Michigan
Technological Michigan Technological University
1a8s] University Digital Commons @ Michigan Tech

Dissertations, Master's Theses and Master's Reports

2019

Discontinuous Galerkin methods for convection-diffusion
equations and applications in petroleum engineering

Nattaporn Chuenjarern
Michigan Technological University, nchuenja@mtu.edu

Copyright 2019 Nattaporn Chuenjarern

Recommended Citation

Chuenjarern, Nattaporn, "Discontinuous Galerkin methods for convection-diffusion equations and
applications in petroleum engineering”, Open Access Dissertation, Michigan Technological University,
2019.

https://doi.org/10.37099/mtu.dc.etdr/786

Follow this and additional works at: https://digitalcommons.mtu.edu/etdr

b Part of the Computational Engineering Commons, Numerical Analysis and Computation Commons, and the
Partial Differential Equations Commons



http://www.mtu.edu/
http://www.mtu.edu/
https://digitalcommons.mtu.edu/
https://digitalcommons.mtu.edu/etdr
https://doi.org/10.37099/mtu.dc.etdr/786
https://digitalcommons.mtu.edu/etdr?utm_source=digitalcommons.mtu.edu%2Fetdr%2F786&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/311?utm_source=digitalcommons.mtu.edu%2Fetdr%2F786&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/119?utm_source=digitalcommons.mtu.edu%2Fetdr%2F786&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/120?utm_source=digitalcommons.mtu.edu%2Fetdr%2F786&utm_medium=PDF&utm_campaign=PDFCoverPages

DISCONTINUOUS GALERKIN METHODS FOR
CONVECTION-DIFFUSION EQUATIONS AND
APPLICATIONS IN PETROLEUM ENGINEERING

By

Nattaporn Chuenjarern

A DISSERTATION
Submitted in partial fulfillment of the requirements for the degree of
DOCTOR OF PHILOSOPHY

In Mathematical Sciences

MICHIGAN TECHNOLOGICAL UNIVERSITY
2019

(© 2019 Nattaporn Chuenjarern






This dissertation has been approved in partial fulfillment of the requirements

for the Degree of DOCTOR OF PHILOSOPHY in Mathematical Sciences.

Dissertation Advisor:

Committee Member:

Committee Member:

Committee Member::

Department Chair:

Department of Mathematical Sciences

. Yang Yang

. Zhengfu Xu

. Cécile M. Piret

. Zhen Liu

. Mark S. Gockenbach






Contents

[List of figures| . . . . . . . . . . ... vii
(List of tablesl . . . . . . .. ... viii
Prefacel . . . . . . . . . ix
[Acknowledgments| . . . . . . . . ... ... 00000 Xi
[Abstractl . . . . . . . . . . . . xii
0I_Tntroductionl. . . . . . . . . . . . ... 1
i Tt T - ek Tocal & - l
[ salerkin methods . . . . . . ... oo 1
(L2 Motivation|. . . . . . . . . ... 2
(1.3 Dissertation Qutlinel . . . .. ... ... ... ... ... ... .. 6
5 C ~e Tocal G . Galork hod T - l
| pressible miscible displacements in porous medial . . . . . . .. 7
I TIntroductionl . . . . . . . . . ... 8
[2.2  Compressible miscible displacement problem| . . . . . . . . . . .. 12

iii



2.3.1 Basicnotationsl . . . . .. ... ... oo 14
232 Normsl . . ... ... 15
2.3.3  LDG scheme and the main theoreml . . . . . . . . ... .. 17
[2.4  'The proof of the main theorem| . . . . . .. ... ... ... ... 20
[2.4.1 Projections and interpolation properties| . . . . . . . ... 20
[2.4.2 A priori error estimates|. . . . . . .. ... 23
[2.4.3  Error equations| . . . . . ... ... 24
[2.4.4  The first energy inequality| . . . . . . ... ... ... ... 24
[2.4.5  'The second energy inequality] . . . .. ... .. ... ... 34
[2.4.6  T'he third energy inequality|] . . . . .. ... ... ... .. 35
[2.4.7  The fourth energy inequality|. . . . . . . . ... ... ... 38
248 Proof of TheoremR2.32. . . . . ... ... ... ... ... 41
[2.5  Numerical examplel . . . . .. ... ..o 42
2.6 Concluding remarks|. . . . . . . ... ... ... ... ... 47
[2.6 Appendix: Proot of Lemma|2.4.5 . . . . ... ... ... ... .. 48

