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Preface

Chapter [1] discusses sensor management for vector Poisson and Gaussian channels,

and presents a review of the relevant literature.

Chapter [2| considers the two target detection problem in vector Poisson channel
under a time constraint using metrics of mutual information / and Bayes probability
of total correct detections P,;. For all computations, multivariate Poisson mixture
pmfs are first truncated and then computations of [ and F, are performed for any

input time argument.

Chapter 3| considers the two target detection problem in vector Gaussian channel
under a time constraint using metrics of / and P;. Monte Carlo method is used for

all computations.

Chapter |4, investigates the various heuristic sensing schemes for the detection of
four targets in vector Poisson and Gaussian channels under a time constraint. Since
looking for an optimal solution requires a 15—dimensional space to work with and
that is not feasible for our approach, a few sub-optimal sensing methods are studied.
Based on the observations, we have found analytical evidence that are mentioned in
the form of theorems in this chapter that confirm that observations. For instance,

concavity of I is observed in plots for both constrained and unconstrained objectives



under both channels and later we found in the literature that they have to be
concave, thus confirming the computed results. Again Monte Carlo method is used

for computing both I and P, for any given input arguments.

Chapter [5| concludes the research findings and the future work.

XXVi



Acknowledgments

First and foremost, I would like to express my deepest gratitude to my advisor

Dr. Daniel R. Fuhrmann for all his time and support during my PhD research.

Thank you to the committee members, Dr. Timothy J. Schulz, Dr. Zhaohui Wang,
Dr. Alexander E. Labovsky for volunteering your time and being the part of my

dissertation committee.

I feel gratitude towards Dr. Jeffrey B. Burl from whom I learnt Detection and
Estimation Theory in EE 5521. This research was not possible without his insightful

yet challenging lectures.
I am thankful to IPS staff, ECE staff, graduate school staff and registrar office staff.

A big thank you to the Fulbright fellowship program-2011 of the United States

Department of State for awarding me a PhD scholarship at Michigan Tech.

I also want to thank my parents, siblings, family & friends for all their love, affection

and support.

Last, but not the least I am heartily thankful to the people of the beautiful Upper

Peninsula of Michigan.

XxXVvii






Abstract

In this dissertation we consider a sensor scheduling or resource management problem
for a vector Poisson and Gaussian channels. The input is a binary random vector
and the output is a set of conditionally independent Poisson or Gaussian random
variables. The objective is to design a scaling matrix, which is a linear transformation
whose purpose is to entangle the different inputs, under a total given energy/time
constraint. The two metrics are adopted to quantify the performance of the designed
scaling matrix: mutual information and Bayesian inference. In other words, it is an
experimental design problem where the objective is to glean the information about
the binary inputs and perform the classification of the input random vector in a fixed
time-resource, that is transmitted through a vector Poisson and Gaussian channel,

based on the output observations.

No optimal solution is claimed in this dissertation for the above problem for either
of the Poisson or Gaussian channels; from either of the two perspectives: mutual
information or Bayes detection. However, time-symmetry does exist in the said
problem. It is further noted that the problem is concave in its domain (i.e. sensing
times) from mutual information criterion; and this is based on the observations in
the computational results. If this concavity does exist in the problem then together

with the time-symmetry result; it can be deduced that the optimal solution has a

XXix



symmetry too; and that would reduce the exponentially rising dimensionality of
the search-space to the linear one (w.r.t dimension of the input random vector).

However, concavity of the objective function in the Bayes framework does not exist.

Further, it is noted that the classification criterion in the above two channels; and mu-
tual information criterion do not generally lead to the same solution when subjected

to the same fixed time constraint and model parameters.

It is also noted that the combinatorial explosion is inevitable, that occurs while
addressing the problem through computational means, even with exploiting the
inherent time-symmetry and the concavity in the objective. This curse of the dimen-
sionality is the main obstacle in exploring the problem for targets greater than four

(i.e. for dimension of the input vector > 4).
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Chapter 1

Introduction

The importance of sensor scheduling emerges when it is not possible to collect all the
data all the time or when resources are limited [2]]. This creates a need for an optimal
or heuristic scheduling methodology to extract the data from different available
data sources in an efficient manner. If the available resources are unlimited then it
is always advantageous to collect all available data; however constraints imposed
by available time, computational resources, memory requirements, communication
bandwidth, available battery power, deployment pattern make this infeasible. One
of the major hurdles in sensor scheduling arises from the combinatorial nature of
the possible switching possibilities available to collect data. This problem becomes

further complicated if the sensor scheduling is done in continuous-time settings [3].



Figure 1.1: A single pixel camera. Grid of shutters control the spatial
distribution of incoming light focusing on sensor.

Information-theoretic approaches have long been used in sensor scheduling problems,
especially for their invariance to invertible transformations of the data. Many of
the early approaches towards sensor management were information-theoretic, for
instance [4], [5]. Maximizing the mutual information between the unknowns and

the observations is a natural and intuitive approach to sensor resource management.

In this dissertation we address a problem of scheduling the available sensors for
optimal or suboptimal time allocation to detect a binary 2-long and 4-long random
vector in vector The Poisson channel and Gaussian channels with dark current
noise \o. This might be of special interest in context of Poisson compressive sensing,

where sparse signal conditions can be exploited for reduced computational cost



and efficient sensor scheduling. We address the problem of scheduling a single
sensor from both information theoretic and detection theoretic perspectives. Poisson
channel has remained traditionally difficult to work with due to the two basic
inherent obstacles attached with it. First, added Poisson noise and scaling of input
does not consolidate into a single parameter as SNR does in Gaussian channel.
Second, scaling the support of Poisson random variable does not result in another
Poisson random variable. This is in contrast to Gaussian channel which are relatively
well-studied from both information-theoretic and estimation-theoretic aspects [6]],
[7Z1, [8]. In an unconstrained sensing-time setting, vector Poisson channel has
gained much research activity and interesting results are shown paralleling to that
of vector Gaussian channel. One of the seminal works in linking the information
theory and estimation theory in the context of scalar Poisson channel is done by
Guo et al. in [9], where the derivative of mutual information with respect to signal
intensity is equated with a function of conditional expectation; providing a ground
for the possible Poisson counterpart of a Gaussian channel. This result for the scalar
Poisson channel was further refined by Atar and Weissman in [10] where an exact
relationship between derivative of mutual information and minimum mean loss

error is given by providing the loss function I(z, ) = x log(

18

) — x + = which shares
a key property with squared error loss i.e., optimality of conditional expectation
with respect to mean loss criterion. This result together with -L7(X; P(aX)) =
a=0

E[X - Log X| — E[X] - Log(F[X]) given in [9] provides us an exact answer to the



question: for a given finite sensing time 7" and prior p, which of the two sensing
mechanisms, individual or joint sensing, is better than the other? (however, hybrid
sensing still remains elusive and this is we have investigated in this chapter). Wang
et al. [11] unifies the vector Poisson and Gaussian channels by constructing a
generalization of the classical Bregman divergence and extended the scalar result to
the vector case (unconstrained). They provide the gradient of mutual information
with respect to their input scaling matrices for both Poisson and Gaussian channel.
But, for a general vector Poisson channel existence of gradient of mutual information
w.r.t scaling matrix is defined in terms of expected value of the Bregman divergence
matrix with a strictly K-convex loss function and which requires the partial ordering
interpretation [[12] [11] and which does not unify our problem. We are therefore
also interested in exploring the general concave nature of our problem w.r.t scaling

matrix (if it exists), which is discussed in coming chapters.

For a Two-Target detection in a vector Poisson channel as illustrated in fig. (1.2),
let {P(t),t > 0} and {Ps(t),t > 0}be two conditional point Poisson processes [[13}, pp.
88-89] such that their rate parameters are defined by X; and X, respectively. We
count the number of arrivals from the two conditional Poisson arrival processes in
three possible configurations: two by individually counting the arrivals from the two
processes P;, P, and one by counting the arrivals from the sum of two processes
{P1(t) +Ps(t),t > 0} with given rate parameter X; + X,. The counting is performed

in a manner that at any given time, only one of the three possible configurations
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is active. Additionally, counting is performed in given finite time constraint 7" =
T\ + T + T3 where Ty, T, and T3 be the unknown time proportions in counting
arrivals from processes {Py(t),t > 0}, {Pa(t),t > 0} and {Pi(t) + P2(t),t > 0},
respectively and T is given total time resource. After utilizing available time 7', the

above counting paradigm leads us to a multivariate Poisson mixture model for Y.

For a 4—Target detection in a vector Poisson channel. The problem is set up such

that there is a 4—long binary input vector X = [X7, X5, X3, X,] such that each X is a



discrete random variable that assumes either of the two known values: )\, or \; with
probability (1—p) and p, respectively. All X; are mutually independent and identically
distributed. Conditioned on X, a Poisson process P;(t) is initiated in continuous time
t. It is known that If we count the arrivals for time 7; from the conditional Poisson
process we have another conditional counting Poisson process whose rate parameter
at instant 7; is (7; - z;). Hence we have, initially, four conditional Poisson processes:
Pr(T1-x1); Po(To-x9); P3(T5-w3) and Py(Ty-x4) depending on the realization that input
vector X assumes. Let (‘2") be the set containing all possible pairs constituted from
four elements of X. Summing elements of each of the 6—pairs we then have another
six conditional Poisson processes: Ps(15-(x1+2)); Ps(Ts- (x1+2x3)); Pr(T7- (x1+24));
Ps (T (z2+3)); Po(To-(x2+24)) and Pro(Tho: (23-+24)). Considering (), we have four
processes: Pi1(T11 - (x1 + x2 + x3)); Pro(T1 - (1 + 22 + x4)); Prs3(Tis - (21 + 23 + x4))
and Py4(T14 - (22 + x3 + 4)). Summing all the four components of X, we have
Pi5(Ty5 - (1 + x2 + 3 + z4)). Hence, there are 15— conditional point processes (in
total) that we have to deal with to extract the maximum possible information or
perform the best input signal detection by setting the counting times from 7} to 715

in a fixed given time }_,”, = T as illustrated in fig. (1.3).

The ideal way to address the problem would be to search for a solution in a 15—
dimensional search-space by allowing (73, T, --T5) to have fifteen degrees-of-
freedom. However, due to the computational complexity involved in exploring

all fifteen dimensions we restrict ourselves to a reduced dimensional search-space.



Therefore, we have considered only some special cases of time-configurations. Four
different types of time configurations are studied for each of the channels. We call:
individual sensing when total given time T is equally divided into T} = T, = T3 =
Ty = % ; pair-wise sensing when T5 = T = T; =Ty = Ty = T1p = % ; triplets sensing

when Ty =Ty = T3 =Ty = % and joint sensing when 75 = T..

For a four target detection, we consider the vector Poisson channel model [11]]:

15
Pois(Y; ®X) = Pyix(V|X) = [ [ Prix (YilX)
=1
15

= [ Pois(¥;; (2X);) (1.1)
=1

where Pois(U; z) denotes the standard Poisson distribution of random variable U

with parameter z.

We consider the vector Gaussian channel model as defined in [11] i.e., Y|X ~
N(®X,1), where N (®X,I) is a multivariate Gaussian distribution with mean vector
® X and unit covariance matrix I. The sensing mechanism is such that every com-
bination of input random vector X is passed first through an integrate-and-dump
receiver and then independent of the input, a Gaussian noise of unit variance is
added into the signal. We assume this noise as some measurement noise, which is
constant and independent of the signal magnitude, or the number of signals which

are combined. A sensing mechanism is illustrated in fig.(1.4) where for each of the



possible 15 combinations of 4 components of X, there is a separate integrate and

dump receiver and then a fixed Gaussian noise term is added.

The problem is to design ®, for both channels, satisfying the time constraint
21121 T; = T. Note that the ¢ matrices are different for the two channels as given in
chapter 4 The mutual information I and Bayes probability of total correct detections
P, is then computed for any given sensing scheme and respective time-proportion

constraint.

We start from detection problem of the two targets in chapter [2] and chapter [3] for
Poisson and Gaussian channels respectively, and then move to the problem of four

targets detection in chapter
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Chapter 2

Sensing Method for Two-Target
Detection in Time-Constrained Vector

Poisson Channel

2.1 Problem Description

Let X; and X, be two independent and identical distributed (i.i.d) Bernoulli random

variables with p being the probability of occurrence of 1. We may define probability

11
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Figure 2.1: Illustration of sensing paradigm for detection of 2—long hidden
random vector X from 3—long observable random vector Y in vector Poisson

. . . Tl 0 . . .
channel when scaling matrix is [ :;) ?2} and total time constraint is 7' =
3 13

Ty + 15+ T;.

mass function f of discrete random vector X = [X;, X,|T as

fx(@)=q¢ 1=p2 z=1]0 O 2.1

p(1—p) r=1[0 17 or z=1[1 0]

Let {Pi(t),t > 0} and {P:(t),t > 0}be two conditional point Poisson processes [[13}, pp.

88-89] such that their rate parameters are defined by X; and X, respectively. We

12



may count the number of arrivals from the two conditional Poisson arrival processes
in three possible configurations: two by individually counting the arrivals from the
two processes Py, P, and one by counting the arrivals from the sum of two processes
{Pi(t) + Ps(t),t > 0} with given rate parameter X; + X, as illustrated in Fig.(2.1)).
The counting is performed such that at any given time, only one of the three possible
configurations is active. Furthermore, because of the independent increments property
of conditional Poisson processes, it is not necessary to switch back and forth among
possible configurations; it is sufficient to be in configuration 1 for time 7}, followed
by configuration 2 for time 75 then configuration 3 for time 73. Additionally, counting
is performed in given finite time constraint 7' = T} + T5 + T3 where T}, Ty and T3
be the unknown time proportions in counting arrivals from processes {P;(t),t > 0},
{Ps(t),t > 0} and {Pi(t) + Pa(t),t > 0}, respectively and 7T is given total time
resource. After utilizing available time 7, the above counting paradigm leads us
to a multivariate Poisson mixture model with four component in three dimensions.
We write random vector YT = [Y; Y, Y3, sothat Y € {0,1,2,3---}*. Each Y; is a

Poisson random variable given X such that their conditional law is,

3/1|X1 ~ Poiss <y1, ()\0 . (1 — Xl) + )\1 : Xl) : Tl)
Ys| Xy ~ Poiss (yg; (M- (1= X2) + A - Xo) - TQ)

Y3|(X; + X3) ~ Poiss (?/3; (2= (X1 4 X2) - X+ (X1 4+ X2) - \) - T3> (2.2)

13



e~ Mi(X)Yi

7

where Poiss(y;; A;) = . The observable random vector Y carries information
about hidden random vector X7 = [X; X,]. We are interested in finding if there
exist any circumstance, in terms of available finite time 7" and known prior p, in

which any of the three possible sensing methods: joint sensing, individual sensing or

hybrid sensing is advantageous over the other.

In matrix form we may relate the rates of conditional Poisson distributed Y;’s as,

A:3x1 D:3x3 B:3x2
T A = T A DT xeaxa
e o0 ot olFT T
Xy
T - X, =10 1T, 0 0 1
Xo
Ty (X1 + Xs) 0 0 T |1 1
i i  $:3x2 S i (2.3)
T Xk
0|
Xy
=10 1T
Xo
T3 13

From the optimization point of view and in terms of sensor scheduling, we are
interested in finding the optimal time-allocation, (7}, 7%, T3), of total available time
resource, T, that would maximize the reward i.e. either the mutual information or
probability of total correct detections. We may say that we are interested in finding

the diagonal matrix D, such that the mutual information /(X;Y") is maximized under

14



time constraint 7" = 7T + T, + T3. Configuration matrix B represents all possible

sensing combinations and A is the Poisson rate parameter vector. Mathematically we

may write

max I(Xl,XQ;Yi7}/é7)/é> S.t. T1 + T2 + T3 =T. (24)

11,152,135

We may rewrite the objective function

max (X1, Xo;Y1,Ys,V3) S.t. aq + a4+ a3 = L. (2.5)

a1,02,03

Since parameters in the models A\j,\; and 7" can always be consolidated into Ay - T
and \; - 7, and by assuming 7" = 1 does preserve the problem statement equivalent

to (2.4) with new parameters \o -7 and \; - 7.

We extend our understanding by looking at the same problem from the detection

theoretic aspect. For this, we maximize the Bayesian probability of total correct

detection, P,, of hidden random vector X from observable random vector Y, as

max Pd S.t. T1 + T2 + T3 =T (26)
T1,12,T3

and compare the results to formerly computed information theoretic results. Simula-
tions on empirical data are performed by varying different parameters involved in

the model for further validation of computed results.

15
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From now on, we use shorthand of f(X) and Poiss(z; ) to represent fx(z) and

respectively.

2.2 Information Theoretic Description

2.2.1 Scalar Poisson channel

Firstly the scalar version of the Poisson channel is presented and then it is extended
to the vector version of our problem. We start with mutual information between a
scalar random variable X; which is a transformed Bernoulli scalar random variable
and Y} is a scalar Poisson mixture. The probability mass function of Y; is then given

as

f(Y1) = (1 — p) Poiss(y1; T Ao) + p Poiss(yy; T'Ay).

The mutual information I can be written as

I(X1; Y1) = H(Y1) — H(Y1|X)

where H(-) is the Shannon entropy, which is defined as a discrete functional H :

f— — > f-Logy(f) and f is the probability mass function of random variate Y’
Yey

16



with ) as the corresponding support. We may write H(Y}) as

[e.e]

HY) =~y ([(1 —p) - Poiss(yr; Tho) + p

y1=0

- Poiss(y1; TA\1)] - Logy[(1 — p) - Poiss(y1; T Ao)

+ p - Poiss(y;; T)\l)]>,

and

HWIX) = 3 fle) S —F(nilar) - Logs[f (y]1)]

T1EX] y1=0

_ ((1 —p) Z Poiss(y1; T Ao)

y1=0

- Log,[Poiss(y1; TAo)] + p Z Poiss(y1; TA1)

y1=0

- Log,[Poiss(y1; T)\l)]) .

Fig. (2.2) illustrates the concavity of mutual information with respect to time in the
input intensity of a scalar Poisson channel when no time constraint is imposed. In
the following section we formulate the mutual information expression for our vector

Poisson channel shown in Fig. (2.1J).

17



p=05 X =1 X\ =5

............ H(X,)
—1
0.8r —PF 10.9
=061 10.8
~
g ¥
~ 0.4r 10.7
0.2 10.6
0 : : : : 05
0 2 4 6 8 10

Figure 2.2: Mutual information /(X1; Y1), entropy H (X ) and probability of
total correct detections P, vs. time 7.

(MATLAB-CODE

2.2.2 Vector Poisson channel

Mutual information between two random vectors can be defined as the difference
between the total entropy in one random vector and the conditional entropy in the

second random vector given the first vector. We write

I[(X;Y)=H(Y) - HY|X) (2.7)

The conditional entropy H (Y |.X) is calculated from the conditional probability mass

18



functions f(Y'|X;) defined as

SYIX =10 0])

= Poiss(Y1; \oTh) - Poiss(Ya; AgT5) - Poiss(Y3; 200T3),
JYIX =10 1)

= Poiss(Y1; \T1) - Poiss(Ya; A\ T3) - Poiss(Ys; (Ao + A1) T3),
fY|IX =11 0f)

= Poiss(Y1; MTh) - Poiss(Ya; AgT3) - Poiss(Y3; (A + Xo)T3),
SYIX =1 1)

= Poiss(Y1; \Th) - Poiss(Ya; A T5) - Poiss(Yz; 20 T5).

The marginal probability mass function of Y is then given as

f(Y)
=(1=p)?- fYIX=[0 0]7)+p(l—p)
fYIX=[0 1]7)+p(l—p) - fY[X=[1 0]")+

profYIX =[1 1. (2.8)

Using the identity defined in (2.7) and the definition of entropy defined above, the

19



mutual information 7(X;Y’) becomes

I(X;Y)

_ Z Z Z —f(Y1,Y2,Y3) - Logy[f (Y1, Ya, V3)))

=0Y2=0Y3=

-3 [Z S Z (Y, Y, Y[ X)

Xex =0Y2=0Y3=

-Logg[f(Yl,Yg,Yng)]] 2.9)

A complete expression for mutual information is given in Appendix [Al
Theorem 2.1 (X, X»; Y], Ys,Ys) is concave function of Ty, Ty and Ty in T = 0 plane.

Proof:
](X17X2;}/17}/27YT3) T3—0 - I<X17X27}/17)/2)

By chain rule of mutual information:

](leXQ; }/17}/2> = [(X17X27}/1) + ](X17X2a}/2|}/1)

—I(X1; V1) + [(Xy; Ya). (2.10)

We note in (2.10) that each I(X;;Y;) is solely a function of 7; and also concave in it
[10, p. 1306]. We further know that sum of concave functions is a concave function.
Therefore I(X;, X»;Y1,Y5) is concave in 77 and 7; when 73 = 0. This concludes the

proof. [ |

20



Theorem 2.2 (X, Xy;Y1,Ys,Ys) is symmetric in variables Ty and Ts.

Proof: Mutual information 7(X;, X»; Yy, Y5, Y3) given in appendix[A]is invariant under
any permutation of variables 77 and 75. That means interchanging the two variables

leaves the expression unchanged. [ |

If we further expand the expression for mutual information between X and Y using

chain rule [14]] [[15] as,

[(X17X2; )/171/271/23)

= I(X1, Xo;: Y1) + (X1, Xo; Yo Y1) + I (X1, Xo; V3|V, Y5)
0 0

= I(X; Y1) + T(Xo; Y1 X1) + T(X1; Ya| V1) +
I(XQ;YQ)

1(Xo; Ya| Yy, X1) +1( X1, Xo; Ya| Y1, Va)

= [(X;; Y1) + [(X; Ya) + I(X1, X3 Y3 |V, V). (2.11)

Note that in that the first and second terms are indeed concave in (77,75, 73).
The third term, when computed, exhibits non-concavity in the respective domain. Fig.
illustrates this when mutual information is plotted along the line (7}, T3, T3) :=
(555, 555 T;) parameterized by 0 < T3 < T. It is interesting to note that the
sum of three terms exhibits concavity, irrespective of the fact that the third term is

non-concave. However, analytical investigation of the functional properties of this

third term, 7(X;X5; Y3|Y1Y3), is not done in this work. Based on our observations,
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I(X1 X, 1YaYs) = I(X1; Y1) + I(Xy; Ya) + (X1 Xy; YV3|Y1Y5).
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Figure 2.3: Concavity and convexity of three terms in I(X; X»;Y1Y2Y3) =
I(X1;Y7) + [(X9;Y2) + I(X1X2;Y3|Y1Y2) under symmetry and total time
constraint 177 + 15 + T35 =

(MATLAB-CODE [F.2] - &[F.18.1] m )

with various values of model parameters, we would propose a conjecture.

Conjecture 2.1 If X =

are mutually independent and identical distributed. Let random vector Y =

[X1 X5|T be a non-negative random vector where X; and X5

Y1 Ys Y3]T

be in non-negative integer space, jointly distributed with X such that conditional law is

given as:

Y1|X ~ Poiss(T} - X;)
Y| X ~ Poiss(T; - X3)

Y3/ X ~ Poiss (Tg Xy + X2))7

22



where Ty > 0, To > 0 and T3 > 0, then (X1, Xs; Y1, Ys,Y3) is concave in (11,15, T3)

under time constraint T =T, + Ty + T5.

Corollary 2.1 (Feasible region for optimal solution) The two properties of mutual
information concavity (if true) and symmetry (proved), guarantee that maxima must
occur at the line of symmetry (11, T»,T3) = (152, 552, o) where 0 < o < T,

One of the immediate consequences of exploiting symmetry and concavity of the
problem is that it would reduce the search space, from two dimensions to one
dimension, of the original problem. Claim : Mutual information 7(X, X»; Y], Y2, Ys)

in general is not symmetric in p around p = 0.5 for fixed time proportions (71, 73, T3)

for a conditionally multivariate Poisson (Y7, Y5, Y3) given (X, X5).

Example: For a scalar random variable X and conditional Poisson variable P(a.X)

with scaling factor a, we have equation (115) on page (10) of [9], given below

iI(X; P(aX))| = E[X -LogX]— E[X]-Log(E[X]). (2.12)

da a=0

For our problem where discrete vector [ X, X5] is distributed as:

p? T

(A1, AT

fx@) =9 1-p?  z= [, (2.13)

p(1—p) otherwise

\
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with Ty = T, = £ and T3 = 0, we have

Let T be a free variable in (2.14), we have

d

—(I(Xl,Xz;m,Y2,3e)\(

qT =(1—=p)- Ao -logy(Ao)+

T1=%,T2=%,T3=0) ) T—o

P Ap-logy (M) — ((1 —p)-Ao+p- )\1) - log, ((1 —p)-Ao+p- )\1). (2.15)
Equation (2.15) is concave in p

@ [ d |
d_p2 ﬁ I<X17X27}/17}/27}/33)‘ T

(Ao — \1)?
_Ln(2) : ((1 W )\1) < 0. (2.16)

Maxima of equation (2.15) occurs at p = #=¢ when Ao = 2 and ), = 4. Since (2.15)
is concave in p, then for being symmetric maxima should have occurred at p = 0.5.
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2.3 Detection Theoretic Description

2.3.1 Maximization of probability of total correct detections in

sensing time intervals

In previous section, we discussed and presented the metric of mutual information
I between hidden random vector X, and observed vector Y. Here we approach
the original sensing problem as a multi-hypothesis detection problem and find the
optimal solution by minimizing the Bayesian risk [16, pp.220] in sensing times i.e.,

(Ty,T5,T3). We define Bayes risk r as

r= (1—p)Q[Poo|ooCoo|oo+P01\00001|00
+P10|00010|00+P11|00011|00} +p(1—p)
[Poo\m Coojo1 + Porjo1 Cotjo1 + Projo1 Crojor
+Pi101 C11|01} —|—p(1—p)[P00|10 Coo| 10
+51110 Cot 10 + Proj10 Cioj10 + Pi1j10 Cia 10
+p2[P00|11 Cooj11+ Pory11 Corj11 + Proj11 Croj 11

+Pi1 1 011|11},
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where Py, |;; is the probability that X = [A;, \;]T is true while decision X = [\, \)]T
is made; similarly for Cy;|;;. Setting all costs for which [A;, A;]T # [Ax, /] to one and

[Ais Aj]T = [Ag, Ai]T to zero, we have

r=(1-p)’ Porjoo + Piojoo + Piijoo | +p(1 —p)
Poojor + Piojor +Pijo | +p(1—p)

Pooj1o + Forjio + Piijo +p?

Pooj11 + Porj1r + Projir |- (2.17)
We are interested in minimizing this Bayes risk r in (77, T3, T3) i-e

min r S.t. T1 + TQ + T3 =T1T. (218)
T1,12,T3

Note that while minimizing r in (73,7, 73), the decisions boundaries would be
changing accordingly and become function of (77,75, T3). Equivalently, we may say

that

max P; st. T1+Ty+13="T (2.19)
T, 12,13

where P, is probability of total correct detections, P; = 1 — r. In the next section
we presented the computed results of (2.19) and (2.9) and discuss how the two

empirically relate to each other.
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2.4 Computational and Simulation Results

The primary purpose of performing the computations and simulations is twofold:
first is to see under what circumstances which of the sensing methods ,individual,
joint or hybrid, is optimal; and second is to investigate the relationship that might
exist between detection theory and information theory for a time constrained vector
Poisson channel. A possible concave nature of the original problem, defined in (2.4)
in the respective argument, (77,75, T3), is noted when a pre-defined channel scaling
matrix structure is imposed. Throughout our computations and simulations the
input distribution of any i.i.d X; is considered as Bernoulli random variable with
probability of 1 be p, for decent comparison between different results and scenarios
as channel parameters (73,75, T3) are varied. For all computational purposes, we
always approximate the Poisson mass function by truncating it; truncation is done
by a rectangular window that extends from lower limit 0 to the upper limit where
Poisson pmf drops in value below double precision machine epsilon (¢ = 27°3) as

given in Appendix

Since analytical solutions are impossible to achieve for our problem we may resort
to numerical optimization techniques. We computed mutual information between
hidden random vector X and observable random vector Y for diverse set of inten-

sities \g and \; along with different priors and total available time, T, to observe

27



0 . . . . .
0 0.1 02 03 04 05 06 07 08 09 1

p

Figure 2.4: Optimal time 7Y vs. prior probability p with 7} = T and
TW+1+ 13 =

(MATLAB-CODE [F.3] B &[F.18.2] m )
the concavity of I(Xy, X;Y1,Y3,Y3) in T3, 75 and T3. We may employ convex opti-
mization techniques by exploiting the concave nature of the objective function when
T, = T,. However, we don’t have a proof that objective function is indeed concave in
a linear time constraint. Concavity is based on our computational viewpoint as we
did not succeed in catching a single case where non-concavity is observed. Based on
our observation we consistently noted the concave property of mutual information

in respective domain which led us to propose conjecture

In Fig. (2.7) and Fig. (2.8), the input prior p is varied, the total available time T’
is held fixed while 77,75 and T3 are such that constraint 77 + 15 + T3 = T is always
satisfied. It can be seen that the distribution of time resource changes as p is varied

such that as p tends to be close to zero, the optimal value of T3 tends to assume
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all available time resource 7" leaving optimal values of 77 and 73 approaching to
0. Further, due to the inherent symmetry in the problem in arguments 7 and 75,
plus considering the problem to be concave; the optimal point always varies along
the line that bisects the constraint region (equilateral triangle) into two right angle

triangles.

A relationship between information theory and detection theory for our problem is
investigated in Fig. (2.9), in which Bayesian probability of total correct detections,
P,, given in Appendix [B|is plotted against respective mutual information I given
in Appendix[Al We further performed the simulation in Fig. by generating
conditional Poisson arrivals with given prior probability p and then count the arrivals.
10* random vector data samples Y from Poisson counting process are taken for every
input of time proportions (77,75, T3). A Bayesian detector is then employed to classify
the incoming data/arrival-counts. The detector’s decision are then finally compared
with the actual inputs to determine the empirical total correct detections against
each input time proportion. We found that the empirical total correct detections Cy

is consistent with analytic P,.

The computing method is described in the flowcharts in Fig.(D.1) and Fig.(D.2).
The bounds on the entropy of Poisson variable are available in [1]], we use them to

validate that the computed Poisson entropies are within bounds.

The first derivative check at 7" = 0 given in [9] along with knowing the fact that
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MI is concave in 7' [10] would be helpful in answering which of the two: joint

or individual sensing is better than the other for a given finite time and Poisson

intensities with given prior p.
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35

T 30r
=
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of (X0, X0 3)|
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p

Figure 2.5: Individual 2-target detection problem: %I (X1, Xo;Y3) . and

with (T1 = %,TQ = %) VS. p.

R I(X1, Xo3 1, Vo)
(MATLAB-CODE

For instance, in Fig.(2.5) we have -Z1(X;, X»;Y3)
T

0 and %I(X17X27§/17§/2) T

vs. p for A\y = 2 and \; = 100. We can see that at p = 0.5 the first derivatives of

both the joint and individual sensing w.r.t time variable 7" are same; this means

that no matter what the given time is, individual sensing is always better over the

joint sensing. Whereas, for the two regions: p > 0.5 and p < 0.5 we need to further

know what the given time is to decide which of the two methods is better over

the other. This is because the two MI curves crosses each other as illustrated in

Fig (2.6). Further note that in Fig. (2.6) the numerical derivative values of MI at
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Figure 2.6: Joint sensing and individual sensing vs. 7. Note that joint
sensing is better sensing method when T' < 2.25. For T' > 2.25 individual
sensing is better.

(MATLAB-CODE
T = 0 are 0.055011541474291 and 0.061490803759598 for individual and joint sensing,
respectively when MI is computed according to the algorithm defined in flowcharts.
Now compare these numerical derivative values with analytically calculated ones
0.055011540931595 and 0.061490807291534; the two are accurate to eight decimal

places.

It is observed in Fig. and Fig. that the further the four conditional
Poisson pmfs are from each other, the more the optimal solution relies on individual
sensing provided the prior p < 0.5. In other words if the four pmfs (in the hypothesis
testing) become closer, more the optimal sensing relies on joint sensing for the prior
p < 0.5. It can be seen further that there exist an inverse relationship between the

optimal mutual information /°(X;Y’) value and its optimal argument o in the
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from (a)-(f) that as prior p varies from 0.00001 to 0.5, the optimal solution
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region \;T" > \oT'. If the prior p > 0.5 then irrespective of the other parameter values

in the model, individual sensing is the optimal strategy.
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2.5 Conclusion

This work attempts to address the problem of sensor scheduling in a vector Poisson
channel for a two target detection problem using criteria of mutual information and
Bayesian risk with 0 — 1 loss function. From non-decreasing and concave nature
of mutual information w.r.t given finite time and knowing the first derivative of MI
at T = 0, we can conclude that there definitely exist circumstances under which
for a given time, joint sensing is advantageous over individual sensing. It is further

observed that if the higher intensity of Poisson point process is more likely than
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lower intensity p > 0.5 then optimal sensing method is to count the Poisson arrivals
from the two targets individually; irrespective of the available time. Whereas, if the
lower intensity is more likely (1 — p) > 0.5 then it is the hybrid sensing that yields
better results but it is computationally hefty to solve. The objective functions, / and
P,, are observed to be concave in sensing time under total time constraint, however
no analytical evidence is presented. It would be interesting to know the optimal
solution when more than two targets are present under similar conditions and does
the concavity of mutual information and probability of total correct detections w.r.t

sensing times still exist in higher dimensions.
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where 0 < a <1 and «
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Chapter 3

Sensing Method for Two-Target
Detection in Time-Constrained Vector

Gaussian Channel

This chapter deals with binary input signalling observed through a vector Gaussian
channel. For almost two decades it is well-known that for an arbitrary distributed
finite power input signal through either a scalar or vector Gaussian channel there
exist a relationship that relates the mutual information (MI), between the input
and output, and the minimum mean-square error (MMSE) achievable by optimal
conditional estimation of input given the output and that is the derivative of MI w.r.t

snr is equal to half the MMSE, irrespective of the input distribution. In this work, we
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Figure 3.1: Sensing paradigm for detection of 2—long hidden random vector

X from 3—long observable random vector Y through a vector Gaussian

channel under a total time constraint of 7= $_>_, T;. Each Y; is the sum of:

output of integrate and dump circuit; and N; ~ (i = 0,02 = 1). Each N; is

i.i.d Gaussian random variable. Each Xj is i.i.d such that P(X; = Ag) =1—p

and P(XZ = )\1) = p.
have taken metrics of MI and Bayes risk to seek an optimal solution for our sensing
problem which is a continuous-state and continuous-time output problem under the
total time constraint. We have used the Monte Carlo method for our computations.
It was observed through computational results that minimizing the Bayes risk under

0—1 loss function and maximizing the mutual information does not necessarily result

in the same optimal solution under the given total energy constraint. It was further
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observed that for our problem it is the (hybrid sensing) combination of investing
total time available into: sensing from the individual components of the vector input
and the sensing from the sum of input-vector components that maximize both the

Bayes probability of total correct detections and mutual information.

3.1 Introduction

We consider a vector Gaussian channel of fixed identity covariance matrix and binary
input signalling as illustrated in fig. (3.1). A transformation (scaling matrix ®) is
performed on the vector input signal. The purpose of this chapter is two fold: to
find the optimal scaling matrix under the total time constraint by: i) maximizing the
mutual information between the input and output random vectors, ii) maximizing
the probability of MAP detection, w.r.t scaling matrix when subjected to an energy
constraint. It was found that the two metrics lead to different optimal solutions
(computationally) and therefore we may say that this particular design problem
might be a counter-example where detection theory provides a solution that is

different from the information theory result as illustrated in fig. (3.2).

In [17] a Gaussian channel Y|X ~ N(V/T - X,1) is considered and discovered
that mutual information [ is concave function in 7 for arbitrary input distribution.

Whereas in [10] the Poisson channel Y| X ~ Poiss(T - X) is investigated and found
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a result similar to the Gaussian channel: /(7") is concave in T for arbitrary input
distribution. In chapter[2]it was observed that concavity of I is preserved under linear
time constraint in a vector Poisson channel with a 2—long binary input signalling and
a 3—long conditionally Poisson vector. It was further observed from a computational
viewpoint that MAP detector was not necessarily reaching to the same optimal
argument as that was given by mutual information. Here we construct an analogous
model to that of Poisson channel such that at least the concavity of I remains intact
for the Gaussian channel too. Compared to vector Poisson channel, the literature
on vector Gaussian channel is comparatively richer and may help in providing some

insight into the Poisson channel.

In past work [[11] a generalization of Bregman divergence is developed to unify the
vector Gaussian and Poisson channel models from the perspective of the gradient of
mutual information; and mutual information is considered for signal recovery and
classification with an energy constraint Tr(®®T) = 1. MAP estimation is used for the
classification purpose in [[11] using Monte Carlo method to first approximate the
gradient and then gradient descent is employed for the classification problem. It
was noted in [[11] that mutual information well served the classification problem. In
this work we attempted to use the detection theory criterion for signal classification
and then compared with the information theoretic solution. Another work [18]]
provides some results relevant to Gaussian channels about the concavity of / w.r.t

squared singular values of the scaling matrix when certain conditions on the channel
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covariance and precoder matrix are satisfied. It is found that for our problem I is
concave in affine space defined by (73,75, T3) := (555, 555, T;) where 0 < T3 < T..
For a Gaussian channel Y|X ~ N(®X,02]) with input X ~ A(0,3) where X is
full rank covariance matrix; then the two solutions from maximizing the mutual
information and minimizing the mean-square error in scaling matrix under the power
constraint Tr(®®T) leads to the same optimal solution which is a water-filling power
allocation i-e concentrate more power resource to modes that provide higher snr [6].
Our problem is different in the input signalling, and we took the detection theory

criterion instead of the estimation theory (MMSE) and then compared the optimal

solution with one obtained from MI using Monte Carlo computational method.

The rest of the chapter is organized as follows: Section introduces the problem
description, explaining the vector Gaussian channel under consideration. Section
provides the information theoretic model, while Section describes the detection
theoretic model of the problem. Section discusses the computed results from the

previous two sections. Finally, Section concludes the third chapter.
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3.2 Problem Description

We consider the vector Gaussian channel:

Y o
—~ = ———
Y, VI 0

2= 0 VI
Y3 VT3 VT

w
. =
Ny
Xy 1
ol 3.1
Xy
N3

with X; and X, be two independent and identical distributed (i.i.d) transformed

Bernoulli random variables with p being the probability of occurrence of 1. We

consider probability mass function f of discrete random vector X = [X, X,|T as

fx(x)

Ao]T (3.2)

)\1]T or x = [)\1 )\O]T

Noise vector W = [N; Ny N3|T is a multivariate Gaussian with zero mean and identity

covariance matrix; and independent of input X. The constraint on the scaling matrix

is 11+ 15+ T3 = T. The conditional distribution of vector Y given X is a multivariate
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Gaussian:

\/Tl'iﬁl
VT - (21 + 2)

Y

The objective is optimal time-allocation, (77, 75, T3), of total available time resource,

T, that would maximize the reward i.e. either the mutual information or probability

of total correct detections. Mathematically we may write

Tn’/}ja)% I(Xl,XQ;}/l,}/Q,}/g) s.t. Ty + 15 + T3 =1T. (3.4)
1,42,43

From the detection theoretic aspect we maximize the Bayesian probability of total
correct detections, P;, of hidden random vector X from observable random vector

Y, as

max P; st. T1+ Ty +T3=T (3.5)
T, 12,15
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3.3 Information Theoretic Description

3.3.1 Scalar Gaussian channel

The scalar version of the Gaussian channel is first presented, and then we extend it
to the vector version. We start with mutual information between a scalar random
variable X; which is a scaled Bernoulli random variable and Y; is a univariate

Gaussian mixture. The probability density function of Y; is then given as

fY) =1 —p) -NYi; VT, 1) +p - N(Yi; WVT, 1),

The mutual information I can be written as

(X1 Y)) = H(V;) — H(Yi| X))

where H(-) is the Shannon entropy and f is the probability mass function of random

variate Y with ) as the corresponding support. We may write differential entropy
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Figure 3.2: Mutual information I(X;Y’) vs. T3 and probability of total
correct detections Pd vs. time T3 in a time constraint T} + 15 + 75 = 1 such
that (T3, 5, T3) := (352, 1555, T3) where 0 < T3 < 1.

