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Abstract

This project extends known theorems for scalar valued functions to
the context of Banach space valued functions. In particular, it contains
generalizations of the classical theory of Lebesgue Integrals, complex
measures, Radon-Nikodym theorem and Riesz Representation theorem.
We explore some properties of functions whose domains are abstract
Banach spaces, where the usual derivatives are replaced by Radon-
Nikodym derivatives.

The first two Chapters are devoted to infinite dimensional measurable
functions and the problem of integrating them. Most of the basic
properties of Bochner integration are forced on it by the classical
Lebesgue integration and the usual definition of measurability.

The Radon-Nikodym theorem for Bochner Integral is the subject to
Chapter lll. The roles of reflexive spaces, separable anti-dual spaces
and the Radon-Nikodym property of Banach spaces are also discussed
in this Chapter. One of the most interesting aspects of the theory of
the Bochner integral centers about the following questions: When does
a vector measure F:3------ >X arise as a Bochner integral of an L1(S,X)
function (i.e. F(E)=Jfdm)?

E

And conversely, if fe B(S,X). Then, is F: 3------ >X, defined by F(E) = [fdm),
E

a countably additive vector measure, absolutely continuous with respect
to the positive measure m? These two questiones are examined by the
Radon-Nikodym theorem and the Riesz Representation theorem. It is worth
observing, that the relationsip between these theorems are considered to

be just a formality of translating a set of basic definitions from one
context to another.

There are theories of integration similar to the Bochner Integral, that
allow us to integrate functions that are only weakly measurable (The
Pettis Integral) with respect to a positive measure. Also, the ultimate
generality of the Bochner Integral, the Bartle Integral, for integrating
vector valued functions with respect to a general vector measure.
However, these theories do not occupy a central role in our study and
we limit ourselves to only mentioning [1] as an excellent reference.
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INTRODUCTION

The theory presented in this report may be used in a variaty of ways. One
application of it is in the study of the Radon-Nikodym theorem and its
relations to the topological and geometric structure of Banach spaces.
Another one concerns existance proofs in some infinite dimensional
problems. Often, people obtain estimates on solutions to approximate
problems in an LP(S,X) space and it is nice to be able to use that LP(S,X)
is reflexive, provided that X is. Thus, applying the Eberlein-Smulian
theorem, one can extract a weakly convergent subsequence, the limit of
which will, sometimes, be a solution of the problem. This is a standard
procedure used in books like [1], [9], [11] and prerequisite material to
read many papers, eg. [2], [4], [8], [15], [16]. Next, but not less important,
is the use of the Radon-Nikodym and the Riesz Representation theorems
in the theory of integral representation of linear compact operators in
£(2(5,3,m) ; x), see [1],

Though, all of the facts, theorems and results in the project are based
on “Vector Measures”, by Diestel (Kent State U.) and Uhl (U. of Illinois),
there are significant differences in the presentations, some of which
we would like to point out:

1) The real Banach spaces and the dual spaces are extended in the project
to complex spaces and anti-dual spaces, respectively. Note that A
element of the anti-dual space X means that A(kx+y) =KA(X) +A(y).
One reason for using the anti-dual space rather then the dual space is
that the Riesz map, R:H-—- >H', defined by is linear, for

H' being the anti-dual of the Hilbert space H\

2) About the definition of a measurable function:
In the project: *(e):£—>X is measurable, if xn(S) n+—>x(s), V seS.

a.e.

However, the book and most other sources, only require xH)

Here, *,(¢) are simple functions. Of course, both definitions are the
same if the measure space (S,3,m) is complete (i.e. AcBcC, A Ce3
and m(C-A) =0 implies Be 3).

Ivaylo D. Dinov “Bochner Integrals and Vector Measures’



3)

In

For example, Lebesgue measure on (-, o). Our approach has the
advantage of ensuring validity of the theorem that X(s) is measurable

if and only if x4(U) is measurable, whenever U is open, even in the case
where (S,3,m) is not complete (say Lebesgue measure on the a-algebra
of the Borel sets, or a product measure).

Having this theorem simplifies the presentation of the Pettis’

Measurability theorem and harmonizes better with the standard theory
for scalar valued functions, where the measurable functions are defined
by saying that the inverse images of open sets are measurable, see [13];

In the book the Riesz Representation theorem is 7tated and proved as

a necessary and sufficient condition (i.e. (LP(S,X)) =Lp(5X") <> X' has

the Radon-Nikodym property with respect to the finite measure m).
However, in this report we leave out the proof of necessity deliberately.

this project the reader may find remarkable similarities between

most of the results developed for functions with values in a Banach

space and scalar valued case. For example, the proofs of Radon-Nikodym
theorem, Riesz Representation theorem and reflexiveness of LP(S,X), in
the report, are just generalizations using the usual proofs for scalar
valued functions. On the other hand, some differences appear, as well.
There is no Monotone Convergence theorem or Fatou’s lemma, and the proof
of the Dominated Convergence theorem is basically different.
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MEASURABLE FUNCTIONS

Definition 1: A triple (5,3, m), is called a measure space if:
1.1) 5-set, 3-a algebra:

(12.1.1) 0,563, (1.1.2) Ae3 =>» Ace3, (1.1.3) A"3 ).
1=1
1.2) rn:3 oo . (2.1) m0)=0,
(1.2.1) m(0)=0, (1.2.2) Ac=B, ABe3 = mA) <m(B),
f oo \ 0o
(2.2.3) If is a disjoint collection, then m LK-
V=l ] i=l

Definition 2: (5,3,m) is called cr-finite if 3 {5}!! g3 such that £ t 5 and

mBl)<°o v/gN. Through this paper we always assume, that
(5,3,m) is at least cr-finite, if not finite.
m
Definition 3: A function *n(»):5---->X is called simple, if xn(s)=""j ciXEi (s=*
i=1
where £;<=3, V i, and xn{*) is zero off a set of finite measure.

Definition 4: A vector function *() :5-»(x,f |X) is said to be:
4.1) Strongly measurable if there exists a sequence of simple
functions {*,,()} , such that xn(s) pntwse X(s), v~g5;
4.2) Weakly measurable if v/ gX' /(*(*)) is a measurable
scalar valued function.

Theorem 1: Let (x| X) be a separable Banach space. Then x:5-»(x,|| |X) is

strongly measurable if and only if x-(U) is measurable for
all u open in x (i.e. x~\u)e3 ).

Proof: 1) Sufficiency: Suppose x~(U) is measurable, for all u open in X.
Then x-{U) is measurable for any Borel set u. Since

implies (M'I(C))c="“1Clc)e3. But x- Qc/f =0~ _1(Ci)f and so the set
wsi
X=[unrX: x~*(U)e3j forms a <r-algebra containing the open sets.

Therefore, ¥ contains the Borel sets. Thus x-(U) is measurable
for any c/-Borel.

Ivaylo D. Dinov “Bochner Integrals and Vector Measures”



Also, since x is separable 3 {an}~=;, a dense subset ofx.
Let No=]zeX: Ik-M|x <min{]|z-am|x : I<m<ny

(k\ \
Thus, b%-=jel(tjfe) is measurable. Also, let B2=b£- \Jb" .

n

<=1 >
define: = neN (the closest approximation
1=

to x(s) from {&}=1. Therefore, xn(s) —

is dense in X. Now, since (S,3,m) a-finite,
B T Sand « v/eN.
/=50

>, because

3{B”™eZ such that

define: y* =*£ %% 2(7m mplse >*$) in x, because for any sex
n—

for large n. Also, clearly >(9) is a simple function,
because it is 0 off a set of finite measure ( mBi)<« VieN).
Therefore, *(¢) is strongly measurable.

