT(A,3). We will consider the three distinct configurations of the
last thread, Ty(7). Let f/(’g be the major index over descent polynomial for tableaux of

shape A with 3 descents wherein the last thread has one of three following behaviors:

1. fis: the last thread covers the entire last row;
2. fs: the last thread does not contribute to the last row;

3. f§73: the last thread contributes to a portion of the last row.

Note that since the last thread has to exhibit exactly one of these behaviors, we have
fs= s+ s+ s
LTP(7) =
If the last thread has length j in the last row, then it covers the row in its
entirety. T,(7) may also cover up to k — j boxes in the second row and up to

n — k in the first row, as illustrated:
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Ba l T}

Figure 2.2: A tableau whose last thread covers the entire last row.

Remove this thread, and write the remaining partition shape after this removal
as = (p1, 52), so then (k,j) C 5 C (n,k). Removing a thread T} that yields
the partition shape  removes a single descent at position |f| from the tableau,

so we have the following summation for the tableaux in this case:

Aa= Y. dfs

(k,5)EBE(n,k)

Applying the major index over descent formula for two-rowed tableaux from

[10] and reindexing the sum with oy = 51 — k and as = 55 — j, we have

S e (BINCS IR

1=k B2=j

n—k k—j .
, crian [ 1E+a1| |7+
i § S g (] 11
q q

a1=0 as=0

B [(k+12)+a1L{(j—12)+a2L).

This sum telescopes, eliminating the first term for all but oy =0 or g =k —j
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and the second for all but a; = n — k or ay = 0. Taking care not to introduce

extra terms, we have

After an application of the identity Z;.A:O gB2t [B;“i]q = [AJFBB“L — [?}q and

simplifying, we have

el (1) - W) F (-3
PR
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Applying the g-Pascal identity ¢™ " [ ﬂq =

A= (15, Ll Féﬂ {])

(

)
—q(Fzﬂq s}
(30518,
S L

=q (f(n+1,k+1),3 — fn+1,5)3 + f(k,j),s)-

™ =" 1}(] thrice yields

rlq

TR ()] = 0.

Because there must be a descent from T3(7) to Ty(7), if the last thread covers
none of the last row it must start in the second row. As T3(7) must cover the
entire last row of the tableau, we have 1 < |T?| < k — j. Further, 0 < |T}| <
n — k, since T covers the rightmost boxes in row 2. We may remove this entire
strip. Note, however, that the last box of T3 is fixed to be in the rightmost box
of row one after removal of Ty, so we may also remove this box. This leaves
tableaux of shape (k—1,7,7) € 8 C (n— 1,k —1,j) across all 7, with major

index |B| + 1 less than their respective 7. Hence, the tableaux in this case are
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given by

fRs= > ¢ fa.

(k=1,7,3)CBC(n—1,k—1,5)

Applying the minimum descent formula for tableaux with three rows, we have

— [b3 — t+2
2 :E Bl4+14363 J ot Bs =P —s+
I 4 ¢ ({ 2 1<
q <s,t<3

B
— Bi—j+2] [Ba—ij+2
_ L Aj+1 B+ 1= 2
= 3 S (0 P
Br1=k—1 B2=j q q

P

Now, we fix #; and evaluate each of terms with respect to the 8 sum. For
instance, notice that Zg; ’ g% [5 2_3j +2} , Indexes the partitions in the 3 X (k—
k—j+2

1 — j) box by the size of their first part, yielding [ 3 }q. Repeating this for

the other term gives

. k—1 .
sivip ([P —J+2 oy | P2 = +2
q ({ ; Y g >

9 B2=j

. k—1 .
4 {61 Ea 3} T gt {52 I 1] )

4 B2=j

()
=4 2 L o3 1,7 o2 |l 3 1)
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With this, we close the §; sum by repeating this interpretation then simplifying:

2 g (Bl_j{k—jm} {ﬁl—jm}
fxs =4 BIZH q 3 q 5 q
_qﬂl_jﬂlk—gﬂ} [ﬁl—QjJr?)])
q q

:q6j+1({k—§+2' <[n—§'+2} _{k—;ﬂrll)

dq q q

_[k;—j+1} (_n—j—l—?)] _[k—j+2] ))

3 q - 3 q 3 q

_q6j+1({n—j—|—2_ {k—j+2} _{n—j—i—iﬂ] {k—j+1])
3 -q 3 q 3 q 3 q

= qf(n-1k-1,5.5)3

_ 6j-8
=077 fn—jr2h—j+2)3-

If k = j, then T} is forced to begin on the third row for the tableau to have three
descents, hence this term would be zero. We note that it’s rather interesting
that the distribution of the major index of all tableaux in this case is equivalent

(up to a shift by a power of ¢) to the distribution of a single partition shape.

L0 < T3 ()| < 5

If the last thread starts in the last row in a column other than the first, it can
have length at most £ — 7 in the second row and at most n — k in the first
row. Removing this thread, the resulting partition shape (for all 7) is among
(k,7,1) € B C (n,k,5 —1). However, the tableaux of this shape will form a

subset of SYT(f,2): in particular, those whose last thread, T3(7), has some
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entries in the first or second row. In other words, we can write these as the
tableaux of shape f except for those whose last thread stays in the third row.

Call this exceptional set of tableaux Sj. Thus, we have

= S ¢ fgp — g S g,

(k,j,l)gﬂg(n,k,‘]*l) HGSZ?

The major index over descent polynomial in S can be rewritten, however. Since
the third thread in ( is confined to the last row, we may remove it, removing
B1 + B2 from the major index. This leaves the two-rowed tableau (51, 52), with
a single descent and no further restrictions on the placement of either thread.

Hence, we have

3
f>\73 = Z qlﬁl‘fﬁ?Q - qlﬁ‘+ﬁl+52f(/817/82)71'

The polynomial fes, g,)1 can be constructed as follows, for fixed (k,j) C
(81, 52) € (n,k). There is a single descent, so it must occur in the first row.
Hence, the first thread exists only on the first row and the second thread must
span the entirety of the second row. The second thread may fill the remaining
portion of the first row, but starting only from columns 5 + 1 to ;. Hence,
the major index will be entirely determined by the position of the last entry in

the first thread in the first row, between columns 5 and (3;. That is,
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Z q|/3‘+ﬁl+,32f(181’52)71 _ Z q|m+/51+52(q/52 4ot q/ﬁl)
(kvjvl)gﬁg(nzkzjfl) (kvjvl)gﬁg(nzkvjfl)

_ 3 2814382+ Bs {51 — P2+ 1}
= q 1 .
q

Closing the sum over (3 yields

Z q251+352+53 |:51 - 52 + 1:|
q

1
(kvjvl)gﬁg(nrkvjfl)

(i1 o 3,11 | B — P2+ 1
_{ ) } qu%’%ﬁﬂ{ X }

9 B1=k Ba=j q

We then apply the ¢g-Pascal identity ¢* [Ajg,i’l]q = {A;B}q - [Aﬂ?*l]q and the

summation identity > % _, ¢** (45 .= [’?] - ¢*uty [A_f ] .+ then cancel like

terms to obtain:

G=1] = = opramir [B1— Bt 1
{JZZQMH[ : }

4 B1=k B2=j q
. n k

_ i1 sisper1 [ |PL— P22 Sfi—fatl
- X 2] _pfh

4 p1=k B2=j q q
_ [ Zq2/31+1 e Pr—J+3 — P Ba—k+2

1 3 3
4 p1=k q q
+ q3(k+1)+2 ﬁl —k +1 - (]3j+2 51 - ] + 2 ‘
3 . 3 .

Applying the ¢-Pascal identity again and closing the sum over 3, for each term
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using the identity >3 _, gh—A [Bl_§+3}q = [”_%JFBL - [k_m;lJrB}q yields

i i 281+3B2+1 { — B2+ 1]

=k B2=j

= (U )
(T T )
e )
()

Finally, expand every g-binomial as a ratio of polynomials in ¢ and simplify

algebraically to obtain

-1 & o 8113p,41 |01 — P2+ 1
SRR N B

4 p1=k Ba=j q

) ) 1 — @1 (1 = gF—I+1) (1 — g k1) (] — gn—it+2
_ q3j+2k+1<1+qn—k+1 +qn—]+2)( q )( q )( q )( q )

(1-q)2(1—¢*)(1—¢%
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Consider now the first term in the sum. Expanding fsz, using the gen-

erating function for tableau with minimum number of descents, we have

—P3— 2
Zq'ﬁlfg,z — Z PPt dot ({53 B3 23 +t+ } )
’ g q/ 1<s,t<3
= B1+P2+4083 b1 —P3+2| [Pa— 3+ 2
— Z q ) ;
B q .

B {51—53‘1‘3] [52—ﬁ3+1} )
2 q 2 q '

Fix ; and (3 and evaluate the sums with respect to 8. Applying the same

combinatorial arguments as before, we have

18] 145 |1 — P3+ 2 k—ﬂ3+3] _[j—53+2]>
Zqﬁf’“ quﬁ{ L({ 3, 3 ],

B1,83

_ B1+553+1{51—@3+3} ([k—ﬁ3+2} _[j—ﬁ:ﬁr?})
! 2 q 3 q 3 q ‘

Now, fix 83 and range over 3, simplifying again to obtain

qufm Zq%[qn—ﬁﬁ?)uk;ﬁg}q_ {n—§3+4uk—g3+2}q>

_(ln—53+3] []—/83%-2 _|:7’L—B3+4:| [j‘ﬁs%—l})
3 g 3 3 g 3 g

S (O i el A i B B |
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Applying the identity for fix, )\ (u),i(¢) given by Theorem [5| with iy = 0 yields

7—1

663—9

> 052 = 0" (fnmprrsh-psrs)s — Fn-psssi-psr2)s
B B3=1

+ f(k—53+2,j—63+2),3)~

At this point, we have a formula for fj for k = 2,3. To obtain f) 4, we can extend
the above argument in the same way, writing fi1 = Zle f/(’ 4- The sums will now be
more lengthy, involving different f, 3 (for some other partition ). There is nothing
preventing us from doing this, but as the number of descents increases this process
quickly becomes unwieldy. To find a reasonable closed form for general fyj, one

would hope that their length doesn’t increase so drastically as k increases.