(MATLAB-CODE[F.9] - 9| &[F.18.4 -

H(Y}) as

o0

H(Y1) Z—/OO ((l—p)-N(y1;Ao\/f1)+p-N(y1;A1\/T,1)-

Log, [(1 —p) - Ny AVT, 1) +p- N(yi; VT, 1)]) dyi;, (3.6)
and

H(Y1|X1) = (1 —p)-0.5-Logy[2me] + p- 0.5 - Log,[27 e€]. 3.7)

It is noted in [[17] that mutual information given above is a concave function in 7.
In the following section we formulate the mutual information expression for our

vector Gaussian model.
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3.3.2 Vector Gaussian channel

Mutual information between two random vectors can be defined as the difference
between the total differential entropy in one random vector and the conditional

differential entropy in the second random vector given the first vector. We write

I(X;Y)=H(Y) - HY|X) (3.8)

The conditional entropy H (Y| X) is calculated from the conditional probability mass

functions f(Y|X;) defined as
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FYIX =[do A7)

= N(Y;; MoV T, 1) - N (Yo; Mo/ T2, 1) - N (Y35 2000/ T3, 1),
FYIX =1A AT

= N(Yi; 200V T, 1) - N(Yos iV T2, 1) - N (Va5 (Ao + M)V T3, 1),
FYIX =M AT)

= N(Y;; v T, 1) - N (Yo Mo/ T, 1) - N(Ya; (A + No) vV T3, 1),
JYIX =M A7)

= NYi; MvTh, 1) - N (Yo; M/ T3, 1) - N (Ya; 20/ 15, 1),

The marginal probability mass function of Y is then given as

fY)
=(1=p) fY|X =[x Xo]") +p(L—p)
JVIX =D M) +p(Ll—p)- fYIX =\ A7)+

p?-fYIX =[N AT (3.9

Mutual information /(X;Y') is then defined as

I(X;Y)=H(Y) - HY|X), (3.10)
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where H(Y) is a differential entropy of our finite Gaussian mixture model (gmm)

and given as

nyy=-[ [ [((1 P N AT, 1) - N (s AT, 1) N (g 20T, 1)+
p(1 —p) - N(y1; XoTh, 1) - N (y2; MiTo, 1) - N(yz; (Ao + A1)T3,1)+
p(1 —p) - N(yi; MT1, 1) - N (yo; AoTo, 1) - N (ys; (A1 + Xo)T3, 1)+

P2 Ny MTi, 1) - N (ya; MTo, 1) - N (ys; 201 T, 1))'

(LOgQ[(l _p>2 N(y17 A01—'17 1) N<y27 A01_‘27 1) N(y372)\0T37 1)+
p(1 —p) - N(y1; AoT1,1) - N(y2; MT3, 1) - N(ys; (Ao + A1)T3, 1)+
p(1=p) - N(yi; MiT1, 1) - N(y2; MoT2, 1) - N (ysz; (A1 + Ao) T3, 1)+

7 N(y1; T, 1) - N (y2; MTo, 1) - N (yz; 20 T, 1)])] dyy dys dys, (3.11)
and H(Y|X) is

H(Y|X)=(1-p)?- (0.5 Logy[27 €] + 0.5 - Logy[27 €] + 0.5 - Logy[27 ¢])+
p(1 —p)- (0.5 Logy[2m e] + 0.5 - Logy[2m €] + 0.5 - Logy[27 e)+
p(1 —p) - (0.5 Logy[2m e] + 0.5 - Logy[2m €] + 0.5 - Logy[27 €])

p? - (0.5 - Logy[2m €] 4+ 0.5 - Log,[27 €] + 0.5 - Log, [27 €]). (3.12)

Since the multidimensional integral defined in (3.11)) has no closed-form solution,
we have to resort to numerical methods. We may mitigate the curse of dimen-

sionality involved in multi-dimensional integration by Monte-Carlo technique by
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taking samples from the multivariate Gaussian mixture distribution to achieve fast
convergence to the true mixture differential entropy at a reasonable computational
burden; whereas naive uniform sampling of the space would lead to a quite slow

convergence to the true differential entropy.

H(Y) = E[—Log,[fr(Y)]]

- ///fy ) Logy[fv (v)] dy

2o Logy[fy (si)]

3.13
N, : (3.13)

where fy () is the mixture probability distribution of Y, N, is the number of MC
samples and s; is the i* sample from multivariate Gaussian mixture distribution.
Fig.(3.2)) illustrates the concavity of mutual information in 73 of a vector Gaussian

channel when time constraint is imposed.

Theorem 3.1 (X, X; Y1, Ys,Ys) is symmetric in variables Ty and Ts.

Proof: Mutual information I(X;, X,;Y), Y, Y3) given in is invariant under any
permutation of variables 7} and 7,. That means interchanging the two variables

leaves the expression unchanged. |

Theorem 3.2 (X, X5;Y1,Y5,Y3) is concave in T3 = 0 plane.
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Proof:
I(XlaXQ;}/la}/Qa}/é) o = [(X17X27}/17Y2)

By chain rule of mutual information:

I(X1, X3 Y1,Ys) = 1( Xy, Xo; Y1) + 1(Xq, Xo; Ya|Y7)

=1(X1; Y1) + I(Xa; Ya). (3.14)

We note in (3.14) that each /(X;;Y;) is solely a function of 7; and also concave
in it [[17]. Since the sum of concave functions is a concave function. Therefore

I(X1, X5;Y1,Y5) is concave in 77 and 75 when T3 = 0. This concludes the proof. H

Theorem 3.3 (X, Xy;Y1,Y5,Y;) is concave in Ty along the line (T,T,,T3) =

(%7 %, T3) parameterized by 0 < T5 < T.

Proof: It is noted in [7, Theorem 5] that mutual information is a concave function of
the squared singular values () of the precoder matrix P if the first m  eigenvectors
of the channel covariance matrix (Ry = HTR,'H) coincide with the left singular
vectors of the precoder P i-e H I(S;Y) < 0 for the signal model Y = HPS + Z
where H € R"*? is the channel, S is the input signaling S € R™, P is a precoder
matrix P € RP*™ and Z € R" is Gaussian noise independent of the input S and has

covariance matrix R .
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For our problem: H = I, R, = A =1, P = ®, S = X and Z = W. The singular

value decomposition of ® = UXV*. We have singular matrix

[ \/T1 +To42T3—/ (T —T2)2+4T2 0
V2
Y — 0 \/T1+T2+2T3+\/ (T1—T2)2+4T3 (3.15)
V2
0 0
By substituting 7; = 75 = 55, the squared singular values are [\; Ay A3] =

[T—Tg

L DB ] for 0 < T3 < T This is just the composition with an affine trans-

formation on the domain. Concavity remains preserved under affine transformation

[12, page 79-86]. |

3.4 Detection Theoretic Description

3.4.1 Bayes risk

In last section, we presented the metric of mutual information / between hidden
random vector X, and observable vector Y. Here we approach the sensing problem

as a multi-hypothesis detection problem and define the Bayesian risk [16, pp.220]
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to minimize in (73, 75, T3). We define Bayes risk r as

r= (1 - p)2 |:P>\0>\0 [ Moo C>\0>\0 [ Moo + P>\o>\1 | XoXo C)\o)\l | XoXo
+P)\1>\0 | Aoro CAMO [ AoXo + P>\1>\1 | XoXo C1>\1>\1 |>\0>\0:| +p(1 - p)
[PAOAO ox Coono 1 ron + Prorr 200 Coonn 120m F Praro [ 20a Ching | 2o
+PA1A1 | AoA1 C/\1)\1 \)\0)\1] + p(l - p) [P)\o)\o [ A1 o C)\O)\O [ A1 o
+Prox [ xar0 Cronn [are F Priro 220 Caino [ ad0 T Pridn [aine Crin |/\1)\0]

2
+p [PAO/\O an Oxodo 2 T Proxs [aaas Cxonn 1aan + Paaro 14 Coine [ Ak

+P)\1>\1 [ A1 A1 C)q)\l \)\1)\1:| P

where Py, ), |, is the probability that X = [);, \;]7 is true while decision X =
[Ak, \i]T is made; similarly for Cy, 5, | »,5,- Setting all costs for which [A;, A;]T # [Ag, Ai]T

to one and [\;, A\;]T = [\g, A/]T to zero, we have

r= (1 - p)2 |:P)\0/\1 | AoXo T PM)\O | Moo T+ P>\1>\1 | AoXo ] +p(1 _p)

P)\0>\0 [ oAt + P)\1>\O [ AoA1 + P)\l)\l [ AoA1 +p<1 - p)

[ ] 2
P/\o>\0 [ MAo T P)\o)q | MAo T PMM | MXo | TP

(3.16)

Proxo 1 xn T P a1+ Paxo [ aan |-
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We are interested in minimizing this Bayes risk r in (77,75, T3) i-e

min r st. Ty +To+T15="T. (3.17)
11,712,135

Note that while minimizing r in (7}, 73,73), the decision boundaries would be
changing accordingly and become function of (73, T, T3). Equivalently, we may say

that

max P; st. 11 +1,+13=T (3.18)
T, 15,13

where P, is probability of total correct detections, P; = 1 — r. In the next section we

present the computed results of (3.18).

3.5 Monte Carlo Simulation Results

For all simulation purposes, we have assumed that optimizing argument in max
T1,13,T3

I(X1, Xo; Y1,Y5,Y3) s.t. Ty + Ty + T3 = T 'would have 77 = T5. This is based on the
observations noted in the ternary diagrams given in fig.(3.3]). We computed [ for
a wide range of given input parameters \q, A\;, 7' and p; and it was noted that the

maximizing argument always seems to lie on the line (73,75, 73) := (%, %, a)

where 0 < o < T. In other words we noted a Schur concavity of [ in (77, 73)
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whenever T is held fixed under a given time-constraint; however no proof of Schur

concavity of I is claimed in this work.

We first compute mutual information in by generating the samples from the
multivariate Gaussian mixture distribution. Each of the Gaussian mixture component
is a 3—dimensional multivariate Gaussian distribution that comes with a prior belief.
We generate a total of 10° samples to calculate H(Y") for a given prior p and energy
constraint 7 +75+T5 = T with T} = T5. Since we do have a closed-form available for
a differential entropy of a multivariate Gaussian distribution therefore for H (Y| X)
we do not need to apply the Monte Carlo method for evaluating it. The difference of

the two would provide the approximated value of /(X;Y) for a given set

T—a T—a
2 2 ¢

of parameters.

For the MAP detection we use the empirical method to calculate the probability of
total correct detections P;. We again assume that the optimal solution has 7} = T5.
An optimal solution for any given set of parameters is then searched in the region
(11,15, T3) == (552,552, o) where 0 < o < T. For a given value of T: « takes
400 linear steps from 0 to 7" and for each step we first generate the samples from
the Gaussian mixture under consideration by additionally knowing which mixture
component has actually generated any particular sample. For every input sample we

then computed the posterior probability for each of four hypotheses and then decide

in favor of the hypothesis that has the highest posterior probability. Comparing our
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10° decisions with that of the 10° inputs, we can then calculate the total correct
detections for each of the discrete « steps. This way for any given set of parameters

Ao, A1, T, p and o we may empirically compute the P, atay
T3 g @

For the sake of simplicity we call the time proportion: (%, Z,0) to be the individual
sensing; (0,0,7) to be the joint sensing and (15<, 75, «) where 0 < a < T to be
hybrid sensing method. In fig.(3.4) and fig.(3.5), there are a couple of observations
to be noted: first we can see the concavity of / and P, in T3; second observation is
maximizing the mutual information and probability of total correct detections does
not lead to the same optimal solution; this is more noticeable in fig.(3.5) where
mutual information is maximized in the vicinity of 73 = 1 and therefore suggesting
individual sensing to be optimum whereas probability of total correct detections
is suggesting the hybrid sensing to be optimum. The third observation is that just
by looking at the prior p we can not say in the most rough sense that which of
the three sensing mechanisms would be optimal, either from the perspective of
the mutual information or from the Bayes inference. This is unlike to that of a
Poisson problem discussed in chapter [2 where individual sensing was always optimal

whenever p > 0.5 irrespective of the given input set of parameters from mutual

information perspective.

To further expand our understanding if hybrid sensing remains optimal for a wide

range of input parameters )\, and \; for fixed prior p and time constraint 7" = 1,
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we perform another Monte Carlo simulation. The input parameter set is {(Ag, A1) €
R, X RJF‘O < A1 < 5and \; > A\g}. For each of (g, \;) we compute 400 values of
mutual information by varying « linearly from 0 to 7" = 1 in 400 steps. For each
step 10° samples are used for calculation of differential entropy H(Y'). Scatter plots
on the left-hand side in fig.(3.6) illustrates the respective optimal value of I(X;Y")
at each input parameter for the prior taking values: 0.125,0.5 and 0.99. Whereas
the scatter plots on the right-hand side illustrates the corresponding optimizing
argument (=53 I=15 Ty) where 0 < T3 < T. It can be seen that when the two
input parameters )y and \; are closer (as in the diagonal) the mutual information
is near to zero and hybrid sensing is the best sensing strategy; as the two input
parameters gets farther (as in the lower right corner in scatter plot) the mutual
information gets higher and still the hybrid sensing is optimal. This is true for all
three values of the prior. When the same simulation is run for maximizing the Bayes
probability of total correct detections P, the results are shown in scatter plots of
fig.([3.7). P, is shown on the left scatter plot for each prior. As the input parameters
Ao and )\, gets closer (as in the diagonal) the P, touches the maximum value among
the {(1 —p)?, 2p(1 —p), p*}. Inthe lower right corner the P, is highest as the
input parameters are the farthest apart. The right scatter plots illustrates that hybrid
sensing is the optimum method from the Bayes detection point of view. It must
be noted that even the hybrid sensing is optimal from perspectives of the mutual

information and Bayes probability of total correct detection; the optimal arguments
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Figure 3.3: I(X;Y) vs. (T1,T>,T3) under time constraint 77 + 75 + 75 = 10
for \o = 0, \; = 2, and varying prior probability p.

(MATLAB-CODE|F.10| & [F.18.5)

from these two metrics are not necessarily appear to be the same. These simulations

therefore constitute a counter-example where information theory and detection

theory are leading to different optimal solutions.
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3.6 Conclusion

This work attempts to address the problem of sensor scheduling in a vector Gaussian
channel for a two target detection, when a specified structure on scaling matrix
is imposed, using criteria of mutual information and Bayesian risk with 0 — 1 loss
function. From computations, it was found that the optimal argument under mutual
information criterion need not necessarily be optimal under Bayesian inference.
It was found that both mutual information and Bayes probability of total correct
detections is concave in « in the line (T3, T3, T3) := (452, £52, a) parameterized by
0 < a < T'. The scaling matrix that we considered has shown (computationally) the
concave nature of mutual information in affine spaces of interest under linear time

constraint. For any given prior p and given finite time 7, hybrid sensing is found to

be the optimal sensing mechanism for any given time proportions.

It would be interesting to know some analytical evidence of the concavity or non-
concavity of mutual information in the line (7},75,73) := (a-T,(1 — «) - T, ¢)

parameterized by 0 < o < 1 for some positive constant c.
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Chapter 4

Heuristic Sensing Schemes for
Four-Target Detection in
Time-Constrained Vector Poisson and

Gaussian Channels

In this chapter we investigate the different sensing schemes for detection of four
targets when observed through a vector Poisson and Gaussian channels. For this
purpose mutual information and Bayes risk are used to maximize the information
and detection respectively, for any given fixed time. It is observed that for both

Poisson and Gaussian channels; mutual information and Bayes risk with 0 — 1 cost
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are not necessarily consistent with each other. Concavity of / between input and
output, under different sensing schemes, in Poisson channel and Gaussian channel is
shown to be concave w.r.t given time when total time is divided equally into any of
the four group of sensing time-proportions. No optimal sensing scheme for any of

the two channels is investigated in this work.

4.1 Introduction

This chapters considers an experimental design problem of setting, the time-
proportions for identifying a four-long binary random vector that is passed through
a vector Poisson and vector Gaussian channels, and then based on the observation
vector; classification of the input vector is performed and performance of any sens-
ing scheme is then compared. Since, finding the optimal solution for the problem
requires computations to be performed in a 15 dimensional search-space and closed-
form solutions don not exist, we have instead restricted our search to a reduced

dimensional search-space and studied some sensing techniques that are sub-optimal.

The first problem is: Does there exist a configuration among these four configurations
which is always performing the best for any given time 7" and prior p? To answer this
we first fixed p, and then we consider T as a free parameter and compute both the

mutual information and Bayes probability of total correct detections, for a given set
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of parameters, and searched if there exist any instance for which one configuration
is the best for some time and then another configuration becomes the best and so
on. From mutual information perspective: it is computationally observed that when
prior p < 0.5 then depending on the value of 7" any of the four schemes can be better
over the others however when p > 0.5 it is the individual sensing that works best.
However, from the detection perspective this is not the case as indicated in fig. (4.3)).

It is further shown that in each configuration mutual information is concave in 7'.

The second problem: Does there exist a hybrid sensing mechanism that performs
better than any of the above four configurations for fixed time 7'? A hybrid sensing
is one when given time 7 is divide into any one of the four sensing configurations
and joint sensing according to the proportion: (1 — «) -7 and o- T where 0 < o < 1,
respectively. It turned out that if prior p > 0.5 then irrespective of other model
parameters; individual sensing is the best among any other configurations. For p
close to zero hybrid sensing is better over any other as indicated in fig. ([4.4). A

concavity of mutual information w.r.t v is observed, but no proof is given.

For the vector Gaussian model we have a fixed unit covariance matrix and input X
only affects the mean vector. Replace all T; with 1/7; in Poisson model; we have the
mean vector for Gaussian channel. It is found that triplet-sensing almost always
outperforms any other configuration, irrespective of model parameters. This is

shown in fig. ([4.5) and fig. ([4.6). It is shown that mutual information is concave in
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T for any of the four configurations; further in hybrid sensing the mutual information
remains concave in «. However, Bayes probability of total correct detection is not

necessarily consistent with mutual information results.

70



4.2 Vector Poisson and Gaussian Channels

4.2.1 Vector Poisson Channel

We consider the vector Poisson channel model [11]]:

15
Pois(Y; ®X) = Pyx(V]X) = [ ] Prux (Vi X)

=1

15
= [ Pois(¥;; (2X),) (4.1)
=1

where Pois(U; z) denotes the standard Poisson distribution of random variable U

with parameter z.

We assume input X = (X, X5, X3, X4) € {\o, A1 }? such that 0 < )y < A\, each X;

is independent and identically distributed with a pmf: px,(z; = A\¢g) = 1 — p and
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px,(xi=M)=p. Y =Y1,Ys,---Y35) € Zf and

b = 0 Ts Ts 01l- (4.2)
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The conditional distribution of vector Y given X is a multivariate Poisson distribu-

tion:

Ty -1y

T5 - x

T3 - 3

Ty - xy
Ts - (x1 + 22)
Ts - (21 + 3)
Tr - (1 + z4)

Y (X = (x1 29 T3 :1:4)> ~ Pois ( Ty - (@5 + x3) ), 4.3)

Ty - (x2 + x4)
Tio - (3 + x4)
Th - (71 + 29 + 13)
Tio - (21 + z2 + 24)
Tis - (21 + x3 + 24)

T14 . (IEQ + T3 + IE4)

T15 . (l’l + 29 +l’3 +JJ4)

We define mutual information 7(X;Y') as

I(X;Y) = H(Y) - HY|X), (4.4)
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where H(Y') is an entropy of a finite Poisson mixture model given as

HY)=—= > Y - > P(Y)-Log,[P(Y)] (4.5)
Y1=—00 Y2=—00 Y15=—00
where
P(Y) =
16
(PXZ = 1,29, ¥3, T4) - Pois <y1; T1$1>'
=1

Pois ( y9; T2x2> Pois <y3, T3:B3> - Pois <y4; T4[L'4> - Pois <y5; Ts(xy + :1:2)>

Pois ( yg; Ts (71 + 3 > - Pois <y7; T7 (21 + $4)> - Pois (?Js; Ts(z2 + 903))

POIS <y9, Tg 1’2 —+ Ty > . POiS (ylo; Tm([)’}g —+ .134)) . POiS (yll; Tn(l‘l + To —+ Ig)) .
Pois <y12, Tio(z1 + o + m)) - Pois <y13; Tis(zy + x5 + J:4)>~

Pois ( y1a; Tha(22 + 3 + :c4)) - Pois <y15; Tis(an + 22 4 + m))) 7 (4-0)
and
Y|X Z Z ...... Z ZPX Y‘X> LOgQ[P<Y‘X'L)}
Y1=—00 y2=—00 Y15=—00 i=1
4.7)

where P(Y|X;) = [];2, Pois(Y}; (£X);).

Theorem 4.1 (X, Xo, X3, Xy; Y1, Y5, Ys -+ Yi5) is symmetric in variable-groups: (17,
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T27 T37 T4)J (T57 T67 T77 T87 T97 TlO); and <T117 T127 T137 T14)'

Proof: Mutual information /(X;Y") given in ([4.4) is invariant under any permutation
of variables belonging to the same group. That means interchanging the variables

within the same group leaves the expression unchanged. [ |

4.2.1.1 Unconstrained objective

For a vector Poisson channel with given prior p, A\ and \;, which of the following

four methods are better over the others when each expression is a function of 7'

solely,
4—Singlets
/_/% T
[(X17X2>X37X4;3/17}/27KS7}/;1) S.t. T1:T2:T3:T4:Z
(4.8)
6—Pairs T
(X1, Xo, X5, X Y5, Yo, Y0, Ye Yo, Yio) st Tr=To=Tr=Ti=To=To =
(4.9)
4—Triplets
b % T
I(X1, Xo, X3, X4; Y1, Y1z, Vi3, Y14) S.t. Thw=To="T3="T4= 1
(4.10)
1—Quadruplet
A~
I(X1, X0, X5, Xy; Yi5) S.t. Tis =T
“4.1D
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Theorem 4.2 (X1, Xy, X3, Xy; Y5, Y5, Y7, Y5, Y, Y1) sit. Ts =Ts =T7 =Ty =Ty =

Ty = & is concave in T.

PrOOf.' [<X17X27X37X4;}/57}/;37)/777}/87}/97}/10) = [<(Xl + XQ)?(XI + X3)7(X1 +

X4)7 (XQ + X3)7 (XQ + X4)7 (X?) + X4>a }/57 Yﬁu }/77 Yéa Y97 }/10>

Consider the R.H.S of the above equation. From [10, p. 1315], for a random
n-tuple vector X = (X;,---X,) and for 7" > 0, let Y = (Y3,---Y,,) be jointly
distributed with X such that given X, the components of Y are independent with
Y| X ~ Poiss(T - X;),1 < i < n. Then mmle(T) = E[Z’;:ll(Xi,E[Xi\Y])]. Since
2 I(X;;Y) = mmle(T). Each E[Z(XZ», E[XJY])] is concave in 7. Sum of concave

functions result in another Concave function. [ ]

Corollary 4.1 Expressions in (H4.8), ( and ( are concave in T too.

Note that expressions in ([4.8), ([4.9) and ([4.10), have a tight upper bound of
H(X, X5, X3,X4) as T' — oo since the corresponding mappings: from X to 6—pairs
and from X to 4—triplets are invertible. Whereas, the expression ([4.11) has a tight
upper bound of H(3.}_, X;) when T' — oo, the mapping from (X, Xy, X3, X4) —

S°! | X, is non-invertible.
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4.2.1.2 Constrained objective

The second objective is to determine which of the following three configurations are

better over the others for a given prior p, Ay, A\; and given fixed time 7T i.e.,

4—Singlets+1—Quadruplet
Config — 1 I(X, H,YQ,Yg,YZl,}/l5> st =Ty, =T3=Ty =

6—Pairs+1—Quadruplet

T—«
4

,T15 = Q. (412)

T _
Config — 2 :I(X; Y5, Y6, Y7, Y8, Yy, Y10, Y15) st. Ts =T =T7r =Ty =Ty = T1p = 5 a,
T15 = . (413)
4—Triplets+1—Quadruplet
T —«
Config — 3 :I1(X; Y11, Y12, Y13, Y14,Y15) st. Ty =T =Tz = Tha = 1 T =
4.149)

where 0 < a < T.

4.2.2 Vector Gaussian Channel

We consider the vector Gaussian channel model as defined in [11] i.e., Y|X ~
N(®X,I). For a scalar Gaussian channel Y = T - X + W with W ~ N(0, 1);

I(X;Y) is concave in T for arbitrary input signalling [17]. We extend this scalar
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model to the vector case. We may also write as

% @ W
—~ ™ . —
Y, VT 0 0 0 N,
Y, 0 15 0 0 Ny
Y3 0 0 VTs 0 N3
Yy 0 0 0 v Ny
Y, VT VT 0 0 Ns
X
Vs VI 0 VIe 0 | T 7 N
X1
Y, VT 0 0 VT N;
Xy (4.15)
Ys | = 0 A V13 0 + | Ng |
X3
Yy 0 VI, 0 T N,
Xy
Yio 0 0 AT Twl| ~ ~ Nio
Y VI VTi T 0 Ny
Yio VT2 T'o 0 VT Nio
Yis T3 0 T3 T3 Nis
Yi4 0 VT VT VT Ny
Yis VIis VT Tis Ts Nis

where each X; is independent and identical distributed (i.i.d) discrete random
variable with support {\g, A1} such that p is the probability of occurrence of \; and

(1 —p) is the occurrence of )\, i.e., probability mass function f of scalar input random
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variable X is

Ixi () = (4.16)
Noise vector W is a multivariate Gaussian with zero mean and identity covariance
matrix [; and independent of input X. The constraint on the scaling matrix is

S 1°. T; = T. The conditional distribution of vector Y given X is a multivariate

Gaussian:
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VT - 21
VT - o
VTs - 3
VT - x4
VT5 - (1 + x2)
VTs - (21 + 23)
VT (1 + 74)
(X = (@123 23 21)) ~N< JTs - (3 + 75) ,1), 4.17)
VT - (2 + 74)
VT - (w3 + 74)
VT - (21 + 22 + 33)
VTis - (x1 + 22 + x4)
VTis - (21 + 23 + 24)
VT - (29 + 23 + 34)

V15 - (21 + 22 + 23+ 24)

Y

where I is an identity matrix of size 15 x 15.

We define mutual information /(X;Y") as

I(X;Y) = H(Y) - HY|X), (4.18)

where H(Y') is a differential entropy of a finite Gaussian mixture model (gmm) given
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as

H(Y) = / / / P(Y) - LogylP(Y)] dys dya dys - dyss,
y1=—00 Jya=—00 Y15=—00

where

and

(4.19)

416 (PXi(XZ- — 21,03, 35,0) - N (05 VT, 1) - N (25 v/ Toa, 1)
(yg; T3x3,1> -N<y4; Tors, 1) ./\/<y5; T (1 +x2)71>.
(965 VTl +25), 1) - N (s /Tl + 20), 1) - N (s Tz + 23), 1)
(02 VT + 20).1) - N (305 v/ Thals + 1), 1):
N (10 VT + 5+ 23),1) - N (123 Tralr + 22 4+ 20),1):
( (
(

N vis: VTis(z1 + x5 + 24), ) N y1a; vV Tha(z2 + x5 + 24), 1)
N y15; VThs(x1 + 22 + 23 + 24), 1)) (4.20)
H(Y|X) =15 x 0.5 x Log,[27 e]. (4.21)

The multidimensional integral defined in (}4.19) have no closed-form solution, and

therefore we need to resort to the Monte Carlo method. The following method is

used to numerically evaluate the integral using sampling from a finite Gaussian
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mixture.

H(Y) = E[—Log,[Py (Y]]

2 Logs [Py (si)]
N, ’

(4.22)

Where Py (-) is the mixture probability distribution of Y, NN is the number of MC

samples and s; is the i*"* sample from multivariate Gaussian mixture distribution.

Theorem 4.3 (X, Xy, X3, X4; Y1, Y2, Y5 - Yi5) is symmetric in variable-groups: (11,

T27 T37 T4)J (T57 T67 T77 T87 T97 TIO); and (Tlla T127 T137 T14)'

Proof: Mutual information /(X;Y") given in (|4.18) is invariant under any permu-
tation of variables belonging to the same group. That means interchanging the

variables within the same group leaves the expression unchanged. |

4.2.2.1 Unconstrained objective

For a vector Gaussian channel with given prior p, A\g and \;, which of the following

four methods are better over the others when each expression is a function of T’
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solely,

4—Singlets
/_/L T
](X17X27X37X4;Y17}/27}/37n) S.t. T1:T2:T3:T4: Z
(4.23)
6—Pairs T
](X17X27X37XL%J%J@J@;%;KS) st. Ts=Tsg=T7=Tg=Ty=Tip= o
(4.24)
4—Triplets T
[(X1>X2>X3,X4;?117Y12,Y137Y14) S.t. Thw=To=T3="T4= 1
(4.25)
1—Quadruplet
PN
I(Xy, X, X3, X4y Y5 ) s.t. Tis =T
(4.26)

Theorem 4.4 (X, Xy, X5, X4; Y5, Y, Y7, Ys, Yy, Yio) in (H.24) is concave in T.

Proof: It is noted in [[7, Theorem 5] that mutual information is a concave function of
the squared singular values () of the precoder matrix P if the first m’ eigenvectors
of the channel covariance matrix (Ry; = HTR,'H) coincide with the left singular
vectors of the precoder P i-e H I(S;Y) < 0 for the signal model Y = HPS + Z
where H € R™*? is the channel, S is the input signaling S € R™, P is a precoder

matrix P € RP*™ and Z € R" is Gaussian noise independent of the input .S and has
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covariance matrix R .

For our problem: H =I,R,' =A =1, P=®,S = X and Z = W. The singular

value decomposition of & = UX V™.

Bysubstituting T =T, = T3 =1y = 0, T5 = T6 =- "T10 =T and T15 =0in (,
the squared singular values of ® are [\, \y--- A5 = [67,27,27T,27,0,0,0,---0].

This is just the composition with an affine transformation on the domain. [ |

Corollary 4.2 [(X;Y1,Ys, Y3, Yy), I(X; Y11, Yo, Y13, Y14) and I(X;Y35) are concave in
T, since squared singular values are [T,T,T,T,0,0---0], [9T,2T,2T,2T,0,0,0, - -0

and [4T,0,0,0, - - - 0] respectively.

4.2.2.2 Constrained objective

The second objective for the vector Gaussian channel is which of the following three

configurations are better over the others for a given prior p, A\p, A; and given fixed
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time 7 i.e.,

4—Singlets+1—Quadruplet

T_

COIlﬁg—l:I(X; K,YQ,Yg,n,Hg,) S.t.T1:T2:T3:T4: 4 a,T15:Oé.
4.27)

6—Pairs+1—Quadruplet
R T
Config — 2 :I(X; Y5, Y6, Y7,Yg, Y9, Y10, Y15) s.t. T5 =T =Ty =Ty = Ty = T1g = 5 =3
T15 = Q.
(4.28)
4—Triplets+1—Quadruplet
% T -«

Config — 3 :I(X; Y11, Y12, Y13, Y14, Y15) s.t. T = Thg = Tig = Ty = 1 5 = o

(4.29)

where 0 < a < T.

Theorem 4.5 (X, X5, X3, X4; Y5, Y6, Y7, Y5, Yy, Y10, Y15) s.t. T5 =T5 =Ty = Ty =

Ty = Tio = 5%, T15 = a, where 0 < a < T, is concave in c.

Proof: We again resort to the [[7, Theorem 5].

For our problem: H =I,R,' = A =1, P=®,S = X and Z = W. The singular

value decomposition of & = UXV*,

By substituting 7y = Tp = T35 = Ty = 0, T5; = Ty = ---Tjp = 552 and

Tis = « in ( [4.15), the squared singular values of ® are [\, \y---\i5] =
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0,0---0, 55, T2 =2 T+ 3a]. This is just the composition with an affine transfor-

mation on the domain. Concavity remains preserved under affine transformation

[12, page 79-86]. [ ]

Corollary 4.3 ](X,le,i/g,}/g,n,}/w) S.t. T1 = T2 = T3 = T4 = %,T15 = o« and

I(X; Y11, Y12, Y13, Y14, Yi5) s.t. Ty = T = Thg = Ty = 2,115 = o are concave in

OTozTaTaT+15a]
4 7 4 7 4 7 4

«a, since squared singular values are [\, Az -+ - \i5] = [0,0-

and [A;, Ao+ A5 = [0,0- -0, L5, L5 Toa 9THTQ] respectively.

Therefore, the constraint objectives in ([4.27), ([4.28)) and ([4.29) are all concave in

Q.

4.3 Detection Theoretic Description

4.3.1 Bayes criterion

In terms of Bayes detection we may consider the problem as deciding among the
16— hypotheses (H;,1 < i < 16) for a fixed time-proportions. Considering the prior
probability of each hypothesis as ; such that 3°1°, m; = 1. Let Cy is the cost of
deciding D; when H, is correct, then the average cost is r = 21121 llil mCiy Py,

where P; is the probability of deciding D; when H, is true.
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For Gaussian problem with fixed sensing-time proportions; H; : Ni5(u;, 1), with
prior m;, 1 <4 < 16. Where Nj5(u;, 1) is a 15—dimensional multivariate normal
distribution with fixed covariance unit-matrix and 15—component random mean
vector p;. Py = fyeRi P(y1,y2 - y15/H;)0y. We only consider the MAP criterion

where cost is

Cy = (4.30)
1 il

This simplifies the detection rule to deciding:

D;: it mpi(Y1, e, Yis|Hi) > Tpn (Y1, Yo, - - - y15|Hy) for all n # ¢ (4.31)

and for any fixed time-proportions (7}, T, - - - T15) under consideration.

For Poisson problem with fixed sensing-times: H; : Poissis(p;), with prior
m, 1 < i < 16. Where Pois;5(u;) = [[.2, Pois((®X);) is a 15—dimensional
multivariate Poisson distribution with 15— component random mean vector ;.
Py =3 er, Pi(yr,y2 - - - y15/H;). Thus we are interested in minimizing the Bayes risk
r(under both constrained and unconstrained objectives defined above) for any given

structure in time-proportions (73,7, - - - T15) i-e

(T17T27"'T15)

15
min 7r S.t. ZTi:T. (4.32)
=1
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Equivalently, we may write

15
max P, s.t. ZTi:T (4.33)
=1

(T17T27“'T15)

where P, is probability of total correct detections, P; =1 —r.

Conjecture 4.1 The optimal solution of finding the best time-proportions in a given
fixed time T, both under information theoretic and detection theoretic metrics, has
a specific structure: (17 == a, Ty = a,T3 = a,Ty = a,T5 := b,Ts = b,T7 =
b,Tg := b, Ty := b,Tio := b,T11 := ¢, T15 := ¢,T13 := ¢, T4y := ¢, Ty5 := d). Where

0<a,bc,d<Tand4-a+6-b+4-c+d=T.
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4.4 Computational setup

To compute the mutual information expressions for the Poisson channel given in
(4.8)-(@.11) and for the Gaussian channel given in (4.23)-(4.26), we have utilized a
Monte Carlo method. For any of the time settings, under any sensing scheme, we first
generate 10° samples from the respective Poisson mixture pmf (or Gaussian mixture
pdf). These samples are generated in a manner that based on the prior of each
component Poisson multivariate (or component Gaussian multivariate), we took the
same percent of samples from that component. Further, as in each component the
random variables are mutually independent, this simplifies the samples’ generation
from any component. After the samples are generated from any component, for
fixed time-proportions (73, T», - - - T15) and given model parameters (\g, A1, T, p), we
calculated the P(Y) as given in (4.6) and (4.20). From the computational-time
point-of-view, this calculation of P(Y’) is most time-consuming than any other step
and this is due to the calculation of sixteen 15—dimensional multivariate components
involved in mixture distribution functions. Log, is then taken of the 10° points of
P(Y) before taking the average as given in (4.22)). Once we calculated the H(Y),
then comes the conditional entropy H(Y|X). For the conditional Gaussian entropy
the expression is simple as given in (4.21)). For the conditional Poisson entropy we
first truncate the conditional Poisson pmfs of each variable Y; to a sufficiently large

value which is calculated as y;,,,. = 2- PoissCDF (1 — 1.110223024625157 - 10716, \),
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where y; . is the truncation point and PoissCDF*(m, \) is the inverse Poisson
cumulative distribution function (cdf) with parameter A\ and at point m. After the
truncation; a finite summation for the individual variable y; can be calculated easily
i-e H(Y;|A) = — > % Log,[Poiss(j; )] - Poiss(j; A). Conditional entropy for Poisson
channel can then be readily calculated from (4.7). For the MAP detection, we use
the same samples, for posterior probabilities of each of the 15—hypothesis, that are
previously used for the calculation of mutual information. We had generated the
samples from each of the component with the same proportion as defined by the
prior of that component and then calculated the joint probability of that sample
point Y, with each hypothesis. Deciding in favor of the hypothesis for which the
maximum of the joint probability P(Y;, #;) happens among 16 such probabilities; as

given in (4.31). The computed results for mutual information and Bayes probability

of total correct detections are shown in fig. (4.3)), (4.4), (4.5), and (4.6)).
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Poisson: N =4 p=0125 MN=1 A\ =30 T=1 Poisson: N =4 p=0.125 M =1 X =30 T =1
1

2
0.95
1.8
09+
1.6
14 0.85 ;
——4 — Singlets
g 12 ~ 08 ——6 — Pairs
Q_< 4 -
! / e —I(X1. X2, X3, X0 1,5, Y3, Ya) (4 — Singlets) 0.75 4 — Triplets |
/ I(X1, Xa, Xy, X33 V3, Yo, Y2, Vs, Yo, Yig) (6 — Pairs) ——1 — Quadruplet
osr ——— 1(X1, Xa, X5, X3 Y, Vio, Vi, Yia) (4 — Triplets) 07 ]
/ (X1, X5, X3, X3 Y35) (1 — Quadruplet) .
06 1 H(Xy, X, X3, X,) =2.1743
oal I H(Y, X,) =1.3051 0.65 1
vy |- %‘ —8.1821 (4-Singlets)
-0 06 1
o2nf L. 7], , =13:3218 (1-Quadruplet)
0 n n n n . 055 . . . .
0 02 04 06 08 1 0 0.2 04 06 08 1
T T
Poisson: N =4 p=0.5 XM=1 A\ =30 T=1 Poisson: N =4 p=05 XN=1 X\ =30 T=1
1
35 09
0.8
3
07+
25 0.6 ——4 — Singlets
~ ——6 — Pairs
~ 2 Q, 05F . 1
Y (X0, X, Xy, X105 1 b ——4 — Triplets
5 P I(Xy, X, X3, X, ¥e, Yo, Yio) (6 — Pairs) 0.4 ——1 — Quadruplet
: Y I( X X57X5, X3 Vi1, iz, Yig, Yig) (4 — Triplets)
y X1, Xz, Xa, Xi:¥is) (1 — Quadruplet) 03
1 Y, e H(X), Xy, X3, X) =4
p
H(Y, X,) =2.0306 02
i 4-Singlets
05 L v.‘w —12.3133 (4-Singlets) o
- 1 i =11.2452 (1-Quadruplet) .
0 n n n n . o . . . .
0 02 0.4 06 08 1 0 0.2 04 06 08 1
T T
Poisson: N =4 p=0.875 XN =1 A\ =30 T =1 Poisson: N =4 p=0875 XN =1 X\ =30 T =1
- 1 T T : T
i) (4 - Singlets)” ——4 — Singlets
2 VYo Vio) (6~ Pk 0951 |___6_ Pairs
18 2, X5, X5 Yin, Voo, Yig, Yis) (4 — Ty .
: I(X), X5, X5, X33 Vi) (1 Quagpaple ool ——4 — Triplets
———— H(Xy, X2, X3, Xy) £2.1743 . - _
1 A % o
6 H(Y, X:) =305 L — 1 — Quadruplet
2 9868 (4 . 0.85
1.4 H-- |, =A2869 (4 /—/
12t - 08
~ <
1 075
0.8 o
06
/ 0.65
04
02 06
0 0.55
0 02 0.4 06 08 1 0 0.2 0.4 06 0.8 1
T T

Figure 4.3: Poisson channel: (Left) I(X;Y) vs. T, (right) P; vs. T for
varying prior probabilities p.
(MATLAB-CODE
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Poisson: N =4 p=0.125 X =2 X\ =20 T =1 Poisson: N =4 p=0.125 X =2 X\ =20 T =1
22 95

1.4 ]
(Config — 1) : 4 singlets + 1 quadruplet
(Config — 2 pairs + 1 quadruplet, \ — -
12 (Config — 3) : 4 triplets + 1 quadruplet o7t (Config = 1) : 4 singlets + 1 quadruplet J
H(X1, Xo, X5, X1) =2.1743 (Config — 2) : 6 pairs + 1 quadruplet
HY, X)) Z13031 (Config — 3) : 4 triplets + 1 quadruplet
4 . 065 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
« «
Poisson: N =4 p=05 X =2 A =20 T =1 Poisson: N =4 p=05 XN=2 I\ =20 T =1
4 8
(Config — 1) : 4 singlets + 1 quadruplet
(Config — 2) : 6 pairs + 1 quadruplet
(Config — 3) : 4 triplets + 1 quadruplet 4
3% —— H(X1, X5, X3, X;) =4
H(Y, X;) =2.0306
3
~ ]
29 \
2 03l (Config — 1) : 4 singlets + 1 quadruplet
: (Config — 2) : 6 pairs + 1 quadruplet
(Config — 3) : 4 triplets + 1 quadruplet
15 . . . . 02 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
et et
Poisson: N =4 p=0.875 XN =2 I\ =20 T =1 Poisson: N =4 p=0875 XN =2 I\ =20 T =1
22 0.85
(Config — 1) : 4 singlets + 1 quadruplet
N (Config — 2) : 6 pairs + 1 quadruplet
(Config — 3) : 4 triplets + 1 quadruplet
s ——— H(Xy, Xa, X3, Xy) =2.1743 08 1
: H(Y, X;) =1.3051
1.6 075 i
~ 14 \\ [
12 07 1
1
0.65 (Config — 1) : 4 singlets + 1 quadruplet
08 (Config — 6 pairs + 1 quadruplet
(Config — 3) : 4 triplets + 1 quadruplet
0.6 06
0 0.2 0.4 06 08 1 0 0.2 04 06 08 1

Figure 4.4: Poisson channel :
Config — 1 :(Tga, T—a T—oa T—a (0,0, o,o,o,o,o,o,a);

. T-a T—-a T-a T—-a T-a T—«
Conﬁg—2.<0,0,0,0, o, Toa Toa Tea Toa Toa ), 0,q
Config - 3:(0,0,0,0,0,0,0,0,0,0, T3¢, Tge, Tza Toa o) where

0 < a < T and time constraint Z}ilTZ = T for \g = 2, \1 = 20,
and varying prior probability p.

