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Abstract

Inverse problems with partial data have many applications in science and engi-
neering. They are more challenging than the complete data cases since the lack of
data increases ill-posedness and nonlinearity. The use of only deterministic or sta-
tistical methods might not provide satisfactory results. We propose to combine the
deterministic and statistical methods to treat such inverse problems. The thesis is
organized as follows.

In Chapter 1, we briefly introduce the inverse problems and their applications. The
classical deterministic methods and Bayesian inversion are discussed. The chapter is
concluded with a summary of contributions.

Chapter 2 considers the reconstruction of the unknown acoustic sources using
partial data. First, we extend the direct sampling method to approximate the source
locations. Second, the inverse problem is formulated as a statistical inference problem
using the Bayes’ formula. The source locations obtained in the first step are coded
in the priors. Then a Metropolis-Hastings algorithm is used to explore the posterior
density.

In Chapter 3, a two-step deterministic-statistical approach is proposed to recover
the trajectories of moving sources using partial measured data. In the first step,
an approximate direct sampling method is developed to obtain the locations of the
sources at different times. Such information is coded in the priors, which is critical for
the success of the Bayesian method in the second step. The combined approach in-
herits the merits of the deterministic method and Bayesian inversion as demonstrated
by the numerical examples.

Chapter 4 studies the reconstruction of Stekloff eigenvalues and the index of refrac-
tion of an inhomogeneous medium from Cauchy data. The inverse spectrum problem
of Stekloff eigenvalues is investigated by the reciprocity gap method. Then a Bayesian

approach is proposed to estimate the index of refraction using a few reconstructed

xXvii



eigenvalues.

In Chapter 5, we consider the inverse spectral problem to determine the material
properties given a few transmission eigenvalues. The lack of theoretical results moti-
vates us to propose a Bayesian approach to formulate a statistical inference problem.
The MCMC algorithm is used to explore the posterior density. Due to the non-
uniqueness nature of the problem, we adopt the local conditional means (LCM) to

characterize the posterior density function.

Xviil



Chapter 1

Introduction

This chapter presents a brief introduction of the inverse problems, the applications,
deterministic methods, and Bayesian methods. The main contributions of the disser-

tation are summarized at the end of the chapter.

1.1 Inverse problems

Inverse problems have been a particular interesting field in mathematical research.
They have numerous applications such as the atmospheric sciences, geophysics, ma-
terials sciences, image processing, signal processing, oceanography, hydrology, and
traffic flow control.

In 1976, Keller [64] gave a definition of inverse problems:

We call two problems inverses of one another if the formulation of each
inwvolves all or part of the solution of the other. Often, for historical rea-
sons, one of the two problems has been studied extensively for some time,
while the other is newer and not so well understood. In such cases, the
former problem is called the direct problem, while the latter is called the

tmverse problem.

In general, a problem is called a direct problem if all the necessary parameters



are provided and one needs to predict the measurements given the relation between
the parameters and measurements. In contrast, the process to decide the unknown
parameters given measurements is often considered as an inverse problem. Usually
the direct problem has been thoroughly studied and there are many results available.
On the other hand side, the inverse problem was investigated at a later time with
less results. Furthermore, in many cases, the inverse problem is more challenging
due to the fact that it is inherently nonlinear and ill-posed. In particular, the in-
verse problems studied in this thesis are severely ill-posed since only partial data are
available.

In mathematical physics, according to Hadamard [45], a problem is said to be

well-posed if
1. there exists a solution to the problem (existence),
2. there is at most one solution to the problem (uniqueness),
3. the solution depends continuously on the data (stability).
A precise definition of well-posedness is as follows.

Definition 1.1.0.1. (Chapter 4.1 in [30]) Let A: U < X — V < Y be an operator
from a subset U of a normed space X into a subset V of a normed space Y. The
equation

Alp) = f

1s called well-posed or properly posed if A : U — V is bijective and the inverse operator

A=YV — U is continuous. Otherwise the equation is ill-posed or improperly posed.

For a long time, researchers mainly concentrate on the study of well-posed prob-
lems that have unique solutions and depend continuously on the given data. Ill-posed
problems connected with partial differential equations in mathematical physics were
only viewed as purely academic interest. This situation changed dramatically due to

the wide applications of inverse problems in real life, the improvement of computation



capabilities, as well as the development of new methods for ill-posed problems. Nowa-
days, the inverse problem is an active area in mathematics, sciences, and engineering,

equally important as the direct problem.

1.2 Deterministic Methods

Traditionally the inverse problems were treated using deterministic methods. Most
deterministic methods can be classified as the iterative methods [98, 58, 43, 49, 5, 36,
61] and the direct methods [25, 27, 66, 67, 24, 7, 68, 55, 72, 97].

One can formulate an inverse problem as an optimization problem for a cost
function and the minimizer is the solution to the inverse problem. To compute the
minimizer, iterative methods such as the Newton type methods [98, 58, 43, 49] and
gradient descent methods [5, 36, 61] are applied. Due to the facts that in each step
one needs to solve a direct problem and that the convergence may be slow, iterative
methods are usually computationally expensive. In addition, to ensure convergence,
iterative techniques need a good initial guess, which is often difficult to obtain. Nev-
ertheless, successful iterative methods can provide detail and accurate information of

the unknowns.

Direct methods usually build some indicator functions according to the properties
of the associated partial differential equations. Using indicator functions over the
sampling domain, one can obtain qualitative information of the unknowns such as
the location and size of a target. Furthermore, the implementation of the direct
methods is simple in general. A drawback of direct methods is that they require
substantial amount of measurement data. When only partial data are available,
their performance deteriorates quickly. Well-known direct methods include the linear
sampling method, the factorization method, the reciprocity gap method, the extended
sampling method, the direct sampling method, the orthogonality sampling method,
etc. [25, 27, 24, 7, 66, 67, 23, 68, 91, 95, 57, 86, 88|.
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Due to the ill-posedness of the inverse problems, regularization techniques are
also often used. The basic idea of regularization methods is to construct a stable
approximate solution of an ill-posed problem. Consider the ill-posed linear equations

of the first kind

Ap =y, (1.2.1)

where A : X — Y is a compact operator. The following theorem guarantees the
existence of a unique solution for a popular regularization method - Tikhonov regu-

larization [106, 30].

Theorem 1.2.1. Let A: X — Y be a compact linear operator and let v > 0. Then

for each y € Y there exist a unique ¢, € X such that

14, = ylI* + 7o, | = inf {llAe —ylI* +7lel*} (1.2.2)

The parameter vy is called the reqularization parameter. The minimizer . is given

by the unique solution of vp, + A*Ap, = A*y and depends continuously on y.

1.3 Bayesian method

In recent year, statistical methods have received more attention for inverse problems
(63, 99, 10, 38, 110, 62]. Statistical inversion theory reformulates inverse problems
as problems of statistical inference by means of Bayesian statistics. In the Bayesian
framework, all the parameters are modeled as random variables. The randomness,
which describes the observer’s uncertainty concerning their values, is expressed in the
distribution of the variables. The solution to the inverse problem in the statistical
inversion perspective is the probability distribution that provides a probabilistic de-
scription of the interest unknowns when all information available has been included

in the model.



1.3.1 Bayes’ formula

Consider the inverse problem of getting information about x € X from the measure-
ment y € Y. The model which relates these two quantities z and y may be inaccurate
and contain parameters that are not well known to us. In practice the measurement

y always contains noises. The statistical problem can be written as

y = f(z,e), (1.3.3)

where f : X xY — Y is the model function, and e € Y encapsulates the poorly known
parameters as well as the measurement noise. We refer to the directly observable
random variable y as the measurement, the non-observable random variable x that is
of primary interest as the unknown, and the variable e that is neither observable nor
of primary interest as parameters or noises.

In the Bayesian statistical theory, the prior information can be coded into the
prior density 7, which expresses what we know about the unknown before performing
the measurement of y. The conditional distribution of the measurement y given x
is referred to as the likelihood, denoted by m(y|z). It expresses the likelihood of
different measurement outcomes given z. The conditional distribution 7(z|yobserved)
which describes what we know about x given the realized observation y = Yopserved 1S
called the posterior distribution of x.

Given ¥y = Yonserved, the goal of the Bayesian inverse problem is to seek statistical
information of x by exploring the conditional probability distribution 7(z|yobserved)-
The following theorem describes the relationship between the prior, likelihood and

the posterior distribution.

Theorem 1.3.1. (Theorem 3.1 in [63]) Assume that the random variable v € X has
a known prior probability density m,.(x) and the data consist of the observed value
Yobserved 0f an observable random variable y € Y such that m(Yopserved) > 0. Then the
posterior probability distribution of x, given the data Yopserved, S

71—pr(x) T (yobsemed|'r)
7-‘-<yobserved)

7"-post(x) = 7T(x’yobserveal) = (134)



For simplicity, we shall write ¥ = yopservea- 1he observed value of y is used in the
evaluation of the posterior distribution. The joint probability density of x and y is

denoted by 7(x,y). Then the marginal density of y in (1.3.4) is

7(y) = L{ 7(x,y)dr = L{ Tor (@) (y|x)d, (1.3.5)

which is a normalization constant.

1.3.2 Estimators

As discussed above, the solution to the Bayesian inverse problem is defined to be the
posterior probability densities of the unknown parameters. To characterize the poste-
rior density functions, one can calculate different point estimates, such as maximum

a posteriori (MAP) and conditional mean (CM).

Definition 1.3.1.1. Given the posterior probability density m(x|y) of the unknown

x € X, the maximum a posteriori estimate (MAP) xpyrap is
Tarap = argmax w(z|y).
zeX

Definition 1.3.1.2. The conditional mean (CM) of the unknown = conditioned on y
1s defined as

tons = Elaly) = L em(zlz)dz,

provided that the integral converges.

However, for the problem which has non-unique solution, point estimators men-
tioned above might not carry sufficient/correct information of the unknowns. Hence

we also use the local estimators introduced in [103] when necessary.

Definition 1.3.1.3. (LMAP) We call x* a local MAP, denoted by xppyap, if

m(#%ly) > emax(zly) and 2% =arg max w(zly)

for some constant € € (0,1) and N(x*) a neighborhood of x*.

6



Definition 1.3.1.4. (LCM) The local conditional mean xpcn is define as

TLoM = J xm(zly)de,
s

where S is a subset of X.

1.3.3 Likelihood function

In the statistical inversion it is important to construct the likelihood function. The
likelihood function contains the forward model used in classical inversion techniques as
well as information about the noise, other measurement, and modelling uncertainties.

Most often, the noise is assumed to be additive and mutually independent of the

unknown x. Then the statistical model (1.3.3) is of the form

y=f(z)+e,

where x € X, y,e € Y Jand x and e are mutually independent. Denote the prob-
ability distribution of the noise e is meise(€). Under the assumption of the mutual

independence of z and e, we can derive that

T(Y|T) = Tnoise(y — f(2)).

Hence, from Bayes’ formula (1.3.4), one can obtain

7T(£|y)oc Wpr(x) Wnoise(y - f(aj))v

where oc means proportional to.

Denote by N the normal distribution. We assume that the noise e follows a
Gaussian distribution, i.e., Teise(€) = N(0, Thoise), Where Tgise € Y x Y is positive
definite. Let P(z;y) = 3(y — f(2)) Thoee(y — f(z)). Assume that the posterior

measure g with density mpost(2) is absolutely continuous with respect to the prior

measure jio with density 7, (z). Using (1.3.4) and (1.3.5), we can relate p with 19 by

dp 1 _
d_uo(x) = % exp (—P(z;y)), (1.3.6)

7



where Z(y) = {, exp(—P(x;y))duo(z) is the normalization constant. The formula
(1.3.6) is understood as the Radon-Nikodym derivative of the posterior probability

measure i with respect to the prior measure .

1.3.4 Markov chain Monte Carlo methods

One effective way to explore the posterior probability distribution is the Markov chain
Monte Carlo (MCMC) techniques. The basic idea of MCMC methods is to design
a Markov chain {z,}>_, that is drawn from the posterior measure p in (1.3.6). The
MCMC methods are systematic ways of generating samplings from the distribution
we want to explore and contain significant innovation in the design of methods. In
this section, we will introduce one common procedure of the MCMC methods known
as the Metroplis-Hasting (M-H) algorithm.

In the M-H algorithm, the aim is to construct a transition kernel ¢(x,u) such
that the proposed move u from the current state of Markov chain z is distributed as
q(z,u). We define acceptance ration a(z,u)

Tpost (1) q(u, ) }

Tpost ()4 (2, )

az,u) = min {1,

and a random variable «y(x,u), which is independent of the probability space under-

lying the transition kernel ¢, with the property that

1 with probability a(zx,u),
V(T u) =
0 otherwise.
In particular, in the M-H algorithm, the transition kernel ¢ satisfies the detailed

balance equation, which is given by

Tpost (W) (1, 2)q(u, ) = Tpost () (2, u)q (2, w).

When a point x,, € X is given, we can postulate that the kernel ¢ either propose a

move to u € X with probability v(z,,u) or it proposes no move away from x,, with

8



probability 1 — v(z,,u), i.e.
Tpit1 = V(xna u)u + (1 - V(xna u))xn with u ~ Q(xna u) (137)

The following theorem states that the empirical distribution of the Markov chain

generated by the M-H algorithm converges weakly to that of the measure pu.

Theorem 1.3.2. Given p in (1.3.6), the Markovian sequence {x,}r_, defined by
(1.3.7) is invariant for u: if 1 ~ u, then x, ~ u for all m = 1. Furthermore,

if the resulting Markov chain is ergodic then, for any continuous bounded function

g: X —>R,

dm 5 3 ate) = | glomtao)

almost certainly.

Instead of a solution of the unknown as the deterministic method, the statistical
method, by formulating the inverse problem as a statistical inference, provides the
probability distribution of the unknown which may contain more information. In most
cases, the posterior distribution cannot be obtained analytically. Computational tools
such as MCMC methods are applied to explore m,.s. The choice of prior allows us to
include useful information of the unknown. However, the prior may be subjective and
lead to unreliable inference of the unknown. Motivated by the facts that i) the direct
methods are simple to implement and can produce qualitative information of the
unknown; ii) only partial measurement is available; iii) informative prior distribution
can significantly reduce the computation cost of the MCMC methods, we propose to
integrate the information obtained in the direct methods into the prior distribution

of Bayesian method for the inverse problems with partial data.

1.4 Main Contributions

Inverse problems with partial data are challenging. In many cases, the use of a single

method cannot provide satisfactory results. In this thesis, we propose to combine the



deterministic and statistical methods to treat several inverse problems. In particular,
the deterministic methods are used to obtain qualitative information of the unknowns
such as the approximate location and size of the target. This information is built in
the priors for the statistical methods to obtain quantitative information, e.g., the
shape of the target. The proposed approach has been applied to recover 1) the
location and magnitude of static sources, 2) the trajectories of moving sources, 3)
the material property using Stekloff eigenvalues, and 4) the index of refraction using

transmission eigenvalues.
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Chapter 2

Quality-Bayesian Approach to
Inverse Acoustic Source Problems

with Partial Data !

2.1 Introduction

In this chapter, we consider the inverse problem to reconstruct the locations and in-
tensities of the acoustic sources from partial near-field or far-field data. This problem
has importance in various applications such as biomedical imaging and the identi-
fication of pollution sources [56, 35]. We refer the readers to [56, 2, 84, 3] and the
references therein for various methods proposed in literature.

Recently, a new quality-Bayesian approach, which combines a qualitative method
and the Bayesian inference, is proposed for the inverse scattering problem [80]. The
approach has two steps. First, qualitative information of the obstacle such as the
size and location is obtained using the extended sampling method (ESM) [84, 86].

Second, the inverse problem is formulated as a statistical inference problem using the

'This chapter has been published as an article in SIAM Journal on Scientific Computing.
https://doi.org/10.1137/20M132345X
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Bayes’ formula [63, 99]. Then a Markov chain Monte Carlo (MCMC) algorithm is
used to explore the posterior density of the parameters for the unknown obstacle. The
information obtained in the first step is coded in the priors. The method provides
satisfactory results using partial data.

In this chapter, we extend the methodology in [80] to the inverse acoustic source
problem with partial data (see Fig. 2.1). In the first step, a direct sampling method
(DSM) is employed to approximate the locations of the sources. The DSM is a non-
iterative method to reconstruct the unknown scatterers [96, 57]. Recently, the DSM
was used in [1, 115] to reconstruct the locations of multiple multipolar sources from
single-frequency Cauchy data. For multi-frequency data, we construct new indicator
functions for the inverse source problems. Similar to those in [88, 3, 115], the indicator
decays as the sampling point moves away from the source (see, e.g., [88]). The DSM
has some attractive features: (i) it is easy to implement and computationally cheap:;
(ii) the algorithm does not need any a priori information of the sources; and (iii) the
method can provide reliable location estimations of the unknown sources; (iv) the
method is robust for the noise data. These features make the DSM a good candidate

to obtain some qualitative information of the sources.

receiver

Figure 2.1: Inverse source problem with partial near-field data.

In the second step, for the details of the source, we resort to the Bayesian inversion.