[3 High-order bound-preserving discontinuous Galerkin methods

[  for compressible miscible displacements in porous media on

[ triangular meshes| . . . . . ... ... 53
3.1 Introductionl . . . . . . ... Lo o 55
8.2 The DGschemel . . . . . . . ... oo 60
[3.3  Second-order bound-preserving scheme| . . . . .. ... ... 64
[3.4 Bound-preserving technique for high-order scheme| . . . . . . .. 74

v



B.4.1 Flux bmiter . . . . .. . .o 74

[3.4.2  Slope limiter{. . . . . . ... ... ... L. 76

[3.4.3  High-order time discretization| . . . . . . .. ... ... .. 79

[3.5  Numerical experiments| . . . . . .. ... .. ... ... .. 79
[3.6 Concluding remarks|. . . . . . .. ... ... ... 90

[4  Fourier analysis of local discontinuous (Galerkin methods for |
[  linear parabolic equations on overlapping meshes| . . . . . . .. 91
M1 Introductionl . . . . . . . ..o 92
(4.2 LDG method on overlapping meshes| . . . . . ... ... .. ... 97
[4.2.1  Overlapping meshes|. . . . . . . ... ... ... . ..... 97

22 [DGschemel. . . . .. ..o oo 98

(4.3 Error analysis| . . . . .. ..o 100
U431 The P casel . ... ... ... .. ... ... ... ... 100

432 The P2 casel . . . . . . . . . . 105

4.4 Superconvergence| . . . . . ... L Lo 111
4.5 Numerical experiments| . . . . . ... ... ... 115
M6  Conclusionl. . . . . . . . . 118

b Conclusion|. . . . .. ... .o 119
Referencesl. . . . ... ... .. ... . ... ... 134
[A Copyright documentations|. . . . . . . ... ... ... ....... 135
[A.1 Copyright documentation of Chapter 2| . . . . . . . .. ... ... 135




[A.2  Copyright documentation of Chapter 3|

[A.3 Copyright documentation of Chapter 4]

vi



List of Figures

[2.1 ~ Numerical approximations of ¢ at ¢t = 0.1 with Nz = Ny = 40 in |

Example[2.5.3l . . . . ..o 45
[2.2  Numerical approximations of c at t = 0.1 with No = Ny = 40 in |

Example[2.5.4l . . . ... 46
[3.1 "T'wo intersection points for the numerical flux in diffusion part on |

the triangular mesh.| . . . . . ... .. ... o000 70
3.2 Triangular mesh (M =10) . . . . . . . ... ... ... ... ... 80
[3.3  Example|3.5.2; Numerical approximations of ¢; and co| . . . . . . 84
[3.4  Example|3.5.3; Concentrations of ¢, co and ¢y +c¢o.| . . . . . . .. 86
[3.5  Example|3.5.4: Concentrations of c;, co and c3 with limiters|. . . . 88
[3.6  Example|3.5.4; Concentrations of ¢y, co and c3 without limiters| . . 89
(4.1  Overlapping meshes|. . . . . . . . ... ... ... ... .. ..., 97

vil



List of Tables

2.1  The numerical results for cwith oo =11. . . . . . . ... ... .. 43
2.2 The numerical results for cwith ¢ =0.011 . . . .. ... ... .. 44
2.3 The numerical resultsforel . . . . . . .. ... o000 47
[3.1  Example [3.5.1f Accuracy test for c¢; and c; with and without |

bound-preserving technique. . . . . . .. ... 82
(4.1  Example}4.5.1i a =0, a=0.05, a=0.25, =05 .. ... ... 117
4.2 Example [4.5.1; Superconvergence with o = 0.25 and a = 0.5 . . . 118

viii



Preface

This dissertation contains published and submitted works completed by the
author of this dissertation. The contributions of the author are detailed in the
following paragraphs.