(MATLAB-CODE &[F.18.7)

~——
jaV]
=]
[a®
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Gaussian: N =4 p=0.125 X =1 X\ =10 T =1 Gaussian: N =4 p=0.125 XN=1 N\ =10 T =1

2
0.95
1.8
09+
1.6
14 0.85 ;
——4 — Singlets
g 12 < 08 6 Pairs
1 & 075 ——4 — Triplets |
——1 — Quadruplet
0.8
0.7 q
06 T(X1, X, Xa, Xg3 Y1, Y2, Vi (4 — Singlets)
—— I(X1, X, X3, X3 Y5, Y5, V2, Y5, Ya, Yig) (6 — Pairs) 065 ]
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Figure 4.5: Gaussian channel: (Left) I(X;Y) vs. T, (right) Py vs. T for
varying prior probabilities p.
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Figure 4.6:

Gaussian channel :

Config - 1:( T3, T32, T30 122 0,0,0,0,0,0,0,0,0,0,0);
Config — 2:(0,0,0,0, Tge, Tge, Tga Toa Toa Toa 0,0,0,0,0)
Config - 3:(0,0,0,0,0,0,0,0,0,0, T3¢, Tge, Tza Toa o)

0 < a < T and time constraint Z}ilTZ T for \g = 5, \1 = 10,
and varying prior probability p.

(MATLAB-CODE &

and

where
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4.5 Conclusion

In this work, a sensor scheduling problem for four target detection in a vector Poisson
and Gaussian channel was considered using metrics of mutual information / and

Bayes risk with 0 — 1 cost.

First, four sensing schemes: 4—singlets (individual) sensing; 6—pairs sensing;
4—triplets sensing; and 1—quadruplet sensing were considered with the total given
time 7" being variable. It was shown that mutual information between input and
output is concave w.r.t given time, (and irrespective of any other model parameters)
for either of the two channels. It is further noted that for the Poisson channel;
individual sensing is the best among the four strategies if prior p > 0.5 from [
perspective. However, in the equivalent Bayesian risk minimization problem, nei-
ther the concavity of Bayesian probability, P,, of total correct detections w.r.t time
is observed nor individual sensing is always found to be the best among others.
Whereas for the Gaussian channel it is the 4—triplets sensing scheme that almost
outperform the other three sensing-schemes and Bayesian P, is not consistent with

the / computational results.

Secondly, in another constrained configuration: where total time 7" is always held

fixed while linearly distributed between joint sensing: and individual sensing; 6—pair
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sensing and 4— triplets sensing. From computations; concavity of [/ is observed w.r.t
time shifting parameter a. For the Poisson problem from the I perspective; it is
again the 4—individual sensing that outperforms any other configuration for p > 0.5.
This is not very much consistent from the Bayes detection perspective, however. 6—
pair sensing is more beneficial than 4— individual sensing for prior close to zero. In
the Gaussian channel it is the 4— triplets-sensing scheme that is the best among any
other scheme and this is evident from both I and P; metrics. It is shown that I is

concave in «.

The theorems of concavity of / in both constrained and unconstrained objectives
for both channels, confirms the observations that are made about the concavity of
I in time; that is evident in various computational plots. It would be interesting in
figuring out why time-divisions: 71 =Ty = T3 =Ty, and Ts =T =T, =Ty =Ty =

Ty and Ty, = Ty, = T13 = 114 are better than being not equal in respective groups?
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Chapter 5

Conclusion

This work attempted to address the problem of sensor scheduling in a vector Poisson
and Gaussian channels for two targets and four targets detection using criteria of

mutual information and Bayesian risk.

For a Poisson channel: based on the computations, it is observed that mutual
information and Bayes probability of total correct detections are not monotonic, in
general. Mutual information is observed to be concave in counting times proportions,
but no proof is given. From a mutual information perspective and for a two target
and four target detection problem, it is observed that if the higher intensity of
Poisson point process is more likely than lower intensity p > 0.5 then the optimal

sensing method is to count the Poisson arrivals from the two targets individually
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irrespective of other model parameters. In contrast, if the lower intensity is more
likely (1 — p) > 0.5 than it is the hybrid sensing that is optimal. In the limiting case

when p — 0, it is the joint sensing that becomes optimal.

For a Gaussian channel: based on computations for a two target detection case, it
is observed that objective functions for maximization of / and P, does not necessarily
lead to the same optimal solution. It is the hybrid sensing that is observed to be
optimal for any set of model parameters and just based on prior (as in the Poisson
channel) it can not be guessed which sensing method would be optimal. Mutual
information is observed to be concave in the respective time domain. Only for some
special cases of domain of / we have provided the proof of concavity. For a four
target detection problem it is found that it is the 4— triplets sensing (that is done
by forming all possible four triplets of four long vector X) that outperforms any
other sensing schemes under investigation. However, search for an optimal sensing
scheme for four target detection is not done in this dissertation for the four target

problem.

5.0.1 Future work

1. We saw in chapters and [4] that we only assumed the binary input signalling

through a vector Poisson and Gaussian channels; and we saw that metrics of
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mutual information and Bayesian probability of total correct detections may
come out with different solutions when sensing time is short. However, if
the sensing time is long enough then both metrics become more and more
consistent. This effect might be due to the countably finite alphabet set of
input vector X for which detection is sought. It would be interesting to study
the same two channels and check the consistency of the two metrics, when
the input vector X would have an uncountable finite (or infinite) support.
One instance might be to assume a two parameter Beta distribution on each
component of X for a uncountable finite support, other instance might be to
assume a single parameter exponential distribution on the components of X
for an uncountable infinite support, to check the consistency between the two

metrics.

. When dimension of the input vector X approaches to infinity, and the input
signalling X; remains binary then for a given small sensing time in the Poisson
channel; it is better to perform the joint sensing instead of the individual
sensing [[19]]. It is further noted that when N — oo resulting in the distribution
of ). X, approaching to Poisson distribution then the rate parameter of this
input Poisson distribution that would maximize the mutual information is
A = 1.35 for some prior px < 0.5. While this is true for all binary input X;s
that are i.i.d, it would be interesting to know when all or any of the X; have

different supports among each other. This question is addressed for a two user
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inputs in [20], where this situation is called a non-symmetric Poisson multiple

access channels.

. Schur concavity along with time-symmetry, in the constrained problem of
maximizing / in time arguments, is sufficient to reduce the exponentially rising
dimension of search space (w.r.t dimension of X) to linearly rising search space.
Schur concavity is mathematically less tedious than working with concavity
for our problem. Gradient of mutual information for both vector Poisson and
Gaussian channels are provided in the literature [11], it is suspected that
some more useful results can be extracted from this work in the context of
our problem. What can be deduced about the possible Quasi-concavity in the

constrained problem would be a good direction to explore?

. For N > 4, using the Monte Carlo method of generating the samples from the
multivariate Poisson and Gaussian distribution and then estimating the joint
entropy of the observations (or computing the posterior probabilities) would
become quite slow or ineffective eventually for large N. For N = 100 with
input X assuming log-normal mixture, in [[11] the classification accuracy of
designed ¢ is compared with that of a randomly design ®; using the gradient
result for the two vector channels. It is done by using the 500 Monte Carlo
samples to calculate the gradient first and then 500 iterations for gradient
descent. Their algorithm converged well after few iterations. Exploring this

method further might help to device some algorithm to search for optimal

100



solution for our problem in higher dimensional space.

. It is seen that only one sensor is required for the detection with the joint
sensing. The advantage is two fold: first the hardware simplicity (as only one
sensor is required); second for short interval of time (with suitable prior of
course), joint sensing might be better than any other sensing method. However,
joint-sensing fails to resolve the location of the targets no matter how long
the sensing time is available. In contrast the individual sensing needs sensors
that grows linearly with N, however, it can resolve the target’s location with
increasing accuracy as given time is increased until there is no ambiguity in the
location (as time approaches infinity). Secondly it is not drastically inefficient
when compared to the joint sensing when joint sensing is performing the
best among any other sensing schemes. The other sensing methods doublets,
triplets, etc need sensors that grow exponentially fast w.r.t N and from the
hardware design complexity perspective this makes the system designing
practically infeasible. We may expect that the individual sensing provide the
best trade-off in higher dimensions between required number of sensors and
the amount of acceptable mutual information (or Bayesian probability of total
correct detections) between input X and observations Y for arbitrary model

parameters but that needs further evidence and exploration.
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Appendix A

Expression for Mutual Information

(Two-Target)

I(X:;Y)

== 2.2 [(U—p)?-Poissm;AoTn-

y1=0 y2=0 y3=0
Poiss(Ya; \gTh) - Poiss(Y3;20073) 4+ p(1 — p)-

Poiss(Y7; A1) - Poiss(Ya; M T3) - Poiss(Ys; (Ao + A1)T3)+
p(1 — p) - Poiss(Y1; MTh) - Poiss(Ya; Ao T3)-
Poiss(Ys; (A1 + A\o)T3) + p? - Poiss(Yy; M\ T})-

Poiss(Ya; M\ T5) - Poiss(Ys; 2/\1T3)> :
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(LogQ[(l — p)? - Poiss(Y1; \T1) - Poiss(Ya; AgT5)-
Poiss(Y3;2X015) + p(1 — p) - Poiss(Y1; AgTh)-

Poiss(Ya; M T5) - Poiss(Ys; (Ao + A\1)T3) + p(1 — p)-
Poiss(Y1; M T1) - Poiss(Ya; AgT3) - Poiss(Ya; (A1 + Xo)T3)+

p* - Poiss(Y1; M\ T}) - Poiss(Ya; A T3) - Poiss(Y; 2)\1T3)])

[((1 —p)*- Z Z Z(Poiss(Yl; XoT1) - Poiss(Ya; \gT5)-

y1=0y2=0y3=0

Poiss(Y3;20073)) - Logy[Poiss(Y1; AgT7) - Poiss(Ya; AoT2)-

Poiss(Ys3; 2>\0T3)]> + (p(l —-p)- Z Z Z

y1=0 y2=0 y3=0

(Poiss(Y1; AgT1) - Poiss(Ya; A1 T3) - Poiss(Ys; (Ao + A1) T3)-

Log, [Poiss(Y1; A\gT1) - Poiss(Ya; A T3)-

Poiss(Y3; (Ao + >\1)T3)]> + (P(l -p)- i i i

y1=0y2=0y3=0
(Poiss(Y1; M T1) - Poiss(Ya; AgT3) - Poiss(Ys; (A1 + Ao)T3)-

Log,[Poiss(Y1; A1 T7) - Poiss(Ya; A\oT2)-

Poiss(Y3; (A + )\o)T:%)]) + <p2 ' Z Z Z

y1=0 y2=0 y3=0

(Poiss(Y1; A\1T7) - Poiss(Ya; A1 T3) - Poiss(Ys; 201 13)-

Log,[(Poiss(Y1; A\1T1) - Poiss(Ya; A1 Ts) - Poiss(Ys; 2)\1T3)])
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Appendix B

Expression for Bayes Probability of

Detection (Two-Target)

Py

— ( Z )foo :{(foo > for) A (foo > f10) A (foo > fi1)}+
( Z )7f01 {(for > foo) A (for > fro) A (for > f11)) }+
v 2.5

( Z )flo {(fro > foo) A (fio > for) A (fio > fi1)}+

( il)fll {(fir > foo) A (fir > for) A (fir > fio) }+
v12.3

( > o (o = fou) oo o) (i fi)
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Z fOO:{(fOO:f01)/\(f007£f10>/\(f007éf11)}+

(y1,y2,93)

( > o AU = ) U o) o # S+
( Z )f01 A(for = fro) A (for # foo) A (for # fii)+
( Z )f01 H{(for = fu) A (for # foo) A (for # fi0)}+
( Z )flO H{(fio = fi1) A (fro # foo) A (fro # for)}+
( Z )foo {(foo = fro = f11) A (foo # for)}+

( Z o (U = fo = A # )}

( il)foo {(foo = for = fi1) A (foo # fro) 1+

( Z o (U = fi = fu) o # F)}

( Z )foo H{(foo = for = fio = fu)}-

Where

foo = (1 —p)? - Poiss(Y1; A\gT1) - Poiss(Ya; AgT5) - Poiss(Ya; 200T3),
for = p(1 —p) - Poiss(Y1; A\gT1) - Poiss(Ya; A1 Ts) - Poiss(Ys3; (Ao + A1)T3),
fio = p(1 — p) - Poiss(Y1; \iT1) - Poiss(Ya; AgT) - Poiss(Y3; (A1 + Xo)T3),

fi1 = p* - Poiss(Y1; M T}) - Poiss(Ya; M Ty) - Poiss(Ys; 2\ T5).
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Appendix C

Numerical Approximation of the

Poisson pmf and Mutual Information

Poiss(z; \) ~ (C.1)

where z. is such that cummulative distribution function of Poisson random variable at
x¢, CDFPoiss(z.; ), is equal to 1 represented in double precision floating-point arith-
metic in IEEE 754 standard. This means that numerical values of CDFPoiss(z.; \)

and CDFPoiss(z. + 1; A) are identical and equal to one.

The infinite summations in mutual information expression given in Appendix[A] are
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all truncated from 0 to 2, = CDFPoiss (1 — ¢; (A\; + \;)T) for a given value of \,
and 7. CDFPoiss ™! is inverse Poisson cdf and ¢ is, the machine precision number,

2753 [21).
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Appendix D

Code description

Since all computations are independent of any other computations, we may exploit
this fact by vectorization of the algorithm and then evaulating MI at grid points in
parallel as defined in flowchart in Fig.(D.1)) and Fig.(D.2) for fast computational
throughput. However, it must be noted that this way of vectorized computations
by first performing the truncation of Poisson distribution and then forming the grid
of points, for further calculation of MI, is not effective for large values of Poisson
intensities involved in the problem. This is because the grid size increases cubely w.r.t
high end of the truncation. So, for large values of Poisson intensities, say A >> 100,

we need to resort to Monte Carlo method.
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input variables
Ao T

v

take D no. of points from convex set
{T1+Te+T3="T:

T
Ti=T30<T1< E,OST?,ST}

choose N no. of points from set

{p:0<p<1}

ji=1
j>N? True

False

j=j+1 =l
A
True

False

call subroutine MI
to compute I(X1X2; Y1Y2Y3)
at
p(j) and (T1(6), To(3), T(i))

ir=1+1

Y
collect (i, )t value of |

I(X1X2; Y1Y2Y3)

display:
plot of I(X1X2; Y1Y2Y3)
vs (p,T3)

Figure D.1: Flowchart 1: Algorithm description for full support of targets
detection.
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subroutine MI

Y

inputs: A1, Ao, p(45)
T1(3), To(3), T5(3)

calculate truncation limits:
Ylmaz:= Poisson CDF (1 — 2753 A1 71(3))

Y2maz = Poisson CDF (1 — 2753 A1 T3(3))
Y3maz:= Poisson CDF (1 — 27532 )\ T3(1))

compute mixture entropy:
H(11,Ya,Y3) =
Ylmaz Ymaz Ymaz

=3 3 > Plyi,y2p3) Loga Ply1,y2,y3)
y1=0 =0 3=0

form 3-fold Cartesian product :
Y1 x Y2 x Y3 = {(y1,2,93)|
Y1 €40, 1, Ylae
Y2 € {0’17" 'y?'maz}7y3 € {0’17" 'y3maz}}

compute conditional entropy:
H(Y1,Y2,Y3| X1, X2) ==
Yimaz Y2maz Ymaz
i 3 § ulLogy(u)
y1=0 =0 y3=0
Yimaz Y2maz Y3maz
~p(i)(1 - p(3)) SY ulog(ul)
y1=0 =0 y3=0
Yimazr Y2mazr Y3maz

—pNA-pG) Y. Y Y uLogy(ud)
71=0

=0 y3=0
Yimaz Y2maz Ymaz
-(1-p()? Y " udLogy(ud)

y1=0 =0 3=0

compute conditional probabilities
at each (y1,y2,93) :
ul := P(y1, AoT1(4)) P(y2, AoT2()) Py3, 2A0T3(%))
u2 = P(y1, A\T1(2)) Py2, MT2(2)) P(y3, (Ao + AD)T3(3))
ud = P(y1, MT1(2)) Py2, AT2(2)) P(y3, (A1 + M) T3(3))
ud := P(y1, \T1(4)) Py2, \T2(8)) Py3, 221T3(4))
where: P(y,\) = Poisson PDF(y, A)

Y

IN,Y?,Y3; X1, X9) :=
HW,Y2,Y3) — H(Y1,Y2,Y3|X1, X2)

v

compute mixture probability at each (y1,y2,¥3) :

P(y1,y2,93) :=p*(3)ul + p(4) (1 — p(5))u2
+p() (1 = p(3))ud + (1 — p(j))?ud

validation:
ifI<0
or
J > min (H(Xl,Xz),H(Yl,Yz,Yg)

Figure D.2: Flowchart 2: subroutine (two target detection problem).
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Appendix E

Sharp bounds on the Poisson entropy

The asymptotically tight bounds for Poisson entropy (for small and large intensities)
given in [[1] helps in validation of our computed entropy of Poisson variable (which
is computed by truncation of Poisson PDF) as defined in flowcharts (however,
bounds for the entropy of multivariate Poisson mixture remains unanswered).
Since bound gap (for small )\) differ by O(\*™*1) for given m, we can achieve
any accuracy by setting the value of m but at a higher computational cost.
For large A\ the bound gap decreases by O(A™™) wrt A for a fixed m. We
checked our computed entropies in our interested ranges of A for up to m = 6 and

got the values within bounds. For large values of A when m = 4 as given in Fig. (E.1):
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Poisson entropy bounds m =4

al
35
3t Yo [ bounds for small |
I R S bounds for large A | |
: computed entropy
T,
15+
1L
0.5
0 ‘
0 5 10 15 20

Figure E.1: Bounds for small values of A (red curves) are from theorem 1 of
[1]. Bounds for large values of A (blue curves) are results of theorem 2.

(MATLAB-CODE & [F.18.3]

1 571 12367 201

504N T 1008X6 T 252000 80N
19 1 1

C36003  24X2 12X\

Coefficients b(m, k) for upper bound:

1 . 167 n 2275 n 210 N 105
T2X8 21\ O 18A6 N5 4N

Coefficients a(m, k) for lower bound:

Above coefficients can be verified from Fig.(1) of [1]] provided in the last column.
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Appendix F

Matlab Codes of Figures

F.1 Code for Fig. (2.2)

clear all

close all

p=0.5;

i=1;

D=400;

t=10;

TT=[ 1;

pd= [ 1;

% for T=0:0.25:t;

for T=linspace(0,t,D);
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LO=1%T;
L1=5x%T,;

x0_min= poissinv(eps(0.5),L0);
x0_max= poissinv(l-eps(0.5),L0);

Tl Tt heTotoloTo T To %o %o To %o %o To To %o To To %o o To T
x_min= poissinv(eps(0.5),L1);

x_max= poissinv(l-eps(0.5),L1);

Dot T ToTo %o %o %o To To 1o %o

x1=x0_min;

X2=x_max;

py=(l-p)*poisspdf (x1:x2,L0) +p*poisspdf(xl:x2,L1);
% py=(1-p)*poisspdf (0:x2,L0) +p*poisspdf (0:x2,L1);
1_py=log2(py);

dy= - py .* 1_py;

Hy=nansum (dy) ;

pyx0O=poisspdf (x1:x2,L0);
pyxl=poisspdf (x1:x2,L1);

% pyxO=poisspdf (0:x2,L0);
% pyxl=poisspdf (0:x2,L1);

% HHyx=(1-p)*sum(-pyx0.*log2(pyx0)) + pxsum(-pyxl.*log2 (4

pyx1))
z0= - pyx0 .*x log2(pyx0);
% z0(isnan(z0))=0; % converts NaN to O.

% Z0=sum(z0); % Entropy of y

ZO=nansum(z0) ;

118



z1l= - pyxl .*x log2(pyxl);
% z1(isnan(z1))=0; % converts NaN to O.

% Zl1=sum(zl); 7% Entropy of y

Zl=nansum(z1l) ;

Hyx=(1-p)*Z0 + pxZ1; % H(YIX)

I(i)=Hy-Hyx;

Do To 16T o To %ol To 76 %o To 7o %o o To 1o o
% [u,v]=meshgrid(0:1,x1:x2);
z=[(1-p)*poisspdf (x1:x2,L0)"' p*poisspdf(xl:x2,L1)"'];

lz=-1o0g2(z);

h=z.x1z;

H_xy=nansum (nansum(h)) ;

info(i)=1+Hy-H_xy; % incorrect
pd=cat (2,pd,sum(max(z,[ 1,2)));
Dot ToTo %ot T To %o %o o To To 1o %o To

i=i+1;
TT=cat (2,TT,T);

end

H=-(p*log2(p)+(1-p)*log2(1-p)) % Prior Entropy

% figure('Units','inches', 'Position',[0 0 4 2],'+
PaperPositionMode ', 'auto ')

figure;

yyaxis left

plot ([0 t],[H H],':k',TT,I,'b','LineWidth"',1.5)
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ylabel ('$I(X_1;Y_1)$','FontUnits', 'points','FontSize'<+

,14,'interpreter', 'latex');

hold on

yyaxis right

plot(TT,pd,'r','LineWidth',1.5)

ylabel ('$P_d$', 'FontUnits', 'points','FontSize',14, '+

interpreter','latex');

set (gca, 'FontSize' ,14)

xlabel ('$T$', 'FontUnits', 'points', 'FontSize',14, '+
interpreter', 'latex');

title(['$p= $' num2str(p)...

'$\quad \lambda_0= $' num2str (LO/t)...

"'$\quad \lambda_1=$' num2str(L1/t)],'FontUnits', 'points<

",'FontSize',14,'Interpreter','latex"');

h=legend ('$H(X_1)$', '$I$"', '$P_d$")
set(h, 'FontUnits', 'points', 'FontSize',14,'Interpreter', '+
latex')

grid on

F.2 Code for Fig. (2.3). (Include code [F.18.1)

% Probability of Detection(analytical), Correct Decision<—
Rate (Empirical)
% and Mutual Information versus time T3, for Full Target<«

Support
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clear all

close all

tic

p=0.1; % Probability of 1 (higher rate)
T=1; % Total time

LO=5; L1=20; % Poisson rates

q=1-p;

% s=10"4; % total number of samples / Data point.

global X
X=1;

D=100; % Total number of data points.
v=[linspace(0,T/2,D)"',linspace(0,T/2,D)"',linspace(T,0,D)«+
']; % samples of (T1,T2,T3)

MI=[ 7J;
% Ccd=[ 1;
% Pd=[ 1;

for i=1:length(v);

[m1,m2,m3,m,hyl=Con_MI_2(p,LO0,L1,v(i,1),v(i,2),v(i,3)); «
%» Evaluate mutual information for each point (T1,T2,+
T3).

MI=cat (2,MI,[m1;m2;m3;m;hyl); % I1, I2, 13, I, <

T1+I2+13, Hy

end

Dot ToToTohToToTo %o ToToToTo % To To 1o %o To To 7o %o T To 7o 1o o To To 1o %o o To 1o 1o o To 7o 1o %o o o

mi=MI(4,:);

[f1,gl]l=max(mi); % maximum value of MI

v(gl,:)

figure;
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ft=14; Y%font size

plot(v(:,3),MI(1,:),"'g', 'LineWidth"',2);

set (gca, 'FontSize',ft)

hold on; plot(v(:,3),MI(2,:),'--r','LineWidth"',2);

hold on; plot(v(:,3),MI(3,:),'--b','LineWidth',2);

hold on; plot(v(:,3),MI(1,:)+MI(2,:)+MI(3,:),'c'," '+
LineWidth',2);

hold on; plot(v(:,3),MI(4,:),'--k','LineWidth"',2);

xlabel ('$T_3$', 'FontUnits', 'points','FontSize',ft, '«
Interpreter','latex');

ylabel ('$I$', 'FontUnits', 'points','FontSize',ft, '+
Interpreter', 'latex');

title ({['$I(X_1 X_2;Y_1 Y_2 Y_3)=I(X_1;Y_1)+I(X_2;Y_2)+I«
(X_1 X_2;Y_.31Y_1 Y_2).8']1,['$\scriptstyle{\mathop {\<¢
arg \max }\limits_{T3} I} = $'...

num2str(v(gl,3)) '$\quad p= $' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"'$\quad \lambda_1=$' num2str (L1)

"'$\quad T=$' num2str(T)]}, 'FontUnits', 'points','FontSize<«

',ft,'Interpreter','latex');

h=legend ('$I_1: TI(X_1;Y_1)8$"','$I_2: I(X_2;Y_2)$','$I_3: «
I(X_1 X_2;Y.31Y_1 Y_2)$','$I_1+I_2+I_3$%','$I \mbox{(«+
brute force calculated)}$','Location', 'west');

set (h, 'FontUnits', 'points','FontSize',ft,'Interpreter', '«
latex');

grid on

Dot

figure

E=[q"2 ©p*q p*q p~2]; Hh=-Exlog2(E');

plot(v(:,3)',Hh*ones(1,length(v(:,3))),'b', 'LineWidth'«>
,2); set(gca, 'FontSize',ft);

xlabel ('$T_3$%$', ' 'FontUnits', 'points','FontSize',ft, '+

Interpreter','latex');
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ylabel ('$H$ ', 'FontUnits ', 'points','FontSize',ft, '+
Interpreter','latex');

hold on; plot(v(:,3),MI(5,:),'r','LineWidth',2);

title ({['$\scriptstyle{\mathop {\arg \max }\limits_{T3} <«
MI} = $'...

num2str (v(gl,3)) '$\quad p= $' num2str(p)...

'$\quad \lambda_0= $' num2str (LO)...

'$\quad \lambda_1=%$' num2str (L1)

"$\quad T=$' num2str(T)]}, 'FontUnits', 'points','FontSize+
',ft,'Interpreter','latex');

h=legend ('$H(X)$', '$H(Y)$"');

set(h, 'FontUnits', 'points', 'FontSize',ft,'Interpreter', '+
latex');

grid on

toc

F.3 Code for Fig. (2.4). (Include code [F.18.2)

% Probability of Detection(analytical), Correct Decision<¢
Rate (Empirical)
%» and Mutual Information versus time T3, for Full Target<

Support

clear all

close all

tic

% s=10"4; ¥ total number of samples / Data point.

global X
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X=1;

T=15; % Total time
D=100; % Total number of data points.

v=[linspace(0,T/2,D)"',linspace(0,T/2,D)"',linspace(T,0,D)«+
'l1; % samples of (T1,T2,T3)

L0=2; L1=5; % Poisson rates

% Pl=linspace(eps(0) ,27(-8),10) ;

% P2=linspace (27 (-8)+eps(27-8) ,27(-4) ,40) ;

% P3=linspace (27 (-4)+eps(27-4) ,2°(-2) ,40) ;

% P4=linspace(2°(-2)+eps(27-2),27°(-1),50) ;

% P5=linspace (2" (-1)+eps(2°-1),0.99999,50) ;

% P6=linspace (0.999999+eps (0.999999) ,1-5*%eps(0.5) ,10) ;
% P=[P1 P2 P3 P4 P5 P6];

Pi=linspace(eps(0) ,27(-3),10) ;
P2=1inspace (27 (-3)+eps(2°-3) ,2°(-2),10) ;
P3=1linspace (27 (-2)+eps(27-2) ,3*2°(-2) ,30) ;
Pd=linspace (3*x27(-2)+eps (3*27-2) ,7x2°(-3) ,10) ;
PS5=linspace (7*27(-3) +eps (7*27-3) ,0.99999,10) ;

P=[P1 P2 P3 P4 P5];

N=length(P); %Number of probability points
% N=200; %Number of probability points

% P=linspace (0+eps,0.005,N);

%» P=linspace(1-10*eps,l-eps,N);

% P=linspace(.995,1,N);

% P=1-eps (0.5);

o

_MI=[ 1;
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0_T3=[ 1;
O_p= [ 1;

m_info=[ J];

for j=1:N;
p=P(j); % Probability of 1 (higher rate)
h q=1-p;

MI=[ J;
% Ccd=[ 1;
% Pd=[ 1;

for i=1:length(v);
[m,h0,h1,h2,h3]=MI_2(p,LO0,L1,v(i,1),v(i,2),v(i,3)); % <«
Evaluate mutual information for each point (T1,T2,T3).
% [m,h0,h1,h2,h3]=My_MI(p,LO,L1,v(i,1),v(i,2),v(i,3)); %K+
Evaluate mutual information for each point (T1,T2,T3)+«

MI=cat (2,MI ,m) ;
end

Tt oot TolotoTolotoTolo b ToTo T toTo ¥ 1o To to 1o To o 1o To o 1o To o 1o To o %o %6 o %o %6 o
[f1,gl]l=max(MI); % maximum value of MI

h ovigl,:)

m_info=cat(l,m_info ,MI); % size: length(P) X D

O_MI=cat(2,0_MI,f1); % Optimal MI size: 1 X length(P)

0_T3=cat(2,0_T3,v(gl,3)); % Optimal T3 size: 1 X ¢«
length (P)

O_p=cat(2,0_p,p); % Value of p for that particular <«

optimal MI and optimal T3
o ToloToToh % o
Tl ho el % %o
hold on
plot(v(:,3)',MI, 'LineWidth',2);
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% figure; plot(0_p(1:190),0_T3(1:190), 'LineWidth',2);

ylabel ('$MI$"', " ' Interpreter','latex');
x1label ('$T_370%8','Interpreter', 'latex');

title(['$ P(\lambda_1)=p$' blanks(1l)...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str (L1)

"$\quad T=$' num2str(T) ],'Interpreter','latex');
% keyboard

Y YYYY)

Y YYYYY)

end

figure; plot(0_p,0_T3, 'LineWidth',2);

% figure; plot(0_p(1:190),0_T3(1:190), 'LineWidth',2);

xlabel ('$p$ ', 'Interpreter','latex');
ylabel ('$T_370$','Interpreter', 'latex');

title(['$ P(\lambda_1)=p$' blanks (1) ...

"$\quad \lambda_0= $' num2str (LO)...

"'$\quad \lambda_1=$' num2str (L1)

"$\quad T=$' num2str(T) ], 'Interpreter','latex');

figure; plot(O_p,0_MI, 'LineWidth',2);

xlabel ('$p$ ', 'Interpreter','latex');

ylabel ('$MI~{0}$','Interpreter','latex');
title(['$ P(\lambda_1)=p$' blanks(1l)...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str (L1)

'$\quad T=$' num2str(T) ], 'Interpreter','latex');

figure;stem(O_p,ones(1,length(0_p)), 'Marker', 'mone');

xlabel ('$p$ ', 'Interpreter','latex');
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title(['No of $p$ samples=' num2str(length(0_p)) '\quad
No of divisons of $T $=' num2str(length(v)) '$\quad P+
(\lambda_1)=p$' blanks (1) ...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str (L1)

'$\quad T=$' num2str(T) ], 'Interpreter','latex');

p_info=repmat (P',[1,D]);
B=flipud(v(:,3)"');

% T3_info=repmat(v(:,3)',[length(P),1]);
T3_info=repmat(B,[length(P) ,1]);

% figure; surf(T3_info,p_info,m_info)
figure; mesh(p_info,T3_info,m_info)
ylabel ('$p$', ' Interpreter','latex');
xlabel ('$T_3$', ' 'Interpreter','latex');

title(['$ P(\lambda_1)=p$' blanks (1) ...

"$\quad \lambda_0= $' num2str (LO)...

"'$\quad \lambda_1=$' num2str (L1)

'$\quad T=$' num2str(T) ], 'Interpreter','latex');

figure;contourf (T3_info,p_info,m_info)

toc

F.4 Code for Fig. (2.5)

clear all

close all

LO=2;
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L1=100;

p=linspace (0.00001,0.99999,200) ;

Di=(1-p) . 2% (2*%L0)*1og2 (2*L0)+2*%(1-p) . *p*x(LO+L1)*1log2 (L0«
+L1)+p. 2% (2*%L1)*1og2(2*L1) -. ..
((1-p) .7 2%2*%L0+2*%(1-p) .*xp*(LO+L1)+p. " 2%2%L1) .x1log2( <
(1-p) .7 2%2%xLO+2x(1-p) .*xp*(LO+L1)+p. " 2%2xL1);

D2= (1-p)*(L0)*10g2 (LO)+p*(L1)*1og2(L1) =((1-p) .*LO+p.*<¢
L1) .%10og2((1-p) .*LO0+p.*xL1);

figure; plot(p,[D1], 'LineWidth',b2);

axis tight

grid on

xlabel ('$p$', 'FontSize',14, 'Interpreter','latex');

ylabel ('$\frac{d}{dT} I |_{T=0}$','FontSize' ,f 14, "'+
Interpreter','latex');

title(['$ P(\lambda_1)=p$' blanks(1l)...

"'$\quad \lambda_0= $' num2str (LO)...

"'$\quad \lambda_1=$' num2str(L1) ],'FontSize',14, '+
Interpreter','latex');

h=legend ('$\frac{d}{dT} I(U;Y_3) \Big|_{T=0}$"', '$\frac{d«
F{dT} I(U;Y_1,Y_2) \Bigl|_{T=0}$"');

set (h, 'Location', 'southeast', 'FontUnits', 'points', '+

FontSize',14, 'Interpreter','latex','location', 'best');

figure; plot(p,[D1;D2], 'LineWidth',2);

axis tight

grid on

xlabel ('$p$', 'FontSize',14, ' 'Interpreter','latex');

ylabel ('$\frac{d}{dT} I |_{T=0}$', ' 'FontSize', 614, '+
Interpreter', 'latex');

title(['$ P(\lambda_1)=p$' blanks(1l)...
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"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str(L1) ],'FontSize',14, '
Interpreter','latex');

h=legend ('$\frac{d}{dT} I(X_1,X_2;Y_3) \Big|_{T=0}$"', '$\«
frac{d}{dT} T(X_1,X_2;Y_1,Y_2) \Bigl|_{T=0}$"');

set (h, 'Location', 'southeast', 'FontUnits', 'points', '+

FontSize',14, 'Interpreter','latex','location', 'best');

F.5 Code for Fig. (2.6|)

%% Main program (Binomial input for general N, in scalar<+
Poisson)
clear all

close all

tic

global X

X=1;

N=2;

p=0.25; q=1-p;
L0=100; L1=200;
% LO0=2; L1=3;

% e=eps (0.5);

d=30; %0dd number to ensure mid point of vector t to <«
include

t0=1; %total time

t=[0 0.000001 linspace(0.001,t0,d)]; % Total time

% t=[0 eps(0) linspace(eps(0)+eps(eps(0)),t0,d)]; % «
Total time

MI=[ 1;
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H_u=[ 1;

H_ux=[ 1];

he=[ 1;

h MI_u=[ 1;

%hoMI2=[ 1;

b=[ ]; % Binomial coeficients initialization
I_u=[ 1;

g=[ 1;

% for r=0:N;

% bb=nchoosek (N, r) ;
% b=cat(2,b,bb); % Binomial coeficients
h f=q " (N-r)*p~(r);
A g=cat(2,g,f);

% end

% Bp= binopdf (0:N,N,p);
% C=Bp.*b;

% FF=b.*g;

% C=Bp;

FF= binopdf (0:N,N,p); % Binomial distrubtuion B(N=10,p)
for i=1:length(t)

X

T=t(1);

tt=T/N; %scaling
x0_max= poissinv(l-eps(0.5),L0*xtt);

x0_min= poissinv(eps(0.5) ,L0*tt);

x1_max= poissinv(l-eps(0.5),L1*xtt);
x1_min= poissinv(eps(0.5),Lixtt);

pyO=poisspdf (x0_min:x0_max ,LO*tt);
pyl=poisspdf (x1_min:x1_max ,L1*tt);
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py=q*poisspdf (min(x0_min,x1_min) :max(x0_max,xl_max),L0*¢+
tt)+. ..
p*poisspdf (min(x0_min,x1_min) :max (x0_max,x1_max),Ll*¢
tt); %max and min are introduced
% to prevent numerical artifact
H_y=-nansum(py.*log2(py));
hO=-g*nansum (py0.*1og2(py0));
hi=-p*nansum(pyl.*log2(pyl));

m=H_y-(hO+h1);
MI=cat (2,MI ,m) ;

ToToToToToToTo o ToToToTo 1o 7o 7o 1o 1o 1o 1o Vo 1o To 1o %o %o %o %o %o o

m_u=[ 1;
L=N#*max ([LO L1])*T;
% x_min= poissinv(eps(0.5),L);

x_max=poissinv(l-eps(0.5),L);

for k=0:N %Mixture probability
pp=poisspdf (0:x_max, ((N-k)*LO+k*L1)*T);
pu=FF (k+1) *pp;
m_u=cat(l,m_u,pu);

end

ku=nansum(m_u,1);

hu=-nansum(nansum(ku.*log2 (ku)));

H_u=cat(2,H_u,hu);

hux=0;

for w=0:N %» For conditional probabilities
x_min= poissinv(eps(0.5) ,((N-w)*LO+wxL1)*T);
x_max=poissinv(l-eps(0.5) ,((N-w)*LO+w*xL1)*T);
pl=poisspdf (x_min:x_max, ((N-w)*LO+w*xL1)*T);
hux=hux-FF(w+1) *pl*xlog2(pl)"';

end

% keyboard
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% H=nansum(nansum(m_u)) %entropy of multivariate <

/)

poisson mixture
H_u=cat(2,H_u,H);

H_ux=cat(2,H_ux,hux);
I=hu-hux;
I_u=cat(2,I_u,I);

X=

X+1;

end

Tolotololololo oo oo ToToTotoTo %ottt el lolololololoToToTo To To To To To To 1

b
b
b
b
b

T

b

b

b

b

b
b

hh fig 1

figure

plot (2xt(1:ceil(d/2)) ,N*MI(1:ceil(d/2)),'LineWidth"',2)
hold on

plot (2x[t (1) t(ceil(d/2))],N*x[-(g*xlog2(qg)+p*log2(p)) <
,—(q*log2(q)+p*log2(p))],'LineWidth"',2)

xlabel ('$T$ (scaled by $2$)','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');

ylabel ('$2 \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize ' ,14, 'interpreter ', 'latex');

title(['$p= $' num2str(p)...

'$\quad \lambda_0= $' num2str (LO)...

'$\quad \lambda_1=$' num2str(L1)],'FontUnits', 'points+
','FontSize',14,'Interpreter','latex');

h=legend ('$2 \cdot I_1 |_{T:=\frac{T}{2}}3$"');

set (h, 'FontUnits ', 'points', 'FontSize',14,'Interpreter+

', 'latex ') ;

hh fig 2

figure

b

plot(t,I_u,'LineWidth',2)

plot(t,I_u,'LineWidth',2)
hold on
y=-(binopdf (0:N,N,p))*(log2(binopdf (0O:N,N,p)))"';
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plot ([t(1) t(end)],[y yl,'LineWidth',b2)

xlabel ('$T$', 'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

ylabel('$ I(U;Y_3)$', ' 'FontUnits', ' 'points','FontSize' ,14,¢
"interpreter', 'latex');

title(['$N= $' num2str(N) '$\quad p= $' num2str(p)...

'$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str(L1)], 'FontUnits', 'points', <+
'"FontSize',14, 'Interpreter','latex');

h=legend ('$I(U;Y_3)$"', '$H(U)S$");

set(h, 'FontUnits', 'points','FontSize',14,'Interpreter', '+
latex');

% hh fig 3

% figure

% plot (2xt(1:ceil(d/2)) ,N*MI(1:ceil(d/2)),'LineWidth',2)

% hold on

% plot(2x[t (1) t(ceil(d/2))],N*x[-(g*log2(q)+p*log2(p)) <
,-(gq*log2(q)+p*log2(p))], 'LineWidth',2)

% xlabel ('$T$ ', 'FontUnits ', 'points', 'FontSize',14, '«

interpreter ', 'latex');
% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');

% title(['$N= $' num2str(N) '$\quad p= $' num2str(p)...

% '$\quad \lambda_O0= $' num2str (LO)...

% '$\quad \lambda_1=$' num2str(L1)],'FontUnits', 'points<+
','FontSize',14, 'Interpreter','latex');

% h=legend ('$N \cdot I_1 |_{T:=\frac{T}{2}}$','$N \cdot «
H(X_1)$");

% set(h,'FontUnits', 'points','FontSize',14,'Interpreter<«

', 'latex ') ;

hh fig 3

figure

133



plot (t,N*MI,'LineWidth',2);

hold on

plot ([t(1) t(end)],N*[-(g*xlog2(q)+p*log2(p)) ,-(gxlog2(g¢+
)+p*log2(p))],'LineWidth',2)

xlabel ('$T$', 'FontUnits', 'points','FontSize' , 14, '+

interpreter','latex');
% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');

ylabel ('$I$', 'FontUnits', 'points','FontSize', 14, "'+
interpreter','latex');

title(['$N= $' num2str(N) '$\quad p= $' num2str(p)...