12



In Bayesian statistics, the parameters of the model are viewed as random variables.
The number and locations of the sources obtained in the first step are coded in
the priors. By using the Bayes’ formula, a posterior distribution of the unknown
parameters is obtained. The well-posedness is proved and a Metropolis-Hastings (MH)
MCMC algorithm is used to explore the posterior density. Consequently, statistical
estimates for the unknown parameters can be obtained. We refer the readers to
(63, 99] for the Bayesian inversion and [10, 13, 80, 83] for the applications. The
current chapter and [80] share the basic idea of using a combined deterministic-
statistical approach for the inverse problems with partial data. However, there are
several major differences. Firstly, the physical models are different. The study in [80]
considers the inverse scattering problem using partial data due to a single frequency.
This chapter treats the inverse source problem using multi-frequency partial data.
Secondly, the deterministic method used in [80] is the ESM, which can only treat a
single target. In this chapter, the DSM is extended to treat multiple targets, which is
clearly an advantage. Thirdly, in the sampling stage, due to the nature of the problem
under consideration, the computation of the forward problem is simpler. Thus the

speed of the inversion in the current chapter is much faster than that in [80].

Inverse problems with partial measurements arise in many applications of practical
importance. In contrast to the cases of full measurements, they are more challeng-
ing since the reconstructions usually deteriorate when the data become less. This
chapter proposes an effective combined deterministic-statistical approach. The con-
tributions include: 1) an effective DSM for partial data to approximate locations of
multiple acoustic sources; 2) an MCMC algorithm to reconstruct the details of the
sources based on the information obtained by the DSM; 3) an analysis of the indicator
functions; and 4) the well-posedness of the posterior density distribution. The DSM
and MCMC are based on the same physical model and use the same set of partial
data. The merits of both methods are inherited by the proposed approach as demon-

strated by the numerical examples. The rest of chapter is organized as follows. In

13



Section 2.2, we present the direct and inverse source problems under investigation. In
Section 2.3, we develop a DSM to obtain the approximate locations of the unknown
sources. In Section 2.4, the Bayesian method is employed to reconstruct the details
of the sources. In Section 2.5, numerical examples are presented to show the effec-
tiveness of the quality-Bayesian approach using complete and partial data. Finally,

in Section 2.6, we draw some conclusions.

2.2 Direct and Inverse Source Problems

Let I’ € L?(R?) denote sources with supp F' = V, where V is a bounded domain in

R?. The time-harmonic acoustic wave u € H}. (R?) radiated by F satisfies

Au+Kku=F inR? (2.2.1a)

}LH;)\/; (86_1; - zku) =0, r=|z, (2.2.1b)
where k is the wavenumber, (2.2.1a) is the Helmholtz equation and (2.2.1b) is the Som-
merfeld radiation condition. Recall that the fundamental solution to the Helmholtz
equation is given by
Pp(z,y) = i

where Hél) is the Hankel function of the zeroth order and the first kind. It is well-

HSY (k| — y]),

known that ®(x,y) satisfies [30]
(A + k) Pp(z,y) = —0(z —y), (2.2.2)

where § is the Dirac distribution. The solution u to (2.2.1) has the asymptotic

expansion
ei% eikr

ules k) = == {uw(@, k) +0O (%)} as T — oo,

where & = x/|z| € S, S := {|&#| = 1 : & € R?}. The function u®(Z,k), & € S, is the

far-field pattern of u(z, k). The solution u to (2.2.1) and u® can be written as [30]
o k) = | @ule.p)Pl)dy (2.23)
v
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u?(2,k) = | (2, y)F(y)dy, (2.2.4)

b

where
O (Z,y) = exp (—iki - y) (2.2.5)
is the far-field pattern of ®x(z,y).

The inverse source problem (ISP) of interest is to determine F' from one of the

following data sets (see Fig. 2.1):
) {u(z, k) :xel, ke lkn, kul},
i) {u*(z,k):2e€ScS, kelkn, kml},

where I is a measurement curve outside V', and k,,, < k), are two fixed wavenumbers.
By complete data, we mean that I is a simple closed curve with V inside, or S = S.
Otherwise, the measured data is partial.

In this chapter, we consider two F’s for (2.2.1). The first one is the combination

of monopole and dipole sources (see, e.g.,[115])
Fi(z) =N +&-V)dx—z), j=1,...,J, (2.2.6)

where J is the number of sources, z;’s represent the source locations, A;’s and &;’s are
the scalar and vector intensities such that |A;| + |£;| > 0 and A;&; = 0. The second

one is the union of
Fj(z) = Njexp(=&lz — z)?), j=1,..., (2.2.7)

where \;’s and §;’s are the scalar intensities. For simplicity, we write

J
F("L‘;Z7>‘7€) = Z F}(I;Zj,)\j,fj), Supij(‘/L‘; Zj7)‘j7€j) < ‘/j7 (228)

j=1
where A = (A1,...,Ay), €= (&,...,&),and V; < V.

A source with an extended support cannot be uniquely determined from measure-
ment data at a fixed frequency [33]. Multiple frequency data guarantee the uniqueness
and improve the reconstructions [35, 8]. In fact, the reconstruction by the DSM with

single frequency partial data can be useless (see Section 2.5.1).
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2.3 Direct Sampling Method

Given the measured far-field or near-field data, we propose a direct sampling method
(DSM) to reconstruct the number and locations of the sources. The method only
involves numerical integrations and is robust for noisy partial data, making the DSM
a fast algorithm to obtain some qualitative information. The DSM proposed in [57] is
to reconstruct point-like scatterers using the near-field data of all directions due to a
single incident plane wave. In this section, we extend it to treat the inverse acoustic
source problem by introducing new indicator functions such that it can process 1)
both near-field and far-field data; 2) data of a few observation directions; and 3)
multi-frequency data. Another advantage of the DSM is that it can reconstruct the
locations of multiple targets, while the ESM in [80] can only reconstruct a single

target.

Let D be the sampling domain such that V' < D and n be the unit outward normal
to 0D. Denote by A := {k;}¥, < [k, ka] a finite set of discrete wavenumbers. We

define two functions
I(ZP) = Z J U(ZE, kz)ci)/ﬂ(xa Zp)dS(ZE), Zp € D7 (239)
r

and

KA
&8

), z €D, (2.3.10)

=

(T, zp)ds(

i

() = ) J (i, k)

where @y, (, z,) and ®7(%, z,) are the conjugates of ®y, (z, z,) and PL(, z,), respec-

tively.
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2.3.1 Near-field Indicator

For near-field data, inserting (2.2.3) into (2.3.9) and changing the order of integration,

we have that

1) = 3 | | onte Py s

(2.3.11)
eI B e e
kiE.A vJr
From (2.2.2), for @, (x,y) and @y, (z, 2,), it holds that
f (A, (,y) + E*®y, (2,9)) Py, (, 2,)dx = =y, (v, 2,), (2.3.12)
D
J (A, (7, 2p) + KDy, (, 2,) ) Pp, (7, y)dr = — By, (y, 2,). (2.3.13)
D

Using (2.3.12), (2.3.13), the Green’s formula and the Sommerfeld radiation condition,

we derive

a(i)kz (1:7 Zp)

- 0P, (x,y) =
(0} — &, = — 2P, —
k; (y7 Zp) k; (y7 Zp) L { on ki (.’ﬂ, Zp) on,

~ f (Zkzq)kz ("Ev y)ci)/ﬁ (IL‘, Zp) + Zkzci)/ﬂ (:L‘, Zp)q)ki (:E, y))ds(x),
I

(0.1 | ds(a)

(2.3.14)
which implies
r
where Im(-) denotes the imaginary part.
For y € V and z, € D, define the kernel function for (2.3.11)
H(y,z,) = J Oy, (2, y) Py, (, 2p)ds(z), k; € A (2.3.16)
r
Thus,
1
H(y, zp) o = Jolkily = 2[), ki€ A, (2.3.17)

where Jj is the zeroth order Bessel function and oc means “proportional to”.
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Due to (2.3.11) and (2.3.17), I(z,) is a superposition of the Bessel functions. From
the asymptotic property of Jy(t) [30], one has that

To(t) = %\/,;O” {1 +0 G) } , ast— o, (2.3.18)
m

and [(z,) decays similarly when z, — c0.

The discussion leads to an indicator for the near-field data

3] Cule, k), @, (2, 2 e |
kiG.A

2 [u, ki) L2y Pr, (@, 2p) [ L2y
kiE.A

]DSM(Zp> = VZp € D, (2319)

where the inner product (-, -)r2(ry is defined as

Culw, k), Pp, (2, 2p) )r2ry = Jru(x,ki)q)ki (x, zp)ds(x).

2.3.2 Far-field Indicator

Substituting (2.2.4) into (2.3.10), and changing the order of integration, we have that

(=) — ;4 L fv L (&, y) F(y)dyDE (&, 2)ds(2)

(2.3.20)
For y € V and z, € D, define the kernel function
H*(y, z,) = f eFit Y ds(3), ke A (2.3.21)
S
By Funk-Hecke formula [30],
H™(y, z,) = 2ndo(kily — zp|), ki€ A (2.3.22)

Due to (2.3.18), I*(z,) is large when z, € V and decays when z, — c0. Consequently,

we define an indicator for far-field data as
2 u® (2, ki), P, 2p) ) r2(s)
kJiE.A
2w (@, ki) | 251932 (2, 2) | 22(s)
ke A

Ihsn(zp) = (2.3.23)
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where
(2, ki), @p (2, 2p) ) r2(s) = f u” (2, ki) By (2, 2)ds(Z).
s

The algorithm to approximate the locations of the unknown sources is as follows.

DSM for ISP
1. Collect the data u(z, k;) on I' (or u®(z, k;) on S) for k; € A.
2. Generate sampling points for D.

3. Calculate Ipsar(z,) (or I5g,,(%,)) for all sampling points z, € D.

DSM>

4. Find the local maximizers z s of Ipsn(zp) (or I5gn(2p))-

The DSM provides the number and rough locations of the sources. Such qualitative

information is integrated into the priors for the following Bayesian inversion.

2.4 Bayesian Inversion

In this section, we present the Bayesian inversion for the inverse acoustic source prob-
lem using the near-field data. The far-field case is similar. Let ¢ = (X, &, 21,...,25)7T.
Define the forward operator K : RY — L(T) as follows

K(e) = f Dy (y, 2)F(2: )

v
For F given by (2.2.6), N = 5J. For F given by (2.2.7), N = 4.J.

The statistical model for (2.2.1) can be written as
Y =K(o) + Z,

where Y is the noisy measurement of u(x, k) and Z is the Gaussian noise, i.e., Z ~
N(0,~21).
Denote by u¥ (dg) = P(d¢|Y) the posterior measure and by g(d¢) = P(d¢) the

prior measure for ¢. In this chapter, yg is chosen to be Gaussian. Other priors, e.g.,
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the level set prior, can be used as well. The analysis of these priors can be found in,
e.g., [54, 34, 50]. For the inverse problem under our consideration, the Gaussian prior
coding the information obtained by the DSM outperforms the Whittle-Matérn prior
and the level set prior (see Section 2.5.5).
The statistical inverse problem is to find the posterior measure pY (d¢). Assume
that ¥ is absolutely continuous with respect to pg, i.e., ¥ « 9. By Bayes’ formula,
Y
) = Ly o0 (Gl Y)). (2420
where exp(—G(¢;Y)) is the likelihood such that

1
G(p:Y) := 2—72\\3” — K(@)|22(r) (2.4.25)

and
L) i [ exp (G ) dual6). (2.4.26)
R
is the normalizing constant of uY .

In the rest of this section, we show the well-posedness of the posterior measure

following [99]. We first analyze the forward operator K.

Lemma 2.4.1. (Page 441 of [111]) Let z € C and Re(z) > 0. Then the following

Nicholson’s formula holds
8 Q0
J2(2) + Y2(2) —Zf Ko(22sinh t) cosh(2vt)dt, (2.4.27)
™ Jo

where

0
K()(Z) _ J efzcoshtdt7
0

J,(2) and Y, (z) are the vth order Bessel function and Neumann function, respectively.
Using Nicholson’s formula (2.4.27), the following property holds for K.
Lemma 2.4.2. There exists a constant C' such that
I(D) |20y < Cl)wo, (2.4.28)
where C' depends on I" and V.
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Proof. According to (2.2.3),

) = | FHS (ke = ) Po)dy

Let

™ =min{|lz —y|:zel,yeV} and 7=|z—1y|
By (2.4.27), it holds that
[HD (k7)[? = T3 (k) + Y (k)
8 0]
= FL Ko(2kT sinh t) cosh(2vt)dt
8 0
< Fjo Ko(2k7* sinh t) cosh(2vt)dt
= [HY (k7).
Combining (2.4.29) and (2.4.30), we obtain that

ju(z, k)| =

1
| S0 s F )y
|4
1 (1) (7. »
< [ 1O 1)y
\%
V *
< M ey iF @)

Since k > k,,,, it holds that

V . V .
e )2y < B G N IE ) < O k) e

This completes the proof.

Corollary 2.4.2.1. There exists a constant C, such that

[K(@1) = K(2)|12r) < Clb1 — P2loo,

where C' depends on I" and V.

(2.4.29)

(2.4.30)

(2.4.31)

(2.4.32)

(2.4.33)

Let 1 and po denote two probability measures. Assume that p; and s are both

absolutely continuous with respect to a third measure p.
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Definition 2.4.2.1. The Hellinger and total variation metrics between py and pio

are, respectively, defined as

g (pia, pr2) = (% f (\/dul/du - \/duz/du>2 du> - (2.4.34)
and

1
drv(pns p2) = 5 | |dpa/dp — dpe/dpl dp. (2.4.35)
2

Both Hellinger and total variation metrics are independent of the choice of the
measure . If p; and pe are both absolutely continuous with respect to pu, then

Hellinger and total variation metrics are equivalent (see, e.g., Lemma 6.36 of [99]).

Theorem 2.4.3. Assume that o is a Borel probability measure on RN . Let ¥ and

1Y’ be the measures defined by (2.4.24) for Y and Y’, respectively. Suppose ji¥ and

Y’ are both absolutely continuous with respect to py. Then the Bayesian inverse

problem (2.4.24) is well-posed in both Hellinger and total variational metrics, i.e.,

there exists a constant M = M(r) > 0 with max{|Y'|,|Y'|} <, such that
dy (¥, 1Y)y < MY =Yy and dpy(pY, 1¥) < MY = Y| . (2.4.36)

Proof. Define the normalizing constant

L) = [ e (—5mlY K@) ) o). (2437

Clearly,
0<L(YY) <1

Now we show that L(Y") is strictly positive. From Lemma 2.4.2 and (2.4.37), it follows
that

LY) > f

B(R)

1 2 2
exp (=35 (I By + K@) ) doo(@)
> [ exp(-M)dul@) (2:4:38)
B(R)
— exp(-M)yu(B(R)).
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where B(R) denotes a ball with a large enough radius R.

We claim that po(B(R)) > 0. To see this, consider the disjoint sets A,, := {¢|n —
1 < ||¢| < n}, ¥n e N. Then {A,} are measurable and >, po(A,) = po(UJ,, An) =
1. Consequently, there exists at least one A, € {A,}* ; satisfying po(A4,) # 0.
Combining with (2.4.38), it holds that L(Y") > 0.

Using the mean value theorem and Lemma 2.4.2, we have that

L(Y) - L(Y')| < j exp(—G(¢h: V) [G(:Y) — G V") ditolb)

RN
1 !
< f 52 |1V = K@) o) — 1Y = K (@) Faqr| diol @) (2439
<MY = Y'|o.

By the definition of dy, it holds that

) %LN {(exp(—LCég(;S;Y)))l/z B (eXp(_L%(f,ﬁ); Y/)))I/QFM(@

AL {(s) - ()’

N (exp<—G<¢;Y/>))”2 B <exp<—L%<j)? Y/)))l/Q}Qduo(cb)

(2.4.40)

< L(Y)‘IJ {exp (—%G(d); Y)) — exp (—%G(qb;Y’)) }Zduo(qb)
# L) = L) | exp (<Gl Yl ).

Again, using the mean value theorem and Lemma 2.4.2, we have that

JRN {exp (—%G(qﬁ; Y)) — exp (—%G(qﬁ; Y’)) }2 duo ()

< [ ewl-Glo) 3600 - 6 du(e)

(2.4.41)
—1 / 2
s fRN 164 1Y = K(@)” = [Y" = K(D)*| dpo ()

<MYy —Y'|%.
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According to the boundedness of L(Y) and L(Y”), it holds that
!L(Y)_I/Q B L(Y’)_I/Q‘Q
< Mmax (L(Y) ™, L(Y") ) |L(Y) — L(Y")[? (2.4.42)
<MY -V
Combining (2.4.38)-(2.4.42) we obtain that
du(p”,1"") < MY =Y.
Due to Lemma 6.36 of [99], it also holds that
drv (1, 1) S MY =Yoo

The proof is complete. n

The solution to the Bayesian inverse problem is the posterior distribution ;. To
explore p¥', we resort to the Markov chain Monte Carlo (MCMC) method. Based on
the samples generated by the MCMC, various statistical estimates such as maximum
a posteriori (MAP) and conditional mean (CM) can be obtained. In this chapter,
we employ the preconditioned Crank-Nicolson (pCN) Metropolis-Hastings (MH) al-
gorithm for the MCMC [31].

Algoritm pCN-MH:
1. Set n < 0 and choose an initial value ¢y.

2. Propose a move according to

>\j,n = (1 - 52)1/2 )\j,n + ﬁwvm Wn ~ N(07 1)7
En = (1=B)" g0+ BWa, Wy~ N(0,1)(0r N(0, Iy.2))
Zj,n = ZDSM + \/EWm Wn ~ N(fszSMa ]2><2>-

3. Compute
a(@n, (]Bn) = min {1, exp <G(F(m; bn); Y) — G(F(x; q’~)n), Y)) } .
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4. Draw o ~ u(07 1) If a(d)na qgn) = 6‘: set ¢n+1 = qgn- EISG, ¢n+1 = ¢n

5. When n = MaxIt, the maximum sample size, stop.

Otherwise, set n < n + 1 and go to Step 2.