2.3.2 Rectangular tableaux

Consider the family of standard young tableaux in the shape of a rectangular par-
tition A = (n,n,...,n) = n" F nr, which we call rectangular tableauz. Rectangular
tableaux appear in combinatorics and representation theory quite often as their rela-
tively simple shape allows for a more obtainable grasp on any underlying structures,

for instance in connection to the cyclic sieving phenomenon ([19], [20]). Here, we
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provide two different proof methods to obtain a closed formula for fe,ry.(¢). The
first constructs a recursive argument on the tableaux in SYT(n",r) and smaller par-
tition shapes, while the latter combinatorially identifies the tableaux with a family of

partitions.

Theorem 7 Let A= (n,...,n) =n"Fnr. Then
Fors = B +r| |+ 1
nror — ( r . 1 . :

Proof 1. Consider a tableau 7 € SYT(A,r). The last thread in the tableaux, 7,
either covers the entire last row or it doesn’t. If it does, we may remove this last
thread entirely, shifting the major index of the tableau by (r — 1)n. If not, then the
last thread has length 1 < 8; < n — 1 in the last row. If we remove this thread, then
we obtain a subset of SYT(n""!(n — 3;)!,7 — 1): precisely those tableaux whose last
thread continues past the last row. Let (5 be the length of the last thread in this
new tableau in the penultimate row, so then 1 < 5 < ;. Remove this thread as
well, obtaining a tableau in SYT((n""2,n — (), — 2). Summing over all possible

configurations of 3, B2, we have

n—1 B1
fnT,T‘ = q(r_l)nf(nrfl),r—l + Z an_ﬁl Z qn(r_l)_ﬁQf(nr727n_/32)77,_2.
pf1=1 B2=1

The same procedure can be performed on all of the rectangular tableau with » — 1

48



rows, r — 2 rows, etc. Iterating on the first term, we obtain

f(nT),r _ q(r—l)n+(r—2)n+--.+2nf(n7n)72
r—3 n—1 B1
+ Y gl N gl i N e s ) rmama
a=0 p1=1 B2=1

+ g ()t r—ent(rma-tn=pi-pa

7‘70472’”_52),7~_a_2.

We now aim to simplify f,r-a-2,_q_2. Let g = (n,n,...,n,n — B2) be a partition
with (r—a—1) parts, and consider 7 € SYT(u, ” —a—2). Because 7 has the minimal
number of descents, every thread starts in the first column of the tableau. Since these
are the only threads in the tableau, a thread starting in row k& may only occur in rows
k or k—1. Write the length of the kth thread in row k beyond the (n—f2)nd column as
wg. For all k, 0 < wy, < By and the wy, must be weakly decreasing, so w = (wi, . ..,ws,)

forms a partition (perhaps with trailing zeroes) in the (r —a — 1) x 5 box.

The tableau m € SYT (i, r — a — 2) with minimum major index has first thread of
length n— By and other threads of length n, hence maj(w) = (n—f2)+(2n— /) +-- -+
(r—a—=2)n—p3) = ("9 ")n—(r—a—2)B. Note that the corresponding partition

w for 7 is the empty partition. For other tableaux 7, the first descent occurs in the

n— s +w; box, the second in the (n—fy+wi)+ (n—Po+ws+ (fo—w1)) = 2n— Pa+ws
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box, and so on. Thus, maj(r) = maj(r) + |w|, so we have

f(nr—a—Q,nfﬁQ),rfa72 = Q(T_g_l>”_(7"_a—2)ﬁ2 |:(r —a— 2) + ﬁ2‘| .
5o,

Applying this to our current formulation and rearranging, we have

r—3 n—1 /A

Frye = a&m "fama2t Y Zq Vet (r—a)n-t(r—a—1)n—p1 B>

a=0 B1=1 Bo=1

. q<r_(2¥_l>n— r—a—2)83s |:(T‘ a — 2) + 62:|
& .
r—3

_ q(;)n_nf(n,n),Q + Z q(;)n_<?";a)n+<r—g—l>n

a=0
n—1 B/

. Z Z q(n—ﬂ1)+(r—a—1)(2n_ﬂ2) {(7’ —a—2)+ ﬁz] '
B, .

B1=1 B2=1

We may close the inner double sum by proving the identity

n—1 B
qu—ﬂl (C—1)8 —q C(1—-n) C+(n—1) _ql—nn '
n—1 g 1q

B1=1 B2=1

Consider the C' x (n — 1) lattice box and replace ¢ — ¢! in the summation. The
sum fills the first column with a strip of length /;, then fills a rectangle of dimensions
Bax C'—1 toits right. The ¢~!-binomial then “eats away” a partition in the (C'—2)x 3
box created by this filling. That is, these are the conjugates of the partitions in the

C x (n — 1) box with at least two parts, i.e. the partitions not in the (n — 1) x 1
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box, with ¢ — ¢~ !. Replacing ¢ and shifting the ¢-binomials appropriately yields the

desired identity. Hence, we have

r—3
f(nr),r _ q(;)nfnf(n’n)72 + Z q(;)n,(r;a)n+(r—gfl)n+n+(7"fa71)2n
a=0

‘ q_(r_a)(n_l) r—a+n-—1 B ql_” n
n—1 1
q q

r—3
_ (T)n—n (T)n—&—r—a r—a+n-—1 _ (Tﬂ)n—n—i-l—cm n
g\ f(n,n>,z+;q2 N 1,

= &) o + )" < {n : T] . {n ; 2] q>

n(r—2
- e L2
1—q™ |1
q

] )

F : r} - P [n(rl— 2)} - [Qn N 1] q)

Proof 2. We begin by identifying partitions which do not correspond to a tableau in
SYT(n",r).

Let = (p1, -y piry pir1) = (ny oo oymyppgq) for 0 < I <m—1, with 0 < pyyg <n—1.
Attempt to form a tableau with r descents by letting y; denote the length of the *®
thread, 7;, in the i*" row. The first I parts of the tableau, then, are filled, leaving

a partially filled (I + 1)st row. The 77,5 thread may not be placed in row (I + 1),
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else it would be a part of 77,1. Further, it may not be placed at the start of row

(I +2), since pryo = 0. Hence, p does not correspond to any tableau 7 € SYT(n", 7).

nr—l—q] )

There is one partition u for all sizes 0 < ¢ < nr, so their generating function is [ .

—=—

Figure 2.3: Rectangular tableau of shape (n") with r descents whose (I +
1)st thread partially fills the (I + 1)st row.

Now, consider the partitions pu = (H1y oy oy oIt1s -+ -y UI4R) =
(ny .o om g1y pireg) With0 < I <r—2and2 < R<r—1I,st. 1 < prim <n—1
for 1 < m < R, precisely the partitions in the n X r box except for the previous
set. For one such p, form the first I threads, 7,...,77, across the first I rows.
The thread 7744 finishes in column p;.q, as it cannot proceed to a row above. The
thread 77,9, then, must fill out p;,9, then proceed to the column above. If not, then
there would be a gap which could not be filled by subsequent threads, similar to
the previous case. This process continues until we reach 77, g, which finishes in row

(I + R —1). Thus, 774gy1 is forced to cover the rest of row (I + R). Subsequent
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threads 774 gy, ..., 7. span the entire row they occupy.

= —f—~—
VP

Figure 2.4: Threads of a rectangular tableau of shape (n") with r descents.

This identifies a tableau which has exactly r descents. The major index of this tableau
is (n+2n+---+In)+[(In+pr1) +(T+Dn+pr)+- -+ +R—1)n+ purpr)] +
[(I+ R)n+---+ (r —1)n] = (})n + |u|. This process can be reversed by writing
= (p1,..., ) s.t. p; is the length of 7; in row i, disregarding any trailing zeroes.

Hence, we can write f,r.(q) as

for () = > gl = gl ( [n j r} - [W;L 1} q)-
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Chapter 3

Computation through the

Kirillov-Reshetikhin Formula

3.1 Admissible sequences

As discussed previously, the Kirillov-Reshetikhin formula K* | (¢) gives a way to

PWIEN
compute fy ; by using the charge statistic. Let A be a partition and let p = 1M be the

partition of size |\| comprised of all ones. Let a = (1, at,a?,...) = ((|]A]), at,a?,...)

be a sequence of partitions such that for i > 1, |o’| = 3772, | ;. We will write the
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partitions as o = (ai,ad,...) for i > 1. For any such sequence «, define

Using the above definitions, Kirillov and Reshetikhin give the following formula in

[12]:

As discussed in the first chapter, K ;jx is useful for our purposes because it generates
a polynomial with the same distribution as the major index for tableaux in SYT(, k).

That is,

fla™) = a GIEE i (0).

With this formula in hand and enough computational resources, one may gener-
ate formulae for any fyx. However, as the number of parts (or the number of de-

scents) increases, the number of potential sequences « increases exponentially faster.
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Our aim in this chapter is to reduce the computational complexity for three-rowed
tableaux with at most three descents, demonstrating that the current written formula
for K ';’1‘ » (g) has potential to be simplified in the future for larger partition shapes
and descent numbers. This may be done by reducing the number of sequences the
formula’s summation ranges over, considering only those which have nonzero contri-
bution to the total sum. That is, we desire to find the admissible sequences a for
given A and k. Call this set Aj.

Let A = (A, A2,...,A.). The set of admissible sequences Ay for k < (r — 1) or

k > |A| — A1 is clearly empty, as there are no standard Young tableaux of shape A

with that many descents. For » = 3 and k = 2, we have the following:

Theorem 11 Let A = (n,k,j) and k = 2. Then

Agn,k,j) = {((N), (2j+m’ 1k—j—2m)’ (1]')) 0<m< k%}

Proof. We first show that all admissible sequences o have a? = (19).
By definition, o' = (2,...) F (k+7j) and o® I j. Suppose that a? has more than one
part, and fix i such that a? is the last such part. For each sequence a, its contribution

to the charge polynomial K?