"'$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str(L1)],'FontUnits','points',+
"FontSize',14, 'Interpreter','latex');

% h=legend ('$N \cdot I_1 |_{T:=\frac{T}{2}}$','$N \cdot <«
H(X_1)8$"');

h=legend ('$I(X_1, X_2 \cdots X_N;Y_1, Y_2, \cdots Y_N)$'«
, "$H(X_1,X_2 \cdots X_N)$');

set (h, 'Location', 'southeast', 'FontUnits', 'points', '+

FontSize',14,'Interpreter','latex');

hh fig 4

figure

plot (t,[N*MI;I_ul,'LineWidth',62);

% hold on

% plot([t(1) t(end)],N*x[-(gq*xlog2(qg)+p*log2(p)) ,-(g*log2«
(q)+p*log2(p))],'LineWidth',2)

xlabel ('$T$', 'FontUnits', 'points','FontSize',14, '+

interpreter','latex');
% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');

ylabel ('$I$', 'FontUnits', 'points','FontSize',14, '+

interpreter','latex');
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title(['$N= $' num2str(N) '$\quad p= $' num2str(p)...

"'$\quad \lambda_0= $' num2str (LO)...

"'$\quad \lambda_1=$' num2str(L1l) '$\quad H\sum_i X_i)<+
=$' num2str (-FF*xlog2(FF')),...

"$\quad H( X_1 \cdots X_N)=$' num2str (-N*x(g*xlog2(q)+p*¢+
log2(p)) ) 1,'FontUnits', 'points','FontSize', 14, "'+
Interpreter','latex');

h=legend ('$I(X_1, X_2 \cdots X_N;Y_1, Y_2, \cdots Y_N)$'«

'$I (\sum_i X_i;Y_{2°N-1})$"');
set (h, 'Location', 'southeast', 'FontUnits', 'points','<+

FontSize',14,'Interpreter', 'latex');

hh% fig 5

figure

plot (t,[N*MI;I_ul, 'LineWidth',62);

% hold on

% plot ([t(1) t(end)],N*x[-(gq*xlog2(qg)+p*log2(p)) ,-(gq*log2«
(q)+p*log2(p))], 'LineWidth',2)

xlabel ('$T$', 'FontUnits', 'points','FontSize' , 14, '+

interpreter','latex');
% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14, 'interpreter ', 'latex');

ylabel ('$I$', 'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

title(['$N= $' num2str(N) '$\quad p= $' num2str(p)...

"'$\quad \lambda_O0= $' num2str (LO)...

"$\quad \lambda_1=%$' num2str(L1l) '$\quad H(\sum_i X_i)<+
=$' num2str (-FF*xlog2(FF')),...

"$\quad H( X_1 \cdots X_N)=$' num2str(-N*x(g*xlog2(q)+p*¢+
log2(p)) ) 1, 'FontUnits', 'points','FontSize',14, "'+

Interpreter', 'latex');
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%h fig 5

% figure

% semilogx(t,[N*MI;I_ul],'LineWidth',2);

% xlabel ('$T$ ', 'FontUnits', 'points','FontSize',14,"'+
interpreter ', 'latex');

o ylabel ('$I$', ' 'FontUnits', 'points','FontSize',14,'<¢

=

interpreter ', 'latex');

o, title (['$N= $' num2str(N) '$\quad p= $' num2str(p)...

% '$\quad \lambda_O0= $' num2str (LO)...

% '$\quad \lambda_1=$' num2str(L1l) '$\quad H(\sum_i <
X_i)=$%"' num2str (-FF*log2(FF')),...

% '$\quad H( X_1 \cdots X_N)=$' num2str (-Nx(gq*log2(q)+p«
*log2(p)) ) 1,'FontUnits', 'points', 'FontSize',14, "'+

==

Interpreter ', 'latex');

% h=legend ('$I(X_1, X_2 \cdots X_N;Y_1, Y_2, \cdots Y_N)«
$',...

% '$I(\sum_i X_i;Y_{2°N-1})$"');

% set(h,'Location', 'southeast','FontUnits', 'points', '+

FontSize',14,'Interpreter ', 'latex');

%% Numerical dervative at T=0

yy=N=*MI;

di=(yy(2)-yy (1)) /(t(2)-t (1)) % derivative at T=0 for Tl=<«
T2=T/2

d2=(I_u(2)-I_u(1))/(t(2)-t(1)) % derivative at T=0 for <«
T3=T

for s=0:N
n(s+1)=LO0*x(N-s)+L1x*(s);

end
%% Analytic derivatives
e3=(1-p)*(LO0*1log2(L0))+p*x(Li*log2(L1));

ed=(1-p)*(LO)+p*(L1);
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eb=edxlog2(ed);

ddl=e3-e5 %% Analytic derivative at T=0: For T1=T2=T/2 <
case

Dot Do ToTo 1o %% To To 7o 7o %o o

el=nansum (FF.*x(n.*xlog2(n)));

e2=nansum (FF.*x(n))*log2 (nansum (FF.*(n)));

dd2=el-e2 %% Analytic derivative at T=0: For T=T3 case

hold on

X [t(1) t(end)];

y [yy (1) ddix*t(end)];
line(x,y,'Color','blue','LineStyle',"'--")

hold on

x = [t(1) t(end)];

y = [I_u(1) dd2#*t(end)];
line(x,y,'Color','red','LineStyle','-=")
axis tight

h=legend ('$I(X_1, X_2 \cdots X_N;Y_1, Y_2, \cdots Y_N)$'«

"'$I(\sum_i X_i;Y_{2°N-1})$', ' '$\textrm{Tangent to blue <
curve at } T=0$','$\textrm{Tangent to red curve at } T«
=0 $');

set(h, 'Location', 'southeast', 'FontUnits', 'points', '¢+
FontSize',14, 'Interpreter','latex','location', 'best');

grid on

Joth

%h fig 6

figure

plot (t,[N*MI;I_ul,'LineWidth',2);
% hold on
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% plot([t(1) t(end)],N*x[-(g*xlog2(qg)+p*log2(p)) ,-(g*log2«
(q)+p*log2(p))],'LineWidth',2)
xlabel ('$T$', 'FontUnits', 'points', ' 'FontSize',14, '+

interpreter', 'latex');
% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');

ylabel ('$I$', 'FontUnits', 'points','FontSize',14, '+
interpreter', 'latex');

title(['$ p= $' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str(L1l) '$\quad H(X_1+X_2)=8$'<+
num2str (-FF*x1og2(FF')),...

"$\quad H( X_1,X_2)=$' num2str (-N*x(g*xlog2(q)+p*log2(p))<«
) 1,'FontUnits', 'points','FontSize',14,'Interpreter’', ¢+
'latex ') ;

hold on

x = [t(1) t(end)];

y = [yy(1) ddi*t(end)];

line(x,y,'Color', 'blue', 'LineStyle','--")

hold on

x = [t(1) t(end)];

y = [I_u(1) dd2*t(end)];
line(x,y,'Color','red', 'LineStyle','--")
axis tight

h=legend ('$I(X_1, X_2;Y_1, Y_2)8%',...
"$T(X_1+X_2;Y_3)8%"', " '$\textrm{Tangent to blue curve at } <
T=0%"', '$\textrm{Tangent to red curve at } T=0 $');

set (h, 'Location', 'southeast', 'FontUnits"', 'points', '«
FontSize',14, 'Interpreter','latex','location', 'best');

grid on

hh fig

figure
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plot (t,[N*MI;I_u],'LineWidth',2);

% hold on

% plot ([t(1) t(end)],N*[-(gq*log2(q)+p*xlog2(p)) ,-(g*log2«
(q)+p*1log2(p))], 'LineWidth',2)

xlabel ('$T$', 'FontUnits', 'points','FontSize' , 14, '+
interpreter','latex');

% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize ' ,14,'interpreter ', 'latex');

ylabel ('$I$', 'FontUnits', 'points','FontSize', 14, '+
interpreter','latex');

title(['$ p= $' num2str(p)...

"'$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str(L1l) '$\quad T=$' num2str (+
t0)],'FontUnits','points', 'FontSize',14,'Interpreter’',+
'latex ') ;

hold on

x = [t(1) t(end)];

y = [yy(1) ddi*t(end)];

line(x,y,'Color', 'blue', 'LineStyle','--")

hold on

X [t(1) t(end)];

y [IT_u(1l) dd2x*t(end)];
line(x,y,'Color','red', 'LineStyle','--")

axis tight

hold on

plot ([0 T1,[-N*(g*log2(g)+px*xlog2(p)) -N*x(q*log2(q)+p*<>
log2(p)) 1,'-m")

hold on

plot ([0 T],[-FF*log2(FF"') -FF*x1log2(FF')],"'-k")

h=legend ('$I(X_1, X_2;Y_1, Y_2)$%',...

"$I(X_1+X_2;Y_3)%"','$\textrm{Tangent to blue curve at } «
T=0$"','$\textrm{Tangent to red curve at } T=0 $',' $H(+
X_1,X_2)8"'," $H(X_1+X_2)%$");
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set (h, 'Location', 'southeast', 'FontUnits', 'points', '+
FontSize',14, 'Interpreter','latex','location', 'best');

grid on

axis ([0 T 0 -N*(g*xlog2(q)+p*log2(p)) 1)

toc

F.6 Code for Fig. (2.7) and Fig. (2.8). (Include code

F.18.2)

%% Two bin Simulation

clear all

% close all

tic

%n=50;k=3;nchoosek (n+k-1,k-1)

T=1; % Total time available

v=[ ]; %initilize an empty matrix

p=0.125/2;

LO= 10;

L1=20;

global X

X=1;

d=0.02; % mathematica d = 0.1; T = 7; Sum[(d*x + d*xy + d¢
xz) [ T*. ..

% Boole[d*x + d*xy + d*xz == T], {x, 0, T/d}, {y, 0, T/d«
+, {z, 0, T/d}]

% Matlab n=T/d;k=3;nchoosek(n+k-1,k-1)

yA

tic
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for 1i=0:d:T;
for j=0:d:T;
for k=0:4:T;

u=[i j kI1;

ff=sum(u,2);

if (abs(ff-T)< eps(16)); v=cat(l,v,u); end

end

end

end

toc

% keyboard

a=zeros(1,length(v)); b=zeros(1l,length(v));c=zeros(l,«+
length(v));

% for i=1:length(v);
% l[a(i)]=MI_2(p,LO,L1,v(i,1),v(i,2),v(i,3)); % Evaluate<«
mutual information for each point (T1,T2,T3).

% % [a(i)]=MI_new(p,LO,L1,v(i,1),v(i,2),v(i,3)); % «
Evaluate mutual information for each point (T1,T2,T3).

h % [a(i)]=my_MI_3(p,LO,L1,v(i,1),v(i,2),v(i,3)); % <
Evaluate mutual information for each point (T1,T2,T3).

% end

a=arrayfun (GMI_2 ,p*ones(size(v,1) ,1) ,LO*ones(size(v,1)+
,1) ,Li%ones(size(v,1),1),v(:,1),v(:,2),v(:,3));

toc
[e,f]l=max(a)

v(f,:)

figure

set (gca, 'FontSize' ,14)
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scatter3(v(:,1),v(:,2),v(:,3),[ 1,a,'filled");
hold on

scatter3(v(f,1),v(f,2),v(f,3),[ 1,1, '+w');
colormap (jet) ;

axis equal;grid on;

h=colorbar; view(135,atand(1/sqrt(2)))
ylabel (h, '$I$"', 'FontUnits', 'points','FontSize',14, '+

interpreter','latex');
xlabel ('$T_1$', 'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

ylabel ('$T_28$', 'FontUnits', 'points','FontSize',14, '+

interpreter', 'latex');
zlabel ('$T_3$', 'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

title(['$ \scriptstyle{\mathop {\arg \max }\limits_{(T_1¢

,T_2,T_3)F IX=$(" num2str(v(f,1)) '$,$"’ num2str (v(f+
,2)) ...

'$,9$! num2str (v(f,3)) '$) \quad p= $' num2str (num2str (+
p,'%h.6f"'))

"$\quad \lambda_0= $' num2str (LO)...
"$\quad \lambda_1=$' num2str(L1)],'FontUnits','points',+

'"FontSize',14,'Interpreter','latex');

F.7 Code for Fig. (2.9) and Fig. (2.10). (Include code

F.18.2)
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% Probability of Detection(analytical), Correct Decision<¢
Rate (Empirical)
% and Mutual Information versus time T3, for Full Target<—

Support

clear all

% close all

tic

p=0.125; % Probability of 1 (higher rate)

hp=abs (-p+1);

T=1; % Total time

LO=0; Li=1; % Poisson rates

% L0=12.631578947368421; L1=20; % Poisson rates o
T3_0: 0.3535 , MI_0O: 0.2504

% L0=13.684210526315789; L1=20; % Poisson rates <
T3_0: 0.38384 , MI_O: 0.1828

q=1-p;

s=10"5; % total number of samples / Data point.

global X
X=1;

D=100; % Total number of data points.

v=[linspace(0,T/2,D)"',linspace(0,T/2,D)"',linspace(T,0,D)«
'l1; % samples of (T1,T2,T3)

for i=1:length(v);
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% [m,h0,h1,h2,h3]=MI_2(p,L0,L1,v(i,1),v(i,2),v(i,3)); %«
Evaluate mutual information for each point (T1,T2,T3)<«+

[m,h0,h1,h2,h3]=MI_new(p,LO0,L1,v(i,1),v(i,2),v(i,3)); %<
Evaluate mutual information for each point (T1,T2,T3)+«

% MI_new handles the L0O=0 situation
MI=cat (2,MI,m);

hh

Ti=v(i,1); T2=v(i,2); T3=v(i,3);

Do Toto T Toto s ToTo o To 1o To 1o To 1o To 1o o To 1o o To 1o o To 1o o To 1o o To 1o o

% e=eps(1);

% yl_max= poissinv(l-e,L1xT1);

% y2_max= poissinv(l-e,L1%xT2);

% y3_max= poissinv(l-e,(L1+L1)*T3);

b

% [yl,y2,y3]=meshgrid(0:yl_max,0:y2_max,0:y3_max);
)

% % Conditional Probabilities of Y1 given X
% pyl_00=poisspdf (y1,L0*T1);

% pyl_O01=py1_00;

% pyl_10=poisspdf (y1,L1*T1);

% pyl_11=pyl1_10;

b

% % Conditional Probabilities of Y2 given X
% py2_00=poisspdf (y2,L0*T2);

% py2_10=py2_00;

% py2_0Ol=poisspdf (y2,L1%*T2);

% py2_11=py2_01;

)

% % Conditional Probabilities of Y3 given X
% py3_00=poisspdf (y3,(LO+L0)*T3);

% py3_0l=poisspdf (y3,(LO+L1)*T3);
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% % py3_10=poisspdf (y3,(L1+L0)*T3);
% py3_10=py3_01;

% py3_1l=poisspdf (y3,(L1+L1)*T3);

b

% % Four hypotheses

% HOO0=q 2*(pyl_00.*py2_00.*py3_00);
% HO1=q*p*(pyl_01.*py2_01.*xpy3_01);
% H10=pxq* (pyl_10.*py2_10.*py3_10);
% % Note: HO1l is NOT equal to H10.

% Hil=p~2*x(pyl_11.*xpy2_11.*py3_11);
Tl Tt T Toto T To %o o To T o To %o o To %o o To %o o To %o o To 1o o To 7o o To 7o o o

%% Method 1 to compute MAP analytical Pd (old method of <«
2015. It is correct but slow)

% HOO0=hO; HO1=h1l; H10=h2; H11=h3;

b

% % Maximum values in HOO HO1 H10 H11

% ml=max (HOO,HO01); m2=max(ml,H10);

% mx=max(m2,H11); % Maximum value in HOO HO1 H10 H11

YA

% M1=(HOO==mx); M2=(HOl==mx);

% M3=(H10==mx); M4=(H1l==mx);

yA

% % Any 4 hypothesis be equal

% Ji=and (M1 ,and (M2, and (M3,M4)));

% Kil=sum(sum (sum(HOO.*J1))) ;

% M1=("J1) .x(M1);

h M2=("J1) . *x(M2);

h M3=("J1) .*x(M3);

% M4=("J1) .x(M4);

yA

% % Any 3 hypothesis be equal

% J2=and (M1, and (M2,M3));

% K2=sum(sum(sum (HOO.*xJ2)));

145



h
b
b
h
h
b
b
h
h
b
b
h
h
b
b
h
h
h
b
b
h
h
b
b
h
h
b
b
h
h
b
b
h
h

J3=and (M1, and (M2,M4)) ;

K3=sum (sum (sum (HOO0 .*J3))) ;
Ja=and (M1, and (M3 ,M4)) ;

K4=sum (sum (sum (HOO .*J4))) ;
J5=and (M2, and (M3,M4)) ;

K5=sum (sum (sum (HO1.%*J5))) ;
M1=("J2) .%(7J3) .x("J4) .*x(M1);
M2=("J2) .x(7J3) .x(~7J5) .*x(M2);
M3=("J2) .*%("J4) .%(7J5) .*x(M3);
M4=("J3) .%(7J4) . %(7J5) .x(M4);

%» Any 2 hypothesis be equal
J6=and (M1,M2) ;

K6=sum (sum (sum (HOO .*J6))) ;
J7=and (M1,M3) ;

K7=sum (sum (sum (HOO .*J7))) ;
J8=and (M1,M4) ;

K8=sum (sum (sum (HOO0 .*J8))) ;
J9=and (M2,M3) ;

K9=sum (sum(sum (HO1.%J9))) ;
J10=and (M2 ,M4) ;

K10=sum (sum (sum (HO1.%xJ10)) ) ;
Ji1=and (M3 ,M4) ;
Kil=sum(sum(sum(H10.*xJ11)));
M1=("J6) .x(7J7) .%x(7J8) .*x(M1);
M2=("J6) .*(~J9) .*(~J10) .*(M2);
M3=("J7).%(7J9) .*("J11) .*(M3);
M4=(~"J8) .%(~J10) .x(~J11) .x(M4) ;

%» None been equal

Ki12=sum (sum (sum (HOO .*M1))) ;
K13=sum (sum (sum (HO1.%*M2))) ;
K14=sum (sum (sum (H10.%*M3)));
Ki5=sum (sum(sum (H11.%xM4)));
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b

% d=K1+K2+K3+K4+K5+K6+K7+K8+K9+K10+. ..

yA K11+K12+K13+K14+K15; %Probability of correct <
Decisions

b

% Pd=cat (2,Pd,d);

%% Another method to compute MAP's Pd (New Method of 1+«
st Nov 2020)

FOO=((hO >= h1) & (hO >= h2) & (hO>= h3));

FO1=((h1 > h0) & (h1 >= h2) & (hi>= h3));

F10=((h2 >h0) & (h2 > hi1) & (h2>= h3));

F11=((h3 > h0) & (h3 > hl) & (h3> h2));

d3=sum(sum(sum(hO0.*F00)))+sum(sum(sum(hl.*F01)))+sum(sum«
(sum(h2 .*xF10)))+sum(sum(sum(h3.*xF11)));
Pd=cat (2,Pd,d3);

%% Empirical Correct Decision Rate

Do Toto T ToTo T ToTo o To 1o o To 1o To To 1o o To 1o o To 1o o To %o To 1o To To 76 %o To 76 %o To 76 o To 76 %o o 7o

% s is total samples /total ensembles
b=binornd(1l,p,s,2); % sx2 Bernoulli trials
B=b;

b

b=L1*b; % replace 1 with L1 (logical indexing)
b(b(:,:)==0)=L0; % replace 0 with LO

% U=[poissrnd (LO*T1,s,1) poissrnd(L1x*T2,s,1) poissrnd((«+
LO+L1)*T3 ,s,1)1;

x=poissrnd(T1*b(:,1),s,1); % s no. of samples from <

poisson distributed rvs
y=poissrnd(T2*b(:,2),s,1);
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z=poissrnd (T3*(b(:,1)+b(:,2)),s,1);

%» Four hypotheses
H = [gq"2*%poisspdf (x,L0*T1) .*poisspdf (y,L0*T2) .*poisspdf (+
z, (LO+L0O)*T3) ,...
q*p*poisspdf (x,L0*T1) .*poisspdf (y,L1*T2) .*xpoisspdf (z«
,(LO+L1)*T3),
p*q*poisspdf (x,L1*T1) .*xpoisspdf (y,L0*T2) .*xpoisspdf (z«+
, (L1+L0)*T3) ...
p~2*poisspdf (x,L1*T1) .*xpoisspdf (y,L1*T2) .*xpoisspdf (z<
,(L1+L1)*T3) 1;

[mm,k]=max(H,[ 1,2); %Column vector of maximum values <
along row
M=[H(C:,1)==mm H(:,2)==mm H(:,3)==mm H(:,4)==mm]; %<

Location of max. values in H

%% Method 1. Empirical Pd. Flipping a coin to select one<¢+
outcome (01d method of 2015)

T To 1ot T To 1o To o To To %o %o T To To 1o o o To 76 %o %o o To 16 %o o

% N=sum(M,2);

% for k=1:1length(M);

hoif N(k)==2; f=find (M(k,:)); u=unidrnd (2) ;

% if u==1; M(k,:)=0; M(k,f(1))=1;

% elseif u==2; M(k,:)=0; M(k,f(2))=1;

A end

% elseif N(k)==3; f=find(M(k,:)); u=unidrnd (3) ;
% if u==1; M(k,:)=0; M(k,f(1))=1;

% elseif u==2; M(k,:)=0; M(k,f(2))=1;

% elseif u==3; M(k,:)=0; M(k,f(3))=1;

A end

% elseif N(k)==4; f=find (M(k,:)); u=unidrnd (4) ;
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==

T

if u==1; M(k,:)=0;
elseif u==2; M(k,:
elseif wu==3; M(k,:
elseif wu==4; M(k,:
end

end

end

M(k,f(1))=1;

)=0; M(k,f(2))=1;
)=0; M(k,f(3))=1;
)=0; M(k,f(4))=1;

Dol 1ot %l ToTo Voo To To 1o %o % To To 1o %o o To 7o 1o o o To 1o Yo

Tar=zeros (4,s) ;

for j=1:s

if isequal(b(j,:),[LO0 LOI);

Tar(1,j)=1;

elseif isequal (b(j,:),[LO L1]1);

Tar(2,j)=1;

elseif isequal (b(j,:),[L1 LO1);

Tar(3,j)=1;

elseif isequal(b(j,:),[L1 L1]1);

Tar(4,j)=1;
end

end

% plotconfusion(Tar ,H'")
% plotroc(Tar,M')
%bu=unidrnd (2,1,1) -1

% [C,CM,IND,PER] = confusion(Tar ,M');

% Pm=cat(2,Pm,C);

Tp=zeros(1,s);
Z=M";

for r=1:s;

Tp(r)=isequal(Tar(:,r),Z(:,r));

answers

end
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% su=sum(Tp)/s;
% Cd=cat(2,Cd,su);

%% Method 2. Empirical Pd. Flipping a coin to select one<¢
outcome (New Method of 1st Nov 2020)

% Just pick the first 1 along every row in Matrix M.
That's it !

DO=M.*(cumsum(M,2)<2); % One 'l' per row

b

% D1=M.*(cumsum(M,2)<2 & (sum(M,2)==1)); % One '1l' per <«
row

% D2=M.*(cumsum(M,2)<2 & (sum(M,2)==2)); % Two '1l' per <«
row

% D3=M.*x(cumsum(M,2)<2 & (sum(M,2)==3)); % Three 'l' per<+
row

% D4=M.*(cumsum(M,2)<2 & (sum(M,2)==4)); % Four 'l' per <«
row

Tl=zeros(s,1);

T1(b(:,1)==L0 & b(:,2)==L0)=1;
T2=zeros(s,1);

T2(b(:,1)==L0 & b(:,2)==L1)=1;
T3=zeros(s,1);

T3(b(:,1)==L1 & b(:,2)==L0)=1;
T4=zeros(s,1);

T4(b(:,1)==L1 & b(:,2)==L1)=1;
Targets=[T1 T2 T3 T4];

% plotconfusion(Tar,H')

% plotroc(Tar,M')

%u=unidrnd(2,1,1) -1

% [C,CM,IND,PER] = confusion(Tar,M');

Tp=Targets.*D0; ‘%Total correct answers
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su=sum (sum(Tp))/s;
Cd=cat (2,Cd,su);

end

Do

[f1,gl]l=max(MI); % maximum value of MI
v(gl,:)

[f2,g2]=max (Pd); % maximum value of Pd
v(g2,:)

[£3,g3]=max (Cd) ;
v(g3,:)

ft=14; % Font size of labels + legends + axis
% Individual Figures plots
hh
figure;
plot(v(:,3),MI, 'LineWidth',b2);
set (gca, 'FontSize',ft)
xlabel ('$T_3$%$','FontUnits', 'points','FontSize',ft, '+
Interpreter','latex');
ylabel ('$I(X_1,X_2;Y_1,Y_2,Y_3)$','FontUnits', ' 'points',«+
'"FontSize',ft,'Interpreter','latex');
% title(['$\scriptstyle{\mathop {\arg \max }F\limits_{\«
gamma} }\displaystyle I = §'...

yA num2str (v(gl,3)) '$\quad p= $' num2str(p)...
A "$\quad \lambda_0= $' num2str (LO)...
YA '$\quad \lambda_1=$' num2str (L1)
YA "$\quad T=$' num2str(T) '$\quad \scriptstyle{\+
mathop {\arg \max }\limits_{\gammal} }\displaystyle P_d«
= $'...
% num2str(v(g2,3)) ]1,'FontUnits', 'points','FontSize<«

',ft,'Interpreter ', 'latex');
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title(['$\mathop {\arg \max }\limits_{T_3} I = $'...
num2str (v(gl,3)) '$\quad p= $' num2str(p)...
'$\quad \lambda_O0= $' num2str (LO)...
'$\quad \lambda_1=$' num2str (L1)
"$\quad T=3%$' num2str(T) '$\quad \mathop {\arg \max
N\1limits_{\gamma} P_d = $'...
num2str(v(g2,3)) 1, 'FontUnits', 'points', ' 'FontSize',+
ft,'Interpreter','latex');
grid on

% axis tight

Dot
figure;
plot(v(:,3),Pd,'b', 'LineWidth',2);
set (gca, 'FontSize',ft)
xlabel ('$T_3$%$', ' 'FontUnits', 'points','FontSize',ft, '+
Interpreter','latex');
ylabel ('$P_d$ ', 'FontUnits', 'points','FontSize',ft, '+
Interpreter','latex');
title(['$p= $' num2str(p)...
'$\quad \lambda_0= $' num2str (LO)...
'$\quad \lambda_1=$' num2str (L1)
'$\quad T=$' num2str(T)], 'FontUnits', 'points', '«
FontSize',ft,'Interpreter', 'latex');

/A axis tight

hold on; plot(v(:,3),Cd, 'r', 'LineWidth',2);
xlabel ('$T_3%', ' 'FontUnits', 'points','FontSize',ft, '«
Interpreter', 'latex');
ylabel ('$C_d\: $, $\: P_d$','FontUnits','points', '+

FontSize',ft,'Interpreter','latex');

title(['$p= $' num2str(p)...
"$\quad \lambda_0= $' num2str (LO)...
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'$\quad \lambda_1=$' num2str (L1)

"'$\quad T=$' num2str(T) '$\quad \mathop {\arg \max
N\1limits_{T_3} P_d = §'

num2str(v(g2,3)) '$\quad \rm{samples}= $' num2str (s«
)], 'FontUnits', 'points','FontSize',ft,'+

Interpreter','latex');

h=legend ('Analytical ($Pd$) ', 'Empirical ($Cd$)');

set (h, 'FontUnits', 'points','FontSize',ft, 'Location', 't
SouthWest', 'Interpreter','latex');

axis ([0 T 0 11);

grid on

Dot
%» Double axis plot for MI, Pd and Cd.
figure
E=[q"2 px*q p*q p~2]; Hh=-Exlog2(E');
% [AX,H1,H2]=plotyy ([v(:,3)',v(:,3)'],[MI,H*ones (1,
length(v(:,3)))],v(:,3),Pd);
[AX,H1,H2]=plotyy(v(:,3)"',[MI;Hh*ones(1,length(v(:,3)))«+
1,v(:,3),Pd);
set (gca, 'FontSize',ft);
A axis tight

axis (AX(1),'tight');

axis (AX(2),'tight');

/A title (['$\mathop {\arg \max }\limits_{\gammal} I\«
displaystyle I=$' num2str(v(gl,3))...

A '$ \quad p= $' num2str(p) '$ \quad \lambda_0= <+
$' num2str (LO) ...
A "$\quad \lambda_1=$' num2str (L1)
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A "$\quad T=$%' num2str(T) '$\quad \scriptstyle{\«
mathop {\arg \max }\limits_{\gammal}} \displaystyle P_d¢«
= $'...
% num2str(v(g2,3))], 'FontUnits "', 'points', 'FontSize+«+
',ft,'Interpreter ', 'latex');
title(['$\mathop {\arg \max }\limits_{T_3} I=%' <+
num2str(v(gl,3))...
'$ \quad p= $' num2str(p) '$ \quad \lambda_0= $'<
num2str (LO) ...
'$\quad \lambda_1=$' num2str (L1)
"'$\quad T=$' num2str(T) '$\quad \mathop {\arg \max«+
N\1limits_{T_3} P_d = $'...
num2str(v(g2,3))], 'FontUnits', 'points','FontSize',+

ft,'Interpreter','latex');

xlabel ('$T_3$%$', ' 'FontUnits', 'points','FontSize',ft, '+
Interpreter', 'latex');

ylabel (AX(1),'$I \: ,\: H$','FontUnits', 'points', '+
FontSize',ft,'Interpreter','latex'); % left y-axis

ylabel (AX(2),'$P_d$','FontUnits', 'points', ' 'FontSize',ft,¢

"Interpreter','latex'); % right y-axis

set (AX(1),'Position', [0.13 0.11 0.775-.06 0.815]);
set (AX(2),'Position', [0.13 0.11 0.775-.06 0.815]);
% Original position was [0.13 0.11 0.775 0.815]

% Applied change in width: "-.08". Choose as desired

set( H1,'LineWidth' ,2);
set (H1(1,1),'LineStyle','-"',"'Color', 'blue');

set (H1(2,1),"'LineStyle','--"','Color"', 'blue');

set( H2,'LineWidth' ,2);
set (H2, 'LineStyle','-."','Color', 'red"');
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set (AX,{'ycolor'},{'b';'r'});

h=legend ('$I(X_1,X_2;Y_1,Y_2,Y 3)$"',['$H(X_1,X_2)=$"' <«
num2str (Hh)], '$P_d$');

set (h, 'FontUnits', 'points','FontSize',ft, 'Location', 't
SouthWest', 'Interpreter','latex');

% Set the number of ticks on two Y axes
NumTicks = 5;
L = get(AX(1),'YLim"');
set (AX(1),'YTick',linspace(L(1),L(2),NumTicks), 'FontSize+
rLft);

NumTicks = 5;
L = get(AX(2),'YLim");
set (AX(2),'YTick',linspace(L(1),L(2),NumTicks), 'FontSize«

LLEt);
grid on
% set(gcf, 'units', 'normalized', 'outerposition',[0 0 1 <«
11
TolotoToTo o TotoTotoTo toTo 1o o To %o To %o To 1o To 16 fo 16 o To %o To 1o To 76 o 16 o 7o Yo To To o o
toc

F.8 Code for Fig. (2.11) and Fig. (2.12)

% Mutual Information versus time a3, for Full Target <«
Supports
% works with arrayfunc ( ). To use it for GPU

%» Elapsed time is 766.434650 seconds with arrayfun ( )
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% Elapsed time is 807.016181 seconds. seconds seconds <
with for loop
clear all

% close all

tic
% s=10"4; 7 total number of samples / Data point.
% global X Umax yl y2 y3 q

global X K D
X=1; % Total Iterations := (K"2-K)/2 * D

%% Parameters

% P=1/16;

h P=1/8;
P=1/4;

% P=1/2;

% P=1-1/16;

% P=1-1/1024;

h q=1-P;
% T=10; % Total time
D=200; % Total number of data points (T1,T2,T3) for ¢«
each search for optimal value.
Tmax=1; % Maximum total time
v=[linspace(0,Tmax/2,D)"',linspace(0,Tmax/2,D)',linspace (¢«
Tmax ,0,D)"']; % samples of (T1,T2,T3)
%% Grid formation
Umax=5; % Max Limit of L1xT
Umin=0; % Min Limit of L1x*T

K=20; % K x K grid

156



Cl=linspace (Umin,Umax,K) ;

[A1,Bl1]=meshgrid(C1,C1); %X1 := L1.

X1=A1;
Y1=B1;

X1(A1<=B1)=[ ]; % Eliminate the region (L1T<=LOT).

When <

element is eliminated Matlab results the row vector <«

instead of matrix

Y1(A1<=B1)=[ ]; % Eliminate the region (L1T<=LOT).

% X1(A1<=B1)=0; % Replace every element in matrix X1 ¢«

with O whenever X1<=Y1

% Y1(A1<=B1)=0; % Replace every element in matrix Y1 <«

with 0 whenever X1<=Y1

% hth my_MI_2.m grid (This grid is fixed for all values <«

of LO and L1). So calculated only once and for all.

% e=eps(0.5);
% yl_max=poissinv(l-e,Umax) ;

% y3_max=poissinv(l-e,2*Umax);

% [yl,y2,y3]=meshgrid(0:yl_max ,0:yl_max,0:y3_max);

%% Computations start

T3_0=zeros(size(X1,1),size(X1,2));
containing the optimal T3 value
LOT)

MI_O=zeros(size(X1,1),size(X1,2));
containing the optimal T3 value
LOT)

for k=1:size(X1,1)

for 1=1:size(X1,2)

» if X1(k,1)==0 % To avoid running
the region L1T<=LOT
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b
b
b

T3_0(k,1)=0;
else
Tmax=X1(k,1);

% v=[linspace (0, Tmax/2,D)',linspace(0,Tmax/2,D)"',+
linspace (Tmax ,0,D) ']; % samples of (T1,T2,T3)

% sum(v,?2)

% keyboard

h if X==

% keyboard

% end

N=length(P); %Number of probability points

o_MI=[ 1;

0_T3=[ 1;

% 0_p= [ 1;

% m_info=[ 1;

for j=1:N

p=P(j); % Probability of 1 (higher rate)

% q=1-p;

h MI=[ 1;

% for i=1:length(v);

% [m,h0,h1,h2,h3]=MI_new(p,Y1(k,1l),X1(k,1),v(i,1),v(i,2)«
,v(i,3)); % Evaluate mutual information for each <
point (T1,T2,T3).

% [m,h0,h1,h2,h3]=MI_2(p,Y¥1(k,1),X1(k,1),v(i,1),v(i,2),¢
v(i,3)); % Evaluate mutual information for each point+

(T1,T2,T3).

% [m,h0,h1,h2,h3]=MI_2(p,Y1(k,1)/X1(k,1),1,v(i,1),v(i,2)«

,v(i,3)); % Evaluate mutual information for each <«

b

point (T1,T2,T3).
[m,h0,h1,h2,h3]=new_MI_2(p,Y1(k,1)/X1(k,1),1,v(i,1),v(%
i,2),v(i,3)); % Evaluate mutual information for each <
point (T1,T2,T3).
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% [m,h0,h1,h2,h3]=My_MI(p,Y1(k,1)/X1(k,1),1,v(i,1),v(i+
,2) ,v(i,3)); % Evaluate mutual information for each <«
point (T1,T2,T3).

% [ml=my_MI_2(p,Y1(k,1)/X1(k,1),1,v(i,1),v(i,2),v(i,3));«

%» Evaluate mutual information for each point (T1,T2,«
T3).

% [m]l=my_MI_2(p,Y1(k,1),X1(k,1),v(i,1),v(i,2),v(i,3)); <«
% Evaluate mutual information for each point (T1,T2,T3«
).

% m=arrayfun(@my_MI_3,gpuArray(p*ones(size(v,1) ,1)),+
gpuArray (Y1(k,1l)*ones(size(v,1) ,1)),gpulrray (X1(k,1)*+
ones (size(v,1) ,1)) ,gpulArray(v(:,1)) ,gpulrray(v(:,2)) ,+
gpulArray (v(:,3)));

% It is under construction

m=arrayfun (@my_MI_3 ,p*ones(size(v,1),1),Y1(k,1l)*ones (+
size(v,1) ,1),X1(k,1)*ones (size(v,1) ,1),v(:,1),v(:,2),ve
(:,3)); %» It works great. Faster than for loop.

% [ml=my_MI_3(p,Y1(k,1),X1(k,1),v(i,1),v(i,2),v(i,3)); <+
% Evaluate mutual information for each point (T1,T2,T3«
).

% MI=cat(2,MI,m);

MI=m;

% end

TolotoToToloTo T TotoTo 1o To 16l To %o To 1o To 1o To 16 o To o To To To 16 To 16 o 1o o To Fo To 1o o 16 o 76 o
[f1,gl]l=max(MI); % maximum value of MI

hovigl,:)

% m_info=cat(1l,m_info ,MI); % size: length(P) X D

O_MI=cat(2,0_MI,f1); % Optimal MI size: 1 X length(P)

0_T3=cat(2,0_T3,v(gl,3)); % Optimal T3 size: 1 X <«
length (P)

end

T3_0(k,1)=0_T3;
MI_0(k,1)=0_MI;
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% end

end

end

H=-[1-p pl*log2([1-p pl")*2; % H ( X )

Dot

% figure

% scatter (X1,Y1,[ ] ,'filled"')

% ylabel('$\lambda_O0 \cdot T$','Interpreter', 'latex');

% xlabel ('$\lambda_1 \cdot T$','Interpreter', 'latex');

% title({['$ \rm{Grid \: for \:} \lambda_1 T> \lambda_0 <
T $'1}, 'Interpreter ', 'latex');

% axis tight

% grid on

Dot

figure

% nexttile

scatter (X1,Y1,100,MI_0 ,'filled');

ylabel ('$\lambda_0 \cdot T$','FontSize',14,'Interpreter '+
,'latex');

xlabel ('$\lambda_1 \cdot T$','FontSize',14,'Interpreter '«
,'latex');

h otitle({['$ p=$"'...

A num2str (p) '$\quad T=$' num2str (Tmax) '$\quad H(X)<+
=$' num2str(H)],...

% ['$ (T_1,T_2,T_3) := (\frac{T-\alphal}{2},\frac{T-\«
alpha}{2},\alpha); \quad 0 \le \alpha \le T.$']l}, '«

Interpreter ', 'latex');

title({['$ p=3%"'...
num2str (p) '$\quad H(X)=$' num2str(H)]}, 'FontSize '+

,14,'Interpreter','latex');

caxis ([0 max(MI_0)]); % maps blue to O and red to ¢«

maximum value

160



colormap (jet (256)) ;

h=colorbar;

% h.Limits = [0 max(MI_0)];

% set(h, 'ylim', [min(MI_0) max(MI_0)])

ylabel(h,'$I"0(X;Y)$', 'FontUnits', 'points', 'FontSize'<+
,14,'interpreter','latex');

axis tight

grid on

Dot

figure

% nexttile

% scatter (reshape(X1,1,numel (X1)),reshape(Y1,1,numel (Y1)«
) ,60,reshape(T3_0,1,numel (T3_0)),"'filled ")

%h X1(T3_0==0)=[ 1;

%h Y1(T3_0==0)=[ 1;

%h T3_0(T3_0==0)=[ 1;

scatter (X1,Y1,100,T3_0,'s"',"'filled"');

ylabel ('$\lambda_0 \cdot T$','FontSize',14,'Interpreter '«
,'latex');

xlabel ('$\lambda_1 \cdot T$','FontSize',14,'Interpreter'<
,'latex');

% title({['$ \rm{Optimal \: joint \: sensing \: time \: ¢
(Nalpha®o0) \: in \: region \:} \lambda_1 T> \lambda_0
T $'1,...