&
2) Necessity: Let *(») be strongly measurable thus 3 {*,(»)}~=1 -simple
such that xn(s) Pinwse >\5), v~e5. Let {at}*\ be the values of *nCs), so
n—o00
P
xn(s)=2aiX%(s) =>» W ={i: x,(j)ew}= (Jen
1=1 a,eW
so x~(W) is measurable. By same argument as in 1) x~l(W) is
measurable for any Borel set w. Let U be any open set in x and

where w is open in X,

let {vn};=1 be a sequence of open sets satisfying WtU, \hc i
neN and u=\Jvn, then Xx~\vp)~\J fA\x?(Vp) x~\vp) and
fl-1 n=l k-n

X\U)=0x"'(V,)cO0hj (V<Vf)]=0~"(r,)c*-*(1/). therefore
p=1 p=IV«=Il Jk=n ) p=1

x-\U) = y:'fu N X?<yp)

] countable union of measurable sets, so
kd kn

X~\U) is measurable for any open set U in X.

Ivaylo D. Dinov “Bochner Integrals and Vector Measures”
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Theorem 2\ (Pettis 1938) Let (x,| |x) be a separable Banach space and
*(o)" 0 *(o i
()'(&3'”1>me‘2§3§“£3>‘\ [ ), then *() is strongly measurable.

Lemma Il If (*] |lx) be a separable Banach space and [[/]x™ i}
be the unit ball in X\ then there exists a sequence |/n} ”czB'

such that for all fO"B\ there exists a subsequence {/, ,} of

\in }°°, such that /oU)=lim fn (¥ for all x<=x.

Let {a,}”, be a countable dense set in X. Consider the mapping
‘Bgiven by ?,,(/)=((a,), ... 1(«,,))* cn is separable
and so is [see .Gamon p. 6]. That is, there exists {/*}~_ in s'

so that [vnUK))°lI4 is dense in u(B). Define {fp}~ m{/*}*lI=1* let

Proof:

/0eS', choose /fte{/,}J=1 such that |fo@)-/Pi(a,)|<;(xJ>/=1, 2....i.
Therefore, fPRi{at) >0 ) for all at and this implies that

fPI*m f>00 >/«,(*) for all Xxex because is dense.

[Pettis theorem] (1) First we show that *(¢) weakly measurable
implies |*(*)|X:S-—-- 30,00 - measurable scalar valued function.
Suppose *(*) weakly measurable, let a={ses: tx(sHx <a),

Ay=peS: |/U(5))|<a}, observe that As p|Ay. By Hahn-Banach theorem

Proof:

there exists /,(¢), such that \&sX.=i and |/,("))] =|™)(]x. Therefore
P)Ay~ plAy ¢ A, and so a= p)Ay. By lemma 1 there exists a sequence

Vi A f [fAx A
(oo}
{fP}  such that P|Ay=P|Ay . Thus A is measurable as a countable
VWNi p=i '

intersection of measurable sets (notice that X(+) weakly
measurable implies /(*(e» measurable scalar valued function and

so A? are measurable sets).

lvaylo D. Dinov “Bochner Integrals and Vector Measures”



(2) Now we observe that if *(¢) is weakly measurable, then so is
[*(*)-**], aeX. Therefore, x4(B(a,r))={seS: [jdG)-alx <r} is measurable

for every ball B(ar). X is separable, thus X has a countable basis of
such balls. So, if u is open in X then there exist balls B(ar) such
that o/=(j5(a,r) and jt"I([/)=|J r AB(fl,r» countable union of measurable

sets, that means x-(U) - measurable for all u open. By theorem 1,
*0) is strongly measurable. 0

GorodJ&y...L: *0) is strongly measurable if and only if *(¢) is separably
valued and weakly measurable.

Proof: 1) Necessity: Let *(+) be strongly measurable, then there exists a
sequence of simple functions xn(s)--~iB* ™ x(s)f if fAX\ then
n—=»
>(*(») and {/(®,,(5)}~=l is a sequence of measurable
—0

functions (composition of continuous and measurable is a
measurable function). Thus /(*(¢)) is measurable as a limit of

measurable functions. To see that *(¢) is separably valued we

observe that Xn(s) pemwise >X(S), where xr{s) are simple thus if
n—»

D={*n(s): seS}, d is separable and contains the values of
xn(s), neN , therefore dx={x(s): seS}cD and thus the following
claim gives that dx is separable;

Claim: Let m be a separable metric space and TcM. Then t is separable.

Proof: If m is separable and {a,}~=l is dense in m, then

B= |{B(fln,r)}*=1: re 0 n(O,00)| will be a countable basis of m.
Define: B={t/eB: UnT*0}, since B is countable, B={t/y}Ji.

Take pjeUjnT, v/iew, Therefore, {pj}” will be dense in t.

lvaylo D. Dinov “Bochner Integrals and Vector Measures”



2) Sufficiency: Let *(») be weakly measurable and separably valued

(i.e. *(S) is separable). Let be dense in x(S) and

Z=jX (a*+% )y*: «<®°- akitkeQy yk*{yP}~

U=i

then z is countable. Letting y- z implies that Y is separable, as
a closure of a countable set, moreover Y is a Banach space with

respect to the norm on X.
Now pick any /eT, Yy is a subspace of x, hence by Hahn-Banach

theorem we can extend /e f to an element f of X such that ~ =/.

Recall that *(+) is weakly measurable, thus /(*(¢)) is a
measurable scalar valued function and f(x(s)) =/(*($)), VseS.
Applying Pettis theorem for *(»):S—vedd/ >Y, a separable Banach

measurable

space, we obtain that *(e) is strongly measurable.

Theorem 3: (Another version of Pettis theorem)
Let X' be separable and /(¢):£ ™a* X'
measurable

(i.,e. V xgX, /(*)* is a measurable scalar valued function).

Then /(*) is strongly measurable.

Let b={jogX: H x <i} be the unit ball in X. Then if X' is

separable, there exists a sequence {*n}~=1<=fl satisfying:
°f {fm}~=i

Lemma 2:

For all xeB there exists a subsequence

such that x’*(;trrl)—k;_»00 for dl x*eX'.

Ivaylo D. Dinov “Bochner Integrals and Vector Measures”



Proof: (Lemma 2)
X' separable, let D={"}~_1be dense in X'. As in the proof of

Lemma 1, we define:
Qn'B  >cn by U) =(*i(*), X20Qt  *£(*)).
cn is separable so there exists czB , for all n, satisfying:
{?«(**)}~=1 dense in M(B).
Let {*p}J=1*{*?}J . thus if xeB there exists a sequence
satisfying xX*(xpy ™ --~ x*(X)t for every jé<=d.

Since D is dense in X\ it follows that this holds for all /e x'.
0

Proof: [Theorem 3]

(1) First we show that if /(¢) is weak-* measurable
then |y*()]| is measurable.