3 1 (q) is zero if the product given by that sequence is
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zero. Consider the terms in the product:

P2(a) +a? - a%H] _ [Pf(a) +a? - 1}
q q

2 2
Qi — Q3

Now, compute the maximum value of P?(«). Note that up to index 4, the maximum

value of all o} is 2, the minimum value of all o, is a?, and a3, is zero as a® F 0. So,

m=1

= S (ol 202)
m=1

<Y -2
m=1

Hence, any sequence o with o # (17) contributes nothing to K7} |, (q). Suppose
now that o® = (17), but o' contains j — y parts of size 2 for y > 1. By definition,
2

a® = (2,...)F (k+7), so there are no larger parts. Fix i = j —y + 1 and consider

sz—y+1 (O‘):
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Thus, the g-binomial in which Pj{y 41 appears is zero, so the contribution from such a

(q)ifal =(27,...)F

sequence is zero, and so a sequence « only contributes to K i 1A

(k+7) and o? = (19). O Now, let k = 3.

Theorem 12 Let A = (n,k,j) and k = 3. Then

AP C{((N), (3,04, ab), (19))

:ozll—(k+j),min(j,7’)Z(k+j—n)7a%+oz%+~--+ozjl-22j}.

That is, a sequence o may only contribute to K(Sn’kyj)’lwkﬂ (q) if &® = (1), min (j,7) >

(k+j —n), and the first j parts of o' sum to at least 2.

Proof. Similar to the proof for 2 descents, all admissible sequences a here must have
a? = (19). Suppose a? # (1), and fix 7 to be the index of the last part in o? larger
than one. The only difference here is that in P?(«), the maximum value of ] is now
3 instead of 2, which still yields a negative sum and thus contributes nothing to the
final polynomial.

Now, suppose that a? = (17) and o' = (3,3, ...,a}). Then
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T

PHa) =) (g — 20y, +a7)

m=1

=n+k+j)—2(k+7)+min(j,r)

=min (j,7) = (k+ 37 —n),

which is less than zero if min (j,7) < (k + j — n). Further,

Il
—
=
—
~—
|
[\
<

Since al = 3, this imposes the desired restriction on the first j parts of a!. O

When we extend to k > 3 descents, the identification of admissible sequences increases
in complexity. Not only may the last partition in a sequence take on several forms,
but this choice of partition distorts the available options for the previous partition in
the sequence. However, this refinement for small k£ allows us to throw away the vast

majority of sequences o considered in the original theorem as the size of j increases.
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For example, in a small case like A = (9,4,4) and k = 3, we are left with a total of
3 admissible sequences out of the 25 available. For A = (10, 10, 10), we instead keep

only five out of 1386 sequences.

3.2 Closed formulas

While reducing the number of sequences considered by the summation in K /I\“yll N
is beneficial for computation, this also allows us to construct closed (albeit quite ver-
bose) formulas. We will demonstrate the process for 2 and 3 descents, noting that
there is nothing but an investment of time preventing one from writing down a closed
formula for higher descents. However, we will see that these formulae are lengthy and
it may not be a worthwhile investment to approach simplification from this angle.

We begin with tableaux of shape A = (n,k,j) b N with 2 descents. The ad-

missible sequences « considered by the Kirillov-Reshetikhin formula are a(m) =
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((N), (29+m 1k=3=2m) (17)). Then we have

:%(N—Q)(N—3)+3(j+m—1)+(k:—j—2m)+m

1
= GN(N = 5) +k+2j +2m

and

)

PHa(m)) =) (ol =208+ alt) =) " ¢r(s),

s=1
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where for m < L%J we define

N-3 ,s5=1
-3 ,s=2to]
T(S): )
—4 ,s=7+1toj+m
—2 ,s=J+m+1tok—m

0 ,s=1toy

2'(s): =92 . s=j+1toj+m

1 ,s=7+m+1tok—m
\

and for m = k%] we similarly define

(
N-3 ,s5=1
k—j
0P () =9-3 s=2toj :
—4 ,s=J7+1toj+m
\
(
kg 0 ,s=1toy
Uy ® (s) =
2 ,s=74+1toj+m
\

Now, evaluate KilN(q) using the admissible sequences and algebraically simplify.

Letting 6 =k —j — 1 (mod 2) and A = IN(N —5) + k + 2j, we have
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2 . Pla) + (af — af P*(a) + (a? —a?
K2 4(g) = ¢ e { (()1_( 1 )m}{ (()2_( 2 )m}
TZO) i1 Q; — Qg q Q; — Qg q
k—j—1
A{( 2 2m{N—3j—4m+1} {N—Qk—j—i—l})
=dq q
1 1
m=0 q q
AN =2k —j5+2
k—j
+ 0q 5 ]}
q
k—j—1
N-—-2k—j5+1 2 N—-3j—4m+1
_ A 2m
=S e )
q m=0 q
AN —2k—j5+2
5qh7
S RN

The remaining inner sum can be simplified as follows:

12—

om |+ k—2j —4m +1
2, 1 :

124

%{N—Bj—®n+1
1 1
0 q

m=0 q

_[n—j+5+2
B 1

m=

](1+f+~‘+fj51)
q

To see this, the left-hand side is comprised of concentric strands of polynomials ¢ (1+

q+- gAY for 0 <m < #. The right-hand side is comprised of strands

k—j—1-6

of polynomials 1+ g+ - - - +¢" 77149 shifted by 2m for 0 < m < 15—, resulting in

a polynomial which increases every other degree for each m before stabilizing, up to

the central degree. Note also that the first strand comprising this polynomial doesn’t

end until after the last one begins, sincen—j+14+06>k—7+1+0>k—7—1—9.
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Hence, we have

N—-2k—j+1] [N—k—-2j+6+2] 1 —¢gF7-0+!
K§,1N(Q):CIA<{ 1 ] [ 1 1——q2

q
N—2k:—j+2] >
q

5q"
o

Thus, we have the following result:

fokgyo = g2 ([N 72T
n,K,7), 1 .

N —2k—j+2
2 )

N—k—2j+5+2] 1—gkit1=
1 1—¢?

q

+ 5qk_j {

Let us now consider the tableaux of the same shape with 3 descents. The admissible
sequences here are a(mg, mg, my) = ((N), (3ms+1 2m2 1m1) (17)), with the restriction
that Zgzl a} > 2j and min (j,7) > N — 2n. Note that 0 < m3 < L%J, 0<my <
LWJ, and m; = k+j—2my—3ms—3. Also, note that r = m;+mgy+ms+1. We
will ignore the argument of «(mg, ms, my) going forward for brevity. The contribution

of a sequence « can be placed into one of 16 different cases. We will say that an

admissible sequence « is of type (A, B), where
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( (
1 if r<jy 1 if ml,m2>0
2 if me4+mg+1<5<r 2 if mey>0,m; =0
A: , B:
3 if m3—|—1§j§m2—i—m3 3 if m1>0,m2:0
4 if 1§j§m:§ 4 if ml,m2:0
\ \

The A-type of a given admissible sequene « is dependent on the relationship between
the length of o! and j, whereas the B-type is dependent on the content of sequence
al. To be safe, if there are any sequences marked as admissible that contribute zero,
mark their type as (0,0) and discard them from all subsequent computations.

First, we compute ¢(«) for each sequence type. This yields

() = (N = 3)(N — 4) + 2k + 2 — 6) + 2C.,,

where

a€(1,B): 3mz—my+j
OéE<2,B)I dms +me + 1
a€(3,B): bmg+2me—2j+3

a€ (4,B): 6ms+2me—2j+6
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For each sequence «, its product in the Kirillov-Reshetikhin formula will range over

all a,72 > 1. For an admissible sequence «, almost all terms will go to one, dependent

entirely on the B-type of a. The only ones that don’t are given as the contributions

in M,, where

(

a€ (A1)

ae(4,2) |
M, =

ae(A,3) |

ae(A4) ]

1
m3+1

mg+1

1
m3+1

1

1

[Fran @] |
(a)+1] [
1

(a)+3] [

Pl

P#3+m21+1(0‘)+1] [P#3+mz+?1+1(a)+1] [Pj?(a)—&-l}q

q q 1

m3+m22+1(@)+2] ) [Pf(clv)ﬂ} .