In the second chapter, the author has collaborated with Fan YuE|, Hui Gu(ﬂ
and Yang Yangﬂ The main author’s work is considering the problem in the
one-dimensional case. The work has been published in the Journal of Scientific
Computing. This work was supported by the National Natural Science Foun-
dation of China Grants 11571367 and 11601536, and the Fundamental Research
Funds for the Central Universities and Michigan Technological University Re-
search Excellence Fund Scholarship and Creativity Grant 1605052.

In the third chapter, author has collaborated with Ziyao XUE| and Yang Yang.
The main author’s work is the hypercritical part and construction of the second-
order bound-preserving scheme. The work has been published in the Journal of
Computational Physics. This work was supported by National Science Founda-
tion DMS-1818467.

In the fourth chapter, the author has collaborated with Yang Yang. Most

works in this chapter were performed by the author. First, the author studied

LCollege of Science, China University of Petroleum, Qingdao 266580, China.
2College of Science, China University of Petroleum, Qingdao 266580, China.
3Department of Mathematical Sciences, Michigan Technological University, Houghton, MI

49931, USA.
4Department of Mathematical Sciences, Michigan Technological University, Houghton, MI

49931.

1X



C.W. Shu’s work, repeated the results, and extended the idea to linear parabolic
equations on overlapping meshes. The work has been completed as an article
to submit to the Journal of Scientific Computing. This work was supported by

National Science Foundation DMS-1818467.



Acknowledgments

I would like to acknowledge my gratitude to my advisor, Dr. Yang Yang
for his valuable advice and support. Dr.Yang provided many opportunities,
inspirations, encouragements, patience, and guidance throughout the research
and my life as a graduate student.

I would like to thank the committees, Dr. Zhengfu Xu, Dr. Cecile Piret and
Dr. Zhen Liu for their advice that makes this work more complete.

Also, I would like to thank Dr. Mark Gockenbach, the Department chair,
who gave me the opportunity to teach. Thank Ann Humes and Elizabeth Reed
who are the coordinator and mentor for my teaching.

Moreover, I would like to thank Jeanne Meyers, Margaret Perander and Kim-
berly Puuri who also made my life move smoothly as a graduate student in the
department.

I really appreciate the help from my collaborator, Ziyao Xu, for answering
all my questions and having helpful discussions.

Moreover, I would like to thank my family who leads me to have the ultimate
goals and friends who have encouraged me and joined with me in both academic
and non-academic activities.

In addition, I would like to thank the Development and Promotion of Science
and Technology talents project (DPST), Institute for the Promotion of Teaching
Science and Technology (IPST), Ministry of Education, Thailand for supporting

my scholarship.

x1



Abstract

This dissertation contains research in discontinuous Galerkin (DG) methods
applying to convection-diffusion equations. It contains both theoretical anal-
ysis and applications. Initially, we develop a conservative local discontinuous
Galerkin (LDG) method for the coupled system of compressible miscible dis-
placement problem in two space dimensions. The main difficulty is how to deal
with the discontinuity of approximations of velocity, u, in the convection term
across the cell interfaces. To overcome the problems, we apply the idea of LDG
with IMEX time marching using the diffusion term to control the convection
term. Optimal error estimates in L°°(0,7T; L?) norm for the solution and the
auxiliary variables will be derived. Then, a high-order bound-preserving (BP)
discontinuous Galerkin (DG) methods for the coupled system of compressible
miscible displacements on triangular meshes will be developed. There are three
main difficulties to make the concentration of each component between 0 and
1. Firstly, the concentration of each component did not satisfy a maximum-
principle. Secondly, the first-order numerical flux was difficult to construct.
Thirdly, the classical slope limiter could not be applied to the concentration
of each component. To conquer these three obstacles, we first construct spe-
cial techniques to preserve two bounds without using the maximum-principle-
preserving technique. The time derivative of the pressure was treated as a source
of the concentration equation. Next, we apply the flux limiter to obtain high-

order accuracy using the second-order flux as the lower order one instead of

xil



using the first-order flux. Finally, L2-projection of the porosity and constructed
special limiters that are suitable for multi-component fluid mixtures were used.
Lastly, a new LDG method for convection-diffusion equations on overlapping
mesh introduced in [28] showed that the convergence rates cannot be improved
if the dual mesh is constructed by using the midpoint of the primitive mesh.
They provided several ways to gain optimal convergence rates but the reason for
accuracy degeneration is still unclear. We will use Fourier analysis to analyze
the scheme for linear parabolic equations with periodic boundary conditions in
one space dimension. To investigate the reason for the accuracy degeneration,
we explicitly write out the error between the numerical and exact solutions.
Moreover, some superconvergence points that may depend on the perturbation

constant in the construction of the dual mesh were also found out.
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Chapter 1