Let A={je,S: ||/(i)lx <a] and Ax=jseS: |/(.y)(*)]| <a}.
Clearly, Acp|AX) where B is the unit ball in X but if

xeB

*Cs)MI"tt> Vicg B, then and so a= PjA*.
X xeB

Now by lemma 2, there exists a sequence {*P}~=l in B

such that P|Ax=p|A”, therefore, A=f]AXp
xeB p=1 p=1
Note, that A is measurable for all p, since the mapping

S--—SY*(S)(Xp) is measurable ( remember, that /() is weak-*

measurable by the hypothesis in theorem 3 ). Hence, A is
measurable as a countable intersection of measurable sets.

Ivaylo D. Dinov “Bochner Integrals and Vector Measures”



(2) Since a is measurable, |/(#)|x, is measurable. Let a* <=,
/(*) weak-* measurable, implies that so is (y*(*)-<?) . Therefore,
if B(@*r) is any ball in X', y* =jseS: | | ; y *<r} %

measurable. But x' is separable, thus it has a countable
basis of such balls (i.e. if u is open in x', then u=(JBk(a,r)

where a*ex', r>o0). Then y*~\u)= is measurable
k<
as a countable union of measurable sets. Since x' is assumed
to be separable, by theorem 1, /(¢) is strongly measurable.

o
Theorem 4: If x' is separable, so is Xx.
Proof: Let £={*€X: Mx<i} be the unit ball in x. Since x' is separable
applying lemma 2, we obtain a sequence {*m}~=1cfl with the

property: v* gB <={*m}~=1 such that whenever x*eX’,
Let

V= jfaksibkxmk: n<°, &kAQt  efny=l]
then vis a separable subspace of x. We claim that: v~x.

If not, there exists an element *0eX-v. By the separation
theorem, there exists x*eX' satisfying X*(x0)*0, x*(V)=0 VveV.
Definitely, x0*0, and j~r-eB.

Irelx
/ \
Hence, *.*r"j- for some{** }"<={*»}*=,-
DX * ¢ / \
But x*(xm)=0, Vm*. thus x* Ti'\g— =0, which contradicts x*(x0)*0.
* Ur°k,

Therefore, v~ x and so x is separable.

lvaylo D. Dinov “Bochner Integrals and Vector Measures”
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Corollary...2 If x is reflexive Banach space, then X is separable
if and only if x' is separable.

Proof: 1) Sufficiency is given by theorem 4, x' separable =»x separable;

2) Necessity: Let x be separable and reflexive. Then the mapping

6:X- 1-t x", defined by 0(X)x*=x*(x) will be onto.
onto

X"*-iqc))\*
jegX ——> X" 3/

In addition, e is linear and continuous, so if {"n}~=l is dense in X,

then {(&n)}7= W,H be a countable dense set in the double-dual
space X". Now we apply theorem 4, for x' andx", to get that
the separability of x" implies separability of x'.

Ivaylo D. Dinov “Bochner Integrals and Vector Measures"
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Tre EQOHNHBINIEQRAL

Definition 5: Let *(e):(£,3.m)-dadW x,| | ), where (5,3,m) is a finite
measurable

measure space and (x| |[x) is a Banach space. Then *() is
Bochner integrable if:

1) There exists a sequence of simple functions {*n}~=1,
such that xn(s) ?'nwise
n_

2) And Jpws)- ~(5)|xtim- nk m >0.
5

Definition 6.1) If xn(s)=YIkKXE(S)is simplethen J*n(5)" = Xc*m(E*>;
*=1 $ *:i
6.2) If *(¢) is Bochner integrable,then jx(s)dm= lim jx k(s)dm.
S k~*s
Remark; Note that (x| |x) will be in general an infinite diminsional
space, thus &k are no more constants, rather they are infinite

dimensional vectors. Now we will be showing that the Bochner
integral is well defined.

Proposition 1: The Bochner Integral is well defined on simple functions.

Proof: Suppose X,,(S)Z’Pclcz Ei(©s) :q’\dIXf:(s), VseS. We need to show that
= I=i
P f P )y 9 )
ZJkmEK) =Zj<iim(F1). Let AeX', then A ~¢ kxEk(s)\] =A *VYAS .,
tz 1=i U=i U= >

Consequently, since the integral is well defined on scalar valued

functions in i}(S,q , we obtain \A ~ ¢ kxEk@s)dm=\* d ix Fi{s)dm. Also,
5 *=1 c £l

note that: Ja ckxEk(s)dn j’\A(c K)xBqs)dn= £IA(ck)n(Ek)—A X ckrr(Ek)

5 k=l sk=1 k=1

lvaylo D. Dinov “Bochner Integrals and Vector Measures”
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I 9 £ 1
] AZ jdiXF,(s)dm=j"A(d,)xFK(s)dm=j j A(dI)m(FI):A’gd’\Ft) .
S 1= 5/=I /4 I/7=I >
(P \ fg \
Hence, A £ ckm(EK) =a . Now since AgX' was arbitrary
U=l J  wA >
p 1
we have that: X c"mEA)=X ~ mF-
*=1 =1
&
Bemarks;. (1) The Bochner integral is linear on simple functions:
\f]axn(s)dm = I ackx B (s)dm= &£ ackm(Ek) =
Sk=1 *=1
P p
a"Ckm(Ek)=a j” c k%E(s)dm=ajx n(s)dm;
k=1 S|
P q P 4
Let xn(s)==%jckx EU> ym(s) =2~f>IXfi(s), then
*=j /= *=1 /A

will be a simple function and thus by the very definition

r X *
JIxn(.s)+ym5)Im= 2],citm (~ )+~ rf/m(F/). Here we used the fact that
S k=1 /=i

the Bochner integral is well defined on simple functions.

&

(2) jk Oxrfm>[Ixn(6)Jdm| for simple functions. To show this let
5 IS X

P
xn(s) =N CkXEk(s) an6 {dt be the set of all distinct non-zero
k=1

m

values of x,Cs). Also, let H =x™\dij= thus
N i=l
Observe, that = IK |x~(5), Since VseS=>seFio for
=ik
m
some < and ° therefore, |[|x,,M|x =]40X =Y \d\XXF,(*)m
=0 i=I

Ivaylo D. Dinov “Bochner Integrals and Vector Measures”
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Hence,

Jlxn(sAxdm—S‘.:]z(K”jf = ):(|lem(1’) " Il\l)j (s)dm x;
0

(3) If AeX' , *,(¥)= x c*£,(*), then jA LckXE ,("m= AJ"\JdOE(s)dm
k=1 *=1 5*=1
/ NictxE(SWm= |;/A(ct))xEt(i¥m= £ A(ct)m(Et) =

s k=\ k=\s

= A " ¢ km(Ek) =A\'E£ickXE
yk=i y s*=i
0

Theorem 5: Let *(¢) be Bochner integrable, then the Bochner integral

$x(s)dm is well defined.
s

Proof: Suppose 14}J~n=|>«: L2 are two sequences of simple functions
such that

xn(s) I=l2 >*CO» VseS, J|4(~)-4(™)||*m >0, i=1,2.
n-"00 5
We need to show that jxn(s)dm and p%(s)dm have the same limit, as

S S
n->00 and that the limit exists.