P#3+7n12+1(a)+2] [Pf(a)+1}
q

q 1

Pf(a)Jrl}
1 q

Now, we must determine the effect that the A-type of an admissible sequence will

have on its contribution. Define W§ ,(s) as the sth term of P{(a) when a is of type

(A, B). Then we have the following:

@Z)ﬁl(s) =

Y

Y

I

Y

s=1

s=2tomg+1

s=mg+2tome+ms+1-

Ss=mgog+ms+2tor

s=r+1toy
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wil(S) =

lb?g(s) =

¢§,2(5) =

Y

)

)

)

)

)

)

s=1toms+1

s:m3+2t0m2+m3+1

s=mg+mg+2tor

s=r+1toy

Y

Y

Y

Y

s=1

s=2toms+1

s=m3+2tomg+mz+1>

§=mg+msg+2toj

s=j+1tor

s=1tomg+1

s=msg+2tomg+ms—+1

s=mgo+msg+2toj

s=74+1tor

68



,N—-5 [s=1

-9 ,s=2tomsz+1
wi:s(s): -3 , S=mg+2to]

—4 ,s=j7+1tomyg+mz+1

—2 ,S=mo+mg+2tor

1 ,s:1t0m3+1

0 ,s=m3+2toy

wQQ,S(S): )
2 ,s=j74+1tomg+mz+1
1 ,s=ma+ms+2tor
\
4
N-5 ,s5=1
-5 , s=21%07
@Z)?A(S): —6 ,s=7+1tomg+1
—4 ,S=m3g—+2toms+mg+1
—2 ,S=mo+mz+2tor
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,s=1t%to7g
3 ,s=7+1tomsz+1
¢2a,4<5):

2 ,s:m3+2tom2—l—m3+1

1 ,s:m2+m3+2tor

This, combined with the previous observations, allow us to determine the contribution

of a sequence « based solely off of its type (A, B):
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a€(2,2

a€ (2,3

a€ (2,4
M, =

ae (3,1

Finally, we have

N—-5(m3z+1)+1 N—-5(m3+1)—3mo+1 N—-5(m3+1)—3ma—mi+1
L : I, 1 I,
. [3(m3+1)+2m2+m1—2j+1]
N— 5(m3+1q 3mao+2] [3(ms3+1)+2mo+mi—25+1
A Il I I,
N— 5m3+1 +1] [N 5m3+1 3m2 m1+2] [3(m3+1)+2m2+m272j+1]
q q 1 q
} [3(m3+1 +2mz+m1 2]+1]
N— 5(m3+1)+1]q[N 5(m3+1) 3m2+1] [Nzﬁ(m3+1)—4m2—2m1+j+li|

1 q 1 q 1 q
. [ (m3+1)+m2 ]Jrl}

N— 5(m3+1 3m2+2] |:2(m3+1)+m2—j+1}
q 1 q

N—6(m3+1) 4m2 2m1—|—]+2] |:2(m3+1)+m2_j+1:|
1

q q

2m3+1)+m2 ]+1]
q

N— 6(m3+1 4m2+j+1:| |:N—6(m3+1)—4m2—2m1+j+1:|

q

q 1

N—G(m3+1)—4m2+j+2} |:m3+2:|

2 gl 1 g

N—G(m3+1)—4m2—2m1+j+2] |:m3+2:|
q q

[

il ) 1
[
]

|:N—6(m3+1)—4m2+j+1] [N—G(m3+1)—4m2—2m1+j+1:|
1 q q

1 1

1]
q
[N76(m31+1)+j+1} ) [N76(m3+1%74m2+j+1] ) [lerl} )

[N—ﬁ(m3+1)—4m2—2m1+j+2} [j—f—l}
q q

[N—G(mgl—&—l)-l—j—}—l} ) !

<

[N—G(m33+1)+j+3} , [qutl} ,

Ki,lN(Q) _ q(N—3)(N—4)+2k+2j—6 Z QQCQMQ'

Performing the required substitution ¢ — ¢~' and shifting appropriately yields the

final closed form for f(, ;)3 from this process.
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Chapter 4

Relations among f) ;.

As we’ve seen throughout this manuscript, many of the major index over descent
polynomials for a given partition shape A arise as polynomial multiples of f,; for a
combinatorially related partition shape p, often giving new representations for f)

not apparent from more general formulae.

To this end, it may be advantageous to build f) , from smaller tableau shapes or from
tableaux with fewer descents to find further relations among these polynomials. That
is, take f, x—; for some p C A and ¢ > 0, and construct f); by performing a number
of combinatorial operations on the tableaux in SYT(u, k — i) which shift the major
index by a specified amount. Algebraically, we write this as fix(q) = 9(q) - fur—i(q),

where ¢(g¢) is a nonnegative polynomial in ¢. Unfortunately, we do not seem to always
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be able to do this. However, if we set 4 = X\ and k — ¢ = k — 1, a curious pattern

arises:

Conjecture 2 Let A = (n,k, j). Then fr3 = g(q)fr2 if and only if (n+3)(k+2)(j+
1) =0 (mod 6).
Further, let A\ = (A1,..., ). Then fr, = g(q) fa,—1 if and only if [[,(\i+r—i+1) =

0 (mod r!).

To explore this relation, we define a slightly modified polynomial long division by the
following algorithm. Let f,(¢) and f,(¢) be symmetric, nonnegative polynomials in

q. We 'divide’ f, by f, as follows:

1. Let m(q) = fo(q) and gs(q) = 0. Define mindeg(f(¢)) as the minimum degree

of a polynomial f(q).

2. While r,(q) — g™indea(ro(@))—mindeg(fa(a)) . has nonnegative coefficients, do the fol-
g

lowing;:

(a) subtract qmindeg(rb(Q))_mindeg(fa(q))fq from rb(q>’

(b) add gmindee(ro(a)—mindeg(fala)) 6 g, (q).

3. The result is f,(q) = 9(q) - fa(q) + r6(q)-

Because f, and f, are symmetric, this algorithm is the same as Euclidean division
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with the caveat that we halt the process once ¢r,(g) no longer dominates f,(g) for
any A € Z, that is once [¢"]¢*7(q) < [¢"]f.(q) for some integer n and any integer A.
Equivalently, we halt the standard division algorithm immediately before the quotient
or remainder obtains a negative coefficient. While this implies that deg(r(g)) is not
necessarily strictly less than deg(f.(q)), the algorithm does guarantee that both g;(q)
and 7,(¢) have nonnegative coefficients. Experimental data suggests the following
properties of g,(q) and 7,(q), the ’quotient’ and 'remainder’ polynomials from this

process.

Conjecture 3 Let A\ = (n,k,j). Applying the modified division algorithm to fx3(q)

and fyo yields

Fr3(@) = gx(a@) - fr2(9) +7a(9), (4.1)

where rx(q) is always an Euler product (or zero) and gx(q) can be constructed from

the ’quotient’ polynomials g,(q) for some partition 1 dominated by .

Consider A = (3n + a,3n + a,2). While we have a closed formula for f)3(q) in
this case through Theorem [f] of our manuscript and Theorem 5 in [10], additional
interpretations may prove useful. When j = 2, we have the following forms for fy 3,

split into three cases based on the congruence class of 3n + a (mod 3):
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Conjecture 4 The following relations hold:

JG3n,3n,2)3 = 9(3n 3n,1) T q

+ Z sl Z 07 } J(3n,3n.2),25

r 3z+1

fnt1,3n41,2)3 = | 9Bn+1,3n+1,1) + q° + C] + Z sisal ]} J3n+1,3n41,2),25
[ 2 3 s 1 — ¢

Jn+23n+22)3 = |I@nt23n+2,1) + ¢+ (¢° +¢°) -
) 3142

+Z 3z+31_q

T~ ¢ ]] J3n+2,3n42,2),2,

where

3(1 _ q3n+a)(1 _ q3n+a—1)
(1-q¢)(1-¢*)

9(3n+a,3n+a,1) — 4

We refrain from closing the first sum to display the similarity among these conjectured,

but note that Y ., ¢**! 11__qzi = q4(1_(fi2)((11—_q;:;3) and so the formula for fi, 3093

given is correct by applying Theorem 3 and 5 in [10]. The corresponding summations
in the other two formulas, however, do not yield a single Euler product, nor a uni-
modal or symmetric polynomial. Since (3n + 3)(3n +2)(3) = (3n +4)(3n +3)(3) =
(3n 4+ 5)(3n +4)(3) = 0 (mod 6), we expect the remainder polynomial to be zero in
each case. Further, if we increase the size of the last part of A, it appears to have
a predictable effect on the resulting quotient polynomial associated with the new

partition shape.
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Conjecture 5

- (s L =@ | iy
Jensng)s = |9Gnsn1) + ——— ( Z[q Tq +q" ) | fazs

L =g \Z
i 1 — qj—l - . 1 q3z+1
JGn+13n41,5)3 = |9GBn+1,3n41,1) T Tq (QG 2 Z e a2
[ 1 —¢t s1—q g1 —g%
J3n+2,3n42,5),3 = 9(3n+2 3n+2,1) T+ ﬁ (q +q° - —q 1— g
. +31 _ q3z+2 6t 1— qj—l 1— ql—q?’t%J
+z ) e () haen

While we expect the first two to have zero remainder, the last may not since (3n +
5)(3n+4)(j+1) =0,2,4 (mod 6), dependent on the value of j. If we instead choose
to increase the size of the first part or, if the first is larger than the second, the size

of the second part instead, similar patterns seem to arise.

One potential approach to a proof of these conjectures and similar results is a com-
binatorial mapping ¢ : SYT(A,2) — SYT(A, 3) wherein one considers each tableaux
in SYT(A,2) and tracks how a descent may be added and the major index of the
resulting tableaux. If the modified division algorithm above produces a remainder,
we hope that this corresponds to some number of tableaux in SYT(A, 3) that cannot

be constructed from those with two descents.

Preliminary computation suggests that similar patterns arise when considering

tableaux with more descents or of partitions into more parts, giving hope that there

7



is an underlying structure to this modified division. A method that allows us to
procedurally construct the major index over descent polynomials for larger standard
Young tableaux would allow us to negate the intense computational complexity that
comes with the larger size, a great boon when studying distributions on these objects.
Contained within Appendix [A]is SageMath ([21]) code written to demonstrate this

relationship for tableaux of any size.
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Appendix A

SageMath Code

This appendix gives SageMath ([21]) code to write fx(q) using K/’\ilm (¢) in varying
ways. For example, we may generate all nonzero fx(q) for partitions A dominated
by another partition, say A. We may also write the admissible sequences a that arise
in computation of K ';,1‘ A (g) and write explicitly their contribution to fyx(g). The
intention is for this code to be used in a notebook environment, e.g. Jupyter, though
it can be minimally modified to run elsewhere. We note that the space and time
complexity of all subsequent functions can likely be improved significantly by a more

proficient programmer.
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A.1 Major index over descent via SYT()\, k)

A.1.1 Code

import sys

from sage.all import *

import argparse

from datetime import datetime
import time

import numpy

objgen(QQL'q'])
gen(QQL'q'1)