/A ['$p=$%' num2str(p) '$\quad H(X)=$' num2str(H)]}, '+

Interpreter ', 'latex');

title ({['$p=%"' num2str(p) '$\quad H(X)=$' num2str(H)]1}, '+

FontSize',14,'Interpreter','latex');
caxis ([0 Tmax]); % maps blue to O and red to maximum <

value

h=colorbar;
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% h.Limits = [0 Tmax];

colormap (jet (256));

% h=colorbar;

% h.Limits = [0 Tmax];

% set(h, 'ylim', [min(T3_0) max(T3_0)])

ylabel (h, '$\alpha~0$', ' 'FontUnits', 'points', 'FontSize'<+"
,14,'interpreter', 'latex');

axis tight;

grid on;

Dot

Bw=T3_0;

BW(T3_0 >0 )=1;

BW(T3_0 == 0)=0;

figure

% scatter (X1,Y1,100,BW,'s','filled"')

gscatter ([X1 max(X1) max(X1)],[Yl -1 -2 J,[BW O 1], 'rb'«
,L 1,35) % Point (max(X1),-1) is included to make the <
extra group visible in legend

ylabel ('$\lambda_0 \cdot T$','FontSize',14,'Interpreter '
,'latex');

xlabel ('$\lambda_1 \cdot T$','FontSize',14,'Interpreter'<
,'latex');

title({['$p=$%' num2str(p) '$\quad H(X)=$' num2str(H)]}, '+
FontSize',14,'Interpreter','latex');

% caxis ([0 1]); % maps blue to 0 and red to maximum <
value

% h=colorbar;

% colormap (gray(2));

% ylabel(h,'$\alpha~o0$','FontUnits','points', 'FontSize+«
',14,'interpreter ', 'latex');

h=legend ('$\alpha“o = 0 $','$\alpha”o > 0$');

set (h, 'FontUnits', 'points','FontSize',14, " 'Interpreter', '«
latex');

axis tight;
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axis ([min(X1) max(X1) min(Y1) max(Y1)]);
grid on;
YA

cmap = colormap;

sl=length(unique (cmap, 'rows')); % no. of distinct colors«

used in cmap

formatSpecl = 'no. of distinct colors used in cmap:

thd \n';
fprintf (formatSpecl,bsl)
s2=length (unique(T3_0)); % no. of unique
values
formatSpec2 = 'no. of distinct values in
\t\t%d \n';
fprintf (formatSpec2,s2)

s3=nnz(T3_0); % no. of non zero elements

formatSpec3 'no. of non-zero values in
\t%hd \n';

fprintf (formatSpec3,s3)

optimal T3 <«

T3_0 : <«

in optimal T3
T3_0

s4= sum(T3_0==Tmax); % no. of ones in optimal T3

formatSpec4 = 'no. of omnes in T3_0 : <«
\t\t%d \n';
fprintf (formatSpec4 ,bs4)

sb= sum(T3_0==0); % no. of zeros in optimal T3

formatSpecb = 'no. of zeros in T3_0 : <
\t\t%d \n';
fprintf (formatSpec5,sb)

s6=numel (T3_0); % no. of zeros in optimal T3

formatSpec6 = 'no. of elements in T3_0
\t\t%d \n';
fprintf (formatSpec6,s6)

toc
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F.9 Code for Fig. (3.2). (Include code [F.18.4)

% Gaussian Monte Carlo MI vs. T3 and Pd vs. T3 for Full <«
Target Support

clear all

% close all

tic

global X N C NN iter % It is introduced to count the <
number of function calls.

X=1; % Total Iterations := (K"2-K)/2 * D

N=2; % Number of bins/targets

C=diag([1 1 1]); Y%Covariance matrix of component <
multivariate Gaussian

NN=10"7; % Monte Carlo Samples per dimension

%% Parameters

% P=1/16;
% P=1/8;
p=0.125/8;
LO=1; L1=20;
T=1; % Maximum total time
h P=1/2;
%h P=1-1/16;
h P=1-1/1024;
% q=1-P;
% T=10; % Total time

D=400; % Total number of data points (T1,T2,T3) for
each search for optimal value.

v=[linspace(0,T/2,D)"',linspace(0,T/2,D)"',linspace(T,0,D)«+
'l; % samples of (T1,T2,T3) % Constrained
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% v=[linspace(0,T,D)',linspace(0,0,D)"',linspace(0,0,D)«
'1; % samples of (T1,T2,T3) % UnConstrained
K=1; % K x K grid
q=1-p;
iter=D;

MI=[ 7J;
cd=[ 1;
% Pd=[ 1;

% for i=1:1length(v);
% [m,h0,h1,h2,h3]=MI_2(p,L0,L1,v(i,1),v(i,2),v(i,3)); %+
Evaluate mutual information for each point (T1,T2,T3)<«+

% [m,h0,h1,h2,h3]=MI_new(p,LO,L1,v(i,1),v(i,2),v(i,3)); «
%» Evaluate mutual information for each point (T1,T2,+
T3).

[m,idn]=arrayfun(@Gauss_MI_2 ,p*ones(size(v,1),1),LO*ones<+
(size(v,1) ,1),Lli*ones(size(v,1) ,1),sqrt(v(:,1)),sqrt (v
(:,2)),sqrt(v(:,3))); % It works great. Faster than <«
for loop.

% MI_new handles the L0O=0 situation
MI=cat (2,MI ,m) ;
Cd=cat(2,Cd,idn/NN) ;

%ot

[f1,gl]l=max(MI); % maximum value of MI
v(gl,:)

% [f2,g2]=max (Pd); % maximum value of Pd
h ov(g2,:)
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[£3,g3]=max (Cd) ;
v(g3,:)

ft=14; % Font size of labels + legends + axis

Dot

% figure;

% plot(v(:,3),MI, 'LineWidth',2);

% set(gca,'FontSize',ft)

% xlabel ('$T_3$','FontUnits','points', 'FontSize',ft, '«
Interpreter ', 'latex');

% ylabel ('$I(X_1,X_2;Y_1,Y_2,Y_3)$','FontUnits', 'points«+

','FontSize',ft,'Interpreter','latex');

% title(['$\mathop {\arg \max }I\limits_{T_3} I = $'...
yA num2str(v(gl,3)) '$\quad p= $' num2str(p)...
yA "$\quad \lambda_0= $' num2str (LO)...
yA "$\quad \lambda_1=$' num2str(L1)
yA "$\quad T=$%$' num2str(T) '$\quad \mathop {\arg \«
max F\limits_{T_3} C_d = $§'...
A num2str (v(g3,3)) ], 'FontUnits', 'points','FontSize<
',ft,'Interpreter ', 'latex');
% grid on
Dot
figure
E=[q"2 ©p*q p*q p~2]; Hh=-Exlog2(E');
yyaxis left
% ax(1)=plot(v(:,3)',[ MI' ; Hhxones (1,length(v(:,3))«
)], 'LineWidth',2);
plot(v(:,3)"'",[ MI' ; Hhxones(1,length(v(:,3)))], '«

LineWidth',2);

ylabel ('$I \: ,\: H$','FontUnits','points','FontSize',ft«
, ' Interpreter','latex'); % left y-axis

ylim ([0 Hh])
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yyaxis right
% ax(2)=plot(v(:,3)',Cd', 'LineWidth',2);
plot(v(:,3)',Cd', 'LineWidth',2);
ylabel ('$P_d$', 'FontUnits', 'points','FontSize',ft, '«
Interpreter','latex'); % right y-axis
ylim ([0 1]1)
set (gca, 'FontSize',ft);
% linkaxes(ax, 'x"');
title(['$\mathop {\arg \max }\limits_{T_3} I=%' <«
num2str(v(gl,3))...
'$ \quad p= $' num2str(p) '$ \quad \lambda_0= $'<
num2str (LO) ...
'$\quad \lambda_1=$' num2str (L1)
"'$\quad T=$' num2str(T) '$\quad \mathop {\arg \max<+
N\1limits_{T_3} P_.d = $'...
num2str(v(g3,3))], 'FontUnits', 'points','FontSize',¢+

ft,'Interpreter','latex');

xlabel ('$T_3$', ' 'FontUnits', 'points','FontSize',ft, '+
Interpreter', 'latex');
h=legend ('$I(X_1,X_2;Y_1,Y_2,Y_3)$"',['"$H(X_1,X_2)=%"' <«
num2str (Hh)], '$P_d$');
set (h, 'FontUnits', 'points','FontSize',ft, 'Location', 't
SouthWest','Interpreter', 'latex');
grid on

toc

F.10 Code for Fig. (3.3). (Include code [F.18.5)
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%% Two bin Simulation

clear all

% close all

tic

global X N C NN iter

X=1;

%n=50;k=3;nchoosek (n+k-1,k-1)

T=10; % Total time available

N=2; % Number of bins/targets

C=diag([1 1 1]1); %Covariance matrix of component <
multivariate Gaussian

NN=10"6; % Monte Carlo Samples per dimension

% v=[ 1; %initialize an empty matrix

% p=0.125/2;

p=0.99;

q=1-p;

LO=0;

L1=2;

%% (T1,T2,T3) Grid Generation

% Method 1

% d=0.02; % mathematica d = 0.1; T = 7; Sum[(d*x + d*xy +<
d*z) /Tx*. ..

% h Boole [d*x + dxy + dxz == T], {x, 0, T/d}, {y, 0, T«

/d}, {z, 0, T/d}]

% % Matlab n=T/d;k=3;nchoosek(n+k-1,k-1)

b h

% for i=0:4:T;

% for j=0:4:T;

% for k=0:d:T;

YA

% u=[i j kI1;
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YA

% ff=sum(u,?2);

% if (abs(ff-T)< eps(16)); v=cat(l,v,u); end
% end

% end

% end

% Method 2

%% Triangular grid generation from 2D-meshgrid.

d=0.05;

[x,y]l=meshgrid(0:d:T,0:d:T);

u=(((x+y)<= T) & (y <= x)); % union of two regions: the «
first norm <= T and y<=x. This is the right anlge <>
triangle.

X=X .*%U;

Y=Y kU

x(x==0 & u==0)=NaN; % to NOT let exclude the points (x¢
,0). NaN is used to later remove it from array.

y(y==0 & u==0)=NalN; 7% to NOT let exclude the points (x¢+
,0)

w=(isnan(x)) .*(isnan(y)); % One in our region of <

interest.
z=T-(x+y); % generate z-co-ordinates by T=T1+T2+T3
x=reshape(x,1,numel(x)); % To removes NalNs we first have<+
reshaped
y=reshape(y,1,numel (y));

z=reshape(z,1,numel (z));

x=rmmissing(x); % remove NaNs
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y:
Z:

V=

rmmissing (y);
rmmissing (z) ;

[x' y'" z']; % Res

iter= length(v);
%% Computation of MI

/)

b

b

b

)

b
b

a:

a=zeros (1,length(v)); b=zeros(l,length(v));c=zeros(l,«+
length(v));

for i=1:1length(v);

[a(i)]=MI_2(p,LO0,L1,v(i,1),v(i,2),v(i,3)); % Evaluate<+
mutual information for each point (T1,T2,T3).

% [a(i)]=MI_new(p,LO,L1,v(i,1),v(i,2),v(i,3)); % «
Evaluate mutual information for each point (T1,T2,T3).

% [a(i)]=my_MI_3(p,LO,L1,v(i,1),v(i,2),v(i,3)); % «
Evaluate mutual information for each point (T1,T2,T3).

end

a=arrayfun (@Gauss_MI_2 ,p*ones(size(v,1) ,1) ,LO*ones (+
size(v,1) ,1) ,Li*xones(size(v,1),1),v(:,1),v(:,2),v(:,3)«
)

arrayfun (@Gauss_MI ,p*ones(size(v,1),1) ,LO*ones(size (v
,1) ,1) ,Li*ones (size(v,1) ,1),sqrt(v(:,1)),sqrt(v(:,2)),«
sqrt (v(:,3))); % sqrt(v)

ml=(x'==y'); % To find maximum only when T1=T2

[e,fl=max(ml.*a);

v(f,:)

b

[e,fl=max(a);

hov(f,:)
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%% Plotting

figure

set (gca, 'FontSize' ,14)

% scatter3(v(:,1),v(:,2),v(:,3),[ J,a,'filled"');

scatter3 ([ v(:,1) ; v(:,2) 1 , [ v(:,2) ; v(:,D)¢

1, [v(:,3) ; v(:,3)], [ ] , [a ; «

al] ,'filled'); % Symmetry induced in the plot

hold on

scatter3(v(f,1),v(f,2),v(f,3),[ 1,1, '+w');

colormap (jet (256));

axis equal;grid on;

h=colorbar; view(135,atand(1/sqrt(2))) ;

ylabel (h, '$I$"', 'FontUnits', 'points','FontSize',14, '«
interpreter', 'latex');

xlabel ('$T_1$', 'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

ylabel ('$T_2$', 'FontUnits', 'points','FontSize',14, '+
interpreter', 'latex');

zlabel ('$T_3$', 'FontUnits', 'points','FontSize',14, '+

interpreter','latex');

title(['$ \scriptstyle{\mathop {\arg \max }\limits_{(T_1+¢

,T_2,T_3)Y I}=$(' num2str(v(f,1)) '$.$" num2str (v (f«
»2)) ...

'$,%" num2str(v(f,3)) '$) \quad p= $' num2str (num2str (+«
p, ' %h.6£"))

"$\quad \lambda_0= $' num2str (LO)...
"$\quad \lambda_1=$' num2str(L1)],'FontUnits','points',+

"FontSize',14, 'Interpreter','latex');

figure
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ft=14; Y%font size

E=[q"2 ©p*q p*q p~2]; Hh=-Exlog2(E');

plot(v(:,3)"',Hh*ones(1,length(v(:,3))),'b', 'LineWidth'«>
2) 5

set (gca, 'FontSize',ft);

xlabel ('$T_3%', 'FontUnits', 'points','FontSize',ft, '«
Interpreter','latex');

ylabel ('$H$ ', 'FontUnits', 'points','FontSize',ft, '+
Interpreter','latex');

hold on;

ml = ( x'==y' ); % To find maximum only when T1=T2

ml=double(ml); % logical to double. Otherwise NaN would <
not be replacable by O in logical ml.

ml( m1 == 0 ) = NalN; % Replace O with NaNs (to <«
preserve the actual zeros in x )

xx=rmmissing(ml.*a); % remove NalNs

yy=rmmissing (ml.*v(:,3)); % remove NalNs

plot(yy,xx,'r','LineWidth"',2);

title ({['$\scriptstyle{\mathop {\arg \max }\limits_{T3} <«
MI} = $'...

num2str(v(f,3)) '$\quad p= $' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"'$\quad \lambda_1=$' num2str (L1)

"$\quad T=$' num2str(T)]}, 'FontUnits', 'points','FontSize<+
',ft,'Interpreter','latex');

h=legend ('$H(X)$', '$H(Y)$"');

set (h, 'FontUnits', 'points','FontSize',ft,'Interpreter', '«
latex');

grid on

172



F.11 Code for Fig. (3.4

T

cl
yA
ti

Gaussian Monte Carlo MI vs.

F.18.4)

) and Fig. (

Target Support

ear all
close all

C

3.5

). (Include code

T3 and Pd vs. T3 for Full «

global X N C NN iter % It is introduced to count the <«

X:
N=

C=diag([1 1 11);

NN

hh
b
h
p
L
T
hh
h
b
h
h

D=

number of function calls.

1; % Total Iterations :=

(K"2-K) /2 x

2; % Number of bins/targets

multivariate Gaussian

D

hCovariance matrix of component <

=10"7; % Monte Carlo Samples per dimension

=1; % Maximum total time

Total time

Parameters
P=1/16;
P=1/8;
=0.125/8;
0=1; L1=20;
P=1/2;
P=1-1/16;

P=1-1/1024;
q=1-P;

T=10; yA

400; % Total number of data points (T1,T2,T3) for <«

each search for optimal value.
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v=[linspace(0,T/2,D)"',linspace(0,T/2,D)"',linspace(T,0,D)«+
']; % samples of (T1,T2,T3) % Constrained
% v=[linspace(0,T,D)"',linspace(0,0,D)"',linspace(0,0,D)+
'1; % samples of (T1,T2,T3) % UnConstrained
K=1; % K x K grid
q=1-p;
iter=D;

MI=[ J;
ca=[ 1;
% Pd=[ 1;

% for i=1:length(v);
% [m,h0,h1,h2,h3]=MI_2(p,L0,L1,v(i,1),v(i,2),v(i,3)); %
Evaluate mutual information for each point (T1,T2,T3)<

% [m,h0,h1,h2,h3]=MI_new(p,LO,L1,v(i,1),v(i,2),v(i,3)); «
%» Evaluate mutual information for each point (T1,T2,¢+
T3).

[m,idn]=arrayfun(@Gauss_MI_2 ,p*ones(size(v,1),1),LO*ones+
(size(v,1),1),Ll%ones(size(v,1),1),sqrt(v(:,1)),sqrt (v
(:,2)),sqrt(v(:,3))); % It works great. Faster than <«
for loop.

% MI_new handles the L0=0 situation
MI=cat (2,MI ,m) ;
Cd=cat (2,Cd, idn/NN) ;

Do

[f1,gl]l=max(MI); % maximum value of MI
v(gl,:)

% [£f2,g2]=max (Pd); % maximum value of Pd
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hov(g2,:)

[f3,g3]=max (Cd) ;
v(g3,:)

ft=14; % Font size of labels + legends + axis

Dot

% figure;

% plot(v(:,3),MI, 'LineWidth',2);

% set(gca,'FontSize',ft)

% xlabel('$T_3$','FontUnits', 'points','FontSize',ft, '+
Interpreter ', 'latex');

% ylabel ('$I(X_1,X_2;Y_1,Y_2,Y_3)$','FontUnits', 'points«+

','FontSize',ft,'Interpreter','latex');

% title(['$\mathop {\arg \max }\1limits_{T_3} I = §'
yA num2str(v(gl,3)) '$\quad p= $' num2str(p)...
A "$\quad \lambda_0= $' num2str (LO)...
pA "$\quad \lambda_1=$' num2str(L1)
YA "$\quad T=$' num2str(T) '$\quad \mathop {\arg \«
max F\limits_{T_3} C_d = $§'...
% num2str(v(g3,3)) 1,'FontUnits', 'points','FontSize<+
',ft,'Interpreter','latex');
% grid on
Dot
figure
E=[q~2 ©p*q p*q p~2]; Hh=-Exlog2(E');
yyaxis left
% ax(1)=plot(v(:,3)',[ MI' ; Hh*ones (1,length(v(:,3))«
)], 'LineWidth',2);
plot(v(:,3)',[ MI' ; Hh*ones(1l,length(v(:,3)))], '<

LineWidth' ,2);
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ylabel ('$I \: ,\: H$','FontUnits','points','FontSize',ft«
, ' Interpreter','latex'); % left y-axis
ylim ([0 HhI)

yyaxis right
% ax(2)=plot(v(:,3)',Cd', 'LineWidth',2);
plot(v(:,3)',Cd', 'LineWidth',b2);
ylabel ('$P_d$', 'FontUnits', 'points','FontSize',ft, '«
Interpreter','latex'); % right y-axis
ylim ([0 1]1)
set (gca, 'FontSize',ft);
% linkaxes(ax,'x');
title(['$\mathop {\arg \max }\limits_{T_3} I=3%' <
num2str(v(gl,3)) ...
'$ \quad p= $' num2str(p) '$ \quad \lambda_0= $'«
num2str (LO) ...
'$\quad \lambda_1=$' num2str (L1)
"'$\quad T=$' num2str(T) '$\quad \mathop {\arg \max+
N\1limits_{T_3} P_.d = §'...
num2str (v(g3,3))], 'FontUnits', 'points', ' 'FontSize',+

ft,'Interpreter','latex');

xlabel ('$T_3%', 'FontUnits', 'points','FontSize',ft, '«
Interpreter','latex');
h=legend ('$T(X_1,X_2;Y_1,Y_2,Y_3)$',['$H(X_1,X_2)=$"' «
num2str (Hh)], '$P_d$');
set (h, 'FontUnits', 'points','FontSize',ft, 'Location', 't
SouthWest', 'Interpreter','latex');
grid on

toc
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F.12 Code for Fig. (3.6) and Fig. (3.7). (Include code

F.18.4)

% Mutual Information versus time a3, for Full Target ¢+
Supports

% works with arrayfunc ( ). To use it for GPU

% Elapsed time is 766.434650 seconds with arrayfun ( )

% Elapsed time is 807.016181 seconds. seconds seconds <
with for loop

clear all

% close all

tic
% s=10"4; ¥ total number of samples / Data point.
% global X Umax y1 y2 y3 q

% global X K D

global X N C NN iter % It is introduced to count the <
number of function calls.

X=1; % Total Iterations := (K"2-K)/2 * D

N=2; % Number of bins/targets

C=diag([1 1 1]); Y%Covariance matrix of component <
multivariate Gaussian

NN=10"4; % Monte Carlo Samples per dimension

%% Parameters

h P=1/16;
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h P=1/8;

P=0.99;

% P=1/2;

% P=1-1/16;

h P=1-1/1024;

% q=1-P;

% T=10; % Total time

D=400; % Total number of data points (T1,T2,T3) for <«

each search for optimal value.

Tmax=1; % Maximum total time

v=[linspace(0,Tmax/2,D)"',linspace(0,Tmax/2,D)',linspace (¢«

Tmax ,0,D) '];
% iter= length(v);
%% Grid formation
Umax=5;
% Umax=20; %

Umin=0;

% K=30; % K x K grid
K=20; % K x K grid

iter= ((K~2-K)/2%D);
Cl=linspace (Umin,Umax ,K);
[A1,Bl]l=meshgrid(C1,C1); %X1 :=
X1=A1;

Y1=B1;

X1(A1<=B1)=[ 1; %

element is eliminated Matlab

Eliminate the

instead of matrix

Y1(A1<=B1)=[ J]; % Eliminate the

178

% samples of (T1,T2,T3)

% Max Limit of Li1x*sqrt(T)
Max Limit of L1x*T
% Min Limit of Li1x*sqrt(T)

L1. X2:=LO0.T

region (L1T<=LOT). When <

results the row vector <«

region (L1T<=LOT).



b

/)

b

b
b
b
b

X1(A1<=B1)=0; % Replace every element in matrix X1 <«
with O whenever X1<=Y1
Y1 (A1<=B1)=0; % Replace every element in matrix Y1
with O whenever X1<=Y1

%t my_MI_2.m grid (This grid is fixed for all values <«
of LO and L1). So calculated only once and for all.
e=eps (0.5) ;

yl_max=poissinv(l-e,Umax) ;

y3_max=poissinv(l-e,2*Umax) ;

[yl,y2,y3]=meshgrid (0:yl_max ,0:yl_max,0:y3_max);

%% Computations start

T3_0=zeros(size(X1,1) ,size(X1,2)); % Zero Matrix <«

containing the optimal T3 value for each pair of (L1T,¢
LOT)

MI_O=zeros(size(X1,1),size(X1,2)); % Zero Matrix <«

containing the optimal T3 value for each pair of (LIT,+
LOT)

ID_O=zeros(size(X1,1),size(X1,2)); % Zero Matrix <«

containing the optimal T3 value for each pair of (LIT,+«
LOT)

IDT3_0=zeros(size(X1,1) ,size(X1,2)); % Zero Matrix <«

containing the optimal T3 value for each pair of (LIT,+«
LOT)

for k=1:size(X1,1)
for 1=1:size(X1,2)

b

b
b
b
b

if X1(k,1)==0 % To avoid running the optimization in <
the region L1T<=LOT

T3_0(k,1)=0;

else

Tmax=X1(k,1);

Tmax=1; % Maximum total time
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% v=[linspace (0, Tmax/2,D)"',linspace(0,Tmax/2,D)"',+
linspace (Tmax,0,D) ']; % samples of (T1,T2,T3)

% iter= length(v);

% v=[linspace (0, Tmax/2,D)',linspace(0,Tmax/2,D)"',+
linspace (Tmax ,0,D) ']; % samples of (T1,T2,T3)

% sum(v,?2)

% keyboard

%hoif X==

% keyboard

% end

n=length(P); %Number of probability points
0_MI=[ 1;

0_T3=[ 1;

0_ID=[ 1;

0_IDT3= [ 1;

% 0_p= [ 1;

% m_info=[ 1;

for j=1:n

p=P(j); % Probability of 1 (higher rate)
%h q=1-p;

h MI=[ 1;

% for i=1:length(v);

% [m,h0,h1,h2,h3]=MI_new(p,Y¥1(k,1),X1(k,1),v(i,1),v(i,2)«
,v(i,3)); % Evaluate mutual information for each <«
point (T1,T2,T3).

yA [m,h0,h1,h2,h3]=MI_2(p,Y1(k,1),X1(k,1),v(i,1),v(i,2),«
v(i,3)); % Evaluate mutual information for each point+

(T1,T2,T3).

% [m,h0,h1,h2,h3]=MI_2(p,Y¥1(k,1)/X1(k,1),1,v(i,1),v(i,2)«
,v(i,3)); % Evaluate mutual information for each <«
point (T1,T2,T3).
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% [m,h0,h1,h2,h3]=new_MI_2(p,Y1(k,1)/X1(k,1),1,v(i,1),v(+
i,2),v(i,3)); % Evaluate mutual information for each <«
point (T1,T2,T3).

% [m,h0,h1,h2,h3]=My_MI(p,Y1(k,1)/X1(k,1),1,v(i,1),v(i«
,2),v(1,3)); % Evaluate mutual information for each <«
point (T1,T2,T3).

% [ml=my_MI_2(p,Y¥1(k,1)/X1(k,1),1,v(i,1),v(i,2),v(i,3));«

% Evaluate mutual information for each point (T1,T2,<+
T3).

% [ml=my_MI_2(p,Y1(k,1),X1(k,1),v(i,1),v(i,2),v(i,3)); <«
% Evaluate mutual information for each point (T1,T2,T3«
).

%» m=arrayfun(@my_MI_3,gpuArray(p*ones(size(v,1) ,1)),+
gpuArray (Y1 (k,1l)*ones(size(v,1) ,1)) ,gpulrray(X1(k,1)*«+
ones (size(v,1) ,1)),gpulArray(v(:,1)) ,gpulrray(v(:,2)) ,«
gpuArray(v(:,3)));

% It is under construction

% m=arrayfun(@my_MI_3 ,p*ones(size(v,1),1),Y1(k,1)*ones (+
size(v,1),1),X1(k,1)*ones(size(v,1) ,1),v(:,1),v(:,2),ve
(:,3)); % It works great. Faster than for loop.

% [ml=my_MI_3(p,Y1(k,1),X1(k,1),v(i,1),v(i,2),v(i,3)); <«
% Evaluate mutual information for each point (T1,T2,T3+«
).

[m,idn]=arrayfun(@Gauss_MI_2 ,p*ones(size(v,1),1),Y1(k,1)+
xones (size(v,1) ,1),X1(k,1)*ones(size(v,1) ,1),sqrt (v
(:,1)),sqrt(v(:,2)),sqrt(v(:,3))); % It works great.

Faster than for 1loop.

h MI=cat (2,MI,m);

MI=m;

ID=idn/NN;

% end

Dot hToToTohToTo 1o %ol ToTo %o %o To To 1o %o To To 76 %o %o To 1o 1o o To To 1o Fo o To 1o 1o o To 1o 1o %o o o
[f1,gl]l=max(MI); 7% maximum value of MI
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[r1,s1]=max(ID); % maximum value of MI

hovigl,:)

%» m_info=cat(1l,m_info ,MI); % size: length(P) X D

O_MI=cat(2,0_MI,f1); % Optimal MI size: 1 X length(P)

0_T3=cat(2,0_T3,v(gl,3)); % Optimal T3 size: 1 X <«
length (P)

0_ID=cat(2,0_ID,r1); %» Optimal MI size: 1 X length(P)

0_IDT3=cat(2,0_IDT3,v(s1,3)); % Optimal T3 size: 1 X ¢«
length (P)

end

T3_0(k,1)=0_T3;
MI_0(k,1)=0_MI;
ID_0(k,1)=0_ID;
IDT3_0(k,1)=0_IDT3;
% end
end
end
H=-[1-p pl*log2([1-p pl')*2; % H ( X )
Dot
% figure
% scatter(X1,Y1,[ 1 ,'filled')
% ylabel ('$\lambda_0 \cdot T$','Interpreter', 'latex');
% xlabel ('$\lambda_1 \cdot T$','Interpreter', 'latex');
% title({['$ \rm{Grid \: for \:} \lambda_1 T> \lambda_0 <«
T $'1}, 'Interpreter ', 'latex');
% axis tight
% grid on
Dot
figure
% nexttile
scatter (X1,Y1,100,MI_0 ,'filled')
ylabel ('$\lambda_0 $','FontSize',14,'Interpreter', 'latex<¢
DI
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xlabel ('$\lambda_1 $','FontSize',14,'Interpreter', 'latex+
|),
% title({['$ p=%'...

A num2str (p) '$\quad T=$' num2str (Tmax) '$\quad H(X)+
=$' num2str(H)], ...

pA ['$ (T_1,T_2,T_3) := (\frac{T-\alphal}{2},\frac{T-\«+
alpha}{2},\alpha); \quad 0 \le \alpha \le T.$']l}, '«
Interpreter ', 'latex');

title({['$ p=9%"'...
num2str (p) '$\quad H(X)=$' num2str (H) '$\quad T=$' <
num2str (Tmax)]}, 'FontSize',14, 'Interpreter','latex<
|),

caxis ([0 max(MI_0)]); % maps blue to O and red to <«
maximum value

colormap (jet (256)) ;

h=colorbar;

% h.Limits = [0 max(MI_0)];

% set(h, 'ylim', [min(MI_0) max(MI_0)])

ylabel(h, '$I"0(X;Y)$', ' 'FontUnits', 'points', 'FontSize'<+
,14,'interpreter','latex');

axis tight

grid on

o

figure

% nexttile

% scatter (reshape(X1,1,numel (X1)),reshape(Y1l,1,numel (Y1)«
) ,50, reshape(T3_0,1,numel (T3_0)),"'filled"')

% X1(T3_0==0)=[ 1;

h Y1(T3_0==0)=[ 1;

% T3_0(T3_0==0)=[ 1;

scatter (X1,Y1,100,T3_0,'s"',"'filled"')
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ylabel ('$\lambda_0 $','FontSize',14,'Interpreter', 'latex¢
D

xlabel('$\lambda_1 $','FontSize',14,'Interpreter','latex<¢
D

% title({['$ \rm{Optimal \: joint \: sensing \: time \: ¢«
(\alpha®o0) \: in \: region \:} \lambda_1 T> \lambda_0 <«
T $'1,...

A ['$p=%"' num2str(p) '$\quad H(X)=$' num2str(H)]}, '+

Interpreter ', 'latex');

title ({['$p=9%"' num2str(p) '$\quad H(X)=$' num2str (H) '$+
\quad T=$' num2str(Tmax)]}, 'FontSize',14,'Interpreter'<

,'latex');

caxis ([0 Tmax]); % maps blue to O and red to maximum <
value

h=colorbar;

% h.Limits = [0 Tmax];

colormap (jet (256));

% h=colorbar;

% h.Limits = [0 Tmax];

% set(h, 'ylim', [min(T3_0) max(T3_0)])

ylabel (h, '$T_{3}"0$', ' 'FontUnits', 'points','FontSize' ,14,¢
"interpreter', 'latex');

axis tight;

grid on;

Dot

Bw=T3_0;

BW(T3_0 >0 )=1;

BW(T3_0 == 0)=0;

figure

% scatter (X1,Y1,100,BW,'s','filled"')
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gscatter ([X1 max(X1) max(X1)],[Yl -1 -2 J,[BW O 1], 'rb'+
,L 1,35) % Point (max(X1),-1) is included to make the <«
extra group visible in legend

ylabel ('$\lambda_0 $','FontSize',14,'Interpreter', 'latex+
D

xlabel ('$\lambda_1 $','FontSize',14,'Interpreter', 'latex¢
")

title ({['$p=$%"' num2str(p) '$\quad H(X)=$' num2str(H) '$+
\quad T=$' num2str(Tmax) ]}, 'FontSize',14,'Interpreter«+
', 'latex ') ;

% caxis ([0 1]); % maps blue to O and red to maximum <
value

% h=colorbar;

% colormap(gray(2));

% ylabel (h,'$\alpha~o0$','FontUnits', ' 'points', 'FontSize+«
',14, 'interpreter ', 'latex');

h=legend ('$T_{3}"0 = 0 $','$T_{3}"0> 08');

set (h, 'FontUnits', 'points','FontSize',14, 'Interpreter', '«
latex');

axis tight;

axis ([min(X1) max(X1) min(Y1l) max(Y1)]);

grid on;

Dot

cmap = colormap;

sl=length(unique (cmap, 'rows')); % no. of distinct colors«
used in cmap

formatSpecl = 'no. of distinct colors used in cmap: \t\«
thd \n';

fprintf (formatSpecl,sl)

s2=length(unique(T3_0)); % no. of unique optimal T3
values

formatSpec2 = 'no. of distinct values in T3_0 : <

\t\t%hd \n';
fprintf (formatSpec2,s2)
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s3=nnz(T3_0); % no. of non zero elements in optimal T3

formatSpec3 = 'mo. of non-zero values in T3_0
\t%hd \n';
fprintf (formatSpec3,s3)
s4= sum(T3_0==Tmax); % no. of ones in optimal T3
formatSpec4 = 'mo. of ones in T3_0 : <
\t\t%d \n';
fprintf (formatSpec4 ,bs4)
sb= sum(T3_0==0); % no. of zeros in optimal T3
formatSpec5 = 'mo. of zeros in T3_0 : <«
\t\t%d \n';
fprintf (formatSpech5,s5)
s6=numel (T3_0); % no. of zeros in optimal T3
formatSpec6 = 'mo. of elements in T3_0 : <«
\t\t%hd \n';
fprintf (formatSpec6,s6)

'
figure
% nexttile

scatter (X1,Y1,100,ID_0 ,'filled')

\t«

ylabel ('$\lambda_0 $','FontSize',14,'Interpreter', 'latex+

|),

xlabel('$\lambda_1 $','FontSize',14,'Interpreter','latex<¢

")
h otitle({['$ p=$"'...

A num2str (p) '$\quad T=$' num2str (Tmax) '$\quad H(X)<+

=$' num2str(H)], ...

A ['$ (T_1,T_2,T_3) := (\frac{T-\alphal}{2},\frac{T-\«+
alpha}{2},\alpha); \quad 0 \le \alpha \le T.$']l}, '«

Interpreter ', 'latex');

title({['$ p=3%'...
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num2str (p) '$\quad H(X)=$' num2str (H) '$\quad T=3%'<«+
num2str (Tmax)]}, 'FontSize',14, 'Interpreter', '«

latex');

caxis ([0 max(ID_0)]); % maps blue to O and red to ¢«
maximum value

colormap (jet (256));

h=colorbar;

% h.Limits = [0 max(MI_0)];

% set(h, 'ylim', [min(MI_0) max(MI_0)])

ylabel (h, '$Pd"0$', 'FontUnits', 'points', 'FontSize', 14, '+
interpreter', 'latex');

axis tight

grid on

Dot

figure

% nexttile

% scatter (reshape(X1,1,numel (X1)),reshape(Yl,1,numel (Y1)«
) ,560,reshape(T3_0,1,numel (T3_0)),"'filled")

%h X1(T3_0==0)=[ 1;

% Y1(T3_0==0)=[ ];

% T3_0(T3_0==0)=[ 1;

scatter (X1,Y1,100,IDT3_0,'s"',"'filled")

ylabel ('$\lambda_0 $','FontSize',14,'Interpreter', 'latex+
")

xlabel ('$\lambda_1 $','FontSize',14,'Interpreter','latexs
"D

% title({['$ \rm{Optimal \: joint \: sensing \: time \: ¢«
(Nalpha®o0) \: in \: region \:} \lambda_1 T> \lambda_0 <
T $'1,...

% ['$p=%' num2str(p) '$\quad H(X)=$' num2str (H)]}, '«

Interpreter ', 'latex');
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title({['$p=$%' num2str(p) '$\quad H(X)=$' num2str(H) '$+
\quad T=$' num2str(Tmax)]}, 'FontSize',14,'Interpreter '«

,'latex');

caxis ([0 Tmax]); % maps blue to 0 and red to maximum <
value

h=colorbar;

% h.Limits = [0 Tmax];

colormap (jet (256)) ;

% h=colorbar;

% h.Limits = [0 Tmax];

% set(h, 'ylim', [min(T3_0) max(T3_0)])

ylabel (h, '$T_{3}"0$', ' 'FontUnits', 'points','FontSize' , 14,
'"interpreter', 'latex');

axis tight;

grid on;

Dot

ID_BW=IDT3_0;

ID_BW(IDT3_0 >0 )=1;

ID_BW(IDT3_0 == 0)=0;

figure

% scatter(X1,Y1,100,BW,'s','filled"')

gscatter ([X1 max(X1) max(X1)],[Yl1 -1 -2 J,[ID_BW O 1], '«
rb'",[ 1,35) % Point (max(X1l),-1) is included to make <
the extra group visible in legend

ylabel ('$\lambda_0 $','FontSize',14,'Interpreter', 'latex+
")

xlabel ('$\lambda_1 $','FontSize',14,'Interpreter', 'latex<s
D

title({['$p=$%' num2str(p) '$\quad H(X)=$' num2str (H) '
$\quad T=$' num2str(Tmax)]}, 'FontSize',14,'Interpreter<+
",'latex');

% caxis ([0 1]1); % maps blue to O and red to maximum <

value
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% h=colorbar;
% colormap(gray(2));
% ylabel(h,'$\alpha~03$','FontUnits','points', 'FontSize+«

',14, 'interpreter ', 'latex ') ;

h=legend ('$T_{3}"0= 0 $','$T_{3} 0 > 0$");

set (h, 'FontUnits', 'points','FontSize',14,'Interpreter’','+"
latex');

axis tight;
axis ([min(X1) max(X1) min(Y1) max(Y1)]);
grid on;

toc

F.13 Code for Fig. (4.3). (Include code [F.18.7)

%% Poisson MI vs. T (Pairs, triplets, individual and

Joint sensing)

clear all

% close all

tic

global X N p LO L1 NN Q prob
X=1;

N=4;

NN=10"7; % MonteCarlo samples
t0=1; % Total time

D=200; %no. of time divisions
p=0.125/4;

LO=0; L1=10;

q=1-p;
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Dot
Q=dec2bin(0:1:2°N-1)-'2"; % Binary words

Q(Q==-2)=L0; Y%Negative: to avoid failing LO=1
Q(Q==-1)=L1;

S=Q; %probabilities of each instant of X
S(S==L0)=q;

S(S==L1)=p;

prob=prod(S,2); % probability of X

b

% v=[linspace(0,t0/2,D)"',linspace(0,t0/2,D)"',linspace(t0«+
,0,D) '1;

% v=v(2:end-1,:);

% t=linspace(0,t0,D);

% t=[linspace(0,1,D/2) linspace(1,t0,D/2)];

t=linspace(0,t0,D);

h o MI=[ 1;

MI_new=[ ];

MI_monte=[ J];

MI_monte3=[ ];

MI_montel=[ ];

MI_monteO=[ ];

Pd= [ 1;

pPd3= [ ];
pdi= [ ];
Pdo= [ 1;

% H_monte=[ ];
% h_monte=[ ]1;
H_ou=[ 1;
H_u2=[ 1;
H_ux=[ ];
H_ux2=[ J];
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I_u=[ 1;

I_u2=[ 1;

FF= binopdf (0:N,N,p); % Binomial distrubtuion
Hs=-nansum (FF.*1og2(FF)); % Entropy of Binomial R.V
% for kk=1:1length(t)

for kk=1:1length(t)

X

% N=4

TO = [t(kk)/N zeros(1,N-1)]; % Individuals

T = [0 t(kk)/6 0 0]; % 6-pairs

T3 [0 0 t(kk)/4 0]; % 4-Triplets

T1 [zeros(1,N-1) t(kk)]; % Joint

% N=6 : [ 6 15 20 15 6 1]

% TO = [t(kk)/N zeros(1,N-1)]; % Individual
% T = [0 t(kk)/15 0 0 0 0]; % 15-pairs

% T3 = [0 0 t(kk)/20 0 0 0]; % 20-Triplets
% T4 = [0 0 O t(kk)/15 0 O0]; % 15-Quadlets
% T6 = [0 0 0 0 t(kk)/6 0]; % 6-Pentalets
% T1 = [zeros(1,N-1) t(kk)]; % Joint

h N=8

% TO = [t(kk)/N zeros(1,N-1)]; % For N=4 time elements <
with time symmetry consideration : [4 6 4 1]

% T3 = [0 t(kk)/28 0 0 0 O O 0];

% Ti1 = [0 00 t(kk)/70 0 0 O 0]; % For N=8 time ¢
elements with time symmetry consideration : [8 28 56 <«

70 56 28 8 1]
% T = [0 0 t(kk)/56 0 0 0 0 0]; % For N=4 time elements<

with time symmetry consideration : [4 6 4 1]

% T = num2cell ([t(kk)/2 0]); % For N=2 time elements <«

with time symmetry consideration : [2 1]
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T

/)

T

T

A

b

T

T

b

b

T

T3 = num2cell ([0 O t(kk)/4 0]); % For N=4 time <
elements with time symmetry consideration : [4 6 4 1]
T = num2cell ([0 O t(kk)/4 0]); % For N=4 time <«

elements with time symmetry consideration : [4 6 4 1]

T = num2cell ([zeros(1,N-1) t(kk)]); % For N=4 time <«
elements with time symmetry consideration : [4 6 4
1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=5 time <

elements with time symmetry consideration : [6 10 104
5 1]

T = num2cell ([0 t(kk)/10 zeros(1,3)]); % For N=5 time«
elements with time symmetry consideration : [6 10 «
10 5 1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=6 time <
elements with time symmetry consideration : [6 15 204
15 6 1]

T = num2cell ([zeros(1,N-1) t(kk) ]1); % For N=6 time <«
elements with time symmetry consideration : [6 156 20«
15 6 1]

T = num2cell([zeros(1,4) t(kk)/6 0 ]); % For N=6 time <«
elements with time symmetry consideration : [6 15 20«
15 6 1]

T = num2cell([zeros(1,2) t(kk)/20 0 0 0]); % For N=6 <«

time elements with time symmetry consideration : [6 «

15 20 15 6 1]

T = num2cell ([t(kk)/N zeros(1,N-1)1); % For N=7 time <«

elements with time symmetry consideration L7 21 «
35 35 21 7 1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=10 time <«

elements with time symmetry consideration: [10 45 120«
210 252 210 120 45 10 1]
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% T = num2cell ([t(kk)/N O 1); % Time elements with time <«
symmetry consideration

% T = num2cell (20*ones(1,N)); % Time elements with time <«
symmetry consideration

% T = num2cell (10*[1 0]); % Time elements for N=2, Tl
=10,T2=10,T3=0;

% T = num2cell (20%[1 1 1]); % Time elements for N=3,

% [mi]=fun_mi(p,LO0,L1,t(kk)/N,0,0); % Evaluate mutual <«
information for each point (T1,T2,T3).