1) Existance of the limits:

SIJ4 (s)dm- J4($d’n =1(4 (s)- xk(s))dm VJ|4 (4-4 (sfxam *=

IXx b X

which is assumed to converge to 0. Thus, forms a

Cauchy sequence in a Banach space. Therefore, 3 lim jj<d(s)}dm i=1,2;
n<s

lvaylo D. Dinov “Bochner Integrals and Vector Measures”
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2)  IXAEQAM- IX\©dM < J(4 (9)- X\G)jdm <3 (5)- X\(s)|[*dm<
t 5 X\

X
~J|4 (M- x(s)|x dm+J[*Cs)-x (s~ d m <
S s
ISince: [A(S)-if(5)I™ >0, |4(.8)-x(-s)| = lim|[jri(j)-4 ()| I>*= k2]
[ Applying Fatou's lemma we obtain:

< Inp_;pf 5f|]4(S)%(I(J)l)( dm+hnn_1><!an;‘HXJ(s)H@/z(s)}*anKfz—:e, since

J||4Cs)-4,(s)|]] dn<— *=12 whenever n and m are large enough.

Theorem 6: Let *(») be defined on a finite measure space
*0) is Bochner integrable if and only if *(¢)
measurable and J|[jo5)IxJm<«.

then
is strongly

Proof: 1) Suppose that *(¢) is Bochner integrable, then *(¢) is strongly

measurable and there exists a sequence of simple functions
{*,,()}-, x8) P~ ~ . >K5). By Fatou’s lemma

>{s)\dm<lim infj\xn(s)-xmE&\xdm
S S S m*° s
thus JIxis™hxdm<j|frs)k dn+lim inf J|J*n(s)- xm(j)jkdm, now if nand m
S S m>* 5
are large Jpa(s)-*m@)|xd/n<il therefore, Jjd®)x m< Jan(5)||xm+i<oo.
5 S S

2) To show the other direction, we let *(+) be strongly measurable

and Define G,=[seS: |*,(.9)|x <;2||*M|x} and
5

fxn(s), sgGn (/.e[*n(iix < 2xs)ix)

ynU) = Xn(s)XG.W=| 0_ , eGn (Ie. *n(i)|x >2x("|x)-

lvaylo D. Dinov “Bochner Integrals and Vector Measures”
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Therefore, if x(s)=0 then yn(s)=o0, VneN and if *(.s)*o then
Yu(s) P 7 e >(¥)

{since*,,(,) -:,w > 1.

N—s°°
Furthermore, [yIOA<2idV|x, VneA, sg5, then
KW -ym "N * NMy*M|X +HivirSIX s 4\\x(six € Remember, that
[yn(s)-ymWilv------------- >0, so applying theDominated

Convergence Theorem (for 1*(s) functions) we obtain:
lim flv,,W-yMi)|L</m=flim \Wn(s)-ym(sixdm=0 and hence
m,n—> « »5 . m’n7>§

Hy*W-ymWM"» >0 Then {y,,«}"=l is the desired

sequence of simple functions, that makes *(+) Bochner integrable.
[<od

Proposition 2: Let *(») be Bochner integrable, AeX'.Then
r

1) jj;iee)dm A J|ljite)xdn; 2) JAX(S)dm=A Ix(s)dm
b IXx 5 5 U

Proof: 1) Suppose *(¢) is Bochner integrable, then 3{*,*)}~=L a sequence of

simple functions such that xn(s) pariwise >x(s), as above we let

[x..(s), SeG,, GE£.1limMIAS2]1iciIIA) poinwise
— % * —_ Y =, * (%
y»(S)=*n«*G, W —J[ o, JEGH (ie. [An(lIx > 2[ir@lIx) thus y»(*) JE- »*(¥)

since x,(N pinwse >0). By the Dominated Convergence Theorem

N—o°
lim Jlyn(s)-Jt(s)|[xdm=J lim\Wn(s)-x(sHxdm=0, lim J\Wn(F[\x dm=JI\x(s%x dm
n—>*>°s ] 1 ad =5 S

and Iim”f||yn(5)-yn(5)||x"m:o.

Then by definition Jx(s)dm=lim . Since the norm | |x is a
continuous function If~ )J =Ilim If <lim fWy” dm= f|x®5)|[xdm
b Iix n Ne lIX n~*°s S
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2) Let Aex’, then

A | X@E)dm - A “53».()dm =limA Jyns)dm I=lim J Agy,,(.s))dm=
s ) S Vs ) n*s
SjHMA(Y/i(5)fim=jA(t(y))</m. Equality * is justified by

S S

the Dominated Convergence Theorem, since
|[Ay>»|~ < 2||Albx i< € LI(5,X) ®

Definition 7: LRSX)=<¢(s): S— I*Ol, = \Hs%dmP«~>, ,>1.
I_s

mtegrable

Lemma 3: Let {*,(*)}~=1 be a Cauchy sequence in LP(5,X) such that

X 12~ +iHip <0 Then there exists *(+)€ Ip(5,X) satisfying:

n=1
ae.

x»W ~NZ>* ( =* > 1 >°-

1

N fr 17
Proof: 1) Define: #AKs)=XI*n+in>“*n(g|x. thus [&O)||p= JIkwHIX*m -
L5

n=1 |
by Minkowski’s inequality for real valued functions
N M N ®
«=IV5 J n=l n=I
Hence gN»)e BV-natural. Letting $(*)z,lim gN) implies

that gI\(S)Nng(S), VseS. By the Monotone Convergence Theorem

(for real valued functions), gWeLp(S) and

= Therefore, Is«|p= =

®s s Ls
\

=NA2i Wrr<dTxdm ” =M <lim 5>, 4(°)-*,,«! =X TW ))“BM|I, <
P N~A~n=1I n=|

Is J W-»~
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There exists a set e, such that VseS-E, gCs)<*° and m(E)=o.
Now we observe that XI(s)<=Lp(S,x) aNnd

XNH() = CAT-L5)" 12 (B) + LE) = X (1 ()™ *n )+ 1),
n=

then ™ (xnH(s)-xn(s)) is absolutely summable for seS-E.

n=1
Furthermore, the space X is complete and therefore this sum

is summable (i.e. M{xn#(s)-xn(s)) converges to an element in X).
n=1
In conclusion, VieS-E, 3lim " (i), we will call this limit

im XN(s), seS-E
Ao . Since xN(*)e Lp(S,x), then xN(») is strongly

0 , s<E
measurable, by the necessity of corollary 1, xXN») is separably valued

and weakly measurable. Hence X(¢) is separably valued, as a limit of
such functions. Also, if fe X' then /(*,,(¢)) will be measurable and
[EJ_m(/(jcn(s))):/(*(*)), for all s<zS-E and f(x(s))=0, s<=E
We obtain, that /(*()) is measurable, as a limit of measurable
functions. Thus *(») is weakly measurable and therefore
strongly measurable (by the sufficiency of corollary 1).
Now we apply Fatou’s lemma (for ~-valued functions) to get:

2)
JIlicB)-ieNGB)[|Mn<lim infJ|xM(j)-x N¥gdm. Let e>0 be arbitrary. Since

XHW -)-*»(-)|p<~
N-1

. applying the triangle inequality for norms:

Ap Al
\\Xi+i(S)-Xi(sM\RdmM = X [|*I(*)-x [+i(M)]I/, <£,
i-N

~p M-\(

ilIFAT(S)-*AK®)||IEA < £
i=N\s )

provided that m>n, and N is large enough.

Therefore, !'*(¢)-**(*)||p<e, whenever N is large.
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We observe, that *(e)<= LRS,X), by Minkowski’s inequality
1 1 1

1011~ JPOllRdn < J||jO°rQ||’YhJ + \\x(s)-xN@(\Rdm , and SO
Is J IS Ls
li <||*N()| +E<«», for N large. This completes the proof of lemma 3.