R, q
q

# Generate all partitions whose Young diagrams fit inside of <«
the given partition's.
def gen_partitions_inside (shape=[]):
ptn = Partition(shape)
r = len(shape)
n = ptn.size()
print ("Calculating partitions within {}, a partition of <
{}, with {} rows".format (shape,n,r))

new = deepcopy(shape)
insidelList=[ptn]
for i in range(O,n):

lenIn = len(insidelList)

for j in range(0,lenIn):
1il = insidelist[j]

if (lil.size() == n-i):
insideList.extend(lil.down_list ())
insidelist = sorted(list( dict.fromkeys (&

insideList) ))
insideList = sorted(list( dict.fromkeys(insideList) ))

print ("Partitions inside {}: {}".format(ptn,insidelList))
return insidelist
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# Generate all partitions whose Young diagram fit inside of <
the given partition's,
# with the condition that the partitions also have the same <
number of parts.
def gen_partitions_inside_same_len(shape=[]):
ptn = Partition(shape)
r = len(shape)
n = ptn.size()
print("Calculating partitions with {} rows within {3}, a ¢«
partition of {}, with {} rows".format(r,shape,n,r))

new = deepcopy (shape)

insidelList=[ptn]
out = []

for i in range(O,n):
lenIn = len(insidelList)
for j in range(0,lenIn):
1il = insidelist[j]

if (lil.size() == n-1i):
# print ("working on 1il: {}".format(1lil))
insidelList.extend(lil.down_list ())
insideList = sorted(list( dict.fromkeys (+

insidelList) ))

for ptn in insidelist:
if len(ptn) == r:
out .append (ptn)

out = sorted(list( dict.fromkeys(out) ))

print ("Partitions inside {} with length {}: {}".format (+
ptn,r,out))
return out

# Given a partition shape, generate all associated nonzero f_<¢
{lambda, k}(q).

# If extralInfo is true, the returned list will contain the <«
name of the polynomial (f_{lambda, k}) for each.

def gen_all_flambda(shape, extralnfo):

min = len(shape) -1 #minimum number <
of descents
max = sum(shape)-shape [0] #maximum number <«

of descents
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polylist = [0 for n in range(min,max+1)] #polynomial <
list... we'll store our flambda in here.
s = StandardTableaux (shape)

print ("---Generating Major Index over Descent polynomials<
for ", shape,"---")

for tbx in s:
i = tbx.standard_number_of_descents ()
polylist[i-min] += qg**(tbx.standard_major_index())

outlist = []

for i in range(0,len(polylist)):
f = "f_{{{},{}}}".format (shape, i+min)

if extralnfo:

outlist.append ([f, polylist([i]])
else:

outlist.append ([polylist[i]])
print ("{}= {}".format (f,polylist[i]))

print ("\n")
return outlist

# Given a partition shape "shape", generate the nonzero f_{«
lambda, k}(q) polynomials for all SYT of shape
# lambda inside "shape".
def gen_all_flambda_inside(shape, extralnfo):
insidelList = gen_partitions_inside (shape)
outList = []

for i in range(0,len(insideList)):
ptn = insideList [i]
if len(ptn)>0:
out = gen_all_flambda(ptn, extralnfo)
outList.append (out)

return outList

# Given a partition shape "shape", generate the nonzero f_{«
lambda, k}(q) polynomials for all SYT of shape
# lambda inside "shape" with the same number of parts.
def gen_all_flambda_inside_same_len(shape, extralnfo):
insidelList = gen_partitions_inside_same_len(shape)
outList = []
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for ptn in insidelist:
if len(ptn)>0:
out = gen_all_flambda(ptn, extralnfo)
outList.append (out)

return outlList

# Helper function to handle extraInfo.
def librarize(inList):
out = []
for i in inList:
for j in 1i:
out.append (j[-1]1)
return out

# Given a partition shape "shape" and number of descents "<«
number_of_descents", return

# SYT (shape, number_of_descents) and print f_{shape, ¢
number_of_descents}.

def flambdai_tbx(shape, number_of_descents):

print ("--Generating tableaux of shape {} with {} descents<«
Please hold...--".format (shape ,number_of_descents))

s = StandardTableaux (shape).list ()

out = []

for tbx in s:
if tbx.standard_number_of_descents () == ¢
number_of_descents:
out .append (tbx)

out = sorted(out, key=lambda x: x.standard_major_index())

for tbx in out:
tbx.pp ()
print (u u)

return out

# Given a partition shape "shape", number of descents "¢«
number_of_descents", and major index "major_index", return
# subset of SYT(shape, number_of_descents) with specified <
major index and print out the tableaux.
def flambdai_tbx_fixed_maj(shape, number_of_descents, ¢«
major_index):
print ("--Generating tableaux of shape {} with {} descents¢
and major index {}. Please hold, ...--".format (shape,¢«
number_of_descents, major_index))
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out

for

out

for

StandardTableaux (shape) .list ()
= []

tbx in s:
if tbx.standard_number_of_descents () == ¢
number_of_descents and tbx.standard_major_index() <«
== major_index:
out .append (tbx)

= sorted(out, key=lambda x: x.standard_major_index())
tbx in out:

tbx.pp O)
print("")

return out

# Given

a tableau "tableau", write out the threads of tableau<«

def tableau_strands(tableau):

mark = []

tbx = StandardTableau(tableau)
des = tbx.standard_descents ()
out = []

strand = []

for i in range(l,tbx.size()+1):

if i in des:
strand . append (i)
out .append(strand)

strand = []
continue
if i == tbx.size():

strand.append (i)
out.append(strand)
strand=[]
continue

else:
strand.append (i)
continue

return out
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A.1.2 Examples

# flambdai_tbx([3,2,1], 3)
—--Generating tableaux of shape [3, 2, 1] with 3 descents. Please hold...--
1 4 6

2 5
3

# gen_all_flambda([4,2,2], True)
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---Generating Major Index over Descent polynomials for [4, 2, 2] ---
f_{[4, 2, 2]1,2}= q"10 + Q"9 + 2xq"8 + q°7 + q"6
f_{[4, 2, 2]1,3}= q"16 + 2*q~15 + 4%q~14 + 5%q~13 + 6%q~12 + 5xq~11 + 4%q~10
+ 2%q"9 + q°8
f_{[4, 2, 2],4}= q"20 + q~19 + 3%q"18 + 3*q~17 + 4%q"16 + 3*xq~15 + 3*q~14
+q°13 + q"12

# gen_all_flambda_inside([3,2,1], False)

Calculating partitions within [3, 2, 1], a partition of 6, with 3 rows

Partitions inside [3, 2, 1]: [[J, (1], [1, 11, [1, 1, 11, [2], [2, 1],
(2, 1, 11, (2, 21, [2, 2, 11, [31, [3, 11, [3, 1, 11, [3, 21, [3, 2, 1]]

---Generating Major Index over Descent polynomials for [1] ---

f_{[1],0}= 1

---Generating Major Index over Descent polynomials for [1, 1] ---
f_{[1, 1],1}=q

---Generating Major Index over Descent polynomials for [1, 1, 1] ---
£_{[1, 1, 1]1,2}= q"3

---Generating Major Index over Descent polynomials for [2] ---
f_{[2],0}=1

---Generating Major Index over Descent polynomials for [2, 1] ---
f_{[2, 1],1}=q"2 + q

---Generating Major Index over Descent polynomials for [2, 1, 1] ---
f_{[2, 1, 1],2}= g5 + 9”4 + 9”3

---Generating Major Index over Descent polynomials for [2, 2] ---
f_{[2, 2],1}= q"2
f_{[2, 2]1,2}= q°4

---Generating Major Index over Descent polynomials for [2, 2, 1] ---
f_{[2, 2, 1],2}= g6 + 95 + q74
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f_{[2, 2, 1]1,3}=q"8 + q°7

---Generating Major Index over Descent polynomials for [3] --

f_{[3],0}=1

---Generating Major Index over Descent polynomials for [3, 1]
f_{[3, 11,1}= g3 + g"2 + q

—---Generating Major Index over Descent polynomials for [3, 1,
f_{[3, 1, 11,2}=q°7 + q°6 + 2%q"5 + q"4 + q°3

---Generating Major Index over Descent polynomials for [3, 2]
£ {[3, 2],1}= q"3 + q"2
f_{[3, 21,2}=q°6 + q°5 + q°4

—---Generating Major Index over Descent polynomials for [3, 2,
f_{[3, 2, 11,2}= "8 + 2xq"7 + 2*xq"6 + 2*xq"5 + q"4
f_{[3, 2, 1]1,3}= q"11 + 2%q~10 + 2*xq~9 + 2xq"8 + q°7

1] ---

A.2 Major index over descent via K* | (q)

A, 1A

A.2.1 Code

from sage.all import *

from sage.combinat.q_analogues import qgq_binomial
import sys

import argparse

from datetime import datetime

import time

import numpy

from sage.rings.polynomial.polydict import PolyDict
import gc
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Q Ha o

H H R

q = QQL'q'].objgen ()
= QQL'q'].gen()
q objgen(QQL'q'])

gen(QQL'q'1)

Binomial(n,k) defined as
binomial (n,k) if integers n,k>=0
binomial(n,k) for all non-integers
0 if one of integers n,k<0

def Binomial(n, k):

if n in ZZ and k in ZZ:
if n > 0 and k >= 0:
return binomial(n, k)
return O
return binomial(n, k)

# q-Analog of Binomial(n,k).
def QBinomial(n, k):

**+

**+

**

H =

if n in ZZ and k in ZZ:
if n >= 0 and k >= 0:
return gq_binomial(n, k)
return O
return gq_binomial(n, k)

Generates valid sequences used to generate the Kostka <«
polynomial representing the distribution of the charge <«
statistic

across all SYT of shape lambda with exactly k descents.

Let lambda = (\lambda_1, ..., \lambda_r) be a «
partition of n.

Let mu = (1,1,...,1) be a partition of n, so then<
mu' = (n).

A valid sequence of partitions is alpha = (alpha+¢+
"0, alpha”1, alpha~2, ..., alpha’r)

subject to the following constraints:

alpha”0 = mu' = (n)

For i=1, the first part of alpha”1, is always<>
k.
For i>=1, alpha”i is a partition of sum_{j>= «
i+1} lambda_j.
Note that this means alpha”r is the empty<«
partition.
This is to prevent indexing issues.