% MI_new=cat(2,MI_new,mi);

% T=t(i);

% tt=cell2mat (T(1)); %scaling

%% Individual sensing

tt=t(kk)/N; % For individual sensing time 7
x0_max= poissinv(l-eps(0.5) ,L0x*xtt);

x0_min= poissinv(eps(0.5) ,LO*tt);

x1_max= poissinv(l-eps(0.5),Li*xtt);
x1_min= poissinv(eps(0.5),L1*tt);

pyO=poisspdf (x0_min:x0_max ,LO*xtt);
pyl=poisspdf (x1_min:x1_max,L1x*tt);

Py=gq*poisspdf (min(x0_min,x1_min) :max(x0O_max,xl_max),L0*¢
tt)+. ..
p*poisspdf (min(x0_min,x1_min) :max(x0_max,x1_max),Ll*¢
tt); %max and min are introduced
% to prevent numerical artifact
H_y=-nansum(Py.*1og2(Py));
hO=-g*nansum(py0.*1log2(py0));
Hi=-p*nansum (pyl.*log2(pyl));
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mi=H_y-(hO+H1);

MI_new=cat(2,MI_new,mi);

%% Combined sensing MI. T3=T;

m_u=[ 1;
L3=N*max ([LO L11)#*t (kk);

% x_min= poissinv(eps(0.5),L);
x_max=poissinv(l-eps(0.5),L3);

for k2=0:N hMixture probability
pp=poisspdf (0:x_max, ((N-k2)*LO+k2*L1)*t (kk));
pu=FF (k2+1) *pp;
m_u=cat(1l,m_u,pu);

end

ku=nansum(m_u,1);

hu=-nansum(nansum(ku.*log2 (ku)));

H_u=cat(2,H_u,hu);

hux=0;

for w=0:N %» For conditional probabilities
x_min= poissinv(eps(0.5) ,((N-w)*LO+w*xL1)x*t(kk));
x_max=poissinv(l-eps(0.5),((N-w)*LO+w*xL1)*t(kk));
pl=poisspdf (x_min:x_max, ((N-w)*LO+w*xL1)*t(kk));
hux=hux-FF(w+1)*pl*xlog2(pl)"';

end

% keyboard

% H=nansum(nansum(m_u)) %entropy of multivariate <«

poisson mixture

% H_u=cat(2,H_u,H);

H_ux=cat (2,H_ux,hux);

I=hu-hux;

I_u=cat(2,I_u,I);

%% 2 Non-overlapping Pairs sensing

% pm_u=[ 1;
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c2=2; % no. of pairs count
N2=2; % Considering a Joint sensing problem for a two-«
bin case
FF2= binopdf (0:N2,N2,p); % Binomial distrubtuion
L3=N2*max ([LO L1])*t(kk)/c2;
pA x_min= poissinv(eps(0.5),L);
x_max=poissinv(l-eps(0.5),L3);
for k2=0:N2 %Mixture probability
pp2=poisspdf (0:x_max, ((N2-k2)*L0O+k2*L1)*t (kk)/c2);
pu=FF2(k2+1) *pp2;
pm_u=cat (1,pm_u,pu);
end
ku2=nansum(pm_u,1);
hu2=-nansum(nansum (ku2.*log2(ku2)));
H_u2=cat(2,H_u2,hu2);
hux2=0;
for w2=0:N2 % For conditional probabilities
x_min= poissinv(eps(0.5),((N2-w2)*LO+w2*L1)x*t(kk) /<
c2);
x_max=poissinv(l-eps(0.5) ,((N2-w2)*LO+w2x*L1)*t (kk) <+
/c2);
p2=poisspdf (x_min:x_max, ((N2-w2)*LO+w2*L1)*t (kk) /<«
c2);
hux2=hux2-FF2(w2+1) *p2*log2(p2) ';
end
% keyboard
% H=nansum(nansum(m_u)) %entropy of multivariate <
poisson mixture
% H_u=cat(2,H_u,H);
H_ux2=cat (2,H_ux2,hux2) ;
I2=hu2-hux?2;
I_u2=cat(2,I_u2,I12);

%% Monte Carlo : Individual (MI vs. T and Pd vs. T)
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[info0,cd0]=Newpoiss_nn(TO);
[*,cd0]=Newpoiss_nn(TO0);

% MI_monteO=cat(2,MI_monteO,info0);
PdO=cat (2,Pd0,cd0); % Total correct detections

%% Monte Carlo : 6-Pairs (MI vs. T and Pd vs. T)
[info,cd]=Newpoiss_nn(T);

MI_monte=cat (2,MI_monte,info);

Pd=cat(2,Pd,cd); % Total correct detections

%% Monte Carlo : 4-Triplets (MI vs. T and Pd vs. T)
[info3,cd3]=Newpoiss_nn(T3);
MI_monte3=cat(2,MI_monte3,info3);

Pd3=cat (2,Pd3,cd3); % Total correct detections

%% Monte Carlo : Joint (MI vs. T and Pd vs. T)
[infol,cdl]=Newpoiss_nn(T1);
[“,cdl]=Newpoiss_nn(T1);

% MI_montel=cat(2,MI_montel,infol);
Pdi=cat (2,Pdl,cdl); % Total correct detections

X=X+1;

end

%% Figure 1 (Information)
figure;
hold on
% plot(t,MI_monte,'LineWidth',1.5); % (Pairs,Triplets <
etc) Monte Carlo based sensing
% plot(t,[0 MI_monte(2:5) movmean(MI_monte(6:end) ,5,'<+
Endpoints ', 'shrink')],'LineWidth',1.5); % (Pairs,<+

Triplets etc) Monte Carlo based sensing

196



% plot(t,[N*MI_new;MI_monteO], 'k','LineWidth',1.5); % <«
Individual sensing

plot (t,N*MI_new, 'k','LineWidth',1.5); % Individual <
sensing

plot(t,[0 MI_monte(2:end)],'b','LineWidth',1.5); % 6-¢«
Pairs sensing

plot(t,[0 MI_monte3(2:end)],'r','LineWidth',1.5); % 4-¢«
Triplets sensing

% plot(t,[I_u;MI_montel],'color',[0 0.5 0], 'LineWidth«+
',1.5); % Joint sensing (Green)

plot(t,I_u,'color',[0 0.5 0], 'LineWidth',1.5); % Joint <

sensing (Green)

% plot(t,c2*I_u2,'color',[0.9290 0.6940 0.1250], '+
LineWidth',1.5); % 2 non-overlapping pairs (orange)

% plot(t,Pd,'color',[0 0.5 0],'LineWidth',1.5);

T hToToTohToToTo el ToTo %o To To 1o %o To To 76 %o %o To To 1o o o To 16 %o o To To To %o o To 76 %o o

hold on

HI=-N*(g*xlog2(q)+p*log2(p));

plot ([t(1) t(end)],[HI HI],'m', 'LineWidth',61)

hold on

plot ([t(1) t(end)],[Hs Hs],'c','LineWidth',61)

xlabel ('$T$', 'FontUnits', 'points', ' 'FontSize',14, '+
interpreter', 'latex');

% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');

ylabel ('$I$', " 'FontUnits', 'points', ' 'FontSize',14, '+

interpreter','latex');
for s=0:N

n(s+1)=LO0*(N-s)+L1x(s);

end
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%% Analytic derivatives
e3=nansum ([(1-p)*(LO*1og2(L0)) p*x(Lixlog2(L1))]);

ed=nansum ([(1-p)*(LO)

eb=nansum(e4.*log2(ed));
ddl=e3-e5 %% Analytic derivative at T=0: For T1=T2=T/2 ¢

case

To o To 1o %o To %o To %o %o o To T
el=nansum(FF.*x(n.*xlog2(n)));

p*x(L1)1);

e2=nansum (FF.*x(n))*log2 (nansum (FF.*(n)));
dd2=el-e2 %% Analytic derivative at T=0: For T=T3 case

hold on

X

y

[0 t0];
[0 dd1*xt0];

line(x,y,'Color','k','LineStyle',"'--")

hold on

X

y

= [0 tO0];
= [0 dd2*t0];

line(x,y,'color',[0 0.5 0], 'LineStyle','--")

b
b
b

b
b
b
b
b

/)
b

hold on
[0 t0];

X

y = [0 L1/exp(1)/log(2)*t0]; % Maximum possible <
individual -sensing rate ( L1/exp (1) ) possible ¢«
when lambda_0=0 and lambda_1.
line(x,y,'Color','b','LineStyle',"'--")

hold on

x = [0 tO0];

y = [0 0.58/1og(2)*L1%xt0]; % Maximum possible Joint-<¢

sensing rate possible when lambda_0=0 and lambda_1

line(x,y, 'Color','m','LineStyle',"'--")

axis tight
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title(['\rm{Poisson:} \quad $N= $' num2str(N) '$\quad p=¢

$' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str(L1)...

"'$\quad T=$' num2str(t0)], 'FontUnits', 'points', '+
FontSize' ,14, 'Interpreter','latex');

% h=legend ('$I(X_1,X_2,X_3,X_4;Y_1,Y_2,Y_3,Y_4) \quad \+
rm(Individual)$','$I(X_1,X_2,X_3,X_4;Y 5,Y_6,Y_7,Y_8,«
Y_9,Y_{10}) \quad \rm (6-pairs) $','$I(X_1,X_2,X_3,X_4«
;Y {11}, Y_{12},Y_{13},Y_{14}) \rm (4-Triplets) $','$I(+
X_1,X_2,X_3,X_4;Y_9{15}) \quad \rm(Joint)$', '$I(X_1++
X_2 ,X_3+X_4;Y_5,Y_{10})=2 \cdot I(X_1+X_2 ;Y_5) \Big «
| _{T=\frac{T}{2}} \quad (2 \: \rm nonoverlapping\: <
pairs)$', '"$H(X_1,X_2,X_3,X_4)$',['$ \frac{\partial I«
Y{\partial T}\Big|_{T=0}=$' num2str(ddil) '$ \textrm{ (+
Individual -sensing)} $'],['$ \frac{\partial I}{\«
partial T}\Big|_{T=0}=$%' num2str(dd2) '$ \textrm{ (+
Joint-sensing)} $'],'$\textrm{Maximum possible <
theoretical individual-sensing rate $\frac{\lambda_13}{«+
e \cdot \mathrm{log_{e}(2)}}$ at } T=0 \textrm{ and }«+
p=\frac{1}{e}$', '$\textrm{Maximum possible <
theoretical Joint-sensing rate $0.58 \cdot \lambda_1 \«
cdot {(\mathrm{log_{e}}(2)})"{-1}$ at } T=0 \textrm{ <«
when } p \rightarrow 0, N \rightarrow \infty, N \cdot <«
p \rightarrow \lambda \approx 1.34$');
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% h=legend ('$I(X_1,X_2,X_3,X_4;Y_1,Y_2,Y_3,Y_4) \quad \«

h=

rm(Individual)$','$I1(X_1,X_2,X_3,X_4;Y_5,Y_6,Y_7,Y_8,«
Y_9,Y_{10}) \quad \rm (6-pairs) $','$I(X_1,X_2,X_3,X_4«
;Y_ {11} ,Y_{12},Y_{13},Y_{14}) \rm (4-Triplets) $','$I(+
X_1,X_2,X_3,X_4;Y_{15}) \quad \rm(Joint)$','$I(X_1+¢&
X_2 ,X_3+X_4;Y_5,Y_{10}) \quad (2 \: \rm <«
nonoverlapping\: pairs)$',['$H(X_1,X_2,X_3,X_4)=$' <«
num2str (HI)] , ['$H(\sum_i X_i)=$' num2str(Hs) ] ,['$«+
\frac{\partial I}{\partial T}\Big|_{T=0}=$' num2str (+
dd1) '$ \textrm{ (Individual-sensing)l} $'],['$ \frac{\«
partial I}{\partial T}\Bigl|_{T=0}=$' num2str(dd2) '$ \«
textrm{ (Joint-sensing)} $']);
legend ('$I(X_1,X_2,X_3,X_4;Y_1,Y_2,Y_3,Y_4) \quad \rm¢
(4-Singlets)$','$I(X_1,X_2,X_3,X_4;Y 5,Y 6,Y_7,Y.8,Y_9«
,Y_{10}) \quad \rm (6-Pairs) $','$I(X_1,X_2,X_3,X_4;Y_<«
{11}, _{12},Y_{13},Y_{14}) \rm (4-Triplets) $','$I(X_1¢+
,X_2,X.3,X_4;Y_9{15}) \quad \rm(1-Quadruplet)$',['$H(«+
X_1,X_2,X_3,X_4)=$"' num2str(HI)] , ['$H(\sum_i X_i)=$'«
num2str (Hs) 1 ,['$ \frac{\partial I}{\partial T}\Big«
| _{T=0}=$"' num2str(ddl) '$ \textrm{ (4-Singlets)} $'<«
1,0['$ \frac{\partial I}{\partial T}\Big|_{T=0}=$' «
num2str (dd2) '$ \textrm{ (1-Quadruplet)} $'1);

set(h, 'Location', 'southeast','color', 'none', ' 'NumColumns'<>

,1,'FontUnits', 'points', 'FontSize',10, " 'Interpreter', '«

latex','location', 'best');

ylim ([0 HIJ);

grid on

b
b
b
b

/)

toc

-2xFF2*x10g2(FF2') % entropy of two independent pairs
p=0.125; q=1-p; P=[q~2 2%p*q p~2]";

K = kron(kron(kron(kron(kron(P,P),P),P),P),P); % <«
probabilities of all

possible outcomes for 6 trials with each bin having 3 <«

possible
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% outcomes i-e 376 number of elements in support

% —-sum(K.*log2(K))

%% Figure 2 (Detection)

% figure; 7 WITH Moving Average

% plot(t,movmean(Pd0 ,3,'Endpoints

LineWidth',1.5); % Individual

% hold on

% plot(t,movmean(Pd ,3,'Endpoints'

0.5 0],'LineWidth',1.5);
% hold on

% plot(t,movmean(Pd3 ,3,'Endpoints

%Pairs

LineWidth',1.5); % Triplets

% hold on

% plot(t,movmean(Pdl,3,'Endpoints'

LineWidth',1.5); % Joint

figure; % WITHOUT Moving Average

plot(t,Pd0,'k','LineWidth',1.5);

hold on

plot(t,Pd,'b','LineWidth',1.5);

hold on

plot(t,Pd3,'r','LineWidth',1.5);

hold on

b

b

3

, 'shrink ') ,'k', '+

"shrink '), 'color',[0 ¢«

,'shrink ') ,'r', '«

"shrink'),'b', '«

Individual

%Pairs

% Triplets

plot(t,Pdl, 'color',[0 0.5 0], 'LineWidth',1.5); % Joint

xlabel ('$T$', 'FontUnits', 'points', 'FontSize',14, '+

interpreter','latex');

% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+

FontSize',14,'interpreter ', 'latex');

ylabel ('$Pd$ "', 'FontUnits', 'points','FontSize',14, '+

interpreter','latex');
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title(['\rm{Poisson:} \quad $N= $' num2str(N) '$\quad p¢
= $§' num2str(p)...

"$\quad \lambda_O0= $' num2str (LO)...

"$\quad \lambda_1=3%$' num2str(L1)...

"'$\quad T=$' num2str(t0)],'FontUnits', 'points', '+
FontSize' ,14, 'Interpreter','latex');

h=legend ('$\mathrm{4-Singlets}$','$ \mathrm{6-Pairs}t$', '«
$ \mathrm{4-Triplets}$','$ \mathrm{1-Quadruplet}$');

% h=legend ('$I(X;Y) \rm (MonteCarlo: 6-pairs \: sensing)<+

$','$I(X;Y) \rm(Computed: \: Individual-sensing)$', '+
$I(X,Y_{2°N-1}) \: \rm(Computed: \: Joint-sensing)$', '«
$I(X_1+X_2 ,X_3+X_4;Y_5,Y_{10})=2 \cdot I(X_1+X_2 ;Y_5¢
) \Big |_{T=\frac{T}{2}} $','$Pd $','$H(X_1,X_2 \cdots<
X_N)$', '$\textrm{(Theoretical) Rate of individual -«
sensing curve at } T=0$', '$\textrm{(Theoretical) Rate <
of joint-sensing curve at } T=0 $','$\textrm{Maximum <
possible theoretical individual -sensing rate $\frac{\«
lambda_1}{e \cdot \mathrm{log_{e}(2)}}$ at } T=0 \¢«
textrm{ and } p=\frac{i}{e}$', '$\textrm{Maximum <
possible theoretical Joint-sensing rate $0.58 \cdot \«
lambda_1 \cdot {(\mathrm{log_{e}}(2)3})"{-1}8% at } T=0 «
\textrm{ when } p \rightarrow O, N \rightarrow \infty,«+
N \cdot p \rightarrow \lambda \approx 1.34$');

% h=legend ('$I(X;Y) \rm (MonteCarlo)$','$Pd $','$H(X_1,«+
X_2 \cdots X_N)$','$\textrm{(Theoretical) Tangent to <
red curve at } T=0$','$\textrm{(Theoretical) Tangent <«
to black curve at } T=0 $','$\textrm{(Theoretical) <«
Maximum possible Joint-sensing rate at } T=0 $','$\«+
textrm{(Theoretical) Maximum possible individual -+

sensing rate at } T=0 $');

set (h, 'Location', 'southeast', 'FontUnits', 'points', '+
FontSize',14, 'NumColumns',1, 'Interpreter', 'latex', '«
location', 'best');

grid on
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toc

F.14 Code for Fig. (4.4). (Include code |F.18.7)

%% Poisson (Constraint) MonteCarlo for MI vs. alpha and<¢
Pd vs. alpha for full support in time constraint.

clear all

% close all

tic

global N NN Q prob

X=1;

N=4,;

NN=10"6; % MonteCarlo samples

t0=1; % Total time

D=200; %no. of time divisions

p=0.125;

LO=2; L1=20;

q=1-p;

Dot

Q=dec2bin(0:1:2°N-1)-'2"; % Binary words
Q(Q==-2)=L0; %Negative: to avoid failing LO=1
Q(Q==-1)=L1;

S=Q; %probabilities of each instant of X
S(S==L0)=q;

S(S==L1)=p;

prob=prod(S,2); % probability of X

%% probabilities of each word

% x=[p 1-pJ];
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h pro=x;

% for i=1:(N-1)

% pro=kron(pro,x);
% end

b

% v=[linspace(0,t0/2,D)"',linspace(0,t0/2,D)"',linspace(t0«+
,0,D) ']

% v=v(2:end-1,:);

alpha=linspace(0,t0,D);

h MI=[ 1;

% MI_new=[ 1;
MI_monte=[ ];
MI_montel=[ ];
MI_monte3=[ ];

Pd= [ 1;
Pdi= [ 1;
Pd3= [ 1;

% H_monte=[ ]1;
% h_monte=[ ];
H_ou=[ 1;
H_ux=[ ];
I_u=[ 1;
FF= binopdf (0:N,N,p); % Binomial distrubtuion
Hs=-nansum (FF.*x1og2(FF)); % Entropy of Binomial R.V
% for kk=1:1length(t)
for kk=1:1length(alpha)
X
% T = [(tO0O-alpha(kk))/4 0 O alpha(kk)]; % For N=4 time <

elements with time symmetry consideration : [4 6 4 1]
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T = [ (tO0O-alpha(kk))/4 0 0 alpha(kk)]; % For <«

N=4 time elements with time symmetry consideration :¢
[4 6 4 1]

Tt = [ O (tO0O-alpha(kk))/6 0 alpha(kk)1; % «
For N=4 time elements with time symmetry <
consideration : [4 6 4 1]

T3 = [ 0 0 (t0-alpha(kk))/4 alpha(kk)]; % <«

For N=4 time elements with time symmetry <

consideration : [4 6 4 1]

% T = num2cell ([(tO-alpha(kk))/4 0 0 alpha(kk)]); % For«+
N=4 time elements with time symmetry consideration <
(4 6 4 1]
% T = num2cell ([0 O (tO-alpha(kk))/4 alpha(kk)]); % For«
N=4 time elements with time symmetry consideration :<¢
[4 6 4 1]
% T = num2cell ([0 (tO-alpha(kk))/6 0 alpha(kk)]); % For«
N=4 time elements with time symmetry consideration :<
(4 6 4 1]
% T = num2cell ([0 alpha(kk)/6 0 0]); % For N=4 time <«
elements with time symmetry consideration : [4 6 4 1]
% T = num2cell ([0 O t(kk)/4 0]); % For N=4 time <
elements with time symmetry consideration : [4 6 4 1]
% T = num2cell ([zeros(1,N-1) t(kk)]); % For N=4 time ¢

elements with time symmetry consideration : [4 6 4 <
1]

% T = num2cell ([0 0 O t(kk)/70 0 0 0]); % For N=8 time<«+
elements with time symmetry consideration : [8 28 56+«
70 56 28 1]

% T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=5 time <«
elements with time symmetry consideration : [6 10 104
5 1]
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T

T

)

b

T

A

b

b

T

b

T

b

T

T = num2cell ([0 t(kk)/10 zeros(1,3)]); % For N=5 time<¢

elements with time symmetry consideration : [6 10
10 5 1]
T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=6 time <«
elements with time symmetry consideration : [6 15 20«
15 6 1]
T = num2cell ([zeros(1,N-1) t(kk) ]1); % For N=6 time <
elements with time symmetry consideration : [6 15 204
15 6 1]
T = num2cell ([zeros(1,4) t(kk)/6 0 1); % For N=6 time <«
elements with time symmetry consideration : [6 156 20«
15 6 1]
T = num2cell ([zeros(1,2) t(kk)/20 0 0 0]); % For N=6 <«
time elements with time symmetry consideration : [6 «

15 20 15 6 1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=7 time <

elements with time symmetry consideration L7 21 ¢«
35 35 21 7 1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=10 time <«

elements with time symmetry consideration: [10 45 120+«
210 252 210 120 45 10 1]

T = num2cell ([t(kk)/N O 1); % Time elements with time <«
symmetry consideration

T = num2cell (20*%ones(1,N)); % Time elements with time <«
symmetry consideration

T = num2cell (10*[1 0]); % Time elements for N=2, Ti<«
=10,T2=10,T3=0;

T = num2cell (20%[1 1 1]); % Time elements for N=3,

[mil=fun_mi(p,LO0,L1,t(kk)/N,0,0); % Evaluate mutual <

information for each point (T1,T2,T3).

MI_new=cat (2,MI_new,mi) ;
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b

T

T=t(i);

tt=cell2mat (T(1)); %scaling

%% H(Y|X) for arbitrary time-configurations (pairs, <«

b
h
h
b
b
h
h
b
b
h
h
h
b
b
h
h
b
b
h
h
b
b
h

b
b
h
h

triplets, etc)
b=0;

Tl totohToToTo Tl ToToTo o To To 1ol To 7o %o /s To To 1o %o To To 1o %o o To 1o 1o %o o o

Q=dec2bin(0:1:2"N-1)-'2";

Q(Q==-2)=L0;
Q(Q==-1)=L1;

hNegative:

% Binary words

to avoid failing LO=1

Dol oo ool lo to o ToTofo o T ToTo fo o 0o 1o To o 1o 1o 1o To o 1o 1o 16 To o 1o %o %6 o o
S=Q; %probabilities of each instant of X

S(S==L0)=q;
S(S==L1)=p;

prob=prod(S,2); % probability of X

h p_yx=0;
h_yx=0;

mu=[ 1J;
for i = 1:2°N

% a=1; 9% Initialization
M=[ 1;

h=0;
for k=1:N

m=T (k) *sum(nchoosek (Q(i,:) k) ,2);

b

(2°N-1) mean <«

values of each Poisson mixture component per X word

M=cat (1,M,m) ;

end

mu=cat (1,mu,M'); %Poisson mean matrix

my_mu=mu,;



h
b

h
h
b

h
h
b
b

h
b
b
h

T

b
h
h
b

h
h
b
b

h
b
b
h
h

a=1; % Initialization

h=0; % Initialization of conditional entropy of Y ¢«

given X

for j=1:(2°N-1) % yil,y2,y3...... y(2°N-1)

ml=M(j);

ml (m1==0)=NaN; %Replace 0 with NaN to avoid -inf in ¢
log2( )

1ot ToTo % ToTo %o To %o To %o o To 1o o To 1o

y_limit= poissinv(l-eps(0.5),ml);

py_11=poisspdf (0:2*y_limit ,ml);
hi=-nansum(py_11.xlog2(py_11)); %Conditional entropy <
of Poisson

1ot %hToToTo %l To %o %o o To 1o %o % o o

% h1=0.5%1log2 (2*pi*xexp (1) *ml);

h1(isnan(h1))=0;

h=h+h1l; % recursive additions of (2°N-1) Gaussian <
entropies. e.g %...

% h1=(0.5%1log2 (2*pi*xexp (1) *L0O*T1)+0.5%x1log2 (2*xpi*exp (1)<«
*LO*xT2)+0.5%x1og2 (2*pi*exp (1) *2*xL0*T3) ) ;

end

% f=prob(i)*a;

% f(isnan(f))=0;

% p_yx=p_yx+f; % Conditional probability of Y given X <«
multiplied by P(X)

g=prob(i)*h; % p(x). H(YI|X)

g(isnan(g))=0;

h_yx=h_yx+g; % Conditional probability of Y given X ¢
multiplied by P(X)

end

%% Monte Carlo for Poisson mixture entropy H(Y)

YY=[ ]; % Random samples generation
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h
b
b
h
h
b
b
h
h
b

h
h
b
b

h
h

b
h
h
b

T

b

T

b

h
h

yi=[ 1; % Output
total_cd=0; % total c

orrect detections from samples Y

length_index=0; % counter of samples Y

for j=1:27N;
L=my_mu(j,:);
Z=[round (prob (j)*NN) ,
U=repmat (L,Z) ;
Y=poissrnd (U, size (U))
ysum=zeros (size(Y,1),

map=[ ]; % posterior

1]1;

1)

distribution of Y-samples from <

each mixture component

for J=1:2"N,;
LL=my_mu(J,:); % 1 x
UU=repmat (LL,Z);
py=prob (J) .*xprod(pois

15 : row vector of my_mu

spdf (Y,UU) ,2); % Posterior of <«

each mixture component

% MAP detection
map=cat (2,map,py); %

horizontal -concatenate all <

posteriors of every mixture component

ysum=ysum+py; % py evaluated at each sample Y

end

yl=cat (1,yl,ysum);

[mvalue,index]=max(map,[ ], 2); % select the maxima <«

along every row
% id=sum ((index==3j))/

round (prob (j)*NN); % Total <

correct detections of samples Y from every mixture <

component
% id=sum((index==3j))/

length(index); % Total correct <

detections of samples Y from every mixture component

id=sum ((index==3j)); %

samples Y from every

Total correct detections of <«

mixture component

length_index=length_index+length(index) ;

total_cd=total_cd+id;

end
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% % pause

% % keyboard

% Pd=cat(2,Pd,total_cd/length_index); % Total correct
detections

h h yl=feval (f,YY);

% yl1(yl==0)=NalN; Y%replace O with NaN

% H=-nansum(log2(yl))/numel(yl); % Monte Carlo <
Integration for mixture entropy

o Bl T h Tt tehToTotohToToto %) oo To %o To %o %o o To 1o % To

h h y=pdf(gm,Z);

% % H=-nansum(log2(y))/n; % Monte Carlo Integration for <
mixture entropy

% info=H-h_yx; % I(X;Y)

% MI_monte=cat(2,MI_monte,info);

[info,cd]=Newpoiss_nn(T);

MI_monte=cat(2,MI_monte,info) ;

Pd=cat(2,Pd,cd); % Total correct detections

%% Monte Carlo : 6-Pairs with Joint (MI vs. a and Pd vs.<
a)
% [infol,cdl]=Newpoiss_nn(T1);
[infol,cdl]=Newpoiss_nn(T1);
MI_montel=cat (2,MI_montel,infol);
Pdi=cat (2,Pdl,cdl); % Total correct detections

%% Monte Carlo : 4-Triplets with Joint (MI vs. a and <
Pd vs. a)
[info3,cd3]=Newpoiss_nn(T3);
MI_monte3=cat (2,MI_monte3d,info3);
Pd3=cat (2,Pd3,cd3); % Total correct detections
X=X+1;

end

%% Figure 1( I vs. a )
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figure;
% plot(t,[MI_monte], 'LineWidth',2);
% plot(t,[MI_monte;2*MI_new], 'k','LineWidth',62);
% yyaxis left
% plot (alpha,movmean (MI_monte ,5,'Endpoints', 'shrink'), '+
LineWidth',1.5); % (Pairs,Triplets etc) Monte Carlo <«

based sensing

plot (alpha,MI_monte, 'k','LineWidth',1.5);
hold on

plot (alpha,MI_montel,'b','LineWidth',1.5);
hold on

plot (alpha,MI_monte3,'r','LineWidth',1.5);

% mv=movmean (MI_monte ,5,'Endpoints','shrink');

% plot(alpha,[MI_monte (1) mv(2:end)],'r','LineWidth+
',1.5);

% hold on

% mvi=movmean (MI_montel,5, 'Endpoints','shrink');

% plot(alpha,[MI_montel (1) mvli(2:end)],'b', 'LineWidth+
',1.5);

% hold on

% mv3=movmean (MI_monte3,5, 'Endpoints','shrink');

% plot(alpha,[MI_monte3 (1) mv3(2:end)], 'k','LineWidth+
',1.5);

HI=-N*(g*xlog2(g)+p*log2(p));

hold on

plot ([alpha (1) alpha(end)],[HI HI],'m', 'LineWidth',1)
hold on

plot ([alpha (1) alpha(end)],[Hs Hs],'c','LineWidth',b1)
% for s=0:N

% n(s+1)=LO*(N-s)+L1x(s);

% end
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ylabel ('$I$', 'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

% plot(t,N*xMI_new, 'r','LineWidth',1.5); % Individual <
sensing

% plot(t,I_u, 'k','LineWidth',1.5); 7% Joint sensing

% yyaxis right

% plot(alpha,Pd,'color',[0 0.5 0],'LineWidth',1.5); % (%
Pairs ,Triplets etc) Monte Carlo based sensing

o, ylabel ('$Pd$ ', 'FontUnits', 'points','FontSize',14,'+

=

interpreter ', 'latex');

title (['\rm{Poisson:} \quad $N= $' num2str(N) '$\quad p=¢«

$' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str(L1)...

"'$\quad T=$' num2str(t0)], 'FontUnits', 'points', '+
FontSize',14,'Interpreter', 'latex');

% h=legend ('$I(X;Y) \rm (MonteCarlo: triples-sensing) $«
",'$Pd $','$H(X_1,X_2 \cdots X_N)$','$\textrm{Tangent <
to red curve at } T=0$','$\textrm{Tangent to black <
curve at } T=0 $');

% set(h,'Location', 'southeast','FontUnits', 'points', '+
FontSize',14,'Interpreter','latex','location', 'best');

h=legend('$ \rm ( Config-1): 4 \: singlets+1l \:¢
quadruplet $','$ \rm ( Config-2): 6\: pairs+1l \:¢
quadruplet $','$ \rm ( Config-3): 4 \: triplets+1 \:«
quadruplet $',['$H(X_1,X_2,X_3,X_4)=$"' num2str(HI)] , ¢
['$H(\sum_i X_i)=$' num2str(Hs) 1 );

set (h, 'Location', 'southeast', 'FontUnits', 'points', '<+
FontSize',12,'Interpreter','latex','location', 'best');

% xlabel('$\alpha \quad (0 \le \alpha \le T) $' ,'¢
FontUnits ', 'points','FontSize',14, " 'interpreter ', 'latex<>
")

xlabel ('$\alpha $' ,'FontUnits', 'points','FontSize',14,¢
'"interpreter','latex');
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grid on

oo

% xlabel ({'$$\alpha \quad 0 \le \alpha \le T $$' , 8%
\Big (\frac{T-\alpha}{4},\frac{T-\alpha}t{4} ,\frac{T-\«
alpha}{4},\frac{T-\alpha}{4},0,0,0,0,0,0,0,0,0,0,\«
alpha \Big) $$'}, 'FontUnits', 'points','FontSize',14, "'+
interpreter ', 'latex');

, xlabel ({'$$\alpha \quad 0 \le \alpha \le T $$' , 8%
\Big(0,0,0,0,0,0,0,0,0,0,\frac{T-\alphal}t{4},\frac{T-\«
alpha}{4},\frac{T-\alpha}{4},\frac{T-\alphal}{4},\alpha+
\Big) $$'}, 'FontUnits', 'points','FontSize',14,'+

==

interpreter ', 'latex');

, xlabel ({'$$\alpha \quad O \le \alpha \le T $$' , '$8
\Big(0,0,0,0,\frac{T-\alpha}{6},\frac{T-\alphal}{6},\«
frac{T-\alpha}{6},\frac{T-\alphal}{6},\frac{T-\alpha<+
}{6},\frac{T-\alpha}{6},0,0,0,0,\alpha \Big) $$'}, '+
FontUnits ', 'points', 'FontSize',14, 'interpreter ', 'latex<>

|)’

=

%% Figure 2 (Pd vs. a)
figure;

% plot(t,[MI_monte], 'LineWidth',2);

% plot(t,[MI_monte;2*MI_new], 'k','LineWidth',62);

% yyaxis left

% plot(alpha,movmean (MI_monte ,5,'Endpoints', 'shrink'), '+
LineWidth',1.5); % (Pairs,Triplets etc) Monte Carlo <«
based sensing

plot (alpha,Pd, 'k','LineWidth',1.5);

hold on

plot (alpha,Pdl,'b','LineWidth',1.5);

hold on

plot (alpha,Pd3,'r','LineWidth',1.5);

HI=-N#*(g*xlog2(q)+p*log2(p));

% hold on
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% plot([alpha(1l) alpha(end)],[HI HI],'m', 'LineWidth',1)
% hold on

% plot([alpha(1l) alpha(end)],[Hs Hs],'c','LineWidth',61)
% for s=0:N

% n(s+1)=LO0*(N-s)+L1*(s);

% end

ylabel ('$P_d$', 'FontUnits', 'points','FontSize',14, '+
interpreter', 'latex');

% plot(t,N*MI_new, 'r','LineWidth',1.5); % Individual <
sensing

% plot(t,I_u, 'k','LineWidth',1.5); % Joint sensing

% yyaxis right

% plot(alpha,Pd,'color',[0 0.5 0], 'LineWidth',1.5); % («
Pairs,Triplets etc) Monte Carlo based sensing

, ylabel ('$Pd$ ', 'FontUnits', 'points','FontSize',14,'<+"

==

interpreter ', 'latex');

title(['\rm{Poisson:} \quad $N= $' num2str(N) '$\quad p=¢«

$' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=3%$' num2str(L1)...

"$\quad T=$' num2str(t0)], 'FontUnits', 'points', '«
FontSize',14,'Interpreter','latex');

% h=legend ('$I(X;Y) \rm (MonteCarlo: triples-sensing) $«+
','$Pd $','$H(X_1,X_2 \cdots X_N)$','$\textrm{Tangent <
to red curve at } T=0$','$\textrm{Tangent to black
curve at } T=0 $');

% set(h,'Location', 'southeast','FontUnits', 'points', '+
FontSize ' ,14, 'Interpreter ', 'latex','location', 'best');

h=legend('$ \rm ( Config-1): 4 \:singlets+1l \:
quadruplet $','$ \rm ( Config-2): 6 \:pairs+l \:¢
quadruplet $','$ \rm ( Config-3): 4 \: triplets+l \:¢
quadruplet $');

set(h,'Location', 'southeast','FontUnits', 'points', '+

FontSize',12, 'Interpreter','latex','location', 'best');
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% xlabel ('$\alpha \quad (0 \le \alpha \le T) $' ,'«

FontUnits ', 'points','FontSize',14, " 'interpreter ', 'latex<>
DI

xlabel ('$\alpha$' ,'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

grid on

toc

F.15 Code for Fig. (4.5). (Include code |F.18.8)

%% Gaussian MI vs. T (Pairs, triplets, individual and <

Joint sensing)

clear all

% close all

tic

global C cov N NN Q prob

X=0;

N=4;

NN=10"6; % MonteCarlo samples
t0=1; % Total time

D=100; %no. of time divisions

p=0.5;

LO=1; L1=10;

q=1-p;

C=eye (2°N-1);

cov=[ 1; % 2°N-1 X 2°N-1 x 2°N. 3D array <

containing each of component covariance matrices
for 1ii=1:2"N
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% C=diag(mu(ii,:));

% C=eye(size(mu,2)); % Identity matrix for covariance <
matrix of each multivariate Gaussian component

% C=eye(size(mu,2)); % Identity matrix for covariance
matrix of each multivariate Gaussian component

% C=diag([1 1 2]); Y‘%Covariance matrix other than <«
identity matrix

cov=cat (3,cov,C);

end

% iter=D;

hh

Q=dec2bin(0:1:2°N-1)-'2"; % Binary words

Q(Q==-2)=L0; Y%Negative: to avoid failing LO=1

Q(Q==-1)=L1;

S=Q; %probabilities of each instant of X

S(8==L0)=q;

S(S==L1)=p;

prob=prod(S,2); % probability of X

hho

% v=[linspace(0,t0/2,D)"',linspace(0,t0/2,D)"',linspace(t0«+
,0,D) '1;

% v=v(2:end-1,:);

% t=linspace(0,t0,D);

% t=[linspace(0,1,D/2) linspace(1,t0,D/2)];

t=linspace(0,t0,D);

h MI=[ 1;

MI_new=[ ];

MI_monte=[ ];

MI_monte3=[ 1];

MI_montel=[ ];

MI_monteO=[ ];

Pd= [ 1;
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Pds= [ 1;

pdi= [ 1;

Pdo= [ 1;

% H_monte=[ ]1;

% h_monte=[ ]1;

H_ou=[ 1;

H_u2=[ 1;

H_ux=[ ];

H_ux2=[ J];

I_u=[ 1;

I_u2=[ 1;

FF= binopdf (0:N,N,p); % Binomial distrubtuion
Hs=-nansum (FF.*10og2(FF)); % Entropy of Binomial R.V
% for kk=1:length(t)

for kk=1:1length(t)

h N=4

TO =sqrt( [t(kk)/N zeros(1,N-1)]1); % For N=4 time <
elements with time symmetry consideration : [4 6 4 «
1]

T= sqrt ( [0 t(kk)/6 0 0]); % For N=4 time elements <
with time symmetry consideration : [4 6 4 1]

T3= sqrt( [0 O t(kk)/4 01);
Ti= sqrt( [zeros(1,N-1) t(kk)]); % For N=4 time elements<

with time symmetry consideration : [4 6 4 1]

% N=8

% TO = [t(kk)/N zeros(1,N-1)]; % For N=4 time elements <
with time symmetry consideration : [4 6 4 1]

% T3 = [0 t(kk)/28 0 0 0 O O 0];

% T1 = [0 00 t(kk)/70 0 0 O 0]; % For N=8 time <«
elements with time symmetry consideration : [8 28 56 <«
70 56 28 8 1]

% T = [0 0 t(kk)/56 0 0 0 0 0]; % For N=4 time elements<

with time symmetry consideration : [4 6 4 1]
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T

)

T

T

A

b

T

T

b

b

h

T = num2cell ([t(kk)/2 0]); % For N=2 time elements <

with time symmetry consideration : [2 1]

T3 = num2cell ([0 O t(kk)/4 O0]); % For N=4 time <

elements with time symmetry consideration : [4 6 4 1]
T = num2cell ([0 O t(kk)/4 0]); % For N=4 time <«
elements with time symmetry consideration : [4 6 4 1]

T = num2cell ([zeros(1,N-1) t(kk)]); % For N=4 time <«

elements with time symmetry consideration : [4 6 4
1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=5 time <>

elements with time symmetry consideration : [6 10 104
5 1]
T = num2cell ([0 t(kk)/10 zeros(1,3)]); % For N=5 time«
elements with time symmetry consideration : [6 10 «
10 5 1]
= num2cell ([t(kk)/N zeros(1,N-1)]); % For N=6 time <«
elements with time symmetry consideration : [6 15 20«
15 6 1]
= num2cell ([zeros (1,N-1) t(kk) 1); % For N=6 time <
elements with time symmetry consideration : [6 156 20«
15 6 1]
= num2cell ([zeros(1,4) t(kk)/6 0 ]); % For N=6 time <
elements with time symmetry consideration : [6 15 20«
15 6 1]

T = num2cell ([zeros(1,2) t(kk)/20 0 0 0]); % For N=6 <
time elements with time symmetry consideration : [6 «
15 20 15 6 1]

T = num2cell ([t(kk)/N zeros(1,N-1)1); % For N=7 time <«

elements with time symmetry consideration L7 21 «

35 35 21 7 1]
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T

b

A

b

A

b

A

T

b
h
h
b
b
h
h
b
b
h
h
b
b

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=10 time <«
elements with time symmetry consideration: [10 45 120¢
210 252 210 120 45 10 1]

T = num2cell ([t(kk)/N O 1); % Time elements with time <«
symmetry consideration

T = num2cell (20%ones(1,N)); % Time elements with time <«
symmetry consideration

T = num2cell (10%[1 0]); % Time elements for N=2, Tl¢+
=10,T2=10,T3=0;

T = num2cell (20%x[1 1 1]); % Time elements for N=3,

[mil=fun_mi(p,LO0,L1,t(kk)/N,0,0); % Evaluate mutual <«
information for each point (T1,T2,T3).