Theorem 7: 1Ip(s,x) is a Banach space. Moreover, any Cauchy sequence has
a subsequence that converges almost everywhere (a.e.).

Proof: Let {*n(«}=leLp(s,X) be a Cauchy sequence. We can extract a
subsequence {*,, (»)}“=l = {*,,(«)}*=l satisfying:

Then, -S “T=1«00> lemma 3 gives the existance of
*=i ¥ P k=12
an element *(*)e Ip(s,x), such that, xn(s) a* >(s) and
* k-><«

lict(=)-x(™|p >0. Therefore, if Nk are sufficiently large
M *) - XCIPE[PE(s) - *(QI™ + It ()~ (*)||p<f ml=e. Since
{i(*)}—=le 1p(s,x) was chosen to be Cauchy.

Remark;: Clearly, Fatou’s lemma and Monotone Convergence theorem
make no sense for vector valued functions. However, the
Dominated Convergence theorem does and here is how it works.

Theorem 8: Let *(*) and xn(*) be strongly measurable, and *”($)_a£ »*($).
Also, let s(s)eL1(s,ir*) satisfy |*,®)||xa&rg(s),VneW.Then:

1) *(+) is Bochner integrable;

2) fx{s)dm=lim fxn(s)dm.
S S
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Proof: 1) Suppose X+(s) —X(s), then AN X+ M)IX s 2

Thus, by the usual Dominated Convergence theorem (for real
valued functions) 0= f Iim|;trCs)-;c(.s)|xrfm:r1i_r>go flI*n(s)-*(s)||x<dm
v,
S J
Also, if e>0 is arbitrary, letting m,n be large enough implies:

Ikn(*)-Am (*) i=3 kn(es)-2/n(™) XA A \NOLS)-X{sAXAM F\\NX(S)~ xm (s ~x dm < |+ § =£,
S S S

Therefore, {*,,(*)}~=1 is Cauchy in i}(s,x). By theorem 7, there
exists an element y(?)ei}(s,x) and a subsequence

c K (C i' such that x*Ss)

However, lim** (s)& X(S), thus y(s)"=x(s). And so, ~>[y®li =|x(»)|1

Now we apply theorem 6 to get that *(¢) is Bochner
integrable.

2) To show the second part we use the hypothesis and part one:

y*(s)</m-Ixn@dn  g\\Wwn(s)-x(xHxdm >0 .
e S IXx 5

Therefore, fx(@S)dm=lim fxn(s)dm
* n->00J

S S
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VECIOR measures

Definition 8: Let (5,3) be a pair of a set and a cr-algebra on it. Then
the function F:3--—--- >y\|ly)-Banach space, is called

foo \ @
a vector measure if: F (Jf, ="JHEi), for any disjoint
<=sio) 0=l
union of sets in 3.
Definition 9: Suppose Ee3, n(£)=|{£i}=1-disjoint: " £t=F 3, i=1,..,nj

is called partition of the set e.

Definition 10: Let F be a vector measure, then .
|7/KE)=sup|xiF(£))]j,: n(£)={E}"'=L- finite partition of ﬁJ

is called the total variation of f.

Proposition 3: Let |F|G<’<>, then F]is a measure (i.e. (53,|f) is a measure
space).

Proof: 1) Suppose Exr\E2=0 and e>0 is arbitrary. Since [|F|()<°0, then
) ~y< oo, *=1,2. Thus, there exist partitions n(Ft)={F;}"™*i, k=122,
[|F(E9L> o ket n(EWW£2)=n(£Yun(£2), then
=
=EIK(Eli+ £ IFE2 i>11)-e +|/1(E)-e.
E€n(Eiu£2) <

Because £>0 is arbitrary small, |/Kflu F2)NIFKEi)+IFI(F2)-
fn \ n

By induction, |F| (Jf; >"|fKf,), /i< and so
\i=1 5 =

\i-1 ) v= ) 1= w=i /-1
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2) Suppose is a disjoint sequence of sets in 3. Denote

Eo=\jEi, |F|(E@<o0. Let £>0, there exists a partition n(EU)={/L}"=1,
i=i
n
so that [/ KEG)-£</L||F(Ai)|ly mObserve, that is a disjoint
i=i

collection. Now since f is a vector measure,

[F(A)Ik=|"U (e*4>J =||jF(A,n£t)] <X|f(AnEt)r ,=1..n. Then

[/tE-)-e <X |;|F (AInEY||l,=5F: X |[F (Ain£*)|1sX [fK£t), because
1=1*=1 *=1/=1 k=1

n

U (** nAi)=Ek, WK and [f|(EK) is the supremum of such partitions.

=1
00

Since £>0 is arbitrary small, we obtain
k=1

Finally, 1) and 2) imply that and hence
k=1

\F\'S—>[0.00] IS @ Mmeasure.

Fubini’s theorem for counting measure justifies this equality.

Definition 11: A Banach space (r,| ¥) is said to have the Radon-Nikodym

Property if: Assuming
vector N\ . .
1) 3 F:3 Xr,| y) with [f|5)<oc where (5,S,m) is a finite
measure space and

2) F(E)=o0 whenever mE)=o (i.e. F«m, f is absolutely

continuous with respect to m).
It follows that: 3 g(*)ei}(s,Y) such that F(E)=Jg(s)dm, VE£e 3.

E

Remark.: Some Banach spaces have the Radon-Nikodym Property and some

do not. Now we will identify some classes of spaces that do have it

Theorem 9: Let X' be a separable anti-dual space. Then X' has the

Radon-Nikodym Property.
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Proof: Let F:3 o >\ (s,3,m) be finite measure space, \F's)<* and

measure
F«m. Let X=X be fixed.

(1) Consider the mapping: x\3--—--- >c, such that <(E)=f(E)x. First
we will show that < is a complex measure absolutely continuous
with respect to the total variation of F (i.e. fx« | f|).

(1.1) Let be a disjoint collection of sets in 3. Then, since f is
a vector measure, we have the following:

f- X ( (« Y\ A f n A
FXme, = Fijie; (x)= £ e(E)« = umrrce, (X)=
ve=i /v ovr=i J] \i= | / v 1=1 y
n n A ( n N (n A © (04]
=8(X) tim Y e(£,) =1lim 6u)Y e(e,) =lim Y f(£,Ki) =Y E(E)G)=Y £ e,).
J «-H I "Hi-i J A i=

Where Q.X-—->x" is as usual the James map defined by o(x)(x*)=x*(x).

(1.2) Suppose [f|(E)=o. Then [F(£)|=|FE)X)|<|FE)IX|H( <leKe)Mx, VjceX
= |iE)| =0 , therefore fx« |f|, as claimed.

Now applying the usual Radon-Nikodym theorem for complex
measures we obtain the existance of /«)eL1(5.c) such that:

*) FE)X =\ fXON ve o3
E

We also note that |A(s)jacH Xl because [HEHAX >iF(E)||X, WX S\FEX\=

=Jiv«#1. SO WX > jrp J/XVVdIfJ vee 3 (provided w (£)%0).

a.e.
A well known theorem from real analysis implies that @\ ™ \Mxe
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then

(3.1) M*) is well defined. Suppose =n
B W-/zU)=p -z()|<|2n-zmty wn™ >0, so {4W}"=l is Cauchy.

Also, the limit is independent of the choice of the sequence
4 >Z.