92



def gen_alpha_seqs_new (shape, k):

ptn = Partition(shape)

mu = Partition([1]*ptn.size())
muConj = list(mu.conjugate())

r = len(ptn)

bigg = []
for i in range(0,r):

bigg.append ([1) ## seq0, seql, seqr
bigg [0] . append ([muConjl)

sequence alpha = (mu')

## In seqO,

# Build everything else.
for i in range(l,r):

# Generate all of the partitions of size sum_{j>=i+1}eJ

create an initial <

\lambda_j.
# In sage, that's sum_{j>=i \lambda_j}.
ptnsize = sum( ptnl[j] for j in range(i,r))
ptns = Partitions(ptnsize)

# For every sequence alpha,
in alpha is k.

if i==1:
valid = []

for par in ptns:
p = list(par)
if p[0]==k:

valid.append (p)

for par in valid:

the first part of alpha_1<

p = list(par)
for alpha in biggli-1]: # For every ¢
sequence of partitions alpha in Seq(i-1)
current = copy(alpha)
current .append (p)
biggl[i].append (current)
if i>1:
for par in ptns:
p = list(par)

for alpha in biggli-11:

sequence
current
current.

# For
of partitions alpha
= copy(alpha)
append (p)

every <>
in Seq(i-1)
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#

#

biggl[i].append (current)
gc.collect ()

res = []
[res.append(x) for x in biggllen(bigg)-1] if x not in res¢
]

return res

Given a valid sequence alpha for the fixed descent charge <
statistic Kostka polynomial,
computes P~"{a}_i(alpha), with sequence index 'a' and part <«

index 'i'

i', where
P~{a}_i(alpha) = sum_{j=1}"i ( alpha”{a-1}_j - 2%
alpha~{a}_j + alpha“{a+1}_j )

def p_alpha(alpha, a, 1i):

#

#

total = O
for j in range(0,i+1):
total += alpha_part(alpha,a-1,j) - 2*alpha_part(alpha<
,a,j) + alpha_part(alpha,a+1,j)
return total

Given a valid sequence alpha for the fixed descent charge <
statistic Kostka polynomial,
computes c(alpha), a charge-like weighting for the <
sequence , where

c(alpha) = sum_{a=1}"{r} sum_{i=1}"{length(alpha¢+
“{a})} binomial( alpha~{a-1}_i - \alpha~{a}_i , 2)

def c_weight_alpha(alpha):

weight = 0

for a in range(l,len(alpha)+1):
alphalA = alphala] if a<len(alpha) else [0]
alphaAMinus = alphala-1]

imax = max( len(alphald), len(alphaAMinus))
for i in range(0,imax+1):
currentpart = alphaA[i] if i<len(alphalA) else O

prevpart = alphaAMinus[i] if i<len(alphaAMinus<¢
) else O
bino = binomial (prevpart - currentpart , 2)

weight += bino
return weight
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# Given a sequence alpha of partition, returns the part alpha¢«

“a_i if possible.
# If impossible, returns O.
#
def alpha_part(alpha, a, i):

return alphalal[i] if a<len(alpha) and i<len(alphalal) <«

else O

# Given a partition lambda and integer value k,
the Kostka polynomial representing

generates <+

# the distribution of the charge statistic across all SYT of<«

shape lambda with exactly k descents.
def charge_poly_fixed_desc(ptn, k):

if len(ptn) == 1:
return O%*q
shape = []

for part in ptn:
shape.append (part)

sequences = gen_alpha_seqs_new(shape, k)
poly = 0

for alpha in sequences:

poly += qg#**x(c_weight_alpha(alpha)) * prodterm(alpha)

return poly

# Given a sequence alpha, generate the terms in the product <

of KR formula.
def prodterm(alpha):
prodterm = 1
for a in range(1l,len(alpha)):

for i in range(0,max(len(alphala-1]),len(alphalal))):
qupper = p_alpha(alpha,a,i) + alpha_part(alpha,a,+

i) - alpha_part(alpha,a,i+1)

glower = alpha_part(alpha,a,i) - alpha_part(alpha<«

,a,i+1)

prodterm = prodterm * QBinomial (qupper,qlower)

return prodterm

# Given a sequence alpha, generate the terms in the product <«

of KR formula, with information
# about the g-binomials used.
def prodterm_info (alpha):
prodterm = 1
fancy = []
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for a in range(l,len(alpha)):
fancy.append(" (a={})".format(a))
# for i in range(0O,max(len(alphala-1]),len(alphalal))«

for i in range(0, max(len(alpha[1]),len(alphal2]))):

qupper = p_alpha(alpha,a,i) + alpha_part(alpha,a,+
i) - alpha_part(alpha,a,i+1)

gqlower = alpha_part(alpha,a,i) - alpha_part(alpha<+
,a,i+1)

term = QBinomial (qupper, qlower)

fancyterm = [qupper, qlower]

fancy.append(fancyterm)

prodterm = prodterm * term

return [prodterm, fancyl

# Given a partition shape "shape", generate the nonzero f_{
lambda, k}(q) polynomials for all SYT of shape
# lambda inside "shape".
def gen_partitions_inside (shape=[]):
ptn = Partition(shape)
r = len(shape)
n ptn.size ()
print("Calculating partitions within {}, a partition of <
{}, with {} rows".format (shape,n,r))

new = deepcopy(shape)
insidelList=[ptn]

for i in range(O,n):
lenIn = len(insidelist)
for j in range(0,lenIn):
1il = insidelist[j]

if (lil.size() == n-i):
insidelList.extend(lil.down_1list ())
insideList = sorted(list( dict.fromkeys (+

insidelList) ))

insidelList = sorted(list( dict.fromkeys(insideList) ))
print ("Partitions inside {}: {}".format(ptn,insidelList))
return insidelist

# Use KR formla to generate all nonzero f_{ptn, k}
def gen_all_flambda_by_kostka(ptn):

minn = len(ptn)-1
maxx = sum(ptn)-ptn[0]
polylist = [0 for n in range(minn,maxx+1)]

96



outlist = []

for des in range (minn,maxx+1):
polylist [des-minn] = g**Binomial (sum(ptn) ,2)*<+
charge_poly_fixed_desc(ptn, des) (g**(-1))

for i in range(0,len(polylist)):
f = "f_{{{},{}}}".format(ptn, i+minn)
outlist.append([f, polylist[ill)
print ("{}= {}".format (f,polylist[i]))
print ("\n")

return outlist

# Use KR formla to generate all nonzero f_{lambda, k} for all«
partitions lambda inside 'shape'.

def gen_all_flambda_inside_by_kostka(shape):
ptns = gen_partitions_inside (shape)
outlist = []

for ptn in ptns:
if len(ptn)>=1:
out = gen_all_flambda_by_kostka(ptn)
outlist.append(out)
return outlist

# Libary helper function (removes extraneous info when trying<
to write list of all polynomials)
def librarize(inList):
out = []
for i in inList:
for j in 1i:
out.append(j[-1]1)
return out

A.3 Admissible sequence contributions in K f (@)

To run the code in this section, we need to utilize the code from the previous section. It
has been omitted here to save space.
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A.3.1 Code

# Return minimal charge + associated sequence(s) for a
# given partition shape and number of descents
def minimal_charge (shape, desc):

sequences = gen_alpha_seqs_new(shape, desc)

minCharge = float('inf')
minAlpha = []

for alpha in sequences:
charge = c_weight_alpha(alpha)
prod = prodterm(alpha)

if prod == O0:

continue
minCharge = min(charge, minCharge )
if (charge == minCharge):

newMinAlpha = [alphal

for beta in minAlpha:
if (c_weight_alpha(beta) == charge):
newMinAlpha.append (beta)

minAlpha = newMinAlpha
return [minCharge, minAlpha]

# Return maximal charge + associated sequence(s) for a given <
partition shape
# and number of descents
def maximal_charge (shape, desc):
sequences = gen_alpha_seqs_new(shape, desc)

maxCharge = float('-inf')
maxAlpha = []

for alpha in sequences:
charge = c_weight_alpha(alpha)
prod = prodterm(alpha)
if prod == 0:
continue

maxCharge = max(charge, maxCharge )
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if (charge == maxCharge):
newMaxAlpha = [alphal

for beta in maxAlpha:
if (c_weight_alpha(beta) == charge):
newMaxAlpha.append(beta)

maxAlpha = newMaxAlpha
return [maxCharge, maxAlpha]

# Breaks down construction of f_{shape, desc} by writing <
contribution of each term in KR
def flambda_dissect_by_charge (shape, desc):
sequences = gen_alpha_seqs_new(shape, desc)

fullgf = []
majorbydescpoly = 0
print ("=========== Charge (Alpha) Weight Breakdown for {} <«
with {} descents ===========\n "
.format (shape,desc))
for alpha in sequences:
charge = c_weight_alpha(alpha)
fancyprod = prodterm_info(alpha)
product = fancyprod [0]*(g**0)
maj = g**((binomial (sum(shape) ,2)) - charge)
majpoly = maj * product (g**x(-1))
ff = R(majpoly)

if majpoly == O0:
continue
else:
print ("Charge poly: {}".format (product * qg**¢
charge))
shift = ff.exponents () [0] if ff != 0 else O

print ("Sequence: {}".format (alpha))

print ("CWeight: {}".format (charge))

print ("Contr. Product: {} *{}".format(shift, <«
fancyprod [1]))

print ("Contr. Poly: {}".format(majpoly))

majorbydescpoly += majpoly

fullgf.append ([shift, fancyprod[1]])
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print ("Generating Function f_({},{}): ".format (shape, ¢«
desc))
print ("{}*{} ".format (g**xfullgf [0][0], fullgf[0]([1]))
for i in range(1,len(fullgf)):
print ("+ {}*{}".format (g**xfullgf[i]J[0], fullgf[i][1])«
)
print("=\n {}".format(majorbydescpoly))
print ("\n<¢

n ||)
return [fullgf, majorbydescpoly]