2.5 Numerical Examples

We present four examples to show the performance of the proposed quality-Bayesian
approach. Let V = [—4,4] x [—4,4]. For point sources (2.2.6), the solution to
the forward problem (2.2.1) is computed using the formula in Section 4.1 of [115].
For extended sources (2.2.7), the solution to (2.2.1) is approximated using (2.2.3)
or (2.2.4) as follows. Generate a triangular mesh 7 for V' with mesh size h. For
T := (cos@,sin@), 6 € [0,27), and a fixed wavenumber k, the far-field pattern is
approximated by

u? (k) & D e VT E(y)|T), (2.5.43)
TeT
where T' € T is a triangle, yr is the center of T, and |T'| denotes the area of T. The

synthetic data are computed using a mesh with h ~ 0.06. Then 5% random noise is
added
u™(x, k) = u(z, k) + 0.05(Z; + iZ,) max |ul,

where Zy,Z, ~ N(0,1). Considering the magnitude of the noise, in the sampling
stage, a relatively coarse mesh is used to compute the solution to the forward problem
(2.2.1), which speeds up the algorithm. All the examples are done on a MacBook
Pro (2.3 GHz Quad-Core Intel Core i7, 32 GB memory). The DSM is super fast and
takes less than a few seconds. The time used in the MCMC stage for 10000 samples
is a few minutes.

Examples 1 and 3 use the near-field data, which are measured on a circle with
radius R = 6.5 and centered at the origin. Examples 2 and 4 use the far-field data.
Define

Sy :=10,2m), So:=[0,7), S3:=][n/8, 57/8).
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The near-field data are
{u(x; kj)|x = (Rcosf, Rsin®),0 € S;;i =1,2,3,5 =1,..., Ni}.
The far-field data are
{u™(z; kj)|z = (cosf,sinf),0 € S;,i =1,2,3,j =1,..., N}

The aperture S; represents complete data and Ss, S3 represent partial data. Equally
spaced measurement angles are used: 80 for S, 40 for Sy and 20 for S3. The Ny

wavenumbers in [k, kys] are given by

The sampling domain for DSM is chosen to be the same as V' and is divided into
201 x 201 uniformly distributed sampling points. The priors are Gaussian and the
locations obtained by the DSM are the means for z;,2 = 1,...,J. We call them
DSM-Gaussian priors in the rest of this section. Numerical examples show that this

prior is effective for the inverse problems under consideration.

2.5.1 Example 1

Let F(z) = 2321 \id(x — z;) with

{)‘j}?:l = {67 9, 7}7 {Zj}?:l = {<27 2)7 (_27 2>7 (07 _2)}

Set k,, =5, kpy = 10 and Ny = 10. In Fig. 2.2, we plot the indicator functions using

data associated with Sy, S5, S5 by the DSM. The reconstructed locations {z*"}3_,

are

Sy + {(2.00,2.00), (—2.00,2.00), (0.00, —2.00)},
S, + {(2.00,2.00), (—2.00,2.00), (0.00, —2.00)},
S5+ {(2.00,2.00), (—2.00,2.00), (0.00, —2.00)}.
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Figure 2.2: Example 1 plots of the indicators of the DSM. Left: S;. Middle: S,.

For monopole sources, the locations are accurate even for partial data (S and S3),

although the plots of the indicators in Fig. 2.2 are quite different.
In the Bayesian inversion stage, we take § = 0.03 and ¢ = 0.0004 in pCN-MH.

The maximum number of samples is set to be 10000. The first 3000 samples are
discarded and the conditional mean of the posterior density for each parameter is

*

computed. The results are shown in Table 2.1, where -* represents the conditional

mean. The reconstructed parameters are close to the exact ones.

. Exact Parameters Reconstructed parameters for S
J
Yy 2j )\; z;
1 6 (2, 2) 5.8528 (1.9980, 1.9967 )
2 5 (-2, 2) 5.0681 (-2.0026, 2.0040)
3 7 (0, -2) 6.9588 (-0.0003, -1.9982)
~ Reconstructed parameters for So  Reconstructed parameters for S3
J
A z5 A z3
1 5.9798 (2.0000, 1.9954) 6.2389 (2.0103, 1.9990)
2 5.0730 (-2.0017, 2.0087) 4.8071 (-1.9949, 1.9938)

3 6.9029 (-0.0100, -1.9934) 6.9066 (0.0259, -2.0054)

Table 2.1: Exact and reconstructed parameters for Example 1.
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In Table 2.2, we show the CPU time in seconds of the proposed method. The

numbers for other examples are similar and thus omitted.

DSM algorithm MCMC algorithm (10000 samples)
Apertures
CPU time(s)  CPU time(s) Average time(s)/1000 samples
S1 4.2412 102.4620 10.2462
So 4.2302 101.3700 10.1370
Ss 4.1236 96.1320 9.6132

Table 2.2: The CPU time in seconds for Example 1.

As mentioned in Section 2.3, multiple frequency data are necessary to obtain
meaningful reconstructions of sources, in particular, when the data are partial. In
Fig. 2.3, we plot the indicator functions using single frequency data (k = 5) with
S1, 92,55 by the DSM. It can be seen that the results are almost useless, in particular,

for S3.
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Figure 2.3: Plots of the indicators of the DSM using single frequency data (k = 5).
Left: S;. Middle: S5. Right: Sj3.

2.5.2 Example 2

Let Fz) =37 (A + & - V)d(x — 2;) with

j=1
{Aj}?=1 = {07 97 0}7
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{fj ?=1 = {<\/>7 _\/5)7 (07 0)7 <2a O>}a

{Zj}?=1 = {(27 0)7 (_27 2)7 (_27 _2>}

Again, k,, = 5, kp; = 10 and N, = 10. In Fig. 2.4, we plot the indicator functions for

S1,55,55. The locations of sources {Z]D SM ?:1 reconstructed by the DSM are

Figure 2.4: Example 2 plots the indicators of the DSM. Left: S;. Middle: S;. Right:
Ss.

S+ {(2.00,0.00), (—2.00,2.00), (—2.00, —2.00)},
Sy : {(2.00, —0.02), (—2.00,2.04), (—2.00, —2.02)},

S5 1 {(1.98,0.00), (—2.00, 2.00), (—2.20, —1.94)}.

For partial data, the reconstructed locations are not as accurate as the case of full
data, but still satisfactory.

In the Bayesian inversion stage, we set 8 = 0.05 and ¢ = 0.0004. Then 20000
samples are drawn from the prior distribution and the first 5000 samples are discarded.
The inversion results of the MCMC algorithm are shown in Table 2.3. In particular,

for partial data, the reconstructed locations are improved in general.

2.5.3 Example 3
Let F(x) = 3;_; Ajexp(—&; |z — z?) with

{)‘j}?=1 = {37 _4}>
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Exact Parameters Reconstructed parameters for Sp

J

Aj & z; A% &7 z}
1 - (V2,—2) (2, 0) - (1.4886, -1.4727)  (1.9936, -0.0019)
2 9 - (-2, 2) 8.9373 - (-1.9863, 2.0037)
3 - (2, 0) (-2, -2) - (1.9696, -0.0350)  (-2.0030, -1.9970)
. Reconstructed parameters for Sz Reconstructed parameters for Ss
J

% & 5 % & 5
1 - (1.4087, -1.4573 )  (1.9948, -0.0111) - (1.4073, -1.1819) (2.0037, 0.0072)
2 8.9656 - (-2.0077, 2.0116)  7.7530 - (-1.9899, 2.0016)
3 (1.7725, 0.0003) (-2.0022, -2.0173) - (1.7091, 0.0544)  (-2.1487, -1.9156)

Table 2.3: Exact and reconstructed parameters for Example 2.

{6 = {251},

{z}21 = {(2,2),(~=1.5,—-15)}.

Set [km, ky] = [2,7] and Ny = 10. In Fig. 2.5, we plot the indicator functions for

Si1,55,55. The reconstructed locations {z]’-:’SM 2_, by the DSM are

Figure 2.5: Example 3 plots of the indicators of the DSM. Left: S;. Middle: S,.

Sy : {(2.00,2.00), (—1.52, —1.52)},
Sy : {(2.00,1.96), (—1.52, —1.44)},
Ss 1 {(2.04,2.04), (—1.52, —1.56)}.

The locations are satisfactory. However, the results deteriorate for partial data.
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In the Bayesian inversion stage, we set 5 = 0.03 and ¢ = 0.004. 15000 samples
are drawn and the first 3000 samples are discarded. The inversion results are shown

in Table 2.4.

. Exact Parameters Reconstructed parameters for S
J

)\j {j Zj )\; f; z;
1 3 2.5 (2, 2) 3.0458 2.5154  (1.9894, 2.0094)
2 -4 1 (-1.5, -1.5) -4.0901 1.0202 (-1.5012, -1.5128)
) Reconstructed parameters for So Reconstructed parameters for Ss
J

Aj 1 % Aj 1 %

1 2.8525 24827 (2.0098, 1.9999)  3.0494 2.3827  (2.0211, 1.9951)
2 -4.1944 1.0136 (-1.5002, -1.5067) -3.9265 1.0216 (-1.5064, -1.4779)

Table 2.4: Exact and reconstructed parameters for Example 3.

2.5.4 Example 4
Let F(x) = S, A exp(—& e — [?) with

{)\j}?zl = {2747 _37 25}7
{Sj ?:1 = {2’ 37 27 1}7
{zj}?:l = {(27 2)7 (_27 2)7 (_2a _2)a (27 _2)}
Set [km, kar] = [1.5,8] and N, = 15. In Fig. 2.6, we plot the indicator functions for

Sl; 827 53‘

The reconstructed locations of sources {zJD SM ;*:1 by the DSM are

Sy {(2.04,2.04), (—2.00, 2.00), (—2.00, —2.00), (1.96, —2.00)},
Sy 1 {(2.04,2.04), (—2.00, 2.00), (—2.00, —1.84), (1.96, —2.20)},

Sy : {(2.00,1.64), (—1.96,2.12), (—2.08, —2.16), (2.04, —1.64)}.
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Figure 2.6: Example 4 plots of the indicators of the DSM. Left: S;. Middle: S,.

Similar to the previous examples, the results deteriorate when data are less.

In the Bayesian inversion stage, § = 0.03 and ¢ = 0.004. 20000 samples are
drawn and the first 5000 samples are discarded. The inversion results are shown in
Table 2.5.

Given the approximate locations by the DSM, the Bayesian step not only recon-
structs the intensities of the sources, but also improve the accuracy of the locations, in
particular, when the data are less. In Table 2.5 for S5, the exact location of the fourth
source is (2, —2). The location by the DSM is (2.04, —1.64). After the Bayesian step,
the location is (1.9733, —1.7340). See also the reconstructions of the third sources of

Example 2 in Table 2.3 and Example 3 in Table 2.4, respectively.

2.5.5 Comparison with Other Priors

We compare the DSM-Gaussian prior with two other priors. The first one is the

Whittle-Matérn prior, which is a Gaussian distribution with covariance function

Clz,y) = 12:(;; (’x;w)ym (’x;yl), (2.5.45)

where I'(+) is the Gamma function, K, is the vth order second kind modified Bessel

function, v is a smoothness parameter and [ is the length scale. The other one is the

level set prior. Given a continuous level-set function ¢ : V' — R and fixed constants
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Exact Parameters Reconstructed parameters for S

J

Aj §i % Aj 3 z;
1 2 2 (2, 2) 2.2408 2.2712  (2.0392, 1.9954)
2 4 3 (-2, 2) 3.9250 2.9601 (-2.0023, 2.0165)
3 -3 2 (-2, -2) -3.1428  2.1598 (-1.9885, -2.0034)
4 2.5 1 (2, -2) 2.5928 1.0771 (1.9531, -2.0413)
‘ Reconstructed parameters for S5 Reconstructed parameters for S3
J

y g g x g g

1 21579 21221 (2.0347,1.9412) 1.9819 1.5675 (2.0824, 1.7697 )
3.8821 2.8849 (-1.9937, 2.0028) 4.1515 2.9813 (-2.0566, 2.0335 )
-2.8060 2.0517 (-2.0167,-1.9650) -3.2017 1.7718 (-2.0677, -2.1082)

(

2.3755  0.9439  (1.9904, -2.1102)  2.2924 0.8748 (1.9733, -1.7340)

= W N

Table 2.5: Exact and reconstructed parameters for Example 4.
{l:;}0y, —0 =1y <ly- - <l, =0, we define
Vi= {IEE V‘li_l < 90(33) < li}, 1=1,---n,

such that U™, V; = V and V; n V; = & for i # j. For given wy,--- ,w,, the level-set
map G : C(V;R) — L*(V;R) is

G(p)(x) = w(r) = Z willy, (),

where Iy, denotes the characteristic function of V;. For more details of the Whittle-
Matérn prior and the level-set prior, we refer the readers to [34, 54] and the references

therein.

As a test problem, we consider again Example 4. For the level-set prior, we define

G(p)(z) = w(z) = wily, (x) + wO]IVO (x) + w Iy_(z), (2.5.46)
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Figure 2.7: Three random draws. Top row: Whittle-Matérn prior. Bottom row:
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Figure 2.8: The exact source function.

where
" e
wt = ;régfw(w), Vi={zeV|[p()> 03},
§ w® =0, and \Vo={zeV | —-03< () <03},
(v = min o(z), kV_ ={zeV]|p(r) <—-0.3}.
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Figure 2.9: Reconstructions. Top row: DSM-Gaussian prior. Middle row: Whittle-
Matérn prior. Bottom row: level-set prior. From left to right: S;, Sy, Ss.
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Figure 2.10: Relative errors with respect to the iterations. Left: DSM-Gaussian prior.

Middle: Whittle-Matérn prior. Right: level-set prior.
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For the level-set prior, one first draws ¢ from the Whittle-Matérn prior and com-
putes the level-set map (2.5.46). The smoothness and length scale parameters in the
Whittle-Matérn prior are v = 2 and [ = 0.1, respectively. In Fig 2.7, we show three
random draws from the Whittle-Matérn prior and the corresponding level-set prior.

We use the MCMC method discussed in Section 2.4 for all the priors. The tran-

sition kernel for the Whittle-Matérn prior is

onew = (1= 82" oia + B3, (2.5.47)

and for the level-set prior is

Wnew = (]- - 52)1/2 Wold + Bg((ﬁ) (2548)

Here ¢’s in (2.5.47) and (2.5.48) are drawn from the Whittle-Matérn prior. In Fig. 2.8,
we show the exact source function. The reconstruntions are shown in Fig. 2.9. In
Fig. 2.10, we show the relative errors ||F'— Fj, [2/|| F'[|;2 with respect to the iterations.

We can see that the proposed method is robust with respect to the observation
aperture. As the observation aperture gets smaller, the inverse problem becomes more
ill-posed. The results of the direct applications of other two priors deteriorate dramat-
ically. When the aperture becomes quite small (S3), it is difficult to tell the correct
number of the sources from the results using the Whittle-Matérn prior (Fig. 2.9, the
third column). Note that the focus of this chapter is some main characteristics of the
sources (the number, locations and intensities) rather than the shape of an arbitrary

source function.

2.6 Conclusions

A new quality-Bayesian approach is proposed to reconstruct the locations and inten-
sities of the unknown acoustic sources. First, a DSM is developed to approximate
the locations of the sources. Second, the Bayesian inversion is used to obtain more

detailed information. The locations of the sources obtained in the first step are coded
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in the priors. A Metropolis-Hastings (MH) MCMC algorithm is employed to explore
the posterior density.

The DSM is fast to obtain the qualitative information of the sources, while the
Bayesian method is effective for the quantitative information. The approximate loca-
tions of the sources reconstructed by the DSM are critical to the convergence of the
MCMC method. The Bayesian approach constructs the intensities and also improves
the location reconstructions. In particular, when the locations by the DSM for par-
tial data is not accurate, the Bayesian inversion still can obtain reasonable results
(see Example 4). The two steps are based on the same physical model and use the
same measured data. The new approach inherits the merits of both the DSM and the
Bayesian inversion. Numerical examples show that the proposed method is effective
when only partial data are available.

In chapter 3, we will study the time harmonic inverse source problem using the

combination of deterministic and statistical method.
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Chapter 3

A deterministic-statistical
approach to reconstruct moving

sources using sparse partial datal

3.1 Introduction

The detection and identification of moving targets using waves have many impor-
tant applications such as radar, underwater acoustics, and through the wall imaging
9, 12, 22, 76]. In this chapter, we consider the reconstruction of moving acoustic
point sources, which can be mathematically formulated as a time domain inverse
source problem. Several methods were proposed recently from the inverse problem
community for the time-domain inverse problems of wave equations, e.g., the algebraic
method, the time-reversal techniques, the sampling-type methods and the method of
fundamental solutions [93, 105, 41, 37, 20]. See also [51] for a uniqueness result for
the inverse moving source problem. In practice, the measured data are usually sparse,

partial and compromised by noises. Classical methods such as the linear sampling

'This chapter has been published as an article in Inverse Problems.

https://iopscience.iop.org/article/10.1088/1361-6420/abf813
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method and the direct sampling method might not provide satisfactory results. In

general, the performance deteriorates significantly as the data become less [89, 42].

In recent years, the Bayesian method became popular for inverse problems [63, 99].
For some recent applications of the Bayesian method for inverse problems, we refer
readers to [87, 62, 114] and the references therein. Motivated by the detection of
the moving object behind the wall using ultrawideband (UWB) radar [76, 107], the
current chapter considers a time-domain inverse problem to determine the moving
path of a radiating source with partial data. We proposed a two-step deterministic-
statistical approach. In the first step, we develop an approximate direct sampling
method (ADSM) to obtain the rough locations of the sources at different times.
Since only partial data are available, the locations are usually not accurate compared
to the case of full data. Nonetheless, the ADSM does provide useful information
of the unknown sources. In the second step, a Bayesian method is used to obtain
more detailed information. The priors, which are built on the information obtained
in the first step, play a key role for the success of the Bayesian inversion. The idea of
utilizing a combined deterministic-statistical approach was first employed to treat the
inverse acoustic scattering problem to reconstruct an obstacle with limited-aperture
data in [80]. Later, the approach was used to determine both the locations and
strengths of static multipolar sources from partial radiated acoustic fields [81]. For
recent developments on path reconstructions of moving point sources, we refer the

readers to [41, 40, 20, 93, 107, 108, 109].

Inverse problems with partial measurements arise from many applications in sci-
ence and engineering. Compared with the case of full measurements, it is more
challenging in general. The reconstruction deteriorates when the data are less or the
observation aperture becomes smaller. In this chapter, for partial data, we propose a
deterministic-statistical approach to reconstruct the moving paths of acoustic sources.
The contributions are as follows: 1) an approximate direct sampling method is de-

veloped to obtain rough locations of moving acoustic sources; 2) an MCMC (Markov
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chain Monte Carlo) algorithm is employed to improve/construct the moving paths of
the sources using the information obtained by the ADSM; and 3) the well-posedness
of the posterior measure is analyzed under the Hellinger distance. Both steps, ADSM
and MCMC, are based on the same physical model and use the same set of measured
data. The combined approach inherits the merits of the deterministic method and
Bayesian inversion as demonstrated by the numerical examples.

The rest of the chapter is organized as follows. In Section 3.2, the direct and inverse
problems are introduced. An approximate direct sampling method is developed in
Section 3.3. The Bayesian inversion scheme is presented in Section 3.4. Section 3.5
contains several validating numerical examples. Finally, we draw some conclusions in

Section 3.6.

3.2 Direct and Inverse Source Problems

We begin with the mathematical model governing the wave source radiation. Denote
by Q = R? a simply-connected bounded domain. Consider the wave propagation due
to a point excitation in a homogeneous and isotropic media. The speed of the wave
in the background media is denoted by the constant c. Let dq := sup, ,cq [ —y|| and
T > 2dg/c be the terminal time for measuring the radiated data.

For a single point source, the radiated wave field u satisfies the following wave

equation
c2opu(z,t) — Au(z,t) = At)d(z — z(t)) in R® x (0,7, (3.2.1a)
with initial conditions
u(z,0) = du(z,0) =0 in R?, (3.2.1b)

where ¢ denotes the Dirac delta distribution, the temporal pulse (magnitude of the
impulsive load) A : R — R is Lipschitz continuous and A(t) =0 fort <0, z : R, — Q
is the trajectory of the moving point source. We refer to [105] for a regularity result

on the solution of problem (3.2.1) in some spatial-temporal Sobolev spaces.
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Throughout the chapter, we assume that z is continuous and its velocity v := dz/dt
exists. Furthermore, we suppose that the point source moves slowly compared with

the speed of the wave ¢, that is,
lo(t)| < ¢, Vtel0,T]. (3.2.2)

This is the case for many radar applications such as through-wall imaging radars
where ¢ is the speed of electromagnetic waves and v(t) is the speed of the visually
obscured target, e.g., a human being inside the building [76, 107].

The direct problem can be described as follows: given z(t) and A(t), find the
radiating field u satisfying (3.2.1). It is well known that the solution to this problem
is given explicitly by the Liénard—Wiechert retarded potential (see, e.g., [59]):

A(T)
el — o(r)] (1 - )’

cllz—z(7)]

u(z,t) =

te (0,7, (3.2.3)

where the retarded time 7 is the solution of the equation
t=1+c Yz —2(7)].

When z(t) = 2 is a static point source, the solution to (3.2.1) is simply
At — M — zo])

A7)z — 2o
For a fixed small enough T, since |v(t)| « ¢, t € [0,T], it holds that

v(r) - (& = 2(7))

cfz = =(7)]

Uy (2, 1) = (3.2.4)

« 1.

t—7| «1 and

Suppose I' = R3\() is a measurement surface (see Fig 3.1 for a geometric illustration
of the problem). Let Up := I' x [0,7] and define |u(z,t)[7, = Sg §p lu(z, t)Pdzdt.
We have that

T
s (@, 1) — sy (2, 1)]3, = f f lu(2,t) — usy (v, t)|*dzdt « 1. (3.2.5)
o Jr

In this chapter, we consider the time domain inverse source problem (TISP) of
recovering the trajectory z(t) of a moving point source for (3.2.1) from the measure-

ment data u(z,?)|rx ). In particular, we are interested in the case of partial data,
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e.g., when T' is a fraction of a sphere. The temporal pulse \(t) € C*[0,T] is assumed

to be a periodic function with period p € R,.

Figure 3.1: An illustration of the time-dependent inverse source problem.

3.3 Direct Sampling Method

In this section we shall develop an approximate direct sampling method (ADSM)
for the inverse problem TISP to recover the path z(¢) from the measurement data
u(x,t)|rxr)- The sampling-type methods share the basic idea of identifying the
unknown target by constructing some indicator functions over the probing/sampling
region [30]. Once the indicators are evaluated, the geometrical information (e.g.,
location and shape) of the target could be recovered using a point-wise criterion to
determine whether the sampling point lies inside or outside the target.

As one of the sampling-type methods, the direct sampling method became popular
recently due to several compelling features. The direct sampling method is fast and
easy to implement. Moreover, they are robust to noise-contaminated measurements
in general. However, the direct sampling methods usually require a large amount
of measurements and are inherently qualitative. Nonetheless, the direct sampling

methods can provide useful information even for partial measurement data.

Let D be a bounded domain in R3 such that €2 = D. The measurement sensors
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are located on a surface I'  R*\D (see Fig. 3.1). Define

At — M —yl)

¢$,t7y:
@ 59) = = e =l

, (z,t;y) e T x (0,T] x D. (3.3.6)

Let {T},--- , T} be a partition of (0, 7] such that T; = ((j — L)p,jpl,j = 1,2,--- , J.
Since the temporal function A(¢) is a periodic function with period p and |[v| « ¢, the
displacement of the point source is small on each T;. Thus z(¢) can be approximated
by a stationary point y € R® on 7.

Given the measurement data u(z,t) with x e "'and t € T}, j = 1,2,--- ,J, we
propose the following indicator function

T |<U($=t>a¢($7t;y)>m(r)|
I(y; T;) - L}uwjnywﬂw%uy)pm

dt, yeD, (3.3.7)

where (-, )12(r) denotes the usual L? inner product. Note that, in (3.3.7), instead of
the exact radiating field for a moving point source y € D, we use an approximated
field ¢ for a stationary point source in (3.3.6). This is why we call the following
algorithm the approximated direct sampling method (ADSM). It is clear that the use
of ¢ simplifies the computation of the indicators.

The indicator is a superposition of the Bessel functions and decays as the sampling
point moves away from the source. The behavior of the indicator can be analyzed us-
ing the arguments in [88, 81] and thus omitted here. The numerical results in Section
3.5 show that this indicator function approaches its maximum when the sampling
point y tends to the exact instantaneous location of the point source at each time
steps.

Now we are ready to present the approximate direct sampling method for the

TISP.
ADSM: Approximate Direct Sampling Method

Step 1: Collect the data u(z,t) at the measurement points {z;} € I, a sequence

of discrete time {7} € (0,7 and for each j, {t}} € T};
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Step 2: Generate the sampling points 7, for D;
Step 3: Compute I(y;1;) for the sub-interval T; at sampling point y € Tj;

Step 4: Locate the maximum of I(y;;7;) for each j, take the corresponding
y; as an approximation of z(t) on T;. The sequence of locations {y;}7_, is the

reconstructed moving path.

The performance of the ADSM depends on how much data u(z,t) are available.
If the measured data are complete or nearly complete, for example, I' is a sphere with
D inside and wu(z,t) is available for x € I' and ¢ € (0,T], the algorithm can produce
a good reconstruction of the trajectory of the moving point source z(t). However, in
practice, the measured data wu(z,t) are usually partial and the reconstructions can
be unsatisfactory. Nonetheless, the ADSM provides useful information of the moving
source. Such information can be coded in the priors for the Bayesian inversion to

obtain improved reconstructions.

3.4 Bayesian Inversion

In this section, we employ the Bayesian inversion to refine the results obtained by the
ADSM. The TISP is reformulated as a statistical inference problem for the source
location. The approximate location obtained by the ADSM is coded in the priors for
Bayesian inversion. The well-posedness of the posterior density function is analyzed
using the Bayesian approximation error approach [63] and the framework in [99]. An
MCMC algorithm is then used to explore the posterior density function of the source

location.

3.4.1 Bayesian Framework for Inverse Problems

The inverse problem can be viewed as seeking information about the unknown gq

given the measurement m under the model function F, which might be inaccurate
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and contain noise &, i.e., given m, reconstruct ¢ such that
m = F(q,§). (3.4.8)

For statistical inverse problems, the parameters in (3.4.8) are treated as random
variables. Denote the probability density function and the probability measure of a
random variable v by 7, and p., respectively. Note that the information about ¢
obtained by the ADSM will be coded into the prior density 7(q)?. The probability of
m given ¢, which is called the likelihood function, is denoted by 7(m|q).

Bayesian inversion seeks the posterior distribution 7(¢g|m). Using the Bayes’ the-

orem, the joint distribution of the associated variables can be decomposed as

m(q,m,§) = n(m,&|q)m(q) = 7(g, &{|lm)m(m)

and the posterior distribution of ¢ is then given by

(alm) = [ m(a.€m)de.
Moreover, 7(g|m)ocm(m|q)m(q).

In (3.4.8), m = {u(z,t)} € Y = R¥*Ne ig the noisy measurement data collected
onI'xTj,j=1,2---,J, where N, and N, are the numbers of observation positions
and times. The unknown parameter ¢ € X = R3, i.e., the position of the point source
on the time period 77, is assumed to be static due to (3.2.2). The space Y is equipped
with the Frobenius norm [|Aly = <25V:”1 ;V:zl |aij|2> v for A € Y. In this chapter,
the Markov chain Monte Carlo (MCMC) method is employed to explore the posterior

distribution 7(g|m) using the Bayesian approximation error approach and the CM is

adopted as the point estimate for g.

3.4.2 Bayesian Approximation Error Approach

The main idea of the Bayesian approximation error (BAE) approach is to replace the

accurate forward model by a less accurate but computationally feasible one [63, 71,

2If the arguments coincide with the probability density function, we drop the subscripts. For

example, we write m4(q) = 7(q), Ty1q(m|q) = m(mlq), but retain the subscript in m.(m — F(q) — ().
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62]. Let ¢ = z(t) and F be the accurate forward model given by (3.2.3). We consider
the following statistical model for the TISP

m = F(q) + e, (3.4.9)

where e is the additive error. Furthermore, we assume the noise e follows a normal
distribution with mean e, and variance Y., i.e., m.(e) = N (es, Xee). Here we take
e. = 0.

Using the statistical model (3.4.9) would require the knowledge of the exact path
of the point source for t € (0, 7], which is inaccessible. Fortunately, the exact path is
not necessary for the BAE. One proceeds as follows. Let P be a projection operator
and ¢ = Pq. Instead of the accurate forward model F(g), one uses the following
approximate forward operator

At — Mz —qf)
Az — 4

Flq) = : (3.4.10)

which is computationally cheaper and more approachable. Then the statistical model
can be written as

m=F(q) +e=Fla)+(+e,

where ¢ = F(q) — F(q) is the approximation error. Due to the fact that |v(t)]| « ¢
and (3.2.5), it is sufficient to study the well-posedness for the approximate forward
operator F(q).

Assume that e is separately independent of ¢ and (. According to [71, 62|, the

posterior distribution satisfies

w(glm) oc m(mlq)n(g) = L ro(m — F(g) — Om(Cla) dC 7(g).

In the approximation error approach, 7((|q) is approximated with a normal distribu-

tion. Assume that the normal approximation of the joint distribution 7((, ¢) is given

by T 1
1 C - C* ECC ZCQ C - C*
W(C)Q) oC exp _5 )
4 — g« Yo g 4 — gx
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Then we can write (|g ~ N (Cyjg, X¢|q), Where
C*|q = C* + Zquq_;(q - Q*)a
Selg = B¢ — DeqVgq Sac-

Define the normal random variable w so that w = e + (|q. It holds that
wlg ~ N(wiig, Buig),

where

Wylg = €5 + G + ZCqZ;ql(q — qx),

Sulg = Bee + Sec — ququZqC.

The approximate posterior distribution can be written as

wlalm) o exp (= 3(m = 7o) = w00) Sk m = 7o) — wa)) o),

Let G(g;m) = 5(m—F(q)—wy,) ',

wlg

(m—F(q)—ws|q). Assume that p,, is absolutely

continuous with respect to fi,, i.e., f,, < jt,. Using Bayes’ formula, we have that

d g, 1 .
e (q) = Tim) exp(—G(g;m)),

where L(m) := {, exp (=G(q;m)) dpg(q). In this chapter, the prior is chosen to be
a normal distribution, i.e., ¢ ~ N (g4, Xyy). We note that in practice other prior
distributions can be used as well.

We now study the properties of the operator F following [99].
Lemma 3.4.1. For every e > 0, there exists C:= C(e) € R such that, for all g € X,
|F(@)ly < C.
Proof. Since A(t) is Lipschitz continuous, we have

[A(t1) = A(t2)| < Chlts — tof, V1,5 € [0,T1],
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and hence |\(t)| < C; for all ¢ for some constant Cy, Cs. Define d = inf{|y; — y2| :
y1 € I',yo € D}. By (3.4.10), it holds that

Therefore,

—c Y —
Al —c e =gl _ G

< < .
7 (a)l 4rrd 47d

IF(@)ly <C

and the proof is complete. [ |

Lemma 3.4.2. For every r > 0 there exists a C' := C(r) > 0 such that, for all

q1,92 € X with max{|q:|x, [g2]x} <7,

|F(q1) — Flg)ly < Cllgr — g2 x-

Proof. Define d = sup{|ly; — || : y1 € T, y2 € D}. Based on the Lipschitz continuity

of A(t),

[F 1) — Fla2)]

It yields that

At =tz —aqf) At =Mz —gl)
drlz = qi drlz — go
At = Mz = gDz — @2l = At = Mz — g2]) |z — a1
drllz — il — gl

At — Mz = aDlz — @l = At = Mo — ai) |z — a1

<
A7 d?
N Mt —c o =gz — qil = Mt = o — @)z — a
A7 d?
|z — g2 — | — qi] |z — g = |z — a1+
<C: + C —d
2 47rd? ! 4mrd? c

H‘h - QQHX 1 5

<—— Oy + -Chd | .
47rd? 2+ c !

|7 (@) = Fla2)ly < Clar = ¢af x-
|

The following theorem provides the well-posedness of the Bayesian approximation

error approach. It proof is standard and we refer the readers to Section 4 of [99] for

more details.
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Theorem 3.4.3. Assume that p, is a Gaussian measure satisfying pi,(X) = 1 and
P & fig. For my and my with max{|m4 |y, |mel|ly} < r, there exists M = M(r) > 0
such that

duen (fm, » fimy) < Mlma — moy.
Proof. Given
1 -
L(m) = J;( exp <_§(m —Fl(q) — w*\q)TEw\lq(m - Flq) - w*lq)) dpg(q),

it is obvious that

0< L(m) < 1. (3.4.11)

According to Lemma 5.3.1, we have that

L(m) = f exp (— ‘E;‘lq
lalx <1

> [ e
lallx<1

17 (9)13) dug(a)

I = wagl} = T3

(3.4.12)
= exp(—M ) {lq|x < 1}
> 0,

since the unit ball in X has positive measure and p, is a Gaussian measure.

Using Lemma 5.3.1, for i, it holds that
L) = Loma)| < | fexp(=Glai m1) — exp(~Glasma))| (o)
X

< L |G(q;m1) — G(q;m2)| dpig(q)

2—1
wlq
< | 55 i = F @) =l ~ s = Fla) = wei dpalo)

Zfl
wlq
< L 5 ([lmall3 = Imal3| + [ F(q) + waglly |m1 —mally) dpg(q)

Z—l
wlq
< L ((mally + [mally) + 1F(q) + wagqlly) dpg(a)[ma — molly

< MHTTLl — m2Hy.

(3.4.13)
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From the definition of the Hellinger distance, we obtain that

i) -3 (20050 - (2557) "
L) ()
() () e

<L(my)™ JX {exp (—%G(q; ml)) — exp <—%G(Q§ m2)> }2 dpq(q)

| L(my) 2 = L(my) L exp(—G(q; ms2))dy ().

(3.4.14)
With the Lemma 5.3.1, it holds that
exp ( — %G(q; my)) —exp ( — %G(q; ms) 2 dpiq(q)
X
1 1 2
< J bG(q;ml) - §G(q;m2)‘ dyie(q)
X_2 (3.4.15)

) wlg 2
< B[ i = 7l = walh = s = F@) — wanl} ] (o)
Using the bounds on L(m;) and L(ms), we have that
|L(my) ™% = L(my) ™" < M max (L(ml)*‘g L(mg)*) L(my) — L(ms)[?. (3.4.16)
Combining (3.4.11)-(5.3.12), we that
dHell(,UJmlaﬂ'mz) < MHml - mQHY'

We are now ready to present the MCMC method to reconstruct the trajectory
z(t) by incorporating in the priors the information obtained by the ADSM.
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ADSM-MCMC:
1. Given p, J, and measured data u(x;,t7) on Ur.
2. Forj=1,...,J,do

a. Use the ADSM to find y; for T; and set q](-l) = yj.
b. Fork=1,--- , K—1,do

I. Generate

q~=6yj+(1—6)qj_1+0/\/(0,1)ifj>1(6=11fj=1);

II. Compute a(q, q(.k)) = min [ 1, (q) :
’ (k)
m qj
[ Draw @ ~ U(0,1). If a > @, then ¢\"*") = g, otherwise ¢\ = ¢{".

K
k
c. Set ¢; = %Z qj(» ),
h=1
3. Output the moving path {g;}7_,.

We remark that how to use of the locations obtained by the ADSM is problem-
dependent. For example, if the target moves rather slow, one can set § = 0. If the

target moves fast, one can choose § = 1.

3.5 Numerical Examples

In this section, we will present several numerical examples to demonstrate the perfor-
mance of the proposed method. On each T}, we choose A(t) to be the Ricker wavelet,
which has been widely used in geophysics (see, e.g., [107]),

At) = (1 —2mf3(t — p/2)°) exp (—7°f5 (t = p/2)*) . te[0,p], (3.5.17)
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where fy € R, is the central frequency. The synthetic data u(x,t) is generated using

(3.2.3) with some noises:

u(x,t) = u(z, t)(1 + er),
where ¢ is the noise level and r is a random number from the uniform distribution
U[-1,1].

For all examples, we set ¢ = 330, the terminal time 7" = 4 and p = 0.1. The
number of equidistant time steps in one period is N,. Since (0,7] = U;.Izl T;, where
J = T/p, we have the time increment At = p/N, and Ny = JN,. The time dis-
cretization is 17 = ((j —1)Np, +n)At, n = 1,2,--- /N, j = 1,---,J. Using the

spherical coordinates (R, 8,n)
x := R(sinncosh,sinnsinb, cosn),

the measurement aperture I' is a patch on the sphere with radius R = 7, 0 € (0, 27],

n € (0,7]. Assume that three measurement data sets are given by
{u(z,t) : (z,t) = (0,n,t) € S;,i = 1,2, 3},
where (see Fig 3.2)

Sy = {1”—65 [— 1. ,32} x {gs s=1,2,3,4} X {t"}, N, =128, N, = 12,

Vs ™ T n

S2={7r+§l, [=0,1,--. ,8}>< {Z’i} % {f"}, N, = 18, N, = 10,
S 3w T T n

Ss=1{m g ) x A ) X ) Ne=6 N, =7

Note that the spacial coverage of S is the whole sphere corresponding to the case of
full aperture data. The spacial coverage is 1/4 of the sphere for Sy and 1/8 for S3. In
fact, for S3, there are just 6 measurement locations.

Let the central frequency f, = 100 for the temporal function A(¢) in (3.5.17) in
one period (see Fig 3.2(a)). The measurement locations are showed in Fig 3.2(b)-(d)
for 51, So and Ss, respectively.
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— Ricker wavelet A(t)

Figure 3.2: The pulse function and measurement locations. (a) the temporal function

A(t); (b)-(d) measurement locations for Sy, Se and Ss.

We take 101 x 101 x 101 sampling points, denoted by 7, uniformly distributed
in the sampling domain D = [—5,5]3. For j = 1,2,--- , J, the discrete version of the

indicator function (3.3.7) can be written as

gl

Np
2
n=1]

¥ (3 U2($zat§‘))1/2 ¥ (3 qsz(xl,ty;y))w

n=1 \l=1 n=1 \l=1

1

I(y,T;) := Y € Th.

The ADSM reconstructs the locations of the source as the global maximum points
y; of the discrete indicator function I(y,T;) for y € T;. The sequence {y;}7_; is the
reconstructed path z(¢) by the ADSM. For partial data, the reconstructed path by

the ADSM can be unsatisfactory. The result becomes worse for less measurement
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data as we shall see.

Based on the information obtained by the ADSM, the Bayesian method is em-
ployed to improve the reconstructions. We set w|g ~ N(107*1y, .1, 10731y, « v, ),
where 1y, 41 is a N,-by-1 vector of ones and Iy, «n, is the N,-by-N, identity ma-
trix. For each T}, K = 5000 samples are generated in the MCMC algorithm. The

conditional means (CM) are used as the locations of the target.

3.5.1 Example 1: Reconstruction of a C-shape path

The exact moving path of a point source is given by (Fig. 3.3 (d))
z(t) = (1.5 4+ 3cos(4 —t),2 + 3sin(2 + t),1.2 — 4sin(t/2)), te[0,T].

We take X4, = 0.2/343 as the covariance of the prior distribution. The prior mean
¢« for j = 1 is y; which is obtained from the ADSM at 7. At step j = 2,---,J,
the prior mean g, is selected to be the CM of the Markov chain {qé-“_l}f=1 in the
previous step, i.e. ¢« = qj—1.

The indicator functions I(y,77) using the measured data on Si, S, S3 are shown
in Fig 3.3 (a)-(c). The reconstructed path using the ADSM and the ADSM-MCMC
are presented in Fig. 3.3(e)-(h) and (i)-(1), respectively. When the observation data
is sufficient (the full aperture case S), the ADSM yields a satisfactory reconstruction
as shown in Fig. 3.3(e). It can be seen that, when the measured data decrease, the
reconstructions of both the ADSM and the ADSM-MCMC deteriorate (the second
row (e)-(h) and the third row (i)-(1)). Comparing (f) and (j), (g) and (k), or (h) and
(1), the ADSM-MCMC significantly outperforms the ADSM, in particular, when the
measurement, data are less. Moreover, the Bayesian inference is robust to noises as
indicated by Fig. 3.3(k) and (1). The reconstructions are quite satisfactory for noise

levels ¢ = 1% and 10% with (z,t) € Ss.
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3.5.2 Example 2: Reconstruction of a bow-shape path

We consider the path given by (Fig. 3.4 (d))
2(t) = (3= 1.6t,0.2 + 2.6sin(1.25¢), —0.3 — 2.1sin(1.75¢)), te [0, 7).

The covariance ¥, = 0.2[343 is used. Fig. 3.4 show the reconstructions. Again,
Fig. 3.4 (a)-(c) shows the plots of the indicator functions using the measured data
for Sy, Ss, 53, respectively. The recovered moving paths by the ADSM are given in
Fig. 3.4 (e)-(h), which suggest that the ADSM can provide useful information, but far
from accurate when the measured data are partial. In the second step, the Bayesian
method refines the paths based on the information obtained by the ADSM. Similar to
the previous example, as the measurement data become less, the performance of the
ADSM is getting worse (Fig. 3.4 (f)-(h)). The results of the ADSM-MCMC Fig. 3.4
(j)-(1) are significantly better than those produced by the ADSM.

3.5.3 Example 3: Simultaneous reconstruction of two paths

We consider the case of two moving point sources which are well-separated. Assume
that the signal functions of these sources are the same and their exact moving paths
are given by (Fig. 3.5 (d))

21(t) =(2 — 2cos(4 — 0.5¢t),1 + 3sin(2 + t), 2),

29(t) =(—4,—-3 + 1.3t,1.5).

Since (3.2.1a) is linear with respect to the sources, the proposed method works

the same way as the case of a single point source. To be precise, the source term of
(3.2.1a) is the superposition \(t)d(x — z1(t)) + A(t)d(x — 22(t)). Correspondingly, the

exact solution to (3.2.1) is now given by
u(w, t; 2(t)) = ui(x, t;21(t)) + us(x, t; 20(t)),
where u; and uy are given by (3.2.3) with z(t) replaced by z;(t) and z3(t), respectively.
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The case of multiple sources is more challenging. We have less confidence of
the reconstructions of the ADSM for partial data. Thus the covariance is set to be
Yy = 0.4I3,3. The ADSM reconstructs two local maximums in Fig. 3.5 (a)-(c),
indicating the presence of two point sources. Similar to the previous two examples,
when the measured data are complete or almost complete, the ADSM can provide
satisfactory reconstructions. The performance is getting worse as the data become
less (Fig. 3.5 (f)-(h)). The ADSM-MCMC improves the reconstructions significantly
(Fig. 3.5 (j)-(1)). If one uses the same ¥, = 0.2[3,3 as the previous two examples,
more samples (K = 80000) are needed to obtain satisfactory results (Fig. 3.6).

3.6 Conclusions

A deterministic-statistical approach is proposed to reconstruct the moving sources
using partial data. The approach contains two steps. The first step is a deterministic
method to obtain some qualitative information of the unknowns. The second step
is the Bayesian inversion with the prior containing the information obtained in the
first step. Both steps are based on the same physical model and use the same set of
measured data. Numerical results show that it is a promising technique for tracking
the moving point sources using partial data.

The reconstruction by the ADSM deteriorates significantly as the data become
less. However, it still contains useful information of the sources. Coded in the prior,
such information is critical for the success of the MCMC. One can use the uniform
prior and perform the Bayesian inverse directly. In Fig. 3.7, we show the reconstructed
path of the moving source for S3 and € = 1% with 5000 samples which follow the
uniform distribution U[—5,5] . It can be seen that the reconstructions in in Fig. 3.7
(c-d) are much worse than Fig. 3.3 (i) and (k).

In next chapter, we will introduce the inverse problem of reconstructing the

Stekloff eigenvalues and the index of refraction of an inhomogeneous medium from
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Cauchy data.
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Figure 3.3: Reconstructions of a C-shape path. (a)-(c) are cross-section plots of the
indicator functions I(y,T7). (d) is the exact trajectory z(t). (e)-(g) are the reconstruc-
tions by the ADSM using data on Si, Ss, S3 with ¢ = 1%. (h) is the reconstruction
by the ADSM using data on S3 with ¢ = 10%. (i)-(k) are the reconstructions by the
ADSM-MCMC using data on S, S3,S3 with ¢ = 1%. (1) is the reconstruction by
the ADSM-MCMC using data on Sz with e = 10%. z, z, and z, represent the exact
path, the reconstruction by the ADSM, and the reconstruction by the ADSM-MCMC,

respectively.
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Figure 3.4: Reconstruction of a bow-shape path. (a)-(c) are the cross-section plots
of the indicator functions I(y,T}). (d) is the exact trajectory z(t). (e)-(g) are the
reconstructions by the ADSM using data on Si,Ss,S3 with ¢ = 1%. (h) is the
reconstruction by the ADSM using data on S3 with ¢ = 10%. (i)-(k) are the recon-
structions by the ADSM-MCMC using data on S, S3,S3 with € = 1%. (1) is the
reconstruction by the ADSM-MCMC using data on S3 with ¢ = 10%. z, dzg, and z,
represent the exact path, the reconstruction by the ADSM, and the reconstruction

by the ADSM-MCMC, respectively.

60



Figure 3.5: Reconstruction of two paths. (a)-(c) are the cross-section plots of the in-
dicator functions I(y,T7). (d) is the exact trajectory z(t). (e)-(g) are the reconstruc-
tions by the ADSM using data on S, Sy, S5 with € = 1%. (h) is the reconstruction by
the ADSM using data on S5 with ¢ = 10%. For K = 5000 and X,, = 0.41343, (i)-(k)
are the reconstructions by the ADSM-MCMC using data on S7, Ss, S5 with ¢ = 1%.
(1) is the reconstruction by the ADSM-MCMC using data on S3 with ¢ = 10%.
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Figure 3.6: Reconstruction of two paths for K = 80000 and ¥,, = 0.2[343. (a)-(c) are
the reconstructions by the ADSM-MCMC using data on Sy, S, S5 with € = 1%. (d)
is the reconstruction by the ADSM-MCMC using data on S3 with e = 10%. z,zs and

zp, represent the exact paths, the reconstruction by the ADSM, and the reconstruction

by the ADSM-MCMC, respectively.
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Figure 3.7: Reconstruction of the C-shape path. (a-b) histograms of the samples

{qgk)}le with normal and uniform prior for S, respectively; (c-d) reconstructions by

MCMC with uniform prior for Si, Sz, € = 1%. The dashed line shows the exact value

of ¢; and z, is path reconstructed by the uniform prior.
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Chapter 4

An inverse medium problem using
Stekloff eigenvalues and a Bayesian

approach!

4.1 Introduction

Inverse scattering problems for inhomogeneous media have many applications such
as medical imaging and nondestructive testing. In this chapter, the inverse spectrum
problem to reconstruct the Stekloff eigenvalues from Cauchy data is investigated
using a new integral equation for the reciprocity gap method. Then these eigenvalues
are used to estimate the index of refraction of the inhomogeneous medium. Due to
the lack of knowledge of the relation between Stekloff eigenvalues and the index of
refraction, we propose a Bayesian approach. Since the eigenvalues are complex for
absorbing media and the multiplicities are not known, the recently developed spectral
indicator method is employed to compute the Stekloff eigenvalues [52, 53].

The reconstruction of certain eigenvalues from the scattering data has been studied

'This chapter has been published as an article in Inverse Problems.

https://iopscience.iop.org/article/10.1088/1361-6420,/ab1be9
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by many researchers. In the context of qualitative methods in inverse scattering, it has
been shown that interior eigenvalues such as Dirichlet eigenvalues and transmission
eigenvalues can be determined from the scattering data [14, 100, 90] (see also the
special issue edited by Lechleiter and Sun [75]). Note that the inside-outside duality
can also be used to compute interior eigenvalues using the scattering data [65, 73, 74,

94].

Given reconstructed eigenvalues, a legitimate question is what information about
the scatterer can be obtained. For inhomogeneous non-absorbing media, transmission
eigenvalues have been used to reconstruct the shape of the obstacle [101] and estimate
the index of refraction [16, 100, 6, 46, 70, 11, 78]. However, the use of transmission
eigenvalues has two drawbacks: 1) multi-frequency data are necessary; and 2) only

real transmission eigenvalues can be determined from the scattering data so far.

Recently, it is shown that Stekloff eigenvalues associated with the scattering prob-
lem can be determined from far field data of a single frequency [18, 6]. In contrast to
transmission eigenvalues, complex Stekloff eigenvalues can also be determined from far
field data. Hence the use of Stekloff eigenvalues avoids the above two drawbacks and
has the potential to work for a wider class of problems. In this chapter, a new integral
equation for the reciprocity gap (RG) method [23, 32, 91] is introduced to determine
Stekloff eigenvalues from Cauchy data. Then a Bayesian approach is proposed to
estimate the index of refraction, in which the Metropolis-Hastings (M-H) algorithm
is used to explore the posterior distribution. We refer the readers to [63, 99] on the
Bayesian framework for inverse problems and [10, 38, 110, 47| on its applications to

some inverse scattering problems.

The rest of the chapter is organized as follows. In Section 4.2, the forward scat-
tering problem and the associated Stekloff eigenvalue problem are introduced. In
Section 4.3, a new integral equation for the reciprocity gap method is proposed to
reconstruct Stekloff eigenvalues using Cauchy data. In Section 4.4, a Bayesian ap-

proach and the MCMC method are proposed to estimate the index of refraction.
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Numerical examples are provided in Section 4.5. Finally, in Section4.6, we make

some conclusions.

4.2 Scattering Problem and Stekloff Eigenvalues

In this section, we introduce the direct scattering problem, the Stekloff eigenvalue
problem, and the inverse scattering problems using Cauchy data. Then a monotonic-
ity of the largest negative Stekloff eigenvalue is proved.

Let D be a bounded domain in R? with C? boundary 0D. Let k be the wavenumber
and n(z) be the index of refraction such that n(z) € L*(R?). Assume that n(z) =1
for R®\D and R(n(x)) > 0,3(n(x)) = 0, where R(-) and 3(-) denote the real and

imaginary parts, respectively. The direct scattering problem is to find the total field

u such that
Au+ kE*n(z)u =0, in R*\{z,},
u=u’+u', (4.2.1)
lim r2(0u/or — iku®) =0, r =]z,
r—00

where u® is the scattered field and
u' = ®(-, 1) o€ R\D

is the incident field generated by a point source. Here ® is the fundamental solution
of the Helmholtz equation.
The associated Stekloff eigenvalue problem is defined as follows [18]. Find A € C
and a non-trivial function w such that
Aw + k*n(x)w =0, in B,
ow/ov + A w =0, onl,

(4.2.2)

where B is a bounded domain in R? and I" := 0B such that D < B.
Assume that the Cauchy data u and 0,u := du/dv are known on I for the incident
field u’ := ®(-,x9),79 € C, where C is a simple closed curve containing B (see

Figure 4.1). The inverse scattering problems considered in this chapter are:
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Figure 4.1: Explicative picture of the problem settings.

IP1 Reconstruct Stekloff eigenvalues from Cauchy data;

IP2 Estimate the index of refraction n(z) using Stekloff eigenvalues.

When n(z) is real, all Stekloff eigenvalues are real and they form an infinite discrete
set [18]. We call k% a modified Dirichlet eigenvalue of B if there exists a nontrivial

u € H'(B) such that
Au+ k?nu =0, in B,
(4.2.3)
u=0, onl.
Remark 4.2.0.1. Note that a standard Dirichlet eigenvalue problem is such that n(z) =
1 in (4.2.3). For simplicity, in the rest of the chapter, we call k2 in (4.2.3) a Dirichlet

eigenvalue.
It is shown in [6] that Stekloff eigenvalues accumulate at —co if k2 is not a Dirichlet

eigenvalue. Next, we prove a property of the largest negative Stekloff eigenvalue \|

when n(z) is given by

1, in B\D,
n(z) :=n, = (4.2.4)
c, in D.
Suppose n. is perturbed by
0, in B\D,
one 1=
dc, in D,
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where dc is also a real constant. The perturbation dn. leads to dw and 6\] of the
eigenpair.

The weak formulation for the Stekloff eigenvalue problem (4.2.2) is to find (A, u) €
C x H'(B) such that

(Vw, Vv) — k? (nw,v) = —A{w,v) Yove H(B), (4.2.5)

where (f,g) = {5 fgdz and (f,g) = (. fgds. From (4.2.5), ow € H'(B) and 0A]

satisfies
(V(w+6dw), Vo) —k*((ne+dn.) (w+w),v) = —(A] +6A] ) w+dw,vy Vve H'(B).
Using the fact that (w, \]) is a real eigenpair, we have that
(Vow, Vv) — K (dne(w + dw),v) — k*(ndw, v)
= =0 (w + dw,v)y — Ay (dw,v) Yove H'(B).
Letting v = w and noting that n. is real, we have that
k2 (6ne(w + dw), w) = dA7 (w + dw, w),

which implies

k2 (6ne(w + dw), w)
(w + dw,w)
k2 (6now, w) + k2 (dn.dw, w)
(w, wy + {dw, w)
kzéc(w, w)D + k25c(5w, w)D

SA] =

= XD ERCTIRD) , (4.2.6)
where (f,9), = §, fgdz. If ¢ > 0 is small enough, one has that
\W@Mﬂ<%me)MM\®mwﬂ<gmw> (4.2.7)
From (4.2.6) and (4.2.7), we have
0~ k*6c(w, w) 3k?0c(w, w)D' (428)

R S — < - < R S
Hw, w) ' (w, w)
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This implies that A; is monotonically increasing with respect to n.. This breaks until
k* becomes a (modified) Neumann eigenvalue, i.e., there exists a non-trivial u such

that
Au+ k*n.ou =0, in B,

u_0, onl.

5, =

(4.2.9)

Note that a standard Neumann eigenvalue is k? satisfying (4.2.9) for n, = 1. Again,
we call k? for (4.2.9) a Neumann eigenvalue for simplicity. The above derivation

actually proved the following theorem.

Theorem 4.2.1. Let the index of refraction be defined in (4.2.4) and [a,b] be an
interval that k* is not a Neumann eigenvalue of (4.2.9) for any c € [a,b]. Then the

largest negative Stekloff eigenvalue \| is monotonically increasing on |a, b].

Assume that the largest negative Stekloff eigenvalue ) is obtained. If the shape
of D is known, A\] uniquely determines n. on some suitable interval [a, b] by Theo-
rem 4.2.1. However, it is not true on R as it is known that different n.’s can give the

same A] [18].

4.3 Reconstruction of Stekloff Eigenvalues

Now we consider IP1 to reconstruct Stekloff eigenvalues from Cauchy data. The
main ingredient is the reciprocity gap method [23, 32, 91|. Assume that u and d,u :=
du/0v are known on I' for each point source incident wave u® := ®(-,x¢), 29 € C
(see Figure 4.1). We first define an auxiliary scattering problem. Find wuy(-,zo) :=

u (-, o) + D(+, z9) such that

Auy + k*uy =0, in RM\{B U {7¢}},
dyuyx +Auy =0, onl, (4.3.10)

lim r2(0us/or — ikus) = 0, 1= |z,
T7—00

where v is the unit outward normal to I' and X is a constant such that () > 0. It

is shown in [18] that (4.3.10) has a unique solution.
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Denote by U and U, the sets of solutions u(z,xy) to (4.2.1) and wuy(z,zo) to

(4.3.10), respectively. Define the reciprocity gap functional by

R(vy,v9) = f (v10,v9 — v20,v1)ds, (4.3.11)
r

where v; and vy are solutions of the Helmholtz equation. Let S := {d € R?;|d| = 1}

and consider finding g € L*(S) of the integral equation
R(ux(-, zo) — u(-, 20),v4()) = R(ux(-,z0), ®.()) VaoeC, (4.3.12)
where ®,(-) := ®(+, z) for some z € B and v, is the Herglotz wave function
vg(x) 1= Leikm'dg(d)ds(d).
Lemma 4.3.1. If § . u\(x, 20) f(z)ds(z) = 0 for all uy € Uy, then f(z) =0 on I

Proof. Assume that f(x) satisfies (.. u(x, o) f(x)ds(x) = 0 for all 2y € C. Let @* be

the solution of the following problem

AT + E*@* =0, in R%\B,

0,@° + \i* = f, onT, (4.3.13)
lim 72 (00 /or — ika®) = 0, r = |a].
r—00

Using Green’s representation theorem [30], Green’s second theorem and the boundary

condition d,uy + Auy = 0 on I for all x5 € C, we have that
w’(zg) = L&,,(I)(x, x0)0’ (z) — Pz, x9)0,0°(x)ds
_ L 0B, 20)ii* (2) — B(x, 20) 0y (2)ds
+ L oyus(x)u’(z) — ul(z)0,u(z)ds

= = | wl@w)d @ @) - @@ oun(e, z)ds

_ _JFUA(x,xO)(aya%x) + A (x))ds
— —J;uA(x,:po)f(x)dS
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= 0. (4.3.14)

The unique continuation principle implies that @°(x) = 0 in R®\B. By the trace
theorem, f = 0 on I [ |

Theorem 4.3.2. If X is not a Stekloff eigenvalue of (4.2.2), then for u € U and
uy € Uy, the operator R : L*(S) — L*(C) defined by

R(g) = R(UA(',I'()) - U(',IL'[)),UQ(')), o € C
18 1njective.

Proof. Let g satisty R(ux(-, o) — u(-, o), v4(-)) = 0 for all zg € C. If g # 0, let w®
solve
Aw® + kE*nw® = k*(1 — n)v,, in R?

lim 72 (0w /ov — ikw®) = 0, = |a.
7—00

(4.3.15)

Using the boundary condition d,uy+ Auy = 0 on I and Green’s second theorem twice,

the following holds

9

ux (0 (w® + vy) + A(w® + vy))ds

[
— 5

[urdy (w® + vy) — (W* + vy)Oyuy|ds

[
— 5

[u,\&,(ws + vy) — (w* + vg)ayu)\]ds — f [u@,,(ws + vy) — (w* + Ug)&,u]ds
r

I
— 5

[(ux — w)d, (w® + vy) — (W + vy) 0, (ur — u)]ds

[
— 5

[(ux — u)d,vg — vy0, (uy — u)|ds + J [(uy — uw)d,w® — w®o, (uy — u)|ds

r

[

I
=

| [tn = w025 = 0y (un = w)]ds

= R(uy —u,vy) (4.3.16)
- 0. (4.3.17)

From (4.3.16) and Theorem 4.3.1, we have 0, (w*+v,)+ A(w®+v,) = 0 on I'. Together
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with (4.3.15), w® + v, satisfies

A(w® +v,) + kK*n(w® +v,) =0, in B,

(w0 + 1) + 2w + v,) s
Oy (w® +vy) + A(w® +v,) =0 onl.

Since A is not a Stekloff eigenvalue, (4.3.18) only has the trivial solution w® + v, = 0

in B. From (4.3.15) and the unique continuation principle, w® + v, = 0 in R?, i.e.,

the Herglotz wave function v, = —w?® satisfies the radiating condition. This is a

contradiction. [}

The following theorem is the main result on the reconstruction of Stekloff eigen-

values from Cauchy data.

Theorem 4.3.3. 1. If X is not a Stekloff eigenvalue of (4.2.2) and z € B, then

there exists a sequence {g,}, gn € L*(S), such that

lim R(uy —u,v,,) = R(uy,®.), uxeUx, uelU (4.3.19)

n—o0

and v,, converges in L*(B).
2. If X is a Stekloff eigenvalue, then for every sequence {g:}, g7 € L*(S) satisfying

lim R(u,\ — u,vgi) = R(uy,®,), wuneU,, uel, (4.3.20)

n—o0

lim vg: || g1 () = o0 for almost every z € B.
n—aoo
Proof. 1. Let w, be the solution of the following problem

Aw, + k*nw, =0, in B,
O,w, + Aw, = 0,P(-,2) + A®(-,2) onT.

(4.3.21)

From Lemma 3.1 of [18], we have
w, = w' +w?,

where w! satisfies the Helmholtz equation in B and w? € H{ (R?) is a radiation

solution to
Aw? + E*nwé = k*(1 —n)w', in R?

z

(4.3.22)

lim rz (0w /or — ikw) =0, r = |z
7—00
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Due to the denseness property (Theorem 5.21 of [30]), there exists a sequence of

Herglotz wave functions {v,, } such that
vy, + W — w +wd =w,, n— 0. (4.3.23)

Next we show that {v,,} satisfies lim R(uy — u,vy,) = R(uy,®.). Using Green’s
n—00

second theorem twice, one has that

lim R(uy — u,vy,) — R(uy, ®,)

n—o0
= 111210 [(ux — w)d,v,, — V4,00 (un — u)]ds — J [ur0, @, — ®.0,u,]ds
neeJr r

= lim [ [(ur — )0, (vg, +w3) — (vy, + w5)0, (ur — u)]ds

n—o0 T

—f [u,\ﬁl,(I)Z - @Zayu,\]ds
r

= lim [ [usd(vy, +w5) — (vg, + wE)d,uy]ds

n—o0 T

— lim [u&,,(vgn + ws) — (vg, + wj)&,,u]ds — f [u,\a,,CDZ — @Zﬁuu,\]ds

n—0o0 T T

= lim r [ukay(vgn + w3) — (vg, + wj)@l,uA]ds — J [u,\&,CI)Z — @Zﬁyu)\]ds

n—0w J r

r
= lim [‘ [urdy (g, + WS — @) — (vy, + W — )0, un|ds

n—o0 J

r
= lim ( ur[0y(vg, + W — ®.) + A(vg, +w — ®.)]ds
r

n—a )

— 0, (4.3.24)

where the last step is due to (4.3.21) and (4.3.23).
2. Assume on the contrary that for z € B,, where B, < B is a small ball of radius
P, ||vg: | a1 () is bounded as n — oco. Then there exists a subsequence of vy, still

denoted by vg:, converging weakly to a function v* € H 1(B). Then

f [(uA —u)O,v" — 00, (uy — u)]ds — f [uA(?(IDZ — @Zal,u,\]ds =0. (4.3.25)

I
Let w® € H?

2 (R?) be a radiating solution to

Aw® + k*nw® = k*(1 — n)v', in R?

1 (4.3.26)
lim r2(0w®/or — ikw®) =0, 1 =|z|.
7—00
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From the Green’s second theorem and (4.3.25), w := v + w* satisfies

Luk[&,(w —®.) + ANw — ®.)]ds

= f [u,\a w — wa,,u,\]ds —J [u,\a,,@Z - @Zal,u)\]ds
r

J.
+ f [(ux — w)a, 0t — vid), (ux — u)]ds — J 120, @, — ©,0,u,]ds
J.

u,\ —u)O,w — wo, (uy — u)]ds — f [wﬁ,}bz — @zéyu,\]ds

T

,1

uy — u)pw® — w’o, (u,\—u)]ds

r

[(ur — u)d,w® — w0, (uy — u)|ds

,1

— 0. (4.3.27)
From (4.3.27) and Theorem 4.3.1,
O(w—,)+AMw—P,)=0 onT,
which, together with (4.3.26), implies that w satisfies

Aw + k*nw =0 in B,

(4.3.28)
dow+ I = 0,P(-,2) + A®(-,z) onT.

From Theorem 4.3.1 and the proof of Theorem 3.3 of [18], (4.3.28) is solvable if and

L (% +Ae(, Z>>‘*’Ad3 =0 (4.3.29)

for each Stekloff eigenfunction wy € H'(B). Since w) satisfies d,wy + Awy = 0 on T,

(4.3.29) becomes
0P(-, 2) Owy B
L ( a]/ WA—(b(‘,Z)E) s =0.

Green’s representation theorem implies that wy(z) = 0 for z € B,. The unique

only if

continuation principle now implies that the Stekloff eigenfunction wy = 0 in B, which

is a contradiction. [ ]
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Based on Theorem 4.3.3, the following reciprocity gap algorithm is proposed to

reconstruct (several) Stekloff eigenvalues from Cauchy data.
The RG Algorithm

1. For a region of interests (e.g., an interval on R for real Stekloff eigenvalues or a

rectangular region on C for complex Stekloff eigenvalues), generate a grid 7.

2. For each A € T', solve the scattering problem (4.3.10) to compute the auxiliary

Cauchy data uy (-, zo) and d,ux(-,zo) on I'.

3. Fix a point z € B, use the Tikhonov regularization to compute an approximate

solution gy € L%(S) to the integral equation
R(ux(+,zo) — u(-, o), vg, () = R(ua(-,20), ®(-, 2)) Vag e C, (4.3.30)
where u(+, o) is the solution to (4.2.1) for ®(-,zg),zo € C.

4. Choose A as a Stekloff eigenvalue of (4.2.2) if the norm of g, is significantly
larger (see Section 4.5.1).

Remark 4.3.3.1. In theory, the constructed solutions to the reciprocity gap equation
(4.3.30) may not form a divergent Herglotz wave function series. Hence the above

numerical algorithm might not be able to construct all the eigenvalues.

4.4 Reconstruction of the Index of Refraction

Given the reconstructed eigenvalues, in this section, we turn to IP2 to estimate the
index of refraction. The relation between the index of refraction and Stekloff eigen-
values is complicated and, to a large extend, unknown. Even when n(z) is constant,
a single Stekloff eigenvalue cannot uniquely determine it. Note that Theorem 4.2.1
only holds on an appropriate interval.

To this end, we resort to the Bayesian approach, which has been popular for solving

inverse problems in recent years [63, 99]. Firstly, the inverse problem is reformulated
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as a statistical inference for the index of refraction using a Bayes formula. Then the
Metropolis-Hastings algorithm is employed to explore the posterior distribution of

4.4.1 Bayesian Formulation

IP2 can be written as the statistical inference of n(z) such that
A=G(n)+ E, (4.4.31)

where A € C™ is a vector of (reconstructed) Stekloff eigenvalues, n(x) is a random
function, G is the operator mapping n(z) to X based on (4.2.2), and F is the random
noise. The noise £ ~ N(0, 02), which is modeled as additive and mutually indepen-
dent of n(z). In the Bayesian framework, the prior information can be coded into
the prior density m,.(n). For example, if n is known to be a real constant ng such
that a < ng < b, one may take the prior as the continuous uniform distribution, i.e.,
n ~U(a,b).

Given Stekloff eigenvalues A, the goal of the Bayesian inverse problem is to seek
statistical information of n(x) by exploring the conditional probability distribution
Tpost(n|A), called the posterior distribution of n. The conditional mean (CM) is
applied to obtain a constant estimation of n(z). If n ~ U(a, b), by the Bayes formula,

the posterior distribution satisfies
Tpost (N A)IN (A = G(n), 02) x U(a,b), (4.4.32)

ie.,

Tpost (12| A) o€ exp ( - Q%QP\ — g(n)|> x I(a<n<b), (4.4.33)

where [ is the density function for U(a,b).
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4.4.2 Markov Chain Monte Carlo Method

To explore mp,st(n|A) given in (4.4.33), we employ the popular MCMC (Markov Chain
Monte Carlo). MCMC to estimate CM is as follows: design a Markov Chain {X;}3,
from required distribution and take the mean of the chain to approximate the expec-
tation. In particular, one could estimate E{n|A} by the sample mean using Monte

Carlo integration:

1 m
E{nA} ~ — >ing, (4.4.34)
j=1

where n;, j = 1,--- ,m, are samples from 7,,5:(n|X). In this chapter, we use a delayed

rejection adaptive Metropolis-Hasting algorithm [48, 44].
The M-H Algorithm
1. Choose the initial value n; € R and set j = 1;
2. Draw a sample w from a proposal distribution with variance ~?
1 2
q(n;, w)ocexp —T\nj —w|” ],

and compute

3. Draw ¢t ~ U(0,1);
4. If a(nj,w) = t, set nj = w, else nj.1 = n;.

5. When j = K, the maximum sample size, stop; else, 7 < j + 1 and go to 2.

4.4.3 Spectral Indicator Method

In the above algorithm, for each sample n;, one needs to compute Stekloff eigenvalues
for (4.2.2). Note that Stekloff eigenvalues may be complex if n(z) is a complex
function. The reconstructed eigenvalues are usually not large in magnitude and only

approximate the exact ones. Furthermore, the multiplicities are not known in general.
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Thus it is ideal if one only computes Stekloff eigenvalues of (4.2.2) in a region in the
complex plane close to the origin. A new spectral indicator method (SIM) is a good
fit for this case [52, 53]. It computes all eigenvalues inside a given region. We refer

the readers to [85] for more details.

4.5 Numerical Examples

In this section, we present some numerical examples to use the RG method to recon-
struct Stekloff eigenvalues from the Cauchy data and estimate the index of refraction
using the Bayesian approach. Three scatterers are considered: a disc with radius 1

centered at the origin, a square with vertices given by
(0,-1), (1,0), (0,1), (=1,0), (4.5.35)
and an L-shaped domain given by
(—0.9,1.1) x (—=1.1,0.9)\[0.1,1,1] x [-1.1,—0.1]. (4.5.36)

Three different indices of refraction are chosen: i) n(z) = 5, ii) n(z) = 4 + 2|z|, and
iii) n(z) = 2 + 44.

The synthetic scattering data is simulated by a finite element method with a
perfectly matched layer (PML) for (4.2.1) [21]. The wavenumber is k = 1. There are
100 source points uniformly distributed on the curve C, a circle with radius 3. We
compute the Cauchy data at 100 points uniformly distributed on I' := 0B (a circle
with radius 2) and add 3% noise.

4.5.1 Reconstruction of Stekloff eigenvalues

Given Cauchy data, we show that several Stekloff eigenvalues close to the origin can
be reconstructed effectively using the RG Algorithm presented in Section 4.3. For

real n(x), all the eigenvalues are real. We choose an interval [—5, 5] and use a uniform
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grid T given by
T:={\,=-5+0.02m, m=0,1,---,500}.

For complex n(z), the Skeloff eigenvalues are complex. We choose a region [—1,0.5] x

[—0.5,1] and
T = Mymy = (=1 +0.02my) +i(—0.5 + 0.02ms), my,ms = 0,1, 75}

Using a fixed point z = (0.2,0.6) in B, for each A € T, a discretization of (4.3.30)
leads to a linear system

Argy = f, (4.5.37)
where A is a matrix given by

Al):j = R(U)\<I,Z‘l) — u(x, x;), exp(ikz - dj)), l,j=1,2,---,100,
and f* is a vector given by
= R(u,\(x,xl),@(x,z)), [=1,2,---,100.

The Tikhonov regularization with the parameter @ = 107 is used to compute an
approximate solution gy to (4.5.37):
gy ~ ((A/\)*AA + aA/\)*l(A/\)*fA'

In the following examples, we show the plots of |g,|. In all the figures, the crosses
are the exact Stekloff eigenvalues computed using a finite element method [104, 85].

Example 1 Real index of refraction n(x) = 5. The exact and reconstructed
eigenvalues are shown in Table 4.1. The plots of |g,| for the three domains are shown
in Figure 4.2.

Example 2 Real index of refraction n(z) = 4+ 2|x|. The exact and reconstructed
eigenvalues are shown in Table 4.2. The plots of |g,| for the three domains are shown
in Figure 4.3.

Example 3 Complex index of refraction n(x) = 2 + 4i. The exact and recon-
structed eigenvalues are shown in Table 4.3. The plots of |g,| for the three domains

are shown in Figure 4.4.
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disc 1.2937 | —0.4763 | —0.5839 | —1.2301
(1.30) | (—0.48) | (—0.58) | (—1.23)

square 0.3792 | —0.5418 | —0.6148
(0.38) | (—0.54) | (—0.62)

L-shaped | 3.0218 | 0.6882 | —0.5266 | —0.5834 | —1.2188
(3.04) | (0.70) (—0.52) | (—0.58) | (—1.20)

Table 4.1: The exact Stekloff eigenvalues and their reconstructions (in the parenthe-

ses) for n(x) = 5.
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Figure 4.2: The plots of |g,| against A for n(z) = 5.
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disc 2.0856 | —0.4898 | —0.5714 | —1.2285
(2.10) | (—0.48) | (—0.54) | (—1.20)
square 0.4137 | —0.5758 | —1.2348
(0.42) | (—0.58) | (—1.22)
L-shaped | 0.9825 | —0.4956 | —0.6018 | —1.2116
(1.00) | (—=0.50) | (—0.60) | (—1.20)

Table 4.2: The exact Stekloff eigenvalues and their reconstructions (in the parenthe-

ses) for n(x) = 4 + 2|z|.
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Figure 4.3: The plots of |g,| against A for n(z) = 4 + 2|z|.
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disc —0.0549 + 0.48547 | —0.0211 + 0.26527 | —0.6361 + 0.03901

(—0.06 + 0.46i) | -0.02+0.26i (—0.64 + 0.041)
square | 0.1303 + 0.5812i | 0.0779 + 0.1415; | —0.6338 + 0.0170i
(0.12 + 0.561) (0.08 + 0.144) (—0.64 + 0.02i)

L-shaped | —0.0902 + 0.5468i | —0.1029 + 0.3600i | 0.0364 + 0.2228
(—0.10 + 0.52) | (—0.10 +0.367) | (0.04 + 0.22i)
—0.6385 + 0.0764i | —0.6346 + 0.0412
(—0.64 + 0.081) | (—0.64 + 0.047)

Table 4.3: The exact Stekloff eigenvalues and their reconstructions (in the parenthe-

ses) for n(z) = 2 + 4.

4.5.2 Estimation of the index of refraction

Given the reconstructed Stekloff eigenvalues, we present some numerical examples for
the estimation of the index of refraction using the Bayesian approach. The examples
are rather simple. Nonetheless, the results show the potential of statistical approaches
for inverse scattering problems. Since the main goal is to show the effectiveness of
the Bayesian approach, we assume that the shape of the scatterer is known in the
following examples.

Example 4 Real constant index of refraction n(z) = 5. Assume one Stekloff
eigenvalue is reconstructed from Cauchy data: —0.48 for the disk, —0.54 for the
square, and —0.52 for the L-shaped domain. Since n is a real constant, we take a

uniform prior 4(0,8). The posterior density is given by
1
Tpost (M \) o exp ( — 55l - g(n)|\2> x {0 < n < 8). (4.5.38)
o

We generate 3000 samples for each domain. The initial sample is chosen to be n; = 2.

The rest samples {n;}3°% are drawn from the symmetric proposal distribution

1
ol mya)oexp (= gglng = nsal?).
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Figure 4.4: The plots of |g,| against A for n(z) = 2 + 4i.

where 2 = 2.42/2.

Table 4.4 shows ncys for the three domains. The Markov chains are shown in
Figure 4.5. The samples concentrate around n = 5 for the unit disc and square.
However, for the L-shaped domain, the samples are accumulated around two values,
5 and 7. In fact, this implies that one Stekloff eigenvalue cannot uniquely determine
the constant index of refraction. If two Stekloff eigenvalues, 0.70 and —0.52, are used

(see Figure 4.6), we obtain ncy, = 5.0074, which is a good approximation.

Example 5 Real index of refraction n(z) = 4 + 2|z|. Assume that two Stekloff
eigenvalues are given and n(z) is of the form 8! + 32|z|. We first obtain a constant

approximation ng for n(z) as the above example. This provides some ideas of how
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o domain noM

circle 4.9953
0.05 square 5.0205
L-shaped domain | 6.2135 (5.0074)

Table 4.4: The posterior means for three domains (n(x) = 5) using one Stekloff
eigenvalue. The value in the parentheses for the L-shaped domain is obtained using

two Stekloff eigenvalues.

to choose the priors for 3! and 3?. For the second step, two Stekloff eigenvalues are

used. The posterior distribution is given by
1
7 (n|A)ocexp ( — 5 5lA- g(n)H?) xI{3<pBl <7y x {0 < B2 <6).  (4.5.39)
o

Two reconstructed Stekloff eigenvalues from Table 4.2 are used for each domain:
2.10,—0.48 for disc, 0.42,—0.58 for the square, and 1.00,—0.50 for the L-shaped

domain. Table 4.5 shows the reconstruction results.

o domain | mean of ng | B¢y, + Bl

circle 4.9804 4.3916 + 1.9333|x|
0.05 | square 6.7791 3.8873 + 2.3409|z|
L-shaped 6.2197 4.2953 + 1.7263|x|

Table 4.5: The posterior mean of n(z) for the three domains (n(x) = 4 + 2|z|).

Example 6 Complex index of refraction n(x) = 2 + 4i. Assume that R(n) ~
U(0,8) and I(n) ~ U(0,8). The same proposal distribution g(n;,n;_;) are used to
sample both R(n) and I(n). We use Stekloff eigenvalues, —0.02 + 0.26¢ for the disc,
—0.64 + 0.02¢,0.12 + 0.567 for the square, and —0.1 + 0.527,0.04 + 0.227 for the L-
shaped domain. Table 4.6 shows the reconstruction results and Figure 4.7 shows the

Markov chains.
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o domain noy

circle 1.8511 + 3.9849:
0.05 | square | 2.2515 + 4.1935¢
L-shaped | 2.1204 + 4.1978:

Table 4.6: The posterior means of n(z) for the three domains (n(x) = 2 + 4i).

4.6 Conclusions

In this chapter, we show that the Cauchy data of a medium scattering problem
can be used to detect Stekloff eigenvalues. A Bayesian approach is proposed to
estimate the index of refraction using the reconstructed Stekloff eigenvalues. Since
the multiplicities of the eigenvalues are not known, a spectral indicator method is
developed to overcome the difficulty in the Metropolis-Hasting (M-H) algorithm. The
method is particularly useful when there is a lack of understanding of the relation
between the known scattering data and the unknown quantities.

In the next chapter, we extend the study here to a more challenging inverse spec-

trum problem.
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Chapter 5

Bayesian inversion for an inverse

spectral problem of transmission

eigenvalues!

5.1 Introduction

The transmission eigenvalue problem plays an important role in the inverse scattering
theory for inhomogeous media and received a lot of attention in the last decade. The
problem is critical to the analysis of the inverse medium problem. Furthermore, it has
been shown that transmission eigenvalues can be reconstructed from the scattering
data and used to obtain qualitative information about the material properties. For
the discreteness, existence, and the determination of transmission eigenvalues from
scattering data, we refer the readers to [17, 30, 19, 15, 100, 46].

In this chapter, given a few real transmission eigenvalues, we consider the inverse
spectral problem to determine the material properties of a non-absorbing medium.
The problem has been treated using certain inequalities or optimization methods

[28, 100]. However, due to the lack of theoretical results and non-uniqueness, these

!This chapter has been submitted.
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methods face some difficulties. For example, the use of inequalities can only provide
rough estimates of the material properties. The optimization method might not
provide the correct solution when non-uniqueness of the inverse problem presents.

Bayesian inversion is an effective approach for inverse problems [63, 99]. Although
sometimes computationally expensive, it is an attractive method for challenging in-
verse problems. In this chapter, we propose a Bayesian approach for the inverse
transmission eigenvalue problem. First, using Bayes’ theorem, the inverse problem is
formulated as a statistical inference for the posterior density of the unknown physical
properties. Then the MCMC algorithm is used to explore the posterior density. Due
to the non-uniqueness nature of the problem, the local conditional means (LCM) are
used to characterize the posterior density. Numerical examples validate the effec-
tiveness of the proposed method. For applications of Bayesian approach in inverse
problems, we refer the readers to, e.g., [63, 99, 62, 80]. In particular, Bayesian inver-
sion was employed in [87] for an inverse Stekloff eigenvalue problem.

The rest of the chapter is organized as follows. In Section 5.2, we present the
transmission eigenvalue problem for acoustic waves and state the inverse spectral
problem of interest. Section 5.3 is devoted to the development of a Bayesian approach
and the stability analysis. In Section 5.4, we first present a continuous finite element
method to compute transmission eigenvalues used in the MCMC algorithm. Then
we show four examples demonstrating the performance of the proposed Bayesian

approach. Conclusions and future work are discussed in Section 5.5.

5.2 Inverse Transmission Eigenvalue Problem

Let D = R? be a bounded Lipschitz domain. Let A(x) be a 2 x 2 real matrix valued
function with C*(D) entries and n(z) € C(D). Assume that n(x) > 0 is bounded and
A(z) is bounded and symmetric such that & - A > [€]? for all £ € R? with v > 0.

Given an incident field u’ (e.g., plane waves), the direct scattering problem by an
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inhomogeneous medium D is to find v and the scattered field u® such that

V- AVu + k*nu = 0, in D, (5.2.1a)

Au® + E*u® = 0, in R*\D, (5.2.1b)

u—u® = on 0D, (5.2.1c)

dau — O u’ = o,u', on 0D, (5.2.1d)
: u'

}Ln(}or ( Er tku ) =0, (5.2.1e)

where k is the wave number, (5.2.1e) is the Sommerfeld radiation condition, r = |z|,

v is the unit outward normal to ¢D and d4u is the conormal derivative
Oau(z) :==v(z) - A(x)Vu(z), xe€dD.

It is well-known that there exists a unique solution u* to the above scattering problem
[30].
The transmission eigenvalue problem associated to (5.2.1) is as follows. Find

k? € C and non-trivial functions u, v such that

V- AVu + k*nu = 0, in D, (5.2.2a)
Av + k*v = 0, in D, (5.2.2b)
u—uv =0, on 0D, (5.2.2¢)
Jau — 0,v =0, on 0D. (5.2.2d)

The well-posedness of the above problem has been an active research area for a
decade. We summarize some existence results from [15], which are relevant to the

topic discussed in the current chapter.

(a) Let n, = infpn and n* = suppn. Assume A = [. If n = ny > 0 and either
n, > 1 or n* < 1, the set of transmission eigenvalues is discrete with 400 as the

only possible accumulation point. The multiplicity of the eigenvalues is finite.
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(b) Let as = infpinfig=1 £+ A > 0 and a* = supp supy_; £ - A§ < 0. Assume that
n = 1 and either a, > 1 or 0 < a® < 1. Then the set of transmission eigenvalues

is discrete with +00 as the only possible accumulation point.

(c) Assume that either 0 < a* <1 or a, > 1 and {,(n—1)dz # 0. Then the set of
transmission eigenvalues is discrete with +c0 as the only possible accumulation

point.

(d) Assume that either 0 < a* <1 and 0 < n* < 1, or a, > 1 and n, > 1. Then
the set of transmission eigenvalues is discrete with +o0 as the only possible

accumulation point.
In the rest of the chapter, we assume that there exists an operator G such that
k=G(An), (5.2.3)

where k € R™ is a vector consisting of m transmission eigenvalues.
Let S be the space of 2 x 2 symmetric matrices with real C! elements and X =

S x C(D). Let Y = R™. Define two Sobolev spaces

1%

{(w,v) e H(D) x H'(D)|w —v e Hy(D)},
W = L*D)x L*D).

For w = (u,v) € V and ¢ = (¢, ¢) € V, we define two sesquilinear forms

2

€

£
||

(AVu, Vo) + (n(z)u, ¢) — (Vo, V) = (v, ¢),
b<w”¢) = (n(x)u, ¢) - (Ua 90)

Then the transmission eigenvalue problem can be written as follows [112]. Find k? € C

and nontrivial w with |w|y = 1 such that
a(w, ) = (k* + 1)b(w, ) forallp e V. (5.2.4)

In this chapter, we only consider positive real transmission eigenvalue since they

represent the wavenumbers that can be reconstructed from the scattering data [14,
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100]. Note that a(:,-) and b(-,-) depend continuously on A and n and, as a conse-
quence, k depends on A and n. We assume that the following Lipschitz continuity

holds
|k — K|y <C[(An) = (A,n)]x, (An),(An)eX (5.2.5)

for some constant C'.

The interior transmission eigenvalue problem plays an essential role in the inverse
scattering theory for inhomogeneous media. It received significant attention in the last
decade. The study has focused on the discreteness, the existence, the determination
of transmission eigenvalues from scattering data, and the relation between the trans-
mission eigenvalues and the material properties (see, e.g., [28, 14, 17, 100, 30, 46]).

In this chapter, we are interested in the following inverse spectral problem.

ISP: Given a few real transmission eigenvalues k € Y, reconstruct A and n.

In particular, we assume that D is known as an a priori. Note that both D and
the eigenvalues k can be obtained from the scattering data. For interested readers,
we refer to [14, 100, 30] and the references therein.

Except a few special cases, e.g., A = [ and n = ng for some constant ny or
spherically stratified media, little is known about the above inverse spectral problem.
In addition, since only a few transmission eigenvalues are given, non-uniqueness can
happen and it is highly challenging to develop effective deterministic methods for the
ISP. This motivates us to develop a Bayesian approach to seek useful information

about A and n.

5.3 Bayesian Inversion

In the Bayesian framework, the ISP is treated as a problem of statistical inference. All
the parameters are modeled as random variables and the uncertainties of their values
are expressed by distributions. The solution is the posterior probability distribution

that provides a probabilistic description of the unknowns [63, 99].
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Consider the inverse problem of (5.2.3) to reconstruct (4,n) € X from the mea-
surement k € Y. Since the measurement k contains noise, the statistical problem can
be written as

k=G(An)+E, (5.3.6)

where k = (ky, ks, ..., k)T is a vector of transmission eigenvalues, A(z) and n(z)
are random, G is the operator mapping (A(z),n(x)) to k based on (5.2.2), and E is
the additive noise, mutually independent of A and n. We assume that the noise F
follows a Gaussian distribution, i.e., E ~ N (0, Tyoise), where T'pgise € R™*™ is positive
definite.

The prior density is denoted by 7y(A, n). The conditional distribution of the mea-
surement k given (A, n) is referred to as the likelihood, denoted by 7(k|(A,n)). From
(5.3.6), w(k|(A,n)) = N(k — G(A,n),Thoise). The solution to the inverse problem is
the posterior distribution 7, ((A, n)|k). According to Bayes’ rule, one has that

m(k|(A, n))mo(A, n)

mel(A IR = TR A, )y mo(A, n)d (A7)

(5.3.7)

Let P(A,n;k) = 3(k — G(A,n)) T,

noise

(k — G(A,n)). Assume that the posterior
measure g with density 7y is absolutely continuous with respect to the prior measure

o with density mo. Using (5.3.7), we can relate g with pg by

T e (CP(A ). (5:38)

where Z(k) = {, exp(—P(A,n; k))duo(A, n) is the normalization constant. The for-
mula (5.3.8) is understood as the Radon-Nikodym derivative of the posterior proba-
bility measure u with respect to the prior measure p.

Now we study the stability of the Bayesian inversion scheme for the ISP following

[99]. From (5.2.4) and the boundedness of A and n, the following lemma holds.

Lemma 5.3.1. For every ¢ > 0, there exists C' := C(g) € R such that, for all
(A,n) e X,
1G(A,n)ly < exp(e](4,n)[% + C).
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The assumption (5.2.5) implies that G : X — R™ satisfies the following property.
For every r > 0 there exists a C' := C(r) > 0 such that, for all (A,n),(A,n)s € X
with max{[[(4, n):[x, [|(A, n)2]x} <,

1G((A,n)1) = G((A,n)2)ly < C[(A;n)1 = (A n)s|x.
Then the function P : X x Y — R has the following properties [99].

(i) For every ¢ > 0 and r > 0 there is an M = M(e,r) € R such that, for all
(A,n) e X and ke Y with |k|y <,

P(A,n;k) = M —¢|(A,n)|x.
(ii) For every r > 0 thereis a K = K(r) > 0 such that, for all (4,n) e X andkeY
with max{[| (A, n)|x, [kly} <,
P(A,n;k) < K.
(iii) For every r > 0 there is an L = L(r) > 0 such that, for all (4,n);,(4,n); € X
and k € Y with max{||(A,n)1|x, | (A, n):|x, ||y} <,
[P((A,n)1; k) — P((A,n); k)| < L|[(A,n)1 — (A, n)s]x.
(iv) For every e > 0 and r > 0 there is a C' = C(g,r) € R such that, for all k1, k, € Y
with max{|k1||y, [|[k2]y} <7, and (A,n) € X,
|P((A,n); ki) = P((A,n); k2)| < exp(e|[(A,n)[[% + C)lks — ko y.
The following theorem guarantees the well-posedness of the Bayesian inverse prob-
lem (5.3.8).

Theorem 5.3.2. Suppose X is a Banach space and gy is a Borel probability measure
on X with po(X) = 1 . Then the Bayesian inverse problem (5.3.8) is well-posed
in Hellinger metrics, i.e., for ki and ky with max{||k|y, |[k2|y} < r, there exists

M = M(r) > 0 such that
dHell(,ukp ,ukz) < M”kl - k2||Y‘
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Proof. By the definition of Z(k) = §, exp(—P(A4,n; k))duo(A,n) and (X)) = 1, we
have 0 < Z(k) < 1.
Applying the mean value theorem and using properties (i) and (iv), it holds that

|2 (k1) — Z (k)|

< f exp(—P(A,n; k1)) |P(A,n; ki) — P(A,n; k)| dug(A, n)
X

(5.3.9)
< f exp(e](A,n)x — M) exp(e[[(A,n)[% + C)dpo(A, n)|ks — k| y
X
< Clki — ka|y
By the definition of the Hellinger distance, we obtain that
d%{ell(:uk'p :uk2>
2
_lf <exp (—P(4,n; kzl)))” ) <exp (—P(4,n; kz)))l/z dro(Ain)
2 )x Z (k) Z (k) ree
_lf <exp (—P(A, n; k:l))) . <eXp (—P(A, n; kQ)))l/Q
2 Jx Z(k1) Z(k1)
) (5.3.10)

1 1 ?
<Z(k1)—1f {exp <—§P(A,n; k1)> — exp (—EP(A,H; kz))} dpo(A, n)
X
+ | Z(ky) ™V - Z(kiz)_l/Q’Qf exp(—P(A, n; ka))dpo(A, n).
X
Applying again the mean value theorem and using property (iv), we have that
1 1 2

L {exp (= 5P(Anik)) —exp (= 5P(Am; m))} duo(A, n)

1 1 2

< f SP(Ani k) — 2 P(A ko) dpso(A,)

x 12 2 (5.3.11)

1 2
< Zf [exp(el(A.m)| + C) ks — kol | dpo(A.m)
X

< M|ki — kel
Due to the bounds on Z(k;) and Z(k,), it holds that

|2 (k1) ™2 = Z(ky) 2" < M max (Z(k:l)’?’, Z(kg)’f‘)\Z(k:l) ~ Z(ky)]. (5.3.12)
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Combining (5.3.9)-(5.3.12), we obtain that

duen (P, firey) < M| k1 — K2y
[ |

Now we present the MCMC (Markov chain Monte Carlo) method to explore the

posterior density functions of A and n given k.

MCMC-ISP:
1. Given D and k.
2. Draw (A,n); from my(A,n) such that A is positive definite.
3. For j=2,---,J,do

a. Generate (A,n)* from my(A, n) such that A* is positive definite;

b. Compute a((A,n)*, (4,n);-1) = min (1’ Wz«(i%ﬂ"’;))

c. Draw a ~ U(0,1).

d. If a > @, then (A4,n); = (A, n)*, otherwise (A,n); = (A,n);_1.

As discussed above, the solution of the Bayesian inverse problem is the poste-
rior probability densities of the unknown parameters. To characterize the posterior
density functions of the inverse problem considered in this chapter, point estimators
such as maximum a posteriori (MAP) and conditional mean (CM) might not carry
sufficient /correct information of the unknowns due to the presence of non-unique so-
lutions. Hence we also use the local estimators introduced in [103] when necessary. If
it is found that a significant number of samples aggregate in more than one region, we
shall use the local estimators instead of the global estimators. Numerical examples
show that the local estimators can identify multiple solutions to the inverse spectral

problems considered here.
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5.4 Numerical Examples

In this section, we present some numerical examples. For the MCMC-ISP algorithm,
one needs an effective method to compute several transmission eigenvalues of (5.2.2)
given A and n. Numerical methods for the transmission eigenvalue problem have
been developed by many researchers. We refer the readers to [26, 102, 4, 69, 29,
77, 113, 104, 92] and the references therein. In particular, finite element methods
for (5.2.2) of anisotropic media are discussed in [60, 112, 39]. In the following, we
present a continuous finite element method from [60], which is used in the simulation.
Note that, from the finite element convergence theory for the transmission eigenvalue

problem [104, 60, 112], the numerical method defines a discrete operator G such that
ky, = Gn(A,n). (5.4.13)
The operator G;, approximates G in the sense that
k, -k as h—0,

where h is the size of the finite element mesh for D.

We first multiply (5.2.2a) by a test function ¢ and integrate by part to obtain

(AVw, Vo) — k*(nw, ¢) — <§7w7 ¢> =0, (5.4.14)
A

where (-, ) is the boundary integral on ¢D. Similarly, for (5.2.2b), we have that
9 ov
(Vu, Vo) — k*(v, ¢) — g,gb =0. (5.4.15)
Subtracting (5.4.15) from (5.4.14) and using (5.2.2d), it holds that
(AVw — Vv, Vo) — k*((nw — v), ¢) = 0. (5.4.16)

Let 7, be a regular triangular mesh for D. Let V} be the space of the linear

Lagrange finite element, V}? be the subspace of functions in V}, with vanishing degrees
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of freedom on 0D, and V;Z be the subspace of functions in V}, with vanishing degrees

of freedom in D. The boundary condition (5.2.2¢) is enforced by setting

wp, = W+ wp Where wy, € V,? and wpy, € VhB,

v, = %o+ wpp Where vy, € V}?.
For &, € V¥ in (5.4.14), the weak formulation for wy, is
(AV (wop, + wpp), VE) — K2 (n(woy +wpp), &) =0 for all &, e V. (5.4.17)
Similarly, the weak formulation for vy, is
(V(von +wpn), Vi) — k*((von +wpp),nn) =0 for all n, € V2. (5.4.18)
Setting ¢y, € VP in (5.4.16), we have that

(AV(U)OJL + wB,h), V¢h) - (V(U(]’h + wB,h), V¢h)

—k? (n(wo,h + ’LUBJL) — (UO,h + U)th), ¢h> = 0. (5419)

Let N, NP, and NP be the dimensions of Vj, V¥ and VB, respectively. Let
{€1,-.., &N, } be the finite element basis for Vj, such that {¢i,...,&yo} is a basis for
V2. Let S4 be the stiffness matrix with (Sa);, = (AVE;, V&), S be the stiffness
matrix with (5);, = (V§;, V&), M, be the mass matrix with (M,);, = (n&;, &) and
M be the mass matrix with (M), = (§,&). The matrix form for (5.4.17), (5.4.18)

and (5.4.19) is the generalized eigenvalue problem

AT = K*Bz, (5.4.20)
where
S,JI}?XN}? 0 SIJI}?XNE
A= 0 SNR <Ny GNRxN ’



and

NOxNO NOx NP

My " 0 Myhor

B

B = 0 MNSXNQ MNngh

NYxNP NB

(M, )T _(MNng;f)T Mn XNiP A NExNP
In all the numerical examples, we use Matlab ”eigs” to compute several eigenvalues
of (5.4.20). Note that if the transmission eigenvalues k are reconstructed using the
scattering data, they are usually not large in magnitude and are only approximations
of the exact ones [100]. Furthermore, the multiplicities of the eigenvalues are not
known in general. Hence, given an eigenvalue k, in the Bayesian inversion stage, one
only needs to know if there exists an eigenvalue k; of (5.4.20), which is close enough
to k. In the rest of the chapter, the covariance of the noise is set to be I'j e = ﬁ] )
Example 1. Let D be a circle with radius 1/2. We consider the isotropic medium,
i.e., A = I and the constant index of refraction n(z) = n.. The unknown to be re-
constructed is n.. Four transmission eigenvalues are given k = (2.01,2.61, 3.23, 3.80).
These eigenvalues are computed from scattering data (see Fig. 2 in [100]). Note that
the exact index of refraction is n, = 16.
We first obtain some qualitative information of n. using a deterministic method.
In [28], the following Faber-Krahn type inequality is proved:
Ao(D)

k(D —_—
1( ) > SupDn(.fE)’

(5.4.21)

where A\g(D) is the smallest Dirichlet eigenvalue. Using the Lagrange finite element
method, we find that \g(D) ~ 23.21 (see Chp. 3 of [104]). Consequently, the lower
bound for supp n(x) given by (5.4.21) is roughly 5.8.

We consider the following cases:
1.1 use the first transmission eigenvalue to reconstruct n;
1.2 use the first two transmission eigenvalues to reconstruct n;

1.3 use all the four transmission eigenvalues to reconstruct n.
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For all the cases, we choose a Gamma prior n ~ Gamma(3,4) + 5.8 incorporating the
information obtained by the Faber-Krahn type inequality (5.4.21). 2000 samples are
generated in the MCMC-ISP.

The results are shown in Fig. 5.1. For cases 1.1 and 1.2 (Fig. 5.1 (a) and (b)), the
samples aggregate in two regions (around 16 and 27), which indicates the non-unique
solutions. We use the local conditional means (LCM) to characterize the posterior
density function. In Table 5.1, for case 1.1, two local conditional means are shown:
ey = 15.90 and n3.,, = 27.04. We also compute the associated transmission
eigenvalue, which is close to the given one. In other words, both indices of refraction
have an eigenvalue close to 2.01, which reveals the non-unique nature of the inverse
problem. The scenario is the same for case 1.2.

When four transmission eigenvalues are used, the non-uniqueness disappears on
the interval [8,30]. As shown in Fig. 5.1(c), all the samples accumulate around
16. The conditional mean ngys = 16.23 and the corresponding transmission eigen-
values are shown in Table 5.1. It can be seen that there exit four eigenvalues
(1.98,2.61,3.24,3.78) for ncy = 16.23, which are close to the given eigenvalues
k = (2.01,2.61, 3.23, 3.80).

n(xz)  Transmission eigenvalues

16 2.01 2.61 3.23 3.80

1590 2.01 - - -
case 1.1

27.04 2.01 - - -

16.05 2.00 2.63 - -
case 1.2

25.62 2.07 2.57 - -
case 1.3 16.23 198 2.61 324 3.78

Table 5.1: Local conditional means/conditional mean and the transmission eigenval-

ues.
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Figure 5.1: Scatter plots and histograms: (a) and (d) - k(1); (b) and (e) - k(1 : 2);
(c) and (f) - k(1 :4).

Example 2 Let D be the unit square given by (—1/2,1/2) x (—1/2,1/2). Again,
the medium is isotropic, i.e., A = I. The exact index of refraction is n(z) = 8 +
x1 — Ty for this example. Given the transmission eigenvalues k = (2.82,3.54,4.13),

we consider two cases:
2.1 assuming n = ng, reconstruct ng;
2.2 assuming n = ng + ni1x; + NaZs, reconstruct ng, ni, No.

Applying (5.4.21) again, we obtain sup, n(z) > 2.48. 6000 samples are drawn in
the MCMC stage. We first consider case 2.1 using three transmission eigenvalues.
A uniform prior distribution ng ~ U[2.5,14] is used. A large part of the samples
concentrates around 8.1 (see Fig. 5.2 (a-b)). We also notice that some samples are

around 12.3. Similar to Example 1, we compute the local conditional means as shown
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in Table 5.2. The exact transmission eigenvalues close to k for the two LCMs are
also shown in Table 5.2. The differences between the transmission eigenvalues and
the given k are small.

We move on to case 2.2 by coding the reconstruction of ny in case 2.1 into
the prior. n(z) is approximated by the linear function n = ng + nix; + nexs
with w(ng) = U[7.5,8.5] and m(ny) = m(n2) = U[—1.5,1.5]. The reconstruction
is n(z) = 8.10 — 0.01z; — Ox9. The recovery of the constant term ng is satisfactory.
Fig. 5.2(c) shows samples of ny,ny. The errors of the coefficient ny, ny are large. This
is not surprising since x; and x5 are rather small in D, which makes it difficult to re-
cover their cofficients accurately. Indeed, as seen in Table 5.2, the exact transmission

eigenvalues for the reconstructed n(z) are very close to the given k.

no ny ne  Transmission eigenvalues
8 1 -1 2.82 3.54 4.13
8.11 - - 281 354 4.13
case 2.1
12.21 - - 283 3.65 4.05

case 2.2 810 -0.01 -0.00 2.82 354 4.13

Table 5.2: Local conditional means/conditional mean and the transmission eigenval-

ues.

Example 3. Let D be an L-shape domain given by
(—0.5,0.5) x (—0.5,0.5)\[0,0.5] x [—0.5,0].

The exact A and n are diabg(%7 %) and 1, respectively. Given k = (4.31,4.44,4.95,5.47),

we consider the following cases:
3.1 assuming A = diag(ag, a1) and n = ng, reconstruct ag, a; and ng;

. ap G2
3.2 assuming A = and n = ng, reconstruct ag, ai, as and ng.
Gz aj
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Figure 5.2: Scatter plot (a) and histogram (b) for case 2.1, scatter plot (c) for case
2.2.

For case 3.1, we set ag, a; ~ U[0.05,0.25] and ng ~ U[0.1,1.6]. The results of the
MCMC-ISP with 6000 samples are displayed in Table 5.3. We can see that A is
approximated by diag(0.14,0.14) and ngyy is 1.34.

Next, we consider case 3.2 using the estimators from case 3.1. As shown in
Fig. 5.3(a), the diagonal elements of A are small and oscillate between 0.1 and 0.2.
Hence we set ag,a; ~ U[0.1,0.2]. Choose ay from U[—0.05,0.1] and n ~ U[0.8,1.6].
Using 6000 samples to reconstruct A and n, we show the results in Table 5.3 and
Fig. 5.3(b). For both cases, the reconstructions are acceptable and the eigenvalues

are close to the given ones.

n(x) ap a; ap,  Transmission eigenvalues

1 1/6 1/8 0 4.31 4.44 4.95 5.47

case 3.1 134 0.14 0.14 - 4.53 453 5.00 5.56

case 3.2 1.32 0.13 0.13 0.03 4.17 449 484 5.48

Table 5.3: Conditional means and the transmission eigenvalues.

Example 4. In this example, we use the same L-shape domain D as Example
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Figure 5.3: Scatter plots for case 3.1 (a) and case 3.2 (b).
3 but A =

and n = 2. With k = (5.32,5.73,6.04,6.53), we consider the

ENTE N I
Wl =

following cases:

4.1 assuming A = diag(ag, a;) and n = ng, reconstruct ag, a; and ny;

ag a
4.2 assuming A = P landn = ng, reconstruct ag, a;, as and ng.
a2 Q7
n(xz) ap a; as,  Transmission eigenvalues
2 1/2 1/3 1/7 5.32 5.73 6.04 6.53
case 4.1 279 023 0.22 - 522 583 6.12 6.60
case 4.2 299 0.32 0.26 0.09 531 561 6.13 6.64

Table 5.4: Conditional means and the transmission eigenvalues.

For case 4.1, we choose the priors ag, a; ~ U4[0.05,1.05] and ng ~ U[1.5,3.5]. The
conditional means of ag, a; and n are 0.23, 0.22 and 2.79, respectively. Based on the
ar ~ U[0.2,0.4], az ~ U[-0.05,0.2]
and n ~ U[1.8,3.5] for case 4.2. The results are shown in Table 5.4 and Fig. 5.4.

results of case 4.1, we choose ag ~ U[0.2,0.6],
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Figure 5.4: Scatter plots for case 4.1 and 4.2.

The approximation of n is greater than the exact value and approximations of the
entries of A are smaller than the exact ones, indicating the severe ill-posed nature of
the inverse problem. Nevertheless, the computed transmission eigenvalues are close

to the given k for both cases.

5.5 Conclusion

The inverse spectral problem of transmission eigenvalues is studied. Given a few
transmission eigenvalues, the Bayesian approach is employed to reconstruct the ma-
terial properties of the inhomogeneous medium. An MCMC algorithm is used to
explore the posterior density functions of the unknowns. Due to the fact that only
partial data are available (a few eigenvalues), the inverse problem is severely ill-posed
and can have non-unique solutions. To characterize the density functions, we resort
to the recently proposed local estimators. Numerical examples indicate that the pro-
posed Bayesian method is effective for the inverse spectral problem considered in this
chapter.

For Examples 1 and 2, the Faber-Krahn type inequality is first used to obtain some

qualitative information of the index of refraction. Such information can be coded in
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the priors to improve the performance of the Bayesian inversion. The results in
[80, 81] also indicate that the combination of deterministic and statistical methods

can successfully treat challenging inverse problems with partial data.
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