{z,}*=1eD, converging to *, because if

then B W -4 M4 -z.|x - Thus, fz(s) =hz(sif zeD and seM.

— >X. z,eD. Remember

(3.2) Let xeX be arbitrary, Ee3 and
for every n large enough.

that |[fKS)<°° and Wx +1 dominates |._(s)|
By the Dominated Convergence theorem:

FE)X) = lim FE)z,) = lim ffz ()d|f] = frx YR\
" "A~E E

If seM|/in4= Igjry( ,(S)lSI%Z,,HA:le,, while if |20 = o<lic|x .
Let jc,yeX, a,beC and NI NSy

-k, where xnyneD, anbne(Q+iQ), VneAf. Then for seM,
hax+by(s)~ ttm /(a”+bA)nr) = y = ahx(s)+ b hy(s)

while if seM, both sides equal zero. Thus fiadfe(5)="(5)+F/iy(®), Vs.

Summarizing:

FE)(c) = I™()4lf1
E
\5GIS
hax+by(s) = ahx(s) +bhy(s), VseS

(4) Define h(*):S-—->X" by h(s)x=hx(s). Clearly, (**) implies h(s)<X, VseS.
because MX(») is a measurable scalar valued

Moreover,
function,as a pointwise limit of measurable functions (namely

Xmc(¥)/*,,(*)» where m ). Then, h(s) is weak-* measurable and
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(2) On the next step we will be refining the map /*(¢) on a set of
measure zero. Let Afx={.seS: |/*Cs)|>MI*}- Since X' is separable,

so is X (by theorem 4). Let £>={*i}~j be a countable dense subset
@ ©

of X and mx={JmX. Then |’m)<"|/Km”) =0, since [f|m”")=0, View,
»i i=i

(recall that: |/’(s)|a<eWX)

Pick up £e 3, be C.x.yeD, Since
j flax+by)(s)d\F] = F(E)(ax + by) = aF(E)(,x)+bF(E)(y) = ja fx(s) + bfy(s)d\F\, VEe 3
E E

ae.
This yields that fax+byis) =afx(s)+bfy(s). The exeptional set of
measure zero depends on the choice of a,b<=c and x,y*x. Now, we
want to refine /*(¢), so that the above equation holds for all seS.

Define b= ; "€0+IQ ed, mM<Qoq|.

Then d is a countable vector space over the field (Q+Q).
m ae m

Let z -~ a kxkgD, fz(s)= ;1a kf)_dkit(s), denote by M(z) the exeptional
k k
set, so m(M(2))=0. Also, let m2=|Jm(z), thus m(M2)=o.
Z€D
m

Now, we have /Z/v:£:al]ftl.w and |/2(i)]<Hx, VzeD. seM=M1uMz2.
K
Therefore, for all seM =M YyjM2 (note: m(M)=0), afe(<2+;e) and

x,yeD we have fax+by”)=afx")+bfy(s).

[lim /z (5), if StM

(3) Define , where xeX, z,eD, z,-——-——- and

[0 , if seM n>

D is dense in X. Observe the following:
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by Pettis theorem 3 w» is measurable (Re: X' is separable).

Also, |IPM)I* = supl/i(Yif| :sup|/l,(i)|'(?1, SO s|fl(5)<~.
MI5L WK
Then (**) implies F(£)(;c) = J/ix(s)<i|Fl=
E E
/ \
(5) Let AgX", then proposition 2 implies A J/i(g<|f| = JA(ft(s)M|4 VEgG3.
< ) E
r \
Hence, jh(S)A\F] o =J/i(5)("|f], VEe3 and therefore,
<€ ) E
U)=J/iB)q) ~ =I ™ (M| (F)F(E), 3, VicgX
KE ) E E

Then, \Ws)ANR\=FE), VEe3.
E

(6) Finally, F«m = |Fl«m. By the usual Radon-Nikodym theorem,

there exists k(*)e U(S,C), so that |[/KE)=Jk(S)dm veg43. Thus the
E
following claim implies: FE)=Jh@E)k(@ES)dm VEe 3.
E
Letting g(s)=h(s)k(s), VseS wraps up the proof of this theorem.

Claim: Let HE)=\ns)d\F] and |£I(D)=jk(s)dm, V E D e3. Then HE)=jh(s)k(s)dm,

E D E
v Ee3 (i.e. dA\P\=(s)dm), where the functions h(s) and k(s) are as
defined in theorem 9 .

Proof: Since &) is Bochner integrable with respect to [f] (thus /i(»)

is measurable), there exists a sequence of simple functions
/1,,(*), such that:

(1) ) =f jdEUr, 2) () ®invise ().
*=|
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We observe that without loss of generality IinBx q|iG[x +i, VseS,
otherwise we multiply by the characteristic function of the

set Grt={.seS: G\ <|[iNx ri}, as we did in the proof of theorem 6
Under this modification, the functions ~(s) still satisfy the above

two conditions.
Now let Eg3, the Dominated Convergence Theorem Yyields:
- - p
F(E)= lim fhnis)a\r\= lim f
m 1

=lim " = " =zl =

n->0°5*=1 rt->0°%=| me°k=l £ne

:||Ii|"["|9 ¢k \k(,s)X E[NE U )d'rln“:‘]f( £<**£.n£(5) K (s)dm =I|'iIT! fhn(s)X E (s)k(s)1'n-
= = A= ~*'g

Because [Iin®)|A<|IiG)x +i<2] so |Jin(s)*s)|[x <2*0) (since ~)>0).
Furthermore, = 2K(S)Gi}(S,m). Therefore, applying the
Dominated Convergence theorem is justified (for real valued functions).

lim J mn(s)XE(s)k(s)dm = J lim hn(s)XE(s)k(s)dm = J h{s)XE"s)ks)dm = J h(s)k(s)dm.

Hence, F(£)=J*()A(s)dm, VEe3, as we claimed.
E

Corollary 3: If (x,| [x) is a separable, reflexive Banach space, then it
has the Radon-Nikodym Property.
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Proof: Let x be reflexive and separable. Then X" is separable, since

X =X". However, X'=(X") and so X" is a separable anti-dual
space. By the Radon-Nikodym Theorem (thm. 9) X" has the
Radon-Nikodym Property and therefore so does X.

Remark: In fact, it can be shown that any reflexive Banach space has the
Radon-Nikodym Property (see ‘Vector Measures”, Diestel & Uhl).

Definition 12: If x and y are Banach spaces, we say that x is isometric

to y if there exists y/<=L(X,Y) (i.e. y.x Meat->y) such that </(v)
continuous

is 1-1,ontoand |V()||[r =M X, We write X=Y t0 indicate,
that x and y are isometric. The map y/(*) is called an isometry.

Our next goal is to show that, if x is a Banach space, x' has
Radon-Nikodym Property and (s,3,m) is a finite measure space, then

(z/GS, X)) =LP(S,X"). To do this, we need some preliminary results.