Introduction

1.1 Introduction to discontinuous Galerkin and

local discontinuous Galerkin methods

The discontinuous Galerkin (DG) methods are a class of finite element methods
with completely discontinuous piecewise polynomials as the numerical approx-
imations. The DG method was first introduced in the framework of neutron
linear transportation by Reed and Hill [51] in 1973. Subsequently, the Runge-
Kutta discontinuous Galerkin (RKDG) methods were proposed for hyperbolic
conservation laws in a series of papers [16, 17, (I8, 19]. The DG method gained
even greater popularity recently for good stability, high order accuracy, and flex-
ibility on h-p adaptivity and on complex geometry. But, it is difficult to apply
the DG method directly to the equations with higher order derivatives for ex-

ample, a convection-diffusion equation. One possible way to form a stable and
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convergent DG method is to rewrite the equations with higher order derivatives
into a first order system, then apply the DG method to the system called local
discontinuous Galerkin (LDG) methods . As an extension of DG schemes for
hyperbolic conservation laws, the LDG methods share the advantages of the DG
methods. Besides, a key advantage of this scheme is the local solvability, i.e.
the auxiliary variables approximating the gradient of the solution can be locally
eliminated. The first LDG was introduced by Cockburn and Shu in [20] for
solving the convection-diffusion equations. Their idea was motivated by Bassi
and Rebay [2], where the compressible Navier-Stokes equations were successfully
solved. For simplicity, we consider the following linear parabolic equations in one

space dimension:
U — Uy = 0, x €10,27], t >0,
(1.1.1)
u(z,0) = up(x), z€l0,2n],
In [20], the authors introduced an auxiliary variable p to represent the derivative

of the primary variable u and thus rewrite (1.1.1)) into the following system of

first order equations

Ut — Pz = Oa
(1.1.2)
p—u, =0.

Then one can solve u and p on the same mesh [20].

1.2 Motivation

Recently, DG methods have been popular to solve compressible miscible displace-

ments in porous media |21} 22, [71], 72} 37, [73], [77]. Also, there were significant
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works discussing the DG methods for incompressible miscible displacements,
see e.g. [1, B8, 44, [52 55, [56) 63] and for general porous media flow, see e.g.
[3, B0, 29, 57] and the references therein. However, no previous works above fo-
cused on the bound-preserving techniques. In many numerical simulations, the
approximations of concentration can be placed out of the interval [0, 1]. Espe-
cially for problems with large gradients will lead to ill-posedness of the problem,
and the numerical approximations will blow up. Therefore, we extend the ideas of
[36] to develop high-order bound-preserving (BP) discontinuous Galerkin (DG)
methods for the coupled system of multi-component compressible miscible dis-
placements on triangular meshes. The goal was to make the concentration of each
component between 0 and 1. There were three main difficulties. Firstly, the con-
centration of each component did not satisfy a maximum-principle. Secondly,
the first-order numerical flux was difficult to construct. Thirdly, the classical
slope limiter could not be applied to the concentration of each component. To
overcome these three obstacles, special techniques were first constructed to pre-
serve two bounds without using the maximum-principle-preserving technique.
The time derivative of the pressure was treated as a source of the concentration
equation. Next, the flux limiter was applied to obtain high-order accuracy using
the second-order flux as the lower order one instead of using the first-order flux.
Finally, L2-projection of the porosity and constructed special limiters that are

suitable for multi-component fluid mixtures were used.