# Applies flambda_dissect_by_charge to partitions whose <
Ferrer's diagram fits inside of shape's,
# for all valid numbers of descents.
def dissect_flambda_inside_by_charge (shape):
ptns = gen_partitions_inside (shape)
outlist = []

for ptn in ptns:
if len(ptn)>=1:
for des in range( len(ptn)-1, ptn.size()-ptn+
[0]+1):
out = flambda_dissect_by_charge (ptn, des)
outlist.append(out)
return outlist

# Writes admissible sequences in KR construction of f_{shape, <«

desc}.
def admissible_sequences (shape, desc):
sequences = gen_alpha_seqs_new(shape, desc)

zero =[]
print ("=========== Admissible Sequences for {} with {} <«
descents ===========\pn "
.format (shape,desc))
for alpha in sequences:
charge = c_weight_alpha(alpha)
fancyprod = prodterm_info(alpha)
product = fancyprod [0]*(qg**0)
maj = g**((binomial (sum(shape) ,2)) - charge)
majpoly = maj * product (g**x(-1))
ff = R(majpoly)
if majpoly == 0:
zero .append ([alpha, fancyprod[1]])
continue
else:
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print ("Sequence: {}".format(alpha))
print("")
print("--------- Product: {}".format(prodterm_info¢
(alpha) [11))
print ("\n")
print ("\n")
return

A.3.2 Examples

# flambda_dissect_by_charge([4,2,2],4)
========== Charge(Alpha) Weight Breakdown for [4, 2, 2] with 4 descents ==

Charge poly: q~16 + 9”15 + 2xq"14 + 2xq~13 + 3*q~12 + 2xq~11 + 2%q~10 + g9
+ q°8

Sequence: [[8], [4], [2]]

CWeight: 8

Contr. Product: 12 *[' (a=1)', [6, 41, ' (a=2)', [2, 2]]

Contr. Poly: q720 + q~19 + 2%q~18 + 2xq~17 + 3%q~16 + 2%q~15 + 2xq~14
+ q713 + q712

Charge poly: q714 + 9”13 + 9”12 + 9”11 + q~10

Sequence: [[8], [4], [1, 1]]

CWeight: 10

Contr. Product: 14 *[' (a=1)', [5, 41, [2, 0], ' (a=2)', [2, 0], [1, 111
Contr. Poly: q718 + 9”17 + 9”16 + 9”156 + q"14

Generating Function f_([4, 2, 2],4):
q 12x[' (a=1)', [6, 41, ' (a=2)', [2, 2]]
+ q 14x[' (a=1)', [5, 41, [2, 0], ' (a=2)', [2, O], [1, 1]]

qQ°20 + q°19 + 3%q"18 + 3%q~17 + 4%q"16 + 3%q"15 + 3%q"14 + q"13 + q"12

# admissible_sequences([5,3,2],4)
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Admissible Sequences for [5, 3, 2] with 4 descents ==========
Sequence: [[10], [4, 11, [2]]

————————— Product: [' <(a=1)', [7, 31, [3, 11, ' (a=2)', [2, 21, [1, 011

Sequence: [[10], [4, 11, [1, 1]]

————————— Product: [' (a=1)', [6, 3], [3, 11, ' (a=2)', [2, 0], [2, 1]1]

A.4 Relationships among f) ;(q)

The following code performs the division algorithm discussed in Chapter {4 for fy3(q)
and fy2(g). We note that outside of implementation, there is nothing preventing one
from slightly modifying the code to accommodate relations among different numbers of
descents or even among different partition shapes. Each major function here has a
mathematicaOutput toggle, which will form lists compliant with Mathematica’s syntax
([23]) for those who prefer processing polynomials in the Wolfram language. As with the
previous section, we use many of the same underlying functions given in Appendix

A.4.1 Code

#

# ©poly: a polynomial in q

# returns string of polynomial with "nice" ordering of <«
terms.

#

def poly_proper (poly):
poly = (poly*q**0).subs (q=2z)
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return " + ".join(map(str,sorted([f for f in poly.¢+
operands ()] ,key=lambda exp:exp.degree(z)))).replace("z¢+

useIndicator

enable to display a black square for non-multiples, <

white square for multiples.

def relationship_test(f3, f2, printType, uselndicator):

poly = R(£3)

g =20

while ((poly.coefficients() != []) and (min(poly.<+
coefficients()) > 0)):

n ’uqn)
# Relationship test for min vs. min+l descents.
# f3 - f_{lambda, 3}
# f2 - f_{lambda, 2}
#
# printType - Printing Style Toggles
# full - Print £3 = q f2 + r
# quotient - Print quotient g
# remainder - Print remainder r
#
#
#

term = g**(min(poly.exponents()) - min(f2.exponents ()«

))
test = poly - termx*xf2

if ( (test.coefficients () ==[]) or (min(test.<+
coefficients()) > 0)):
poly = test
g+= term
else:
break

r = f3-g*f2

propR = poly_proper (r)

propG = poly_proper (g)
indicator = ' " if ((r)!=0 and uselIndicator) else ' '
if (r== 0 and useIndicator) else ' '
if (printType == 'full'):
print ("{}£f_3 = ({P)f_2+({})".format( indicator, str («
propG) .replace('x',''), str(propR).replace('*x',"'"')¢c
))
if(printType == 'quotient'):
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print ("{}({}),".format( indicator, str(propG).replace«

Crxty 1))
if (printType == 'remainder'):
print ("{}({}),".format( indicator, str(propR.replace(+
I*I,ll))))

return [R(g) ,R(r)]

# Example Remainder Search for min vs. min+l descents.

#
#

#
#

Fix j, range over k.
For each k, give remainders when n is in congruence <

classes mod (modulus)

continue to n=modulus*nprime+modulus where nprime=capNlN
mathematicaOutput formats things nicely to copy-paste <

into Mathematica.

def hunt_remainder (j, modulus, capK, capN, mathematicaOutput)+«

'print("——j={}“.format(j))

for k in range(j,capk):
print ("---Letting: k={}".format (k))
for ncong in range (0,modulus):
print("----Class: n={} (mod {})".format(ncong, <
modulus), end='")
first = True
for nprime in range ((k/modulus).floor(),caplN):
n = modulus*nprime+ncong
if (n >= k and k>= j):
flambda = gen_all_flambda_by_kostka([n,k,<+
i
else:
continue
if (len(flambda) < 2):
continue

if (first):
print (", so n= {}, {}, {3}, {3}, ...".¢
format (n, n+modulus, n+2*modulus, n+3*<«
modulus))
if (mathematicaOutput):
print ("1ist$J{IK{}IN{}Imod{}=".format (j<
,k,ncong ,modulus) ,end="'{\n"')
first = False

f2 = R(flambda[0][1])
£3 R(flambda [1][1])
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if (not mathematicaOutput):
print (" [{},{},{}]:".format(n,k,j),end="")
p = relationship_test(£f3, f2, 'remainder',6 <«
False)
if (mathematicaOutput):
prlnt (ll}ll)
else:
print ("")
print("")

# Example Quotient Search for min vs. min+l descents.

# (modulus*n+congclass ,modulus*n+congclass,j) Quotient Search

# Fix n,k, range over j.

# For each j, give quotients and generate list of <
differences between successive j.

# Do so for n=k=modulus*nprime+congclass up to nprime=<
nprimeCap
# mathematicaOutput formats things nicely to copy-paste <

into Mathematica.
def hunt_quotient_nnj(modulus, congclass, nprimeCap, jCap, ¢
mathematicaOutput) :
for nprime in range (0,nprimeCap+1):
n = modulus*nprime + congclass
k =n
quotients=1[]

print ("Letting n,k={}*{}+{}={}".format (modulus ,nprime<
,congclass,n))
first = True

for j in range(l,min(n+1, jCap+1)):
if (n<k or k<j):
continue

flambda = gen_all_flambda_by_kostka([n,k,j])
if (len(flambda) < 2):
continue

if(first):
if (mathematicaOutput):
print ("1ist$NK{}$=".format (n),end="'{\n"')

first = False
f2 = R(flambda [0][1])
f3 = R(flambda[1]1[1])
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if (not mathematicaOutput):
print (" [{},{},{}]:".format(n,k,j),end="")
p = relationship_test(£3, f2, 'quotient', True)

quotients.append(p[0])
if (mathematicaOutput) :
print ("}")
diff = [poly_proper(t - s) for s, t in zip(quotients,¢+
quotients [1:]1)]
print ("\nSubsequent Differences:")
if (mathematicaOutput):
print ("diff$NK{}=".format (n),end="{\n"')

print (' ,\n'.join(map(str, diff)),end=('\n}\n\n----'
if mathematicaOutput else '\n\n----'))
PI'iIlt ( n n)

A.4.2 Examples

# flist = gen_all_flambda_by_kostka([5,5,3])

# fmin = R(flist[0][1])

# fminplusone = R(flist[1][1])

# relationship_test(fminplusone, fmin, 'full', True)

Bf 3= (q°2+ 2973+ 2q°4 + 3q°5 + 4976 + 3q"7 + 3q°8 + 3q°9 + q"10
+ q"11)f_2+(q"23 + q~25)

[q"11 + q~10 + 3%q~9 + 3%q~8 + 3%q"7 + 4%q~6 + 3%q"5 + 2%q~4 + 2%q~3 + q°2,
q~25 + q~23]

# hunt_quotient_nnj(3, 2, 2, 4, False)

Letting n,k=3*%0+2=2

[2,2,1]1: R0,

[2,2,2]:00(@"2 + "3 + q°4),

Subsequent Differences:
q°2 +q°3 +q4

-—-—-Letting n,k=3*1+2=5

(5,5,11:M(q"3 + g"4 + q°5 + 2976 + q°7),
[5,5,21:00(q"2 + q°3 + 2974 + 2q°5 + 3976 + 2q°7 + 2q°8 + q°9 + q~10),
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[5,5,3]:M(q"2 + 29”3 + 29”4 + 39”5 + 49”6 + 39”7 + 39”8 + 39”9 + q"10
+ q711),
[5,5,4]1:M(q"2 + 29”3 + 39”4 + 39”5 + 59”6 + 49”7 + 49”8 + 49”9 + 39710
+ q°11 + q°12),