Theorem 10: Let x be a Banach space and (s,3,m) be a finite measure

space. Let p>l and -+ —=i (if p=l = p'=<)» Then 1p\ s,x’)
p P

is isometric to a subspace of . Also, for g«eif (S,x'),

SUp =« (*,. where («/>=«(/).
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(1) Suppose /(+)€ z/(s,x)and gV claim, that
<*C).I(«)>e t‘(S,0:
(1.1) Clearly, («(*),/(*)) is measurable, since both maps are

measurable;
(1.2) KMW./Ol-a0 =IKsW ./M )™ = JIs(i)(/(i))M">~ -
S s S
1 1
< N\g(sfr dm " \\\f(srxdm " =M IWHere' we
<5 J U j
used Holder’s inequality.
/
(2) Define: Vv -U\s, X"} AI(.S.x)), by *i/(@)(F) = \{g(s),fu))dm- V/(.)eZ/’(S,X).
S
We note that v is linear and continuous and is in (1p(S,X)) :
(2.1) A+ gR(/) = | (A&(s) +92(s), f(s))dm = J (A&(s) + g2(s))(-f(s))dm =
S S
=] (AQi(5))(/(5)Mm +J(g2Cs))(/(»)" =
S S
=J I(gi(s), f(s))dm + I(g Zs).f(si)dm = Ay/(gl)(f) + V'(g2)(fy’
S S
(22) [hnLrisx))= SP kUX/)I= sup <
5

12)
< sup  [KWM)dm < sup UINS X)L (S.X)-KIi" (W) °

hence NI(z.'(s,x))" £lIslz/is,*) (Le- VC) is a bounded linear operator)
/

and the image of i/ forms a subspace of |
(2.3) \i/(g)(ctf) = J (g(s),otf(s))dm = J a(g(s),f(s))dm =caf/(g)(f)*

S S

(3) To verify the second part, we need to show that
IMIfz/~x))' HHINs.*") {for al\g(*)eLp\s,x") with kWA""X")>0’
otherwise it is obvious}. If so, equality (***) is established.
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(3.1) First, let g(s)="ckxEs) be simple, where {c*}[=lex’
*:i

and {BK}kH is a partition of s (i.e. {E}g=I-disjoint, JJ) E k=s).
k=1

It is clear, that |[g¢)|r € Ip\s,C), since g(»)eLp\s,x").

Let £>0 be given. Choose /i(»)€Lp(5,[0,)) such that:
, .
\_I

h(s)=>0, ORI =) | | & and IJ{h(S)pdm <1
\
° i
(for example, let h(s) =|BII(/ Ha~I, where a = j\g(s)\g,dm
]
Now, let {<f}£=1eX be chosen so that (c*dt)>||c<x, - D VE=ILLp
M \s,c)

and |K]||x<i, v*. Also, let f(s) =&hen /(.)ez/(s,x)

K

=i
and [/(«)]t, s |, by the choice of *(*) and K| <1, V*. Therefore,

p( ~
M (i'(s.X))' 2M*X)|= i(g(s),/u)dm > X lk-tlx' - wfT: Ks)XEt(s)dm >
s 5A:=lv " w}{S,C)j
f ~ dan> r ) Since e>0 was

s JoOlx./i("m -e

5 PIKIT(S,C)

arbitrary small, v«|(t,(SX)'s|HI™(sr) . Thus, by (2.2) we have
the desired equality N, {SX)) =ML\sx'y for simP,e functions.

(3.2) Finally, let g*) be any function in Lp\s,x") and {g,(*)]-=L be a
sequence of simple functions in Ip\s,x"), such that 8n~">8

in Ip\s,x"). Because, M is linear and bounded, we get that
® y This

L'(S.X))  j™ IM«II(L'(5t0) “ A A1 A IL"(5,X")

completes the proof of theorem 10.
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Lemma 4: Suppose x is a Banach space, X' has the Radon-Nikodym/

Property, is a finite measure space and

Then F(E)eX', defined by F(E)(x)=1(xe(, %) is a vector
measure with finite total variation (i.e. |F|(S)<~). Also, F«m.

Proof: (1) First we show that HE) is in X', the way it is defined.
Let Jt.yex, AeC, then f (£)(At+y)=:(*£()(At+Yy))=1(XXe”)(x)+*£(*)(y)) =
= X/UECXIt))+/UE(»)(Y)) = AF(E)(X)+F(£)(y). SO B conjugate linear.
Furthermore, |F(E)|X,= sup |FE)()| = sup [fCEE)W)| <

SW(E*(iX))' l;)&p NCeXANSW (L(s,X)'(M(E)7<~. since IJW«(tf(S,x)).

Hence, F(E) is bounded linear operator on X (i.e. it is continuous).

(2) Now let {£*}~=1 be a disjoint sequence of sets in 3 and £0=(J" e 3.
k=1

F£,, -£ £%)(x (ae. - ! e (*)«) =
( )(pkzlf( ) OW|*S:1U (*)«)
n
iXE_Wx))-I' £(*€,()(*)) MLCSX) ae-w(*)-laEw (4 s
u=l I

/
- IM('SX) JAEG)D AEExM] A -MIfZiS.X)) mVAgnﬁ*) 14x

Recall, that m(S)<~ and if a, =1 If*, v«€jv, then a, 4 0, /n(AH<

Since m:3 40/n(S)], we have mAn) i m(0)=0
/ Kreasure
(i.e. U £* 0). Therefore, “"F(EK) iD

k=1

So, F is a vector measure, as claimed. Furthermore, it is
staightforward to see that F«m, using only the definition.
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(3) To show that F has finite total variation (i.e. |FA<5"“<oo0)f we
et {"}t=ie3 be any Partition of s (i.e. {tf*}*=l-disjoint and
n
1J/I* =s). Also, let €>0 be given and ||[x <i, k=i,..,n be such that
*:i
)1 <HHK)(K)+N  (observe that [AT||X=|K1X and for an
appropriate r, FHHK)(ETK)=e~THHK)(K) will be real).

Summing up for k=\...n, we get:
|<>—<|IIAM*-2|Z=<1 )@-fe=)k(_!1(xh, ()0)+e<

~I(r(5,X)) E *#/[*1~**) +£-M(Z/(S,X)) "XHk(SXin an +£<
= Lr(SX) k=i

dm +£E|V|(Z/(S,X)) (m)p * £ <oo.
s k-\

Then ¥75)<«, since {HK}kH is an arbitrary partition of s
( recall: /B =sup|™|F(//jt)x/: {HY=I- disjoint partitionof sj ).

<
Now we will state and prove the Riesz-Representation Theorem
for Ip spaces of vector valued functions.

Theorem 11: Let x be a Banach space, x' has the Radon-Nikod)/m Property
and (5,3m) be a finite measure space. Then (z/’cs.X)) =Lp\s,x")
(we will be showing that the map ifrom theorem 10, is onto).
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Proof; (1) Suppose /e(Lp(S,X)j . We define a vector measure F(E)eX' by

F(E)(x)@ VxeX. Then, lemma 4 yields that F is absolutely
continuous with respect to m(i.e. F«m) and has finite total
variation (i.e. |F|(S)<*°). Furthermore, since X' has the Radon-

Nikodym Property, there exists #¢)<=i}(S,x") so that

F(E) - jg(s)dm, VEg3.
E

(2) Now, let Ks)=|éck)ﬁ(s) be a simple function. Then
= by (@ * by (19
M=l 7 e, =£'(c*E) = X f(E*X> =

=Xj(«W >aVnEI\«('9 = .
*=Ig, 5\ *=1 1 s
Here we used that g¥<=1\s,x’), (i.e. #(*) is conjugate linear on X).

If we knew g(*)eLp\s,X’), then this would mean y/(g=I, because the
simple functions are dense in 1p(S,X). However, we only know
#*e i}S,X). Now, we claim that in fact g(?)eLp\s,x’).