MI_new=cat (2,MI_new,mi) ;

T=t(i);

tt=cell2mat (T(1)); %scaling

%% Individual sensing

tt=t(kk)/N; % For individual sensing time 7
x0_max= poissinv(l-eps(0.5),L0*tt);

x0_min= poissinv(eps(0.5) ,LO0*tt);

x1_max= poissinv(l-eps(0.5),Lixtt);
x1_min= poissinv(eps(0.5),L1x*tt);

pyO=poisspdf (x0_min:x0_max ,LO*tt);
pyl=poisspdf (x1_min:x1_max,Lixtt);

Py=qg*poisspdf (min(x0_min,x1_min) :max(x0_max,x1_max) ,LO0«

*tt)+. ..
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yA p*poisspdf (min(x0_min,x1_min) :max(x0O_max,xl_max) ,<«
Li*tt); %max and min are introduced

% % to prevent numerical artifact

% H_y=-nansum(Py.*log2(Py));

% hO=-g*nansum (py0.*xlog2(py0));

% Hi=-p*nansum(pyl.xlog2(pyl));

b

% mi=H_y-(hO+H1);

% MI_new=cat(2,MI_new,mi);

/)

% %% Combined sensing MI. T3=T;

h m_u=[ T1;

% L3=N*max ([LO L1])x*t(kk);

% x_min= poissinv(eps(0.5),L);

A x_max=poissinv(l-eps(0.5),L3);

% for k2=0:N hMixture probability

yA pp=poisspdf (0:x_max , ((N-k2)*LO+k2*L1)*t (kk)) ;
P2 pu=FF (k2+1) *xpp;

% m_u=cat(l,m_u,pu);

% end

% ku=nansum(m_u,1);
% hu=-nansum(nansum(ku.*log2(ku)));
% H_u=cat(2,H_u,hu);

% hux=0;

% for w=0:N % For conditional probabilities

yA x_min= poissinv(eps(0.5),((N-w)*LO+wxL1)*t (kk));
A x_max=poissinv(l-eps(0.5) ,((N-w)*LO+wxL1)x*t (kk));
A pl=poisspdf (x_min:x_max , ((N-w)*LO+wxL1)x*t(kk));

yA hux=hux-FF(w+1) *pl*log2(pl)"';

% end

% % keyboard

% % H=nansum(nansum(m_u)) %entropy of multivariate <
poisson mixture

% % H_u=cat(2,H_u,H);
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h
b
b
h
h

b
b
b

b
h
h
b
b
h
h
h
b
b
h
h
b
b
h

b

b
b
h

H_ux=cat(2,H_ux,hux) ;
I=hu-hux;

I_u=

cat(2,I_u,I);

%% Pair-sensing: 6. I(T/6) where I is a Joint sensing <

of two bins.

pm_u=[ 1;

c2=2; % no. of pairs count

N2=2; % Considering a Joint sensing problem for a two-+«

bin case
FF2= binopdf (0:N2,N2,p); % Binomial distrubtuion

for

end

ku2=

L3=N2*max ([LO L1])x*t(kk)/c2;

x_min= poissinv(eps(0.5),L);
x_max=poissinv(l-eps(0.5),L3);
k2=0:N2 hMixture probability
pp2=poisspdf (0:x_max , ((N2-k2)*LO+k2*L1)*t (kk)/c2);
pu=FF2 (k2+1) *xpp2;
pm_u=cat (1,pm_u,pu);

nansum (pm_u,1) ;

hu2=-nansum(nansum(ku2.*log2 (ku2)));
H_u2=cat(2,H_u2,hu2);
hux2=0;

for

w2=0:N2 % For conditional probabilities
x_min= poissinv(eps(0.5) ,((N2-w2)*LO+w2*L1)x*t(kk) /<

c2);

x_max=poissinv(l-eps(0.5) ,((N2-w2)*LO+w2*L1)x*t (kk)<+

/c2);

p2=poisspdf (x_min:x_max , ((N2-w2)*LO+w2*L1)*t (kk) /<«

c2);

end

hux2=hux2-FF2 (w2+1) *p2*log2(p2) ';

% keyboard
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% % H=nansum(nansum(m_u)) %entropy of multivariate <
poisson mixture

% % H_u=cat(2,H_u,H);

% H_ux2=cat(2,H_ux2,hux2);

% I2=hu2-hux2;

% I_u2=cat(2,I_u2,I12);

%% Monte Carlo : Individual (MI vs. T and Pd vs. T)
% [info0,cd0]=Newpoiss_nn(TO);
[info0,cd0]=Newgauss_nn(TO) ;
MI_monteO=cat (2,MI_monteO,info0) ;
PdO=cat (2,Pd0,cd0); % Total correct detections

%% Monte Carlo : 6-Pairs (MI vs. T and Pd vs. T)
[info,cd]=Newgauss_nn(T);
MI_monte=cat (2,MI_monte,info);

Pd=cat(2,Pd,cd); % Total correct detections

%% Monte Carlo : 4-Triplets (MI vs. T and Pd vs. T)
[info3,cd3]=Newgauss_nn(T3);
MI_monte3=cat(2,MI_monte3,info3);

Pd3=cat (2,Pd3,cd3); % Total correct detections

%% Monte Carlo : Joint (MI vs. T and Pd vs. T)
% [infol,cdl]=Newpoiss_nn(T1);
[infol,cdl]=Newgauss_nn(T1);
MI_montel=cat (2,MI_montel,infol);
Pdl=cat (2,Pdl,cdl1); % Total correct detections

X=X+1;

PC= X/D*100;

formatSpec = 'Iteration no : %d Percent <
completed : % .2f %% Elapsed time: % .4f sec \¢
n';
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fprintf (formatSpec ,X,PC,toc)

end

%% Figure 1 (Information)

figure;

hold on

b

b

b

b

b

b

b

plot (t,MI_monte,'LineWidth',1.5); % (Pairs,Triplets <
etc) Monte Carlo based sensing

plot(t,[0 MI_monte(2:5) movmean(MI_monte(6:end) ,5,'<«
Endpoints ', 'shrink')],'LineWidth',1.5); % (Pairs,<

Triplets etc) Monte Carlo based sensing

plot (t,N*MI_new, 'k','LineWidth',1.5); % Individual <«
sensing

plot(t,[0 MI_monte(2:end)],'b','LineWidth',1.5); % 6-«
Pairs sensing

plot(t,[0 MI_monte3(2:end)],'r','LineWidth',1.5); % <«
4-Triplets sensing

plot(t,I_u,'color',[0 0.5 0],'LineWidth',1.5); % <«
Joint sensing

plot(t,c2*I_u2, 'c','LineWidth',1.5); % 6 Pair-wise <

sensing caluculated from two-bin Joint sensing

plot(t,[0 MI_monte0(2:end)], 'k','LineWidth',1.5); % ¢

Individual sensing

plot(t,[0 MI_monte(2:end)],'b','LineWidth',1.5); % 6-¢

Pairs sensing

plot(t,[0 MI_monte3(2:end)],'r','LineWidth',1.5); % 4-¢

Triplets sensing

plot(t,[0 MI_montel(2:end)],'color',[0 0.5 0], '+

LineWidth',1.5); % Joint sensing

Tololololololo oo oo ToToTototo %ot oo lololololoTo ToTo To To To To To 1o 1
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hold on

HI=-N*(g*log2(q)+p*log2(p));

plot ([t(1) t(end)],[HI HI],'m','LineWidth',1)
hold on

plot ([t(1) t(end)],[Hs Hs],'c','LineWidth',61)

xlabel ('$T$', 'FontUnits', 'points', 'FontSize',14, '+

interpreter','latex');
% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');

ylabel ('$I$', " 'FontUnits', 'points', ' 'FontSize',14, '+

interpreter', 'latex');

% for s=0:N
% n(s+1)=LO0*x(N-s)+L1x*(s);
% end

% %% Analytic derivatives

% e3=nansum([(1-p)*(LO*1log2(L0)) px*x(Llx*xlog2(L1))]);

% e4=nansum ([(1-p)*(LO) px*x(L1)]);

% eb=nansum(ed.*log2(e4));

% ddl=e3-e5 %% Analytic derivative at T=0: For T1=T2=T/2¢
case

o hh T DTl hToToto %l o To T

% el=nansum(FF.*x(n.xlog2(n)));

% e2=nansum (FF.*(n))*log2 (nansum (FF.*(n)));

% dd2=el-e2 %% Analytic derivative at T=0: For T=T3 case

b

% hold on

hox [0 t0];

by [0 dd1*t0];

% line(x,y,'Color','k',6 'LineStyle','--")

b
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% hold on
% x = [0 t0];
%y = [0 dd2xt0];

% line(x,y,'color',[0 0.5 0],'LineStyle','--")

% hold on

% x = [0 tO];

%y = [0 Li/exp(1)/log(2)*t0]; % Maximum possible <«
individual -sensing rate ( L1/exp (1) ) possible ¢«
when lambda_0=0 and lambda_1.

% line(x,y,'Color','b','LineStyle','--")

)

% hold on

h x = [0 tO0];

%y = [0 0.58/1log(2)*L1*t0]; % Maximum possible Joint-¢

sensing rate possible when lambda_0=0 and lambda_1
% line(x,y,'Color','m','LineStyle','--"')
% axis tight

title (['\rm{Gaussian:} \quad $N= $' num2str (N) '$\quad p«
= $' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"'$\quad \lambda_1=$' num2str(L1)...

"'$\quad T=%$' num2str(t0)], 'FontUnits', 'points', '+

FontSize',14,'Interpreter','latex');

225



% h=legend ('$I(X_1,X_2,X_3,X_4;Y_1,Y_2,Y_3,Y_4) \quad \«

rm(Individual)$', '$I(X_1,X_2,X_3,X_4;Y 5,Y_6,Y_7,Y_8,«
Y_9,Y_{10}) \quad \rm (6-pairs) $','$I(X_1,X_2,X_3,X_4«
;Y_ {11}, Y_{12},Y_{13},Y_{14}) \rm (4-Triplets) $','$I(«+
X_1,X_2,X_3,X_4;Y_{15}) \quad \rm(Joint)$','$I(X_1+«+
X_2 ,X_3+X_4;Y_5,Y_{10})=2 \cdot I(X_1+X_2 ;Y_5) \Big <«
| _{T=\frac{T}{2}} \quad (2 \: \rm nonoverlapping\: <
pairs)$', '$H(X_1,X_2,X_3,X_4)$',['$ \frac{\partial I«
Y{\partial T}\Big|_{T=0}=$%' num2str(ddl) '$ \textrm{ (+
Individual -sensing)} $']1,['$ \frac{\partial I}{\«
partial T}\Big|_{T=0}=$' num2str(dd2) '$ \textrm{ (+
Joint-sensing)} $'], '$\textrm{Maximum possible
theoretical individual-sensing rate $\frac{\lambda_1}{«+
e \cdot \mathrm{log_{e}(2)}}$ at } T=0 \textrm{ and }«+
p=\frac{1}{e}$','$\textrm{Maximum possible <
theoretical Joint-sensing rate $0.58 \cdot \lambda_1 \«
cdot {(\mathrm{log_{e}}(2)}) " {-1}$ at } T=0 \textrm{ «
when } p \rightarrow 0, N \rightarrow \infty, N \cdot <
p \rightarrow \lambda \approx 1.34$');

h=legend ('$I(X_1,X_2,X_3,X_4;Y_1,Y_2,Y_3,Y_4) \quad \rm¢«
(4-Singlets)$','$I(X_1,X_2,X_3,X_4;Y 5,Y 6,Y_7,Y.8,Y_9«
,Y_{10}) \quad \rm (6-Pairs) $','$I(X_1,X_2,X_3,X_4;Y_<
{113, v_{12},Y_{13},Y_{14}) \rm (4-Triplets) $','$I(X_1+
,X_2,X_3,X_4;Y_{15}) \quad \rm(1-Quadruplet)$',['$H(+
X_1,X_2,X_3,X_4)=%"'" num2str(HI)] , ['$H(\sum_i X_i)=3%'+

num2str (Hs) 1);
set (h, 'Location', 'southeast', 'FontUnits', 'points', '+

FontSize',10, 'Interpreter','latex','location', 'best');

ylim ([0 HIJ]);

grid on

b
b
b

toc
-2%FF2*1og2 (FF2') 7 entropy of two independent pairs
p=0.125; q=1-p; P=[q"2  2*pxq p2]";
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% K = kron(kron(kron(kron(kron(P,P),P),P),P),P); % <«

probabilities of all

% possible outcomes for 6 trials with each bin having 3 <

possible

% outcomes i-e 376 number of elements in support

% —-sum(K.*log2(K))

%% Figure 2 (Detection)

% figure; 7 WITH Moving Average

% plot(t,movmean(PdO0 ,3,'Endpoints

LineWidth',1.5); % Individual

% hold on

% plot(t,movmean(Pd ,3,'Endpoints'

0.5 0],'LineWidth',1.5);
% hold on

% plot(t,movmean(Pd3 ,3,'Endpoints

%Pairs

LineWidth',1.5); % Triplets

% hold on

% plot(t,movmean(Pdl,3,'Endpoints'

LineWidth',1.5); % Joint

figure; % WITHOUT Moving Average

plot(t,Pd0,'k','LineWidth',1.5);

hold on

plot(t,Pd,'b','LineWidth',1.5);

hold on

plot(t,Pd3,'r','LineWidth',1.5);

hold on

b

b

3

3

>

'shrink ') ,'k', '

shrink '), 'color',[0 <«

"shrink ') ,'r', '«

shrink'),'b', '«

Individual

%Pairs

% Triplets

plot(t,Pdl, 'color',[0 0.5 0], 'LineWidth',1.5); % Joint

xlabel ('$T$', 'FontUnits', 'points','FontSize',14, '+

interpreter','latex');
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% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');
ylabel ('$Pd$', 'FontUnits', 'points','FontSize',14, '+

interpreter','latex');

title(['\rm{Gaussian:} \quad $N= $' num2str(N) '$\quad p¢
= $§' num2str(p)...

"'$\quad \lambda_0= $' num2str (LO)...

"'$\quad \lambda_1=$' num2str(L1l)...

"$\quad T=$' num2str(t0)], 'FontUnits', 'points', '+
FontSize',14, 'Interpreter','latex');

h=legend ('$\mathrm{4-Singlets}$','$ \mathrm{ 6-Pairs}$',+
'$ \mathrm{ 4-Triplets}$','$ \mathrm{i-Quadruplet}$');

% h=legend ('$I(X;Y) \rm (MonteCarlo: 6-pairs \: sensing)<+
$','$I(X;Y) \rm(Computed: \: Individual-sensing)$', '+
$I(X,Y_{2°N-1}) \: \rm(Computed: \: Joint-sensing)$', '
$T(X_1+X_2 ,X_3+X_4;Y_5,Y_{10})=2 \cdot I(X_1+X_2 ;Y_b5¢
) \Big |_{T=\frac{T}{2}} $','$Pd $', '$H(X_1,X_2 \cdots«
X_N)$', '$\textrm{(Theoretical) Rate of individual -«
sensing curve at } T=08$','$\textrm{(Theoretical) Rate ¢
of joint-sensing curve at } T=0 $','$\textrm{Maximum <+
possible theoretical individual -sensing rate $\frac{\«
lambda_1}{e \cdot \mathrm{log_{e}(2)}}$ at } T=0 \¢«
textrm{ and } p=\frac{i}{e}$', '$\textrm{Maximum <«
possible theoretical Joint-sensing rate $0.58 \cdot \«
lambda_1 \cdot {(\mathrm{log_{e}}(2)1})"{-1}8% at } T=0 «
\textrm{ when } p \rightarrow 0, N \rightarrow \infty,«
N \cdot p \rightarrow \lambda \approx 1.34$');
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% h=legend ('$I(X;Y) \rm (MonteCarlo)$','$Pd $','$H(X_1,«+
X_2 \cdots X_N)$','$\textrm{(Theoretical) Tangent to <
red curve at } T=0%','$\textrm{(Theoretical) Tangent <
to black curve at } T=0 $','$\textrm{(Theoretical) <
Maximum possible Joint-sensing rate at } T=0 $','$\+
textrm{(Theoretical) Maximum possible individual -¢

sensing rate at } T=0 $');

set(h,'Location', 'southeast','FontUnits', 'points', '+
FontSize',14, 'Interpreter','latex','location', 'best');

grid on

toc

F.16 Code for Fig. (4.6). (Include code [F.18.8)

%% Poisson MonteCarlo for MI vs. alpha and Pd vs. alpha<¢

for full support in time constraint.

clear all

% close all

tic

global C cov N NN Q prob

X=0;

N=4,;

NN=10"6; % MonteCarlo samples
t0=1; % Total time

D=100; %no. of time divisions
p=0.125;

LO=5; L1=10;
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q=1-p;

C=eye(2°N-1);

cov=[ 1; % 2°N-1 X 2°N-1 X 2°N. 3D array <
containing each of component covariance matrices

for 1i=1:2"N

% C=diag(mu(ii,:));

% C=eye(size(mu,2)); % Identity matrix for covariance <«
matrix of each multivariate Gaussian component

% C=eye(size(mu,2)); % Identity matrix for covariance <«
matrix of each multivariate Gaussian component

% C=diag([1 1 2]); Y‘%Covariance matrix other than <«
identity matrix

cov=cat (3,cov,C);

end

% iter=D;

ot

Q=dec2bin (0:1:2°N-1)-'2"; % Binary words
Q(Q==-2)=L0; Y%Negative: to avoid failing LO=1
Q(Q==-1)=L1;

S=Q; %probabilities of each instant of X
S(S==L0)=q;

S(sS==L1)=p;

prob=prod(S,2); % probability of X

%% probabilities of each word
h x=[p 1-pl;

h pro=x;

% for i=1:(N-1)

% pro=kron(pro,x);

% end

'
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% v=[linspace(0,t0/2,D)"',linspace(0,t0/2,D)"',linspace(t0«+
,0,D) '1;

% v=v(2:end-1,:);

alpha=linspace(0,t0,D);

h MI=[ 1;

% MI_new=[ ];

MI_monte=[ ];
MI_monte3= [ 1];
MI_montel= [ 1];

Pd= [ 1];
Pd3= [ 1;
Pdi= [ 1;

% H_monte=[ ];

% h_monte=[ ];

Hou=[ 1;

H_ux=[ ];

I_u=[ 1;

FF= binopdf (0:N,N,p); % Binomial distrubtuion
Hs=-nansum (FF.*1og2(FF)); % Entropy of Binomial R.V
% for kk=1:1length(t)

for kk=1:1length(alpha)

X

T = sqrt ([  (t0O-alpha(kk))/4 0 0 alpha(kk)]); <«
%» For N=4 time elements with time symmetry <
consideration : [4 6 4 1]

T1 = sqrt([ O (t0O-alpha(kk))/6 0 alpha (kk) <+
1>; % For N=4 time elements with time symmetry <
consideration : [4 6 4 1]

T3 = sqrt ([ 0 0 (t0O-alpha(kk))/4 alpha(kk)])«

; % For N=4 time elements with time symmetry <

consideration : [4 6 4 1]
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T

/)

T

A

b

b

T

/)

b

T

A

b

T

T = num2cell ([0 alpha(kk)/6 0 0]); % For N=4 time <«
elements with time symmetry consideration : [4 6 4 1]
T = num2cell ([0 O t(kk)/4 0]); % For N=4 time <«

elements with time symmetry consideration : [4 6 4 1]

T = num2cell ([zeros(1,N-1) t(kk)]); % For N=4 time ¢
elements with time symmetry consideration : [4 6 4
1]

= num2cell ([0 0 0 t(kk)/70 0 O 0]); % For N=8 time<+

elements with time symmetry consideration : [8 28 56«

70 56 28 1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=5 time <«
elements with time symmetry consideration : [6 10 104

5 1]

T = num2cell ([0 t(kk)/10 zeros(1,3)]); % For N=5 time<¢

elements with time symmetry consideration : [6 10
10 5 1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=6 time <
elements with time symmetry consideration : [6 15 20«

15 6 1]

T = num2cell ([zeros(1,N-1) t(kk) ]1); % For N=6 time <«
elements with time symmetry consideration : [6 15 20«

15 6 1]

T = num2cell ([zeros(1,4) t(kk)/6 0 1); % For N=6 time <«
elements with time symmetry consideration : [6 156 20«

15 6 1]

T = num2cell ([zeros(1,2) t(kk)/20 0 0 0]); % For N=6 <«
time elements with time symmetry consideration : [6 «

15 20 15 6 1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=7 time <

elements with time symmetry consideration L7 21 ¢«
35 35 21 7 1]

T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=10 time <«

elements with time symmetry consideration: [10 45 120+«
210 252 210 120 45 10 1]
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% T = num2cell ([t(kk)/N O 1); % Time elements with time
symmetry consideration

% T = num2cell (20*xones(1,N)); % Time elements with time
symmetry consideration

% T = num2cell (10*[1 0]); % Time elements for N=2, Tl
=10,T2=10,T3=0;

% T = num2cell (20%x[1 1 1]); % Time elements for N=3,

%% Monte Carlo : Individual with Joint (MI vs. a and Pd
vs. a)
[info,cd]=Newgauss_nn(T);
MI_monte=cat (2,MI_monte ,info);

Pd=cat(2,Pd,cd); % Total correct detections

%% Monte Carlo : 6-Pairs with Joint (MI vs. a and Pd vs.
a)
% [infol,cdl]=Newpoiss_nn(T1);
[infol,cdl]=Newgauss_nn(T1);
MI_montel=cat (2,MI_montel,infol);
Pdi=cat (2,Pdl,cdl); % Total correct detections

%% Monte Carlo : 4-Triplets with Joint (MI vs. a and <

Pd vs. a)
[info3,cd3]=Newgauss_nn(T3);
MI_monte3=cat(2,MI_monte3,info3);
Pd3=cat (2,Pd3,cd3); % Total correct detections

X=X+1;

end

%% Figure 1( I vs. a )
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figure;
% plot(t,[MI_monte], 'LineWidth',2);
% plot(t,[MI_monte;2*MI_new], 'k','LineWidth',62);
% yyaxis left
% plot (alpha,movmean (MI_monte ,5,'Endpoints','shrink'), '+
LineWidth',1.5); % (Pairs,Triplets etc) Monte Carlo <«

based sensing

plot (alpha,MI_monte, 'k','LineWidth',1.5);
hold on

plot (alpha,MI_montel,'b','LineWidth',1.5);
hold on

plot (alpha,MI_monte3,'r','LineWidth',1.5);

% mv=movmean (MI_monte ,5,'Endpoints','shrink');

% plot(alpha,[MI_monte (1) mv(2:end)],'r','LineWidth+
',1.5);

% hold on

% mvi=movmean (MI_montel,5, 'Endpoints','shrink');

% plot(alpha,[MI_montel (1) mvli(2:end)],'b', 'LineWidth+
',1.5);

% hold on

% mv3=movmean (MI_monte3,5, 'Endpoints','shrink');

% plot(alpha,[MI_monte3 (1) mv3(2:end)], 'k','LineWidth+
',1.5);

HI=-N*(g*xlog2(g)+p*log2(p));

hold on

plot ([alpha (1) alpha(end)],[HI HI],'m', 'LineWidth',1)
hold on

plot ([alpha (1) alpha(end)],[Hs Hs],'c','LineWidth',b1)
% for s=0:N

% n(s+1)=LO*(N-s)+L1x(s);

% end
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ylabel ('$I$', 'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

% plot(t,N*xMI_new, 'r','LineWidth',1.5); % Individual <
sensing

% plot(t,I_u, 'k','LineWidth',1.5); 7% Joint sensing

% yyaxis right

% plot(alpha,Pd,'color',[0 0.5 0],'LineWidth',1.5); % (%
Pairs ,Triplets etc) Monte Carlo based sensing

o ylabel ('$Pd$ ', 'FontUnits', 'points','FontSize',14,'+

=

interpreter ', 'latex');

title (['\rm{Gaussian:} \quad $N= $' num2str(N) '$\quad p«
= $' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=$' num2str(L1)...

"'$\quad T=$' num2str(t0)], 'FontUnits', 'points', '+
FontSize',14,'Interpreter','latex');

% h=legend ('$I(X;Y) \rm (MonteCarlo: triples-sensing) $«
",'$Pd $','$H(X_1,X_2 \cdots X_N)$','$\textrm{Tangent <
to red curve at } T=0$', '$\textrm{Tangent to black <
curve at } T=0 $');

% set(h,'Location', 'southeast','FontUnits', 'points', '+
FontSize',14,'Interpreter','latex','location', 'best');

h=legend('$ \rm ( Config-1): 4 \: singlets + 1 \: ¢«
quadruplet $','$ \rm ( Config-2): 6 \: pairs + 1 \: ¢
quadruplet $','$ \rm ( Config-3): 4 \: triplets + 1 ¢«
\: quadruplet $',['$H(X_1,X_2,X_3,X_4)=3%"' num2str(HI)]<«+

, ['"$H(\sum_i X_i)=$' num2str(Hs) 1 );

set (h, 'Location', 'southeast', 'FontUnits', 'points', '+
FontSize',11,'Interpreter','latex','location', 'best');

% xlabel('$\alpha \quad (0 \le \alpha \le T) $' ,'¢
FontUnits ', 'points','FontSize',14, " 'interpreter ', 'latex<
")

xlabel ('$\alpha $' ,'FontUnits', 'points','FontSize',14,¢
'"interpreter','latex');
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grid on

oo

% xlabel ({'$$\alpha \quad 0 \le \alpha \le T $$' , 8%
\Big (\frac{T-\alpha}{4},\frac{T-\alpha}t{4} ,\frac{T-\«
alpha}{4},\frac{T-\alpha}t{4},0,0,0,0,0,0,0,0,0,0,\«
alpha \Big) $$'}, 'FontUnits', 'points','FontSize',14, "'+
interpreter ', 'latex');

, xlabel ({'$$\alpha \quad 0 \le \alpha \le T $$' , 8%
\Big(0,0,0,0,0,0,0,0,0,0,\frac{T-\alphal}t{4},\frac{T-\«
alpha}{4},\frac{T-\alpha}{4},\frac{T-\alphal}{4},\alpha+
\Big) $$'}, 'FontUnits', 'points','FontSize',14,'+

==

interpreter ', 'latex');

, xlabel ({'$$\alpha \quad 0 \le \alpha \le T $$' , '$8
\Big(0,0,0,0,\frac{T-\alpha}{6},\frac{T-\alphal}{6},\«
frac{T-\alpha}{6},\frac{T-\alphal}{6},\frac{T-\alpha<+
}{6},\frac{T-\alpha}{6},0,0,0,0,\alpha \Big) $$'}, '+
FontUnits ', 'points', 'FontSize',14, 'interpreter ', 'latex<>

|)’

=

%% Figure 2 (Pd vs. a)
figure;

% plot(t,[MI_monte], 'LineWidth',2);

% plot(t,[MI_monte;2*MI_new], 'k','LineWidth',62);

b yyaxis left

% plot(alpha,movmean (MI_monte ,5,'Endpoints', 'shrink'), '+
LineWidth',1.5); % (Pairs,Triplets etc) Monte Carlo <
based sensing

plot (alpha,Pd, 'k','LineWidth',1.5);

hold on

plot (alpha,Pdl,'b','LineWidth',1.5);

hold on

plot (alpha,Pd3,'r','LineWidth',1.5);

HI=-N#*(g*xlog2(q)+p*log2(p));

% hold on
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% plot([alpha(1l) alpha(end)],[HI HI],'m', 'LineWidth',1)
% hold on

% plot([alpha(1l) alpha(end)],[Hs Hs],'c','LineWidth',61)
% for s=0:N

% n(s+1)=LO0*(N-s)+L1*(s);

% end

ylabel ('$P_d$', 'FontUnits', 'points','FontSize',14, '+
interpreter', 'latex');

% plot(t,N*MI_new, 'r','LineWidth',1.5); % Individual <
sensing

% plot(t,I_u, 'k','LineWidth',1.5); % Joint sensing

% yyaxis right

% plot(alpha,Pd,'color',[0 0.5 0], 'LineWidth',1.5); % (+
Pairs,Triplets etc) Monte Carlo based sensing

, ylabel ('$Pd$ ', 'FontUnits', 'points','FontSize',14,'<+"

==

interpreter ', 'latex');

title(['\rm{Gaussian:} \quad $N= $' num2str(N) '$\quad p<¢+
= $' num2str(p)...

"$\quad \lambda_0= $' num2str (LO)...

"$\quad \lambda_1=3%$' num2str(L1)...

'$\quad T=$' num2str(t0)], 'FontUnits', 'points', '+
FontSize',14,'Interpreter','latex');

% h=legend ('$I(X;Y) \rm (MonteCarlo: triples-sensing) $«
','$Pd $','$H(X_1,X_2 \cdots X_N)$','$\textrm{Tangent <
to red curve at } T=0$','$\textrm{Tangent to black
curve at } T=0 $');

% set(h,'Location', 'southeast','FontUnits', 'points', '+
FontSize',14, 'Interpreter ', 'latex','location', 'best');

h=legend('$ \rm ( Config-1): 4 \: singlets+ 1 \: <
quadruplet$','$ \rm ( Config-2): 6 \: pairs+ 1 \:
quadruplet$','$ \rm ( Config-3): 4 \:triplets+ 1 \: ¢«
quadruplet$');

set(h,'Location', 'southeast','FontUnits', 'points', '+

FontSize',14, 'Interpreter','latex','location', 'best');
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% xlabel ('$\alpha \quad (0 \le \alpha \le T) $' ,'«

FontUnits ', 'points','FontSize',14, " 'interpreter ', 'latex<>
DI

xlabel ('$\alpha$' ,'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

grid on

toc

F.17 Code for Fig. (E.1). (Include code [F.18.3)

clear all

close all

%% For 1<Lambda<9 (Theorem 1)
% n=4;k=0;p=0.25; g=1-p; b=nchoosek(n,k)*p~(k)*q~(n-k)
% binopdf (0,4,p)

% L=0.025;

% m=6;

% for k=2:(2*m+1)

%o c=0;

% for j=0:(k-1)

% d=(-1) .7 (k-1-j) .*nchoosek(k-1,j) .*1log2(j+1);
% c=c+d;

% end

% hL(k-1)=c.xL. k./gamma (k+1) ;

% % hU(k-1)=c.*L. k./gamma(k+1);
% end

% U=Lxlog2(L)-L*log2(exp(1));

% HL=nansum (hL)-U
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% HU=nansum (hL)-hL (end)-U

syms L
% L=0.025;
m=6;
for k=2:(2*xm+1)

c=0;

for j=0:(k-1)
d=(-1) .7 (k-1-j) .*nchoosek(k-1,3j) .*1log2(j+1);
c=c+d;

end

hL(k-1)=c.*L. k./gamma(k+1) ;
% hU(k-1)=c.*xL. k./gamma (k+1) ;

end
L=0.025:0.1:10;

for i=1:length(L)
U=L(i)*1log2(L(i))-L(i)*log2(exp(1));
HL(i)=sum(subs (hL,L(1i)))-U;

HU(i)=sum(subs (hL,L(i)))-sum(subs (hL(end) ,L(i)))-U;
% HU(i)=sum(subs(hL,L(i)))-U;

end
% H_U=HU-HU(end) ;
pl=plot (L, [HL;HU],'r:','LineWidth"',2)

% for i=1:1length(L)

% x(i)=poissinv(l-eps(0.5),L(1i));
% y=poisspdf (0:x(i),L(i));

% H(i)=-nansum(y.*log2(y));

% end

% hold on

% plot(L,H,'k','LineWidth',1)

%% For 9<Lambda (Theorem 2)

syms s L
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b=0;

for j=3:2*xm+1

x=(-1) ."(j-1)*poisscentral (s,j)/(j.*x(j-1) .*xs."j);
b=b+x;

end
B=int(b,s,L,inf);

r=poisscentral (s,2*m+2) /((2*m+1) *s~(2*xm+2) ) ;
R=int(r,s,L,inf) ;

C=0.5*x1log (2*xpi*L)+0.5+B;
UL=-R+C;
UP=C;

L=0.1:0.1:20;

X=0;

for F=1:length(L)

G=0.5*%1log (2*xpi*L(F))+0.5+int(b,s,L(F),inf);
lower (F)=log2(exp(1))*(-int(r,s,L(F),inf)+G);
upper (F)=1log2 (exp (1)) *G;

X=X+1

end

% figure

hold on

p2=plot(L,lower,'b:',L,upper,'b:','LineWidth"',2)

xlabel ('$\lambda$', 'FontUnits', 'points','FontSize',14, '+
interpreter','latex');

% ylabel ('$N \cdot I_1(X_1;Y_1)$','FontUnits', 'points', '+
FontSize',14,'interpreter ', 'latex');

ylabel ('$H$ ', 'FontUnits', 'points','FontSize' , 14, '+
interpreter','latex');

title(['$\rm{Poisson \: entropy \: bounds} \quad m=$'
num2str(m)], 'FontUnits', 'points','FontSize',14, "'+

Interpreter', 'latex');
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V=[0:0.1:20]; % lambda values

for i=1:length (V)
w(i)=poissinv(l-eps(0.5),V(i));
y=poisspdf (0:w(i),V(i));
HH(i)=1log2(exp (1)) *(-nansum(y.*xlog(y)));
%» hh(i)=-nansum(y.*log2(y));

end

hold on

p3=plot (V,HH, 'k','LineWidth',1)

% h=legend({'$\rm m = $' v,'$\rm m = $' v}, 'FontSize+
',14,'Location', 'southwest','Interpreter','latex');
h=legend ([p1 (1) p2(1) p3],'$ \rm{bounds \: for\: small <«
\: \lambdal}$', '$\rm{bounds \: for\: large \: \lambdal}$«+

" ,'$ \rm{computed \: entropy}$');

set(h,'Location', 'southeast','FontUnits', 'points', '+
FontSize',14,'Interpreter','latex','location', 'best');
grid on

axis ([0 V(end) 0 HH(end)])

F.18 Supporting functions

F.18.1 Supporting function 1

%% Two bin simulation. Function written to work with <«
Two_bin.m
function([I1,I2,1I3,I,Hy]l=Con_MI_2(p,LO0,L1,T1,T2,T3)
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global X % It is introduced to count the number of

function calls.

X

9=1-p;

% T=T1+T2+T3;
% e=eps(1);
e=eps (0.5);

yl_max= poissinv(l-e,L1%*T1);
y2_max= poissinv(l-e,L1%*T2);
y3_max= poissinv(l-e,(L1+L1)*T3);

[yl1,y2,y3]=meshgrid(0:yl_max,0:y2_max ,0:y3_max);

%» Conditional Probabilities of Y1 given X
pyl_00=poisspdf (y1,L0*T1);

pyl_01=pyl1_00;

pyl_10=poisspdf (y1,L1*T1);

pyl_11=pyl1_10;

Y_1=q*pyl_00+p*pyl_11; % unconditional probability of <«
y1

pyl=Y_1(1,:,1); Y%select 1st row of the first slice to ¢«
get increasing numbers of Y_1

hli=nansum(-pyl.*log2(pyl));

Hyx_l=nansum(-1*(gq*pyl_00(1,:,1) .x1og2(pyl_00(1,:,1))+p*¢
pyl_11(1,:,1) .*xlog2(pyl_11(1,:,1))));

I1=h1-Hyx_1;

%» Conditional Probabilities of Y2 given X
py2_00=poisspdf (y2,L0*T2);

py2_10=py2_00;
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py2_0l=poisspdf (y2,L1%*T2);
py2_11=py2_01;

Y_2=q*py2_00+p*xpy2_11; % unconditional probability of <«
y2

py2=Y_2(:,1,1); %select 1st column of the first slice <«
to get increasing numbers of Y_2

h2=nansum(-py2.*log2(py2));

Hyx_2=nansum (-1*(g*xpy2_00(:,1,1) .*1og2(py2_00(:,1,1))+p*&
py2_11(:,1,1) .xlog2(py2_11(:,1,1))));

I2=h2-Hyx_2;

% Conditional Probabilities of Y3 given X
py3_00=poisspdf (y3,(LO+L0)*T3);
py3_01=poisspdf (y3,(LO+L1)*T3);

% py3_10=poisspdf (y3,(L1+L0)*T3);
py3_10=py3_01;

py3_11=poisspdf (y3,(L1+L1)*T3);

py=q " 2*(py1_00.*py2_00.*py3_00) +
q*p*(pyl_01.*py2_01.*py3_01) +...
pxgq*x (pyl_10.*py2_10.*py3_10)+...
p 2x(pyl_11.*py2_11.%xpy3_11) ;

h=-py.*log2(py);

Hy=nansum(nansum(nansum(h)));
ul=py1_00.*py2_00.*py3_00; L_ul=log2(ul);
u2=pyl1_01.%py2_01.*py3_01; L_u2=log2(u2);
u3=pyl_10.*py2_10.*py3_10; L_u3=1log2(u3d);
ud=pyl_11.*py2_11.*%py3_11; L_ud=log2(ud);

% ul(isnan(ul))=0; u2 (isnan(u2))=0;
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% u3(isnan(u3))=0;

indexing to replace

ué (

% L_ul(isnan(L_ul))=0;
% L_u3(isnan(L_u3))=0;

indexing to replace

HOO=q "~ 2x*
HOl=px*xqgx*
H10=p*qx*
Hl1l=p~2x%

ul;
u2;
u3d;
u4;

isnan(u4))=0; % Logical <«

NaN with O

L_u2(isnan(L_u2))=0;

L_u4(isnan(L_u4))=0; % Logical ¢«

NaN with O

s=-1*x(HOO .*L_ul+HO1.*L_u2+H10.*L_u3+H11.*L_u4);

A
L_u4d)

I

s=-1%(q~2%ul . *L_ul+p*qg*u2.*L_u2+p*q*u3.*L_u3+p~2*ud.*x+

Hyx=nansum(nansum (nansum(s)));

Y=Y_1.%xY_2;

N_00=H00./Y;

N_01=HO01./Y;

N_10=H10./Y;

N_11=H11./Y;
D_00=q~2.*xpyl_00.*xpy2_00
D_Ol1l=p*q.*pyl_01.xpy2_01
D_10=p*q.*pyl_10.*py2_10
D_11=p~2.xpyl_11.xpy2_11
D=py./Y;
S1=N_00.%*1og2(N_00./(D_00
S2=N_01.%1log2(N_01./(D_01
S3=N_10.%*1log2(N_10./(D_10
S4=N_11.%1log2(N_11./(D_11

h% Joint probability of (yl1,y2)

Y
Y
WA'S
Y

.*D)) ;
.*D)) ;
.*D)) ;
.xD));
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S=Y.*x(S1+S2+S3+54);

I3=nansum (nansum(nansum(S)));
I=Hy-Hyx;

X=X+1;

end

F.18.2 Supporting function 2

%% Two bin simulation. Function written to work with <«
Two_bin.m

function[I,H00,HO1,H10,H11]=MI_2(p,L0,L1,T1,T2,T3)

global X % It is introduced to count the number of

function calls.