Subsequent Differences:
q°2+q4+qgb5+q96+q7+2%¥q°8 +q°9 + q10,
q°"3+ 9’5+ g6+ q°7+qQ8+ 2%¥q79 + q711,

q°4 + q°6 +q°7 +q9°8 + g9 + 2%¥q710 + 9”12

-—-—-Letting n,k=3*2+2=8
[(8,8,11:M(q"3 + q"4 + q°5 + 2976 + 2q°7 + 29°8 + 39”9 + 29710 + q~11
+ 29712 + q~13),
[8,8,2]1:00(q"2 + 9”3 + 29°4 + 2975 + 396 + 3q~7 + 49”8 + 4q~9 + 49”10
+ 39711
+ 39712 + 29713 + 29714 + q~15 + q~16),
[8,8,3]:M(q"2 + 2973 + 2974 + 3q°5 + 49”6 + 4q°7 + 5q°8 + 6q"9 + 5q°10
+ 59711
+ 5q~12 + 39713 + 39”14 + 39”15 + q~16 + q"17),
(8,8,4]:M(q"2 + 2973 + 3974 + 39”5 + 5q°6 + 5q°7 + 69°8 + 79”9 + 7q~10
+ 69711
+ 79712 + 59713 + 49”14 + 4q~15 + 3q"16 + q~17 + q~18),

Subsequent Differences:

q°2+q4+qg5+q9°6+qQ7+2%¥qg°8 + q°9 + 2xq710 + 2%q”"11 + 9”12 + q~13
+ 2%q"14 + q"156 + q~16,

Q"3 +q°5+Qq6+ Qg7+ g8+ 2%¥q79 + 9710 + 2xq"11 + 2*%q"12 + 9”13 + q"14
+ 2%q~15 + 9717,

qg°4 + qQ°6 +Qq°7+q°8+q9+ 2%q710 + q"11 + 2xq~12 + 2xq”13 + q"14 + q~15
+ 2xq~16 + q~18

# hunt_remainder(3, 4, 4, 4, False)

__j=3

-——Letting: k=3

--——Class: n=0 (mod 4), so n= 4, 8, 12, 16,

[4,3,3]: (18 + q),

[8,3,3]: (q°21 + q~22 + q"23 + 29724 + 2925 + 29726 + 2q°27 + q°28 + q"°29
+ q~30),

[12,3,3]: Q.

--——Class: n=1 (mod 4), so n= 5, 9, 13, 17,
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[5,3,3]: (q"18 + 9719 + 720 + g~21),

[9,3,3]1: O,

[13,3,3]: (9727 + 9”29 + 9”30 + 9”31 + 9”32 + 29733 + 9”34 + 29~35 + 29”36
+ 29737 + 9”38 + 29739 + 9740 + q"41 + q"42 + q"43 + q745).

--——Class: n=2 (mod 4), so n= 6, 10, 14, 18,

[6,3,3]: O,

[10,3,3]: (q°24 + q°26 + Q27 + q~28 + q°29 + 29730 + q"31 + q~32 + q~33
+ 9734 + q°36),

[14,3,3]: (q°27 + q°28 + q"29 + 29730 + 2q~31 + 2q~32 + 3q"33 + 3934 + 3935
+ 4q°36 + 4q~37 + 4q°38 + 4q~39 + 3q°40 + 3q"41 + 3q"42 + 2q~43 + 2944
+ 29745 + q746 + Q747 + q748).

--——Class: n=3 (mod 4), so n= 3, 7, 11, 15,

(3,3,3]: O,

[7,3,3]: (q°21 + q°23 + q"24 + q°25 + q~27),

[11,3,3]: (q"24 + q°25 + q~26 + 2q~27 + 29728 + 29729 + 3q~30 + 3q~31 + 3q~32
+ 39733 + 29734 + 29735 + 29736 + q~37 + q~38 + q~39),

[15,3,3]: Q).
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Appendix B

Mathematica Code

This appendix gives Mathematica (Wolfram language [23]) code to write fy (¢q) by gen-
erating the set SYT(\, k) and printing it out either as a list of diagrammatic tableaux by
major index or as the polynomial f) ;(q). We note that the tools in Appendix |A| could be
written in the Wolfram language instead, though Mathematica does not include many of
the typical statistics on tableaux by default.
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B.1 Major index over descent via SYT(\, k)

B.1.1 Code

Needs ["Combinatorica™ "]

(*

Handle combinatorial issues with @°.
*)

Unprotect[Power] ;

Power[0 ]| 0.,0|0.] =1;
Protect[Power];

(*

Fixes combinatorial issues with Mathematica's QBinomial,
returns zero if we have negative index.

*)

GenQBinomial[a , b , c_ ] :=If[(a<b) || (a<@), 0, QBinomial[a, b, c]]

(*
Given a tableau Tbx, return the number of descents of Tbx
*)
TabDes[Thx_] := Sum[
Which[Position[Thx, i][1][1] < Position[Thx, i +1]1[11[11, 1,
Position[Thx, i][1][1] = Position[Thx, i + 1] [1][11, @1,
{i, 1, Max[Thx] -1}]

(%

Given a tableau Tbx, return the major index of Tbx

*)

TabMaj[Thx ] := Sum[Which[Position[Thx, i][1][1] < Position[Thx, i +1][1][1], i,
Position[Thx, i][1][1] 2= Position[Thx, i + 1] [1][11, @1,
{i, 1, Max[Thx] -1}]
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(*
Given a partition part and integer des, return f_{part,des}, the major index statistic
over all SYT of shape part with exactly des descents.
*)
FLambdaI[part , des ] := Sum[Which[TabDes[Jay] # des, @, TabDes[Jay] == des,
g~TabMaj[Jay]], {Jay, Tableaux[part]}];

(*
Diagramatically write out all SYT of shape part with given number of descents.
*)
InfoFLambdaI[part_, des_] := SortBy[DeleteCases[Table[
Which[TabDes[Jay] # des, @, TabDes[Jay] == des, {Jay, q~TabMaj[Jay]}],
{Jay, Tableaux[part]}], @], Last] // Transpose // TableForm;
(*
Given a polynomial poly and a desired maximum power PowersBound, returns EulerProduct
that matches up to bound.
Sequence {a_i}, 1\leq i\leq bound, with
a_i=J if 1/(1-9~i)? appears and a_i =-j if (1-q~i)’ appears.
Gives shift g*k if first nonzero term has degree k.
*)
QProdMake[Poly , PowersBound_] := Module[{i, n},

LocalF = Poly;

FirstTerm = Poly /. q - 0;

FirstDegree = 0;

While[FirstTerm == @, LocalF = Simplify[LocalF /q];

FirstTerm = LocalF /. q » ©; FirstDegree = FirstDegree + 1];

LFCoeffList = PadRight[CoefficientList[Series[LocalF / FirstTerm,

{q, @, PowersBound}], q], PowersBound] ;

For[n =1, n < PowersBound + 1 - FirstDegree, n++, If[! IntegerQ[LFCoeffList[n]],
Print["Non-integer coefficients after division by leading coefficient"];
Return[Null]]];

EtaPowers = Table[®, {n, 1, PowersBound - FirstDegree}];

For[n = 1, n < PowersBound + 1 - FirstDegree, n++,

EtaPowers[n] = Coefficient[
Series[LocalF / FirstTerm - Product[ (1 - q~k) ~ (-EtaPowers[k]), {k, 1, n-1}],
{q, @, PowersBound}1, q”~n]

15

Print["First term

Return[Null]

, FirstTerm x q~FirstDegree, " ; Qn powers ", EtaPowers];
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(*
Computer-readable form of QProdMake. Spits out list of powers (used in QProdMake) .
Drops the shift term.
*)
PowerList[Poly , PowersBound ] := Module[{i, n},
LocalF = Poly;
FirstTerm = Poly /. q - 0;
FirstDegree = 0;
While[FirstTerm == @, LocalF = Simplify[LocalF /q]; FirstTerm = LocalF /. q - 0;
FirstDegree = FirstDegree +1];
LFCoeffList = PadRight[CoefficientList[
Series[LocalF / FirstTerm, {q, @, PowersBound}], q], PowersBound] ;
For[n = 1, n < PowersBound + 1 - FirstDegree, n++,
If[! IntegerQ[LFCoeffList[n]], Return[Null]]];
EtaPowers = Table[®, {n, 1, PowersBound - FirstDegree}];
For[n = 1, n < PowersBound + 1 - FirstDegree, n++,
EtaPowers[n] =
Coefficient[Series[LocalF / FirstTerm - Product[ (1 - q~k) ~ (-EtaPowers[k]),
{k,1, n-13}1, {9, 9, PowersBound}1, q~n]
15
Return[EtaPowers]
]
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B.1.2 Examples

TabMaj[{{1, 4, 6}, {2, 5}, {3}}]
7

TabDes[{{1, 4, 6}, {2, 5}, {3}}]
3

FLambdaI[{3, 2, 1}, 3]

q +2q4+29°+2q@+q"?

InfoFLambdaI[{3, 2, 1}, 3]

146 136 145 135 135 125 134
25 2 4 2 6 2 4 2 6 3 6 25
3 5 3 6 4 4 6
q7 q8 q8 q9 q9 qle qle

QProdMake [FLambdaI[{3, 2, 1}, 2], 20]

First term q4 ; Qn powers {2, -1, 0, -1, 0, 0,0, 0,0, 0, 0,0,0,0,0, 0}

o () (-e')

Note that f(3,2,1),2(CI) =q (1-q)2
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