(3) Let c,={5eS: "(M|x.<*}. Define i(h)=i(hzG. Then I g(1p(S,x)) and
for any fi(*) simple in Lp(S,X)

1) =/(li*G)=I) *[PAY)YM=Kzg,(Hs(9 ,
5 5

Since simple functions are dense and \s,X'), this
equation holds for all /i(»)elLRS,X). Therefore, by theorem 10,

Rsxe. HAcSY) l\iil{J]%s %& [/(*0,[s WD)
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Therefore, by the Monotone Convergence Theorem,

It follows that gWeLp\s,x'). Also, the series of inequalities
in (2) hold for all h(»eLp(S,X). Hence

/=¥
and v is onto. Then, theorem 10 yields Ip\s,x')=(1p(S,X)) .
&

The next two corollaries identify classes of Banach spaces
(|| Ix) for which we can characterize the anti-dual space of

LpS,X) for p>I.
/
Cprollary. 4;. If X' is a separable anti-dual space, then Ip\s,x"')=(1p(S,x)).
Proof; Separability of X' implies that X' has the Radon-Nikodym Property
(by theorem 9). (53,m) is assumed to be a finite measure space,

therefore, theorem 11 yields 1p'(S,x")=(1p(S,X)J).
&

Corollary 5;. If x is separable and reflexive, then 1Ip\s,x')=(1p(S,x)) .

Proof: By corollary 2, X' is separable, since X is separable and reflexive.
Applying the preceding corollary 4 wraps up the proof.
&
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Corollary..6: Let (5,3,m) be a finite measure space and (x| [x) be a separable
reflexive Banach space. Then 1p(S,X) is reflexive for 1</?<<».

Remark: It can be shown, that I\s,x) is separable and (1's,*)) =1°°(5x").

However, LS, X) is not always separable itself. Therefore, by the
converse of corollary 2, L*°(SX) and U(S,x) are not always reflexive.

Proof: (1) First, by theorems 10 and 11 the map W. LP\s,X')-----,
defined by , y/(f*)(f)=J3(/*Cs), fls)dm V /(*)€LRS,X), is linear, 1-1,

onto and continuous. Also, same holds for the inverse map
YA (1p(Sx)J----- >1pP\s,X). We have the following integral
equation for yA:

[()Ys) , f(s)Adm =iNiiX (/) >7)=(/» />,

o o WSX | g (1HS,X)
where: /*(*) € Lp\s,X"
/**(.)€ LP(S’X") h g (2/(S X))

From now on, a new subindex of the mapping Y comes into
play, showing exactly which Ip space yr acts on.

W) (M 1) =10 (). f)dm

¥p.:L"(S,X")---- (vy/l** %) =[(/**W e £ (s)dm

(2) Define

Respectively for the inverse mappings:
KO/oN)Ys) , mydm={l , /)
and

Wl o (LP—eIfISX) J , =(*,/1%)

Vpl-(Lp(S,xj) - tp\s,X")
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(3) Let 9.x-—->x" and G\LPS,X)--—->1p(Sx)) be the James maps
(p (x),x*}=(©),)=(L)). We will be showing that 0 is onto
(i.e. that 1p(s,x) is reflexive).

Define b\Lp(S,X)---—->Lp(S.x") by (0())(s)=0(/(s)). Then 0 is onto
since X is reflexive (i.e. d is onto).

Consider the following diagram:

(Ip(s,Jo) — (1P(SxY)
0T _ t vp.
LP(S,X) — Lp(S,X")

By the Riesz Representation Theorem (theorem 11), we know

lat yly and (y-) are both onto mappings, where (/71
is defined as follows:

@RSX) <r-r— ({"(SX)
,1j=(h , ¥~p\0).
(ZrcsXx) V' > Lps, X))
(4) Finally, we observe that Q=Xy/plj* o/ff0e
(W) °vy°e)l). 1t W(vy °e)(l), "VI)=J((enw , ¥-n)(.s)dm =

=J(fI(/Cs)) >(~ AOY)IM =3 ~ LUNE) . /(DW =¢ . /)=(©(> ., /).
s s ‘

Hence, 0 is onto because ©“ ((vAfoyybgj and (/pl*oy/poo
is onto. This proves the corollary.
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Appendix

[1] Theorem: {Inequalities of Holder and Minkowski} Suppose [</?,/?<<>

and ——=1 (if p=1 = p - 00). Then for / and g measurable
P P
real valued functions the following two inequalities hold:

o ~rAmijog
| i |
) [/ +s],="|/+* <) <[[I/[Vmj +Y\gNddmj =|/]lp+ [jo =

[2] Theorem: {Hahn-Banach} Let M be a subspace of a complex vector
space X, and suppose f:M wj&e >C and |/(;t)] < for

al xeM, where A is a const. Then there exists a conjudate

linear function / (extention of /) so that =f and

[7(9" Adidix, V xeX.

[3] Corollary 1: {Separation theorem} Suppose X is a normed vector space
and K is a closed convex subset of X. If peKc (=X-K),
then there exists a real number r, such that
Re/(p)>r>Rel/(*), V keK.

[4] Corollary 2: Let X be a normed vector space and A be a closed
subspace of X. If PeKc (=X-K), then there exists feX',
such that f(k) =0, V keK and /(/?)*0.

[5] Theorem: {Monotone Convergence Th. for positive real valued functions}
Let (5,3, m) be a positive measure space and {/,}J= be a
sequence of measurable functions such that /, <fHH,
= V seS and fr(s),f(s)>0, V 5eS. Then / is

measurable and limjf rs)dm="\f(s)dm.
ne°s N
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[6] Theorem: {Fatou's Lemma) Let (S,3,m) be a positive measure space and
{/*}J4 be a sequence of measurable functions such that
fn(s)>0, V seS. If #0) =lim inffn(s), then g is measurable and
Iir’rY‘ir‘rf\]rr(s)dm > \]g(s)dm, VEe 3.

" -~ E

E

[7] Theorem: {Dominated Convergence Theorem for real valued functions)
Let {/,}J1 be a convergent sequence of measurable functions
and lin/,($) =f(s). Then if there exists a measurable function

g>0, so that |/(s)| <#(*), V neN, V seS and jg(s)dm<> we

have that / is measurable and limj/,(S>im =s/cs>rtn<oo

[8] Theorem: {Riesz Representation Theorem) Let p>1 (S,3,m) be a finite
/
measure space and Ag(1%s,m) . Then there exists a unique

help(Sm), so that A(/) = fh{s)Jg)dmyV feLS,m), where - +-~=1
S P P

[9] Theorem: {Radon-Nikodym Theorem for finite positive measures)
Let A and p be positive measures defined on on a measure
space (S,3). Suppose A is absolutely continuous with respect
to p (i.e. A«/x, p(E)=0=>A(£)=0). Then, there exists
e such that /(s)>0 and A(£) =] f(s)dp, V £e 3.

[10] Theorem: (Fubini) Let f: XxY ---->0,000 be measurable with respect to
the o-algebra 3xf. Then

ffd(Ax n)= \]\]f{x,y)dttdx = jj f(x,y)dXdn .

XxY Xy

[11] Theorem: {Eberlein Smulian) If (y|| ly) is a reflexive Banach space,
then the unit ball in Y is weakly sequentially compact

(i.e. if {*}*.* eE«U), then {"njl<={**Li «*l0 n~
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