X

q=1-p;

% T=T1+T2+T3;
% e=eps(1);
e=eps (0.5);

yl_max= poissinv(l-e,2*xL1%T1);

y2_max= poissinv(l-e,2xL1%T2);

y3_max= poissinv(l-e,2*(L1+L1)%*T3);

%L=95;y= poissinv(l-eps(0.5),L); z=poisscdf(y+1,L);z==1
[yl,y2,y3]=meshgrid (0:yl_max ,0:y2_max,0:y3_max);

% Conditional Probabilities of Y1 given X
pyl_00=poisspdf (y1,L0*T1);

pyl_01=py1_00;
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pyl_10=poisspdf (y1,L1%*T1);
pyl_11=pyl1_10;

b

Conditional Probabilities of Y2 given X

py2_00=poisspdf (y2,L0*T2);
py2_10=py2_00;
py2_0Ol=poisspdf (y2,L1*T2);
py2_11=py2_01;

b

Conditional Probabilities of Y3 given X

py3_00=poisspdf (y3,(LO+L0)*T3);
py3_01=poisspdf (y3,(LO+L1)*T3);

b

py3_10=poisspdf (y3,(L1+L0)*T3);

py3_10=py3_01;
py3_11=poisspdf (y3,(L1+L1)*T3);

/)

py=q " 2*(pyl1_00.*py2_00.xpy3_00) +
q*p*(pyl1_01.*py2_01.*py3_01) +...
p*xgq* (pyl_10.*py2_10.*py3_10)+...
p 2% (pyl_11.*%xpy2_11.*py3_11) ;

% nansum(nansum(nansum(py)))
h=-py.*1log2(py);

Hy=nansum (nansum(nansum(h))) ;

ul=py1_00.*py2_00.*py3_00; L_ul=log2(ul);
u2=pyl_01.*py2_01.%xpy3_01; L_u2=log2(u2);
u3=py1l_10.*py2_10.*py3_10; L_u3=log2(u3);
ud=pyl_11.*xpy2_11.*py3_11; L_ud=log2(ud);

% ul(isnan(ul))=0; u2 (isnan(u2))=0;

% u3(isnan(u3))=0; ud (isnan(u4))=0; % Logical <«
indexing to replace NaN with O

% L_ul(isnan(L_ul))=0; L_u2(isnan(L_u2))=0;
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% % L_u3(isnan(L_u3))=0; L_u4(isnan(L_u4))=0; % <«
Logical indexing to replace NaN with O

YA

% HOO=q~2%*ul;

% HOl=p*qg*u?2;

% H10=p*qg*u3;

% H1ll=p~2x*u4d;

)

% s=-1%(HOO .*L_ul+HO1.*L_u2+H10.xL_u3+H11.*xL_u4);

% h s=-1x(q " 2*xul .*L_ul+p*qg*u2.*L_u2+p*xq*u3.*xL_u3+p~2*ud<+
xL_ud);

% Hyx=nansum(nansum(nansum(s))) ;

)

% I=Hy-Hyx;

% X=X+1;

ul=py1_00.*py2_00.*py3_00; L_ul=log2(ul);
u2=py1_01.*py2_01.*py3_01; L_u2=log2(u2);
u3=py1_10.*py2_10.*py3_10; L_u3=1log2(u3);
ud=pyl_11.xpy2_11.*py3_11; L_ud=log2(ud);

h00=-q"2*sum(sum(sum(ul.*xL_ul,'omitnan'),'omitnan'), '+
omitnan') ;

hOl=-p*xg*sum(sum(sum(u2.*L_u2, 'omitnan'),'omitnan'), '+
omitnan');

h10=-p*g*sum(sum(sum(u3.*L_u3,'omitnan'),'omitnan'), '«
omitnan');

hil=-p~2*sum(sum(sum(ué4.*L_u4, 'omitnan'),'omitnan'), '+

omitnan');
% s=-1%*(HOO.*L_ul+HO1.*L_u2+H10.*L_u3+H11.*xL_u4);

h s=-1x(q " 2*ul.*L_ul+p*qg*u2.*L_u2+p*xq*u3.*L_u3+p 2*%ud . *x¢«
L_u4);
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Hyx=h00+h01+h10+h1l1;

% ul would never happen to come up with NaN. Because ¢«
Poisspdf never returns

% NaN for any of its domain. And ul is the product of
three poisspdfs.

b

% ul(isnan(ul))=0; u2 (isnan(u2))=0;

% u3(isnan(u3))=0; ud (isnan(u4))=0; % Logical <«
indexing to replace NaN with O

b

% L_ul(isnan(L_ul))=0; L_u2(isnan(L_u2))=0;

% L_u3(isnan(L_u3))=0; L_u4(isnan(L_u4))=0; % Logical ¢«

indexing to replace NaN with O

HOO=qgq~2*ul;
HOl=p*q*u2;
H10=p*q*u3;
Hil=p~2*xu4;

py=q 2% (ul) + q*p*(u2) +p*q* (u3)+p-2*(ud) ;

% C=cat(4,q 2x(ul) ,qxpx(u2) ,p*xqx (u3),p~2*(ud)); % «

concatenation to perform element by element sum

% py=sum(C,4, 'omitnan');

h=-py.*xlog2(py);
Hy=sum(sum(sum(h, 'omitnan'), 'omitnan'),'omitnan');
I=Hy-Hyx;

X=X+1;
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end

F.18.3 Supporting function 3

function[mu]=poisscentral(s,n)
% n=10;

syms s u
hou = sym('u', [1 k]);
u(i)=1; u(2)=0;

for k=2:n
c=0;

for j=0:k-2
x=nchoosek (k-1,j)*u(j+1);
c=c+x;

end
% u(3)=sx*c;

u=cat (2,u,s*c);

end
% u=cat(2,u,sx*c);

mu=u(end) ;

F.18.4 Supporting function 4

%% Gaussian Monte Carlo based Two bin simulation. <

Function written to work with Two_bin.m
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% function[I,HO00,HO1,H10,H11]=Gauss_MI_2(p,L0,L1,T1,T2,«
T3)

function[I,idn]=Gauss_MI_2(p,LO0,L1,T1,T2,T3)

% global X N C NN iter’ It is introduced to count the ¢
number of function calls.

global X N C NN iter

h X

q=1-p;

h N=2;

% C=diag([1 1 1]1); Y‘Covariance matrix of component <
multivariate Gaussian

% NN=10"6; % Samples per dimension

% e=eps(1);

b

% yl_max= poissinv(l-e,2+%L1%xT1);

% y2_max= poissinv(l-e,2%L1%T2);

% y3_max= poissinv(l-e,2*%(L1+L1)*T3);

b

% %L=95;y= poissinv(l-eps(0.5),L); z=poisscdf(y+1,L);z

hh

% [yl,y2,y3]=meshgrid(0:yl_max,0:y2_max,0:y3_max);

)

% % Conditional Probabilities of Y1 given X

% pyl_00=poisspdf (y1,L0*T1);

% pyl_O01=py1_00;

% pyl_10=poisspdf (y1,L1%T1);

% pyl_11=pyl_10;

)

% % Conditional Probabilities of Y2 given X

% py2_00=poisspdf (y2,L0*T2);

% py2_10=py2_00;

% py2_Ol=poisspdf (y2,L1%T2);

% py2_11=py2_01;
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b

% % Conditional Probabilities of Y3 given X

% py3_00=poisspdf (y3,(LO+L0)*T3);

% py3_01=poisspdf (y3,(LO+L1)*T3);

% py3_10=py3_01;

% py3_11l=poisspdf (y3,(L1+L1)*T3);

A

% ul=pyl_00.*py2_00.*xpy3_00; L_ul=log2(ul);

% u2=pyl_01.xpy2_01.*xpy3_01; L_u2=log2(u2);

% u3=pyl1_10.*py2_10.*py3_10; L_u3=1log2(u3);

% ud=pyl_11.*py2_11.*py3_11; L_ud=1log2(u4d);

YA

% h00=-q~2*sum(sum(sum(ul.*L_ul,'omitnan'),'omitnan'),
omitnan ') ;

% hOl=-pxg*sum(sum(sum(u2.*L_u2,'omitnan'),'omitnan'),
omitnan') ;

% h10=-pxqgq*sum(sum(sum(u3.*L_u3,'omitnan'),'omitnan'),
omitnan ') ;

% hll=-p~2*sum(sum(sum(ud.*L_u4,'omitnan'),'omitnan'),
omitnan') ;

YA

% Hyx=h00+h01+h10+h11;

yA

% HOO=q~2%ul;

% HOl=pxq*u2;

% H10=p*qg*u3;

% Hil=p~2xu4d;

h o py=q"2*(ul) + gxpx(u2) +p*xq* (ud)+p~2x(ud) ;

% h=-py.*xlog2(py);

% Hy=sum(sum(sum(h, 'omitnan'),'omitnan'),'omitnan');

% I=Hy-Hyx;

% X=X+1;

%% Monte Carlo Gaussian MI calculations
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% X

% T = num2cell ([0 t(kk)/nchoosek(N,2) zeros(1,N-2)1); % <«

For N=4 time elements with time symmetry consideration

% T = num2cell ([zeros(1,N-1) t(kk)]); % For N=4 time <«
elements with time symmetry consideration

% T = num2cell ([t(kk)/N zeros(1,N-1)1); % For N=4 time <

elements with time symmetry consideration

% T = num2cell ([t(kk)/N O ]1); % Time elements with time <«
symmetry consideration

% T = num2cell ([v1i(kk) v3(kk)]); % Time elements with <«
time symmetry consideration

% T = num2cell ([v1(kk) v2(kk) v3(kk)]); % Time <«
elements with time symmetry consideration

% T = [v1(kk) v2(kk) v3(kk)]; % Time elements with <
time symmetry consideration

T = [T1 T2 T3]; % Time elements with time symmetry <
consideration

% T = num2cell (20*ones(1,N)); % Time elements with time <
symmetry consideration

% T = num2cell (10x[1 0]); % Time elements for N=2, Tl<«
=10,T2=10,T3=0;

% T = num2cell (20*%[1 1 1]); % Time elements for N=3,

b=0;

FolotoToTo o TotoTotoTo 16l To %o To %o To 16 To 16 o To %o To 1o To 1o o 1o o To %o To 1o o 76 o

Q=dec2bin(0:1:2°N-1)-'2"; % Binary words

Q(Q==-2)=L0; Y%Negative: to avoid failing LO=1

Q(Q==-1)=L1;

TolotoTo 1o To T To 1o To 16l To %o To %o To 1o o 16 o To %o To 1o To 16 o 16 o To %o To 1o o 76 o

S=Q; %probabilities of each instant of X

S(S==L0)=q;

S(S==L1)=p;

prob=prod(S,2); % probability of X
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b p_yx=0;
h_yx=0;

mu=[ J;
for 1 = 1:2°N

% a=1; % Initialization

M=[ 1;

h=0;

for k=1:N % This loop from 1 to N is OK when T1=T2. But ¢«
it will give WRONG result if T1 I= T2.

m=sum(nchoosek (Q(i,:),k),2); % (2°N-1) mean values of <«
each Gaussian component per X word

% m=T(k)*sum(nchoosek(Q(i,:),k),2); % (2°N-1) mean <«
values of each Gaussian component per X word

M=cat(1,M,m);

end

MM=T'.xM; % Time elements multiplied by respected <«
intensities

mu=cat (1,mu,MM"') ;%Gaussian mean matrix

% my_mu=mu;

% a=1; % Initialization

% h=0; 7 Initialization of conditional entropy of Y

given X

h for j=1:(2°N-1) % yl,y2,y3...... y(2°N-1)

h m1=M(j);

% mli(m1==0)=NaN; %Replace O with NaN to avoid -inf in
log2( )

% h1=0.5%log2 (2*pi*xexp (1) *1);

% hi(isnan(h1))=0;

% h=h+h1l; % recursive additions of (2°N-1) Gaussian <
entropies. e.g %...

% end

h=0.5%x1og2(det ((2*pixexp (1)) *C));

g=prob(i)*h; % p(x). H(Y[|X)
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g(isnan(g))=0;
h_yx=h_yx+g; % Conditional probability of Y given X <
multiplied by P(X)

end

%% Method 1: Monte Carlo (gmdistribution(mu,cov,pp))

% mu=mu(:,any(mu)); % removes zero columns
cov=[ 1;
for 1i=1:2"N
% C=diag(mu(ii,:));
% C=eye(size(mu,2)); % Identity matrix for covariance <
matrix of each multivariate Gaussian component
% C=eye(size(mu,2)); % Identity matrix for covariance +«
matrix of each multivariate Gaussian component
% C=diag([1 1 2]); Y‘%Covariance matrix other than <«
identity matrix
cov=cat (3,cov,C);
end
gm = gmdistribution(mu,cov,prob');
% rng('default'); % For reproducibility
[Y,compidx] = random(gm,NN); % Generation of random <

samples Y

idx = cluster(gm,Y); % classification of random samples<«
Y

idn = sum((idx==compidx)); % Total no. of correct <
detections

% Z=gpuArray (Y);
y=pdf (gm,Y);
H=-nansum(log2(y))/NN; % Monte Carlo Integration for ¢«

mixture entropy
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% info=gather (H)-h_yx; % I(X;Y)
I=H-h_yx; % I(X;Y)
% I=cat(2,I,info);

%% Method 2 : Monte Carlo for Gaussian mixture
% YY=[ 1; % Random samples generation
h yi=01; % Output
% for j=1:2°N;

% L=my_mu(j,:);

% Z=[round (prob(j)=*NN) ,1];

% U=repmat(L,Z);

% 1 + 2.%¥randn(100,1);

% Y=U+single(randn(size(U)));

% Y=single(poissrnd(U,size(U)));

% ysum=zeros (size(Y,1) ,1);

% for J=1:2"N;

% LL=my_mu(J,:);

% UU=repmat (LL,Z);

% py=prob(J) .*xprod(normpdf (Y,UU,1) ,2);

% py=prob(J) .*prod(poisspdf (Y,UU),2);

% ysum=ysum+py;

% end

% yl=cat(1l,yl,ysum);

% end

% yl1(yl==0)=NaN; %replace O with NaN

% H=-nansum(log2(yl))/numel(yl); % Monte Carlo <
Integration for mixture entropy

% info=H-h_yx; % I(X;Y)

% MI=cat (2,MI,info);

% [X X/(K~2-K)/2%D*100] % Iteration no and Percent <
simulation completed

PC= X/iter*100;

formatSpec = 'Iteration no : %d Percent <
completed : % .2f %% Elapsed time: % .4f sec \¢«
n';
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fprintf (formatSpec ,X,PC,toc)
X=X+1;

end

F.18.5 Supporting function 5

%% Gaussian Monte Carlo based Two bin simulation. ¢«
Function written to work with Two_bin.m

% function[I,HOO,HO1,H10,H11]=Gauss_MI_2(p,LO0,L1,T1,T2,«
T3)

function[I]=Gauss_MI(p,LO,L1,T1,T2,T3)

% global X N C NN iter’ It is introduced to count the
number of function calls.

global X N C NN iter

h X

q=1-p;

h N=2;

% C=diag([1 1 1]1); Y%Covariance matrix of component <«
multivariate Gaussian

% NN=10"6; % Samples per dimension

% e=eps(1);

/)

% yl_max= poissinv(l-e,2%L1x*T1);

% y2_max= poissinv(l-e,2%L1%T2);

% y3_max= poissinv(l-e,2*(L1+L1)*T3);

/)

% %L=95;y= poissinv(l-eps(0.5),L); z=poisscdf(y+1,L);z

YA

% [yl,y2,y3]=meshgrid(0:yl_max,0:y2_max,0:y3_max);

b
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h
b
b
h
h
b
b
h
h
b
b
h
h
b
b
h
h
h
b
b
h
h
b
b

T

b

T

b

h
h

%» Conditional Probabilities of Y1 given X
pyl_00=poisspdf (y1,L0*T1);

pyl1_01=pyl1_00;
pyl_10=poisspdf (y1,L1*T1);
pyl_11=pyl1_10;

5 Conditional Probabilities of Y2 given X
py2_00=poisspdf (y2,L0*T2);

py2_10=py2_00;
py2_0l1=poisspdf (y2,L1%*T2);
py2_11=py2_01;

%» Conditional Probabilities of Y3 given X
py3_00=poisspdf (y3,(LO+L0)*T3);
py3_0l1=poisspdf (y3,(LO+L1)*T3);
py3_10=py3_01;
py3_11=poisspdf (y3,(L1+L1)*T3);

ul=py1_00
u2=py1_01
u3=py1_10
ud=pyl_11

kpy2_00
.*py2_01
.*py2_10
kpy2_11

.*xpy3_00; L_ul=log2(ul);
.xpy3_01; L_u2=log2(u2);
.*xpy3_10; L_u3=log2(u3);
kpy3_11; L_ud=log2(u4d);

h00=-q " 2*sum(sum(sum(ul.*L_ul,'omitnan'),'omitnan'),

omitnan') ;

hOl1=-p*g*sum(sum(sum(u2.*L_u2,'omitnan'),'omitnan'),

omitnan ') ;

h10=-p*g*sum(sum(sum(u3.*L_u3,'omitnan'),'omitnan'),

omitnan') ;

h11=-p~2*sum(sum(sum(u4.*L_u4, 'omitnan'),'omitnan'),

omitnan ') ;

Hyx=h00+h01+h10+h11;
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% HOO=q~2*ul;

% HOl=pxq*u?2;

% H10=px*q*u3;

% H1l=p~2*u4;

% py=q-2x(ul) + gxp*(u2) +pxq*x (u3)+p-2x(ud) ;

% h=-py.*xlog2(py);

% Hy=sum(sum(sum(h, 'omitnan'),'omitnan'),'omitnan');
%» I=Hy-Hyx;

h X=X+1;

%% Monte Carlo Gaussian MI calculations

h X

% T = num2cell ([0 t(kk)/nchoosek(N,2) zeros(1,N-2)]); % <«
For N=4 time elements with time symmetry consideration

% T = num2cell ([zeros(1,N-1) t(kk)]); % For N=4 time <
elements with time symmetry consideration

% T = num2cell ([t(kk)/N zeros(1,N-1)]); % For N=4 time <

elements with time symmetry consideration

% T = num2cell ([t(kk)/N O ]); % Time elements with time <
symmetry consideration

% T = num2cell ([v1(kk) v3(kk)]); % Time elements with <
time symmetry consideration

% T = num2cell ([v1(kk) v2(kk) v3(kk)]); % Time <
elements with time symmetry consideration

% T = [v1(kk) v2(kk) v3(kk)]; % Time elements with <
time symmetry consideration

T = [T1 T2 T3]; % Time elements with time symmetry <
consideration

% T = num2cell (20*ones(1,N)); % Time elements with time <«
symmetry consideration

% T = num2cell (10*[1 0]); % Time elements for N=2, Tl
=10,T2=10,T3=0;

% T = num2cell (20%x[1 1 1]); % Time elements for N=3,
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b=0;

To o Toto T Toto o To T o To %o o To 1o o To 1o o To 1o o To 1o o To 1o o To 1o o To %o o To %o Jo
Q=dec2bin(0:1:2°N-1)-'2"; % Binary words
Q(Q==-2)=L0; Y%Negative: to avoid failing LO=1
Q(Q==-1)=L1;

To o Toto T Toto o To T o To %o o To %o o To 1o o To 1o o To 1o o To 1o o To 1o o To 1o o To %o o

S=Q; %probabilities of each instant of X
S(S==L0)=q;

S(S==L1)=p;

prob=prod(S,2); % probability of X
% p_yx=0;
h_yx=0;

mu=[ 1;
for 1 = 1:2°N

% a=1; % Initialization

M=[ 1;

h=0;

for k=1:N % This loop from 1 to N is OK when T1=T2. But ¢«
it will give WRONG result if T1 != T2.

m=sum(nchoosek (Q(i,:),k),2); % (2°N-1) mean values of <
each Gaussian component per X word

% m=T(k)*sum(nchoosek(Q(i,:),k),2); % (2°N-1) mean <
values of each Gaussian component per X word

M=cat (1,M,m);

end

MM=T'.xM; % Time elements multiplied by respected <«
intensities

mu=cat (1,mu,MM');%Gaussian mean matrix

% my_mu=mu;

% a=1; % Initialization

% h=0; 7 Initialization of conditional entropy of Y ¢«

given X
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b for j=1:(2°N-1) % yl,y2,y3...... y(2°N-1)

% m1=M(j);
% ml1(m1==0)=NaN; %Replace 0 with NaN to avoid -inf in
log2( )

% h1=0.5%log2 (2*pi*xexp (1) *1);

% hi(isnan(h1))=0;

% h=h+hl; % recursive additions of (2°N-1) Gaussian <«
entropies. e.g %...

% end

h=0.5%1og2(det ((2*pi*xexp (1)) *C));

g=prob(i)*h; % p(x). H(Y[|X)

g(isnan(g))=0;

h_yx=h_yx+g; % Conditional probability of Y given X <«
multiplied by P(X)

end

%% Method 1: Monte Carlo (gmdistribution(mu,cov,pp))

% mu=mu(:,any(mu)); % removes zero columns

cov=[ 1;

for 1ii=1:2"N

% C=diag(mu(ii,:));

% C=eye(size(mu,2)); % Identity matrix for covariance <«
matrix of each multivariate Gaussian component

% C=eye(size(mu,2)); % Identity matrix for covariance <
matrix of each multivariate Gaussian component

% C=diag([1 1 2]); ‘%Covariance matrix other than <«
identity matrix

cov=cat (3,cov,C);

end

gm = gmdistribution(mu,cov,prob');

% rng('default'); % For reproducibility
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[Y] = random(gm,NN); % Generation of random samples Y
% idx = cluster(gm,Y); % classification of random <
samples Y
% idn = sum((idx==compidx)); % Total no. of correct ¢«

detections

% Z=gpuArray (Y);

y=pdf (gm,Y);

H=-nansum(log2(y))/NN; % Monte Carlo Integration for ¢«
mixture entropy

% info=gather (H)-h_yx; % I(X;Y)

I=H-h_yx; % I(X;Y)

% I=cat(2,I,info);

%% Method 2 : Monte Carlo for Gaussian mixture
% YY=[ 1; % Random samples generation
» yi=0[ 1; % Output
% for j=1:2°N;

% L=my_mu(j,:);

% Z=[round (prob(j)=*NN) ,1];

% U=repmat (L,Z);

% 1 + 2.xrandn(100,1) ;

% Y=U+single(randn(size(U)));

%» Y=single (poissrnd(U,size(U)));

% ysum=zeros (size(Y,1) ,1);

% for J=1:2"N;

% LL=my_mu(J,:);

% UU=repmat (LL,Z);

% py=prob(J) .*xprod(normpdf (Y,UU,1) ,2);
% py=prob(J) .*prod(poisspdf (Y,UU),2);
% ysum=ysum+py;

% end

% yl=cat(1l,yl,ysum);

% end

% yl1(yl1==0)=NaN; Y%replace O with NaN
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% H=-nansum(log2(yl))/numel(yl); % Monte Carlo <«
Integration for mixture entropy

% info=H-h_yx; % I(X;Y)

% MI=cat(2,MI,info);

% [X X/(K"2-K)/2%D*100] % Iteration no and Percent <
simulation completed

PC= X/iter*100;

formatSpec = 'Iteration no : %d Percent <
completed : % .2f %% Elapsed time: % .4f sec \¢
n';

fprintf (formatSpec ,X,PC,toc)
X=X+1;

end

F.18.6 Supporting function 6

%% Two bin simulation. Function written to work with <«
Two_bin.m

%% This function handles well LO=0 situation then its <
counterpart MI_2.m.

function[I]=my_MI_3(p,LO0,L1,T1,T2,T3)

global X K D;

h X

q=1-p;

e=eps (0.5);

yl_max=poissinv(l-e,L1%*T1);
y3_max=poissinv(l-e,2%L1%*T3);

% yl_max=gpulArray (200) ;

% y3_max=gpulArray (200) ;
[yl,y2,y3]=meshgrid (0:yl_max ,0:yl_max,0:y3_max);
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% It is introduced to count the number of function calls<¢«

% [X X/(K~2-K)/2%D*100] % Iteration no and Percent <«
simulation completed
C= X/((K~2-K)/2%D)*100;

formatSpec = 'Iteration no : %d Percent <
completed : % .2f %% Elapsed time: % .4f sec \¢
n';

fprintf (formatSpec ,X,C,toc)

%» Conditional Probabilities of Y1 given X
pyl_00=poisspdf (y1,L0*T1);

pyl_01=pyl1_00;

pyl_10=poisspdf (y1,L1*T1);

pyl_11=pyl1_10;

% Conditional Probabilities of Y2 given X
py2_00=poisspdf (y2,L0*T2);

py2_10=py2_00;

py2_01=poisspdf (y2,L1*T2);

py2_11=py2_01;

%» Conditional Probabilities of Y3 given X
py3_00=poisspdf (y3,(LO+L0)*T3);
py3_0l=poisspdf (y3,(LO+L1)*T3);

% py3_10=poisspdf (y3,(L1+L0)*T3);
py3_10=py3_01;

py3_11=poisspdf (y3,(L1+L1)*T3);

% py=q 2*(pyl_00.*py2_00.*py3_00) +

% q*p*(pyl_01.*py2_01.%py3_01) +...
A p*xq* (pyl_10.*py2_10.xpy3_10)+...
yA p 2x(pyl_11.%py2_11.xpy3_11) ;
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% h=-py.*xlog2(py);

% Hy=nansum(nansum(nansum(h)));

ul=pyl1_00.*py2_00.*py3_00; L_ul=log2(ul);
u2=pyl_01.*%py2_01.%xpy3_01; L_u2=log2(u2);
u3=pyl_10.*py2_10.%py3_10; L_u3=log2(u3l);
ud=pyl_11.*%py2_11.%py3_11; L_ud=log2(u4d);

% El=nansum(nansum(nansum(yl.*y2.*y3.*xud))) 7 expected <

value of variable
% (Y1*xY2*xY3|L1,L1)

% eel=T1*xL1*xT2*L1*x(L1+L1)*T3Y%

HOO=-q " 2*sum (sum (sum(ul.*xL_ul,

omitnan') ;

HOl=-pxg*sum (sum(sum(u2.*L_u?2,

omitnan');

H10=-p*g*sum(sum(sum(u3.*L_u3,

omitnan') ;

Hil=-p~2*sum(sum(sum(ué.*L_u4d,

omitnan');

expected value

'omitnan'),

'"omitnan'),

'omitnan'),

'omitnan'),

'omitnan'),

'omitnan'),

'omitnan'),

'omitnan'),

leo

'

leo

'

% s=-1x(HOO .*L_ul+HO1 .*xL_u2+H10.*L_u3+H11.*L_u4d);
h s=-1%x(q~2*%ul.*xL_ul+p*xq*u2.*xL_u2+p*q*uld.*L_u3+p~2*ud.*x

L_u4d);
Hyx=HO00+HO1+H10+H11;

% ul(isnan(ul))=0;

% u3(isnan(u3))=0;
indexing to replace

% L_ul(isnan(L_ul))=0;

% L_u3(isnan(L_u3))=0;

indexing to replace

u2 (isnan(u2))=0;
ud (isnan(u4d))=0;
NaN with O
L_u2(isnan(L_u2))=0;
L_u4(isnan(L_u4))=0;
NaN with O
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py=q 2x(ul) + g*p*(u2) +p*qgx (u3)+p-2*(ud) ;
% py=nansum([q~2%(ul) q*p*(u2)  pxq*x (u3) p~2*x(ud)<+
1)

% E2=p~2*nansum(nansum(nansum(yl.*y2.*%xy3.*xul))) +...

% p*g*nansum (nansum (nansum (yl.*xy2.xy3.*u2)))+...
% p*g*nansum (nansum (nansum (y1.*y2.*xy3.%u3))) +...
yA q~2*nansum (nansum (nansum (yl.*y2.*xy3.%xud))) % <«

expected value of variable

h=-py.*x1log2(py);

Hy=sum (sum(sum(h, 'omitnan'),'omitnan'), 'omitnan');
I=Hy-Hyx;

X=X+1;

end

F.18.7 Supporting function 7

%% For general N - Poisson-MonteCarlo (This is modified <«
from poiss_nn.m to output Pd too along with MI)
% There is no p, LO and L1 required in this function.

function[info ,Pd]=Newpoiss_nn(v)

global N NN Q prob

% TO nck % In workspace it would be initialize for <«
counting iterations. By: >> global X; X=0;

'
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% run the following in workspace:

% global X N p LO L1 n TO nck

% X=0; N=4; p=0.25; LO=2; L1=4; NN<«
=10"5; TO=5;

% nck=[ 1; for i=1:N

% y=nchoosek (N,i);

% nck=cat (2,nck,y);

% end

hh

oo ToTo T ToToTohToTo Toho oo To 1o To To 1o %o To To 16 %o o To 7o 1o o To To 1o %o o To 16 %o o To 7o %o o o To T
hFor optimtool: no. of variables: N Aeq: nck «
beq: TO Bounds lower: zeros (1,N) <
Bounds upper: TO*ones(1,N)./nck

% q=1-p;

hou=L 1;

% for bb=1:N

% z=nchoosek (N,bb) ;
% u=cat(2,u,z);

% end

% Samples per dimension

% I_NC[O O 10 O O 0]./u)

% T = num2cell(v); % Time elements with time symmetry <«
consideration

T=v;

% T = num2cell (10*[1 0]); % Time elements for N=2, Tl
=10,T2=10,T3=0;

% T = num2cell (20%x[1 1 1]1); % Time elements for N=3,

b p_yx=0;
h_yx=0;
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mu=[ J;
for 1 = 1:2°N

% a=1; % Initialization

M=[ 1;

h=0;

for k=1:N

m=T(k)*sum(nchoosek (QC(i,:),k),2); % (2°N-1) mean values<+
of each Poisson component per X word

M=cat (1,M,m) ;

end

mu=cat(l,mu,M'); % mean matrix

my_mu=mu;

% a=1; % Initialization

h=0; % Initialization of conditional entropy of Y given«

X
for j=1:(2°N-1) % yl,y2,y3...... y(2°N-1)
ml=M(j);

ml (m1==0)=NaN; %Replace 0 with NaN to avoid -inf in log2+
¢

Dot ToToTo T To To %o %o oo To 1o %o o o To 1o %o

y_limit= poissinv(l-eps(0.5),ml);

py_1l=poisspdf (0:2*%y_limit ,ml) ;

hli=-nansum(py_11.%log2(py_11)); Y%Conditional entropy of«
Poisson

Dot To 1ot To 1o 1ol To %o To 7o %o To 1o %o o To %o o

% h1=0.5%log2 (2*pi*exp (1) *ml);

hi(isnan(h1))=0;

h=h+hil; % recursive additions of (2°N-1) Gaussian <
entropies. e.g %...

% h1=(0.5%1log2 (2*pi*exp (1) *LO*T1)+0.5%x1log2 (2*pi*exp (1) *<+
LO*T2)+0.5x1og2 (2xpi*xexp (1) *2xL0O*T3) ) ;
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end

% f=prob (i) *a;

% f(isnan(f))=0;

% p_yx=p_yx+f; ) Conditional probability of Y given X ¢
multiplied by P(X)

g=prob(i)*h; % p(x). H(Y[|X)

g(isnan(g))=0;

h_yx=h_yx+g; % Conditional probability of Y given X <
multiplied by P(X)

end

%% Poisson mixture for Monte Carlo

% YY=[ 1; % Random samples generation
yl=[ 1; % Output
total_cd=0; % total correct detections from samples Y
length_index=0; % counter of samples Y
for j=1:2°N;
L=my_mu(j,:);
Z=[round (prob (j)*NN) ,1];
U=repmat (L,Z);
Y=poissrnd (U, size(U));
ysum=zeros (size(Y,1) ,1);
map=[ ]; % posterior distribution of Y-samples from <«
each mixture component
for J=1:2"N;
LL=my_mu(J,:);
UU=repmat (LL,Z) ;
py=prob (J) .*prod(poisspdf (Y,UU) ,2);
% MAP detection
map=cat (2,map,py); % horizontal-concatenate all <«
posteriors of every mixture component

ysum=ysum+py;
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end

yl=cat(1,yl,ysum);

% [mvalue,index]=max(map,[ ], 2); % select the maxima <
along every row

[7,index]=max(map,[ ], 2); % select the maxima along <
every row

% id=sum((index==3j))/round(prob(j)*NN); % Total correct <
detections of samples Y from every mixture component

% id=sum ((index==j))/length(index); % Total correct ¢+
detections of samples Y from every mixture component

id=sum((index==3j)); % Total correct detections of <
samples Y from every mixture component

length_index=length_index+length(index) ;

total_cd=total_cd+id;

end

% pause

% keyboard

Pd=total_cd/length_index; % Total correct detections

% yl=feval (f,YY);

%h yl=feval (f,YY);

yl1(y1==0)=NalN; %replace O with NaN

H=-nansum(log2(y1))/numel (y1); % Monte Carlo Integration<«

for mixture entropy

T to T Tolo T Toto o ToTotoTo 1o %o To 1o %o To To %o o To %o o To %o o 7o Yo

% y=pdf (gm,Z);

% H=-nansum(log2(y))/n; % Monte Carlo Integration for +«
mixture entropy

info=H-h_yx; % I(X;Y)

h X=X+1

end
% H_monte=cat(2,H_monte,H);

%» h_monte=cat(2,h_monte,h_yx);
% info=H-h_yx % I(X;Y)
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% H_x=-prob'xlog2(prob) % H(X)

F.18.8 Supporting function 8

%% Gaussian Monte Carlo based Two bin simulation. <
Function written to work with Two_bin.m

% function[I,HOO,HO1,H10,H11]=Gauss_MI_2(p,LO0,L1,T1,T2,<
T3)

function[I,idn]=Newgauss_nn(v)

% global X N C NN iter’) It is introduced to count the ¢
number of function calls.

global C cov N NN Q prob

%X

h q=1-p;

h N=2;

% C=diag([1 1 1]1); YJCovariance matrix of component <
multivariate Gaussian

% NN=10"6; % Samples per dimension

% e=eps(1);

hh

% yl_max= poissinv(l-e,2%L1%T1);

% y2_max= poissinv(l-e,2%L1x*T2);

% y3_max= poissinv(l-e,2*%(L1+L1)*T3);

h

% %L=95;y= poissinv(l-eps(0.5),L); z=poisscdf (y+1,L);z+

b

% [yl,y2,y3]=meshgrid(0:yl_max,0:y2_max,0:y3_max);

b

% % Conditional Probabilities of Y1 given X
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h
b
b
h
h
b
b
h
h
b
b
h
h
b
b
h
h
h
b
b
h
h
b

T

b

A

b

b

h
h

pyl_00=poisspdf (y1,L0*T1);
pyl_01=pyl1_00;
pyl_10=poisspdf (y1,L1%*T1);
pyl_11=pyl1_10;

%» Conditional Probabilities of Y2 given X
py2_00=poisspdf (y2,L0*T2);

py2_10=py2_00;

py2_0l1=poisspdf (y2,L1%*T2);

py2_11=py2_01;

% Conditional Probabilities of Y3 given X
py3_00=poisspdf (y3,(LO+L0)*T3);
py3_0l=poisspdf (y3,(LO+L1)*T3);
py3_10=py3_01;

py3_11=poisspdf (y3,(L1+L1)*T3);

ul=py1_00.*py2_00.*py3_00; L_ul=log2(ul);
u2=pyl1_01.xpy2_01.*%py3_01; L_u2=log2(u2);
u3=pyl_10.*py2_10.*py3_10; L_u3=log2(u3);
ud=pyl_11.*py2_11.%py3_11; L_ud=log2(ud);

h00=-q"2*sum(sum(sum(ul.*L_ul,'omitnan'),'omitnan'),
omitnan') ;
hOl1=-p*g*sum(sum(sum(u2.*L_u2, 'omitnan'),'omitnan'),
omitnan') ;
h10=-p*g*sum(sum(sum(u3.*L_u3, 'omitnan'),'omitnan'),
omitnan') ;
hil=-p~"2*sum(sum(sum(u4.*L_u4,'omitnan'),'omitnan'),

omitnan') ;

Hyx=h00+h01+h10+h1l1;

HOO=q~2*ul;
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% HOl=p*qg*u?2;

% H10=p*qg*u3;

% Hll=p~2%u4;

% py=q-2*x(ul) + gxp*(u2) +pxq* (u3d)+p-2x(ud) ;

% h=-py.xlog2(py);

% Hy=sum(sum(sum(h, 'omitnan'),'omitnan'),'omitnan');
%» I=Hy-Hyx;

% X=X+1;

%% Monte Carlo Gaussian MI calculations

% X

% T = num2cell ([0 t(kk)/nchoosek(N,2) zeros(1,N-2)]); % <+
For N=4 time elements with time symmetry consideration

% T = num2cell ([zeros(1,N-1) t(kk)]); % For N=4 time <«
elements with time symmetry consideration

% T = num2cell ([t(kk)/N zeros(1,N-1)]1); % For N=4 time <«

elements with time symmetry consideration

% T = num2cell ([t(kk)/N O 1); % Time elements with time <
symmetry consideration

% T = num2cell ([v1(kk) v3(kk)]); % Time elements with <«
time symmetry consideration

% T = num2cell ([v1(kk) v2(kk) v3(kk)]1); % Time <«
elements with time symmetry consideration

% T = [v1(kk) v2(kk) v3(kk)]; % Time elements with <«
time symmetry consideration

T=v;

% T = [T1 T2 T3]; % Time elements with time symmetry <
consideration

% T = num2cell (20*ones(1,N)); % Time elements with time <«
symmetry consideration

% T = num2cell (10*[1 0]); % Time elements for N=2, Tl
=10,T2=10,T3=0;

% T = num2cell (20%x[1 1 1]); % Time elements for N=3,
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% b=0;
To o Toto T Toto o To T o To %o o To 1o o To 1o o To 1o o To 1o o To 1o o To 1o o To %o o To %o Jo
% Q=dec2bin(0:1:2°N-1)-'2"'; % Binary words
% Q(Q==-2)=L0; %Negative: to avoid failing LO=1
% Q(Q==-1)=L1;
T ot hoToto o Toto oo to o Toto oo to oo %o o To %o To %o o To 1o o To 1o o To 1o o To 1o
% S=Q; %probabilities of each instant of X
% 8(8S==L0)=q;
% S(S==L1)=p;
/)
% prob=prod(S,2); % probability of X
% p_yx=0;
h_yx=0;

mu=[ 1;
for 1 = 1:2°N

% a=1; % Initialization

M=[ 1;

h=0;

for k=1:N % This loop from 1 to N is OK when T1=T2. But ¢«
it will give WRONG result if T1 != T2.

m=T(k)*sum(nchoosek (QC(i,:),k),2); % (2°N-1) mean values<+
of each Poisson component per X word

% m=sum(nchoosek(Q(i,:),k),2); % Enable it for unequal <«
Tl and T2 and T3

M=cat (1,M,m);

end

% MM=T'.xM; 9 Enable it for unequal times T1 and T2

% mu=cat (1,mu,MM'); % Enable it for unequal times T1 <
and T2

mu=cat (1l,mu,M');%Gaussian mean matrix

% my_mu=mu;

% a=1; % Initialization
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% h=0; 7 Initialization of conditional entropy of Y ¢«

given X

h for j=1:(2°N-1) % yl,y2,y3...... y(2°N-1)

h m1=M(j);

% ml1(m1==0)=NaN; %Replace 0 with NaN to avoid -inf in
log2( )

% h1=0.5%1log2 (2*pi*xexp (1) *1);

% hi(isnan(h1))=0;

% h=h+h1l; % recursive additions of (2°N-1) Gaussian <
entropies. e.g %...

% end

h=0.5%x1og2(det ((2*pixexp (1)) *C));

g=prob(i)*h; % p(x). H(Y[|X)

g(isnan(g))=0;

h_yx=h_yx+g; % Conditional probability of Y given X <«
multiplied by P(X)

end

%% Method 1: Monte Carlo (gmdistribution(mu,cov,pp))

% mu=mu(:,any(mu)); % removes zero columns

h cov=[ 1;

% for 1i=1:2"N

% % C=diag(mu(ii,:));

% % C=eye(size(mu,2)); % Identity matrix for covariance <«
matrix of each multivariate Gaussian component

% %h C=eye(size(mu,2)); % Identity matrix for covariance
matrix of each multivariate Gaussian component

% % C=diag([1 1 2]); Y%Covariance matrix other than <
identity matrix

% cov=cat(3,cov,C);

% end
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gm = gmdistribution(mu,cov,prob');
% rng('default'); % For reproducibility
[Y,compidx] = random(gm,NN); % Generation of random <
samples Y
idx = cluster(gm,Y); % classification of random samples<«
Y
idn = sum((idx==compidx))/NN; % Total no. of correct <

detections

% Z=gpuArray (Y);

y=pdf (gm,Y);

H=-nansum(log2(y))/NN; % Monte Carlo Integration for ¢«
mixture entropy

% info=gather (H)-h_yx; % I(X;Y)

I=H-h_yx; % I(X;Y)

% I=cat(2,I,info);

%% Method 2 : Monte Carlo for Gaussian mixture
% YY=[ 1; % Random samples generation
h yi1=0 1; % Output
% for j=1:27N;

% L=my_mu(j,:);

% Z=[round (prob(j)=*NN) ,1];

% U=repmat(L,Z);

% 1 + 2.%randn (100,1);

% Y=U+single(randn(size(U)));

% Y=single(poissrnd (U,size(U)));

% ysum=zeros (size(Y,1) ,1);

% for J=1:2"N;

% LL=my_mu(J,:);

% UU=repmat (LL,Z);

% py=prob(J) .xprod(normpdf (Y,UU,1) ,2);
% py=prob(J) .*prod(poisspdf (Y,UU),2);
% ysum=ysum+py;

% end
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% yl=cat(1l,yl,ysum);

% end

% yl1(y1==0)=NaN; Y%replace O with NaN

% H=-nansum(log2(yl))/numel(yl); % Monte Carlo <
Integration for mixture entropy

% info=H-h_yx; % I(X;Y)

% MI=cat (2,MI,info);

% [X X/(K~2-K)/2%D*100] % Iteration no and Percent <
simulation completed

% PC= X/iter*100;

% formatSpec = 'Iteration no %hd Percent +«
completed : % .2f %% Elapsed time: % .4f sec \¢
n';

% fprintf (formatSpec ,X,PC,toc)

% X=X+1;

end
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