For the LDG method, it was applied to the one-dimensional coupled system

of compressible miscible displacement problem in [37]. But the method in [3§]

3



is not conservative. Later in [35], LDG was applied to solve incompressible
miscible displacements in porous media. Therefore, we continue to develop a
conservative local discontinuous Galerkin (LDG) method for the two-dimensional
coupled system of the compressible miscible displacement problem. The main
difficulty was the discontinuity of approximations of velocity, u, in the convection
term across the cell interfaces. Also, if the convection and diffusion terms were
considered separately, it would be difficult to obtain error estimates. Due to
this difficulty, the traditional error analysis could not be applied directly. To
overcome the problems, the idea of LDG with IMEX time marching using the
diffusion term to control the convection term was applied. Then, the energy
inequalities were rewritten into four parts to obtain optimal error estimates for
concentration ¢, —Ve and velocity u.

The LDG method is one of the most important numerical methods for convec-
tion diffusion equations. However, for some special convection-diffusion systems,
such as chemotaxis model [43], [49] and miscible displacements in porous media
[24, 25], the LDG methods are not easy to construct and analyze. In each of the
two models, the convection term is the product of one of the primary variables
and the derivative of the other primary variable. Because of this obstacle, the
upwind fluxes cannot be applied directly. Within the DG framework, there are

three main different ways to bridge this gap.

1. Combine the convection terms and diffusion terms together and obtain
the optimal error estimates. This approach was proposed in [77], 35] 40]

However, to make the numerical solutions to be physically relevant, we have
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to add a very large penalty which depends on the numerical approximations

of the derivatives of the primary variables [46, 36|, [13].

2. Apply the flux-free numerical methods such as the Central DG (CDG)
methods [47]. However, for CDG methods, we have to solve each equation
in (1.1.2) on both the primary and dual meshes, which may double the

computational cost.

3. Apply the Staggered DG (SDG) methods [14]. However, the method re-
quires some continuity of the numerical approximations, and hence it is

not easy to apply limiters to the numerical solutions.

Recently, a new LDG method was introduced in [28]. The main idea of this
method is to compute the primary variable v and auxiliary variable p = u, on
different meshes. However, the accuracy may not be optimal if odd-order poly-
nomials were applied with the dual mesh constructed by using the midpoint of
the primitive mesh. To investigate the reason for accuracy degeneration, Fourier
analysis was applied to linear parabolic equations in one space dimension subject
to periodic boundary conditions. Then the LDG scheme can be rewritten into
an equivalent finite difference scheme, and the numerical solution obtained by
finding the eigenvalues and eigenvectors of the amplification matrix. The reason
for the accuracy degeneration was discovered by explicitly expressing the error
between the numerical and exact solutions. This analysis showed that when the
midpoint was used to construct the dual mesh, the nonphysical eigenvalue of the

amplification matrix did not decay during mesh refinement. Thus, the scheme



generated a spurious wave that caused the accuracy of the scheme to degenerate.
Moreover, with the quantitative error estimate, some superconvergence points
that may depend on the perturbation constant in the construction of the dual

mesh were also found.

1.3 Dissertation Outline

The accomplished work will be in three main chapters (Chapter [2| to Chap-
ter [). First, Chapter [2] describes the work on conservative local discontinuous
Galerkin method for compressible miscible displacements in porous media. Sec-
ond, Chapter [3| presents the research on high-order bound-preserving discontin-
uous Galerkin methods for compressible miscible displacements in porous media
on triangular meshes. Last, the study on Fourier analysis of local discontinuous
Galerkin methods for linear parabolic equations on overlapping meshes will be

demonstrated in Chapter [4l We will end in Chapter [5] with conclusion.



Chapter 2

Conservative local discontinuous
Galerkin method for
compressible miscible

displacements in porous mediaﬂ

Abstract
In [H. Guo, Q. Zhang, J. Wang, Applied Mathematics and Computation, 259
(2015), 88-105], a nonconservative local discontinuous Galerkin (LDG) method
for both flow and transport equations was introduced for the one-dimensional

coupled system of compressible miscible displacement problem. In this paper, we

!This chapter has been published as an article in Journal of Scientific Computing.
Citation: F. Yu, H. Guo, N. Chuenjarern, Y. Yang, J Sci Comput (2017) 73: 1249.
https://doi.org,/10.1007/s10915-017-0571-z



will continue our effort and develop a