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Figure 3. Wave-pattern for the cloak in [9] formed from square-lattice PhCs demonstrates 
the effect of self-collimation at 13.6 GHz.  

This mechanism could be related to the known in PhCs phenomenon of self-collimation. 
According to [12], due to this phenomenon, PhCs could support wave propagation along 
crystallographic axes, even if they are bent. Indeed, Fig. 3 taken from a row of images of 
wave-patterns in [9] just demonstrates self-collimated wave movement in outer PhC layers 
of the cloak, while beyond the cloak, a shadow similar to that presented in Fig. 2 (a) can 
be clearly seen. This observation opens up an opportunity for employing self-collimation 
in PhCs for providing TO-requested functionalities of the cloak medium, when 
prescriptions for material properties could not be realized in full. 

2.1.3 Achieving Anisotropic Index Dispersion in PhC-based 
Cloak Media 

As it was shown in Section 2, if self-collimation is not realized in the cloak medium formed 
by PhCs with square lattices, cloaking effect could not be observed in such medium, since 
TO-prescribed difference between spatial dispersions for azimuthal and radial index 
components could not be provided. However, according to [13, 14], difference between 
index component for wave propagation in two orthogonal directions could be achieved in 
PhCs with rectangular lattices. Therefore, we explored an opportunity to employ such PhCs 
in the cloak medium for obtaining desired difference of spatial dispersions of 𝑛௥ and 𝑛ఏ. 

In [9] it was demonstrated that changing the lattice constant of PhC caused shifting of the 
2nd transmission band in its dispersion diagram along the frequency axis. This also caused 
respective shift of the extracted from the dispersion diagram frequency dependence of 
index values. It was also proven in [9] that the 2nd branch of array dispersion diagram 
supplied index values in the range from zero to higher than 1. Therefore, it was possible to 
determine a set of array lattice constants providing at some frequency a collection of index 
values representing the spatial dispersion law depicted by curve A in Fig. 1 (b). The 
requested dispersion law was then realized in the cloak medium by building it from 
fragments of PhCs with respective lattice constants. 
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In order to investigate, how the difference in lattice constants along two directions would 
affect the dependencies of index values on frequency, we first calculated dispersion 
diagrams for PhCs with rectangular lattices at TM wave incidence along either one of two 
crystallographic directions, which we denoted as 𝑥 and 𝑦. Fig. 4 (a) presents 2nd branches 
of dispersion diagrams within Γ-X range of wave-vectors for arrays with relative rod 
permittivity 𝜀 = 35 and 𝑅 = 1.5 mm (same rod parameters as in [9]), with the same lattice 
constant 𝑎௫ and with various lattice constants 𝑎௬. As seen in the figure, difference between 𝑎௬ and 𝑎௫ results in changes of dispersion diagrams, i.e. in anisotropy of array properties. 
From dispersion diagrams, the values of 𝑥- and 𝑦-components of index were calculated by 
using well-known relation given in [15]:  

                                                   𝑛ୣ୤୤ = sgn(𝑣௚.𝑘)(௖ఠ |𝑘|)                                                 (6) 

where 𝑐 is the speed of light in free space and 𝑣௚ =  ௗఠௗ௞  is the group velocity, while k and 
ω are wave vector and angular frequency, respectively. Equation 6 characterizes the 
dominant refractive index. As discussed in [9, 15, 16], this approach provides the effective 
values of phase refractive indices in the second transmission bands of 2D PhCs. In [9], this 
approach has been verified by comparing the indices obtained from the dispersion diagrams 
of 2D rod arrays (at various rod permittivities) with the results of the index retrieval 
procedure.  

 
                                   (a)                                                                 (b)                                                           
Figure 4. (a) 2nd branch of dispersion diagrams for rod arrays when incident TM waves are 
propagating in either 𝑥 or 𝑦 directions: 𝑎௫ is fixed at 5 mm while 𝑎௬ for curves A, B, and 
C is 5 mm, 6 mm, and 7 mm, respectively. (b) Dependencies of refractive index 
components 𝑛௫ and 𝑛௬ on frequency calculated using dispersion diagrams in (a).  

Fig. 4 (b) presents frequency dependencies of 𝑛௫ and 𝑛௬ found by using respective 
diagrams in Fig. 4 (a). As seen in Fig. 4 (b), at 𝑎௫ = 𝑎௬ frequency dependencies of 𝑛௫ and 𝑛௬ coincide (curve A). At 𝑎௬ > 𝑎௫ dependencies for 𝑛௫ and 𝑛௬ shift and split, so that 
dependencies for 𝑛௬ get steeper, while dependencies for 𝑛௫ become less steep and, 
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therefore, cross the curve A. Shifting of the spectra of 𝑛௬ and 𝑛௫ reflects lowering of the 
edge of the 2nd transmission band, which is well seen in Fig. 4 (a). It could be also noticed 
in Fig. 4 (b) that at increased values of 𝑎௬, 𝑛௬ values become significantly exceeding 1 at 
such frequencies, at which the values of slower growing 𝑛௫ still remain below 1. Such 
difference between 𝑛௬ and 𝑛௫ in arrays with rectangular lattices seems to point out at an 
opportunity of realizing desired anisotropy of TO prescriptions for index components in 
two orthogonal directions.  

 

Figure 5. Frequency dependencies of directional index values in the 2nd transmission bands 
for four arrays with rod parameters: 𝜀 = 35 and 𝑅 = 1.5 mm, and with rectangular lattices; 𝑎௫ and 𝑎௬ values (in mm) for the curve couples A, B, C, and D, are, respectively: (5 ; 7.8), 
(5.5 ; 8.15), (6.5 ; 8.6), and (8 ; 8.9). 

Further investigations, however, have shown that obtaining thus high values of 𝑛௬, as 
defined by curve F in Fig. 1 (b), is challenging for PhCs, since having much bigger 𝑎௬ compared to 𝑎௫ does not allow for achieving much higher index values than those 
presented in Fig. 4 (b). Instead, it leads, first, to extinction of the 2nd branch and then, to 
switching of the sign of 𝑛௬ from positive to negative, which is not suitable for controlling 
wave propagation in the cloak. Thus, there are limits for increasing 𝑎௬ at any chosen 𝑎௫. 
For example, at 𝑎௫ = 5 mm, 𝑎௬ should not exceed 8 mm to avoid negative index values. At 𝑎௬ < 8 mm and used in [9] rod parameters (𝜀 = 35 and 𝑅 = 1.5 mm), 𝑛௬ values bigger than 
1.5 cannot be achieved, while they should be close to 2.4 near the target, according to curve 
F in Fig. 1 (b) for the cloak with  ோ౥౫౪ோ౟౤ = 3.5. Taking this into account, we looked for a set 
of arrays with rectangular lattices and with the same, as in [9], rod parameters, which could 
be used for providing, at some frequency, best fit of index values to dispersion curves A 
and F in Fig. 1 (b). We considered a set of four arrays, the fragments of which could be 
used for assembling the cloak, for which prescribed dispersion curves for index 
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components would be represented by step-functions consisting of four steps. Fig. 5 shows 
extracted from dispersion diagrams frequency dependencies of 𝑛௬ and 𝑛௫ values for such 
four arrays, having different combination of lattice constants 𝑎௫ and 𝑎௬. The presented data 
demonstrate that combining fragments of these arrays in the cloak medium can provide 
descending spatial dispersion for radial index component and ascending spatial dispersion 
for azimuthal component at the operation frequency of 13.73 GHz, although the prescribed 
maximal value of 2.4 for 𝑛௬ cannot be achieved. This result pushed us to searching for 
opportunities to decrease maximal 𝑛௥ values, prescribed by TO, by varying cloak 
dimensions and to increase 𝑛௬ values, achievable in rod arrays with rectangular lattices, by 
modifying rod radius and permittivity.   

2.1.4 Fitting Capabilities of Rod Arrays to TO Prescriptions for 
Index Components  

From the expressions given in Section 2, it follows that requested index values strongly 
depend on the ratio ோ౥౫౪ோ౟౤ .  Fig. 6 demonstrates that by increasing this ratio, prescribed radial 
index values near the target can be essentially reduced, while azimuthal index values are 
just slightly affected. Thus, as seen in Fig. 6, capabilities of rod arrays would become 
sufficient for satisfying TO prescriptions at ோ౥౫౪ோ౟౤  > 4.6. This ratio, however, characterizes, 
in fact, the thickness of the cloak, so that increasing this ratio means significant increase of 
the cloak thickness at fixed size of the target. In particular, changing the ratio from 3.5 to 
4.6 corresponds to 44% increase of the cloak thickness, which is, obviously, not desirable 
for practical applications.   

 

Figure 6. TO-prescribed radial and azimuthal index distributions for three different ratios ோ౥౫౪ோ౟౤  of the cloak, when 𝑅୧୬ is fixed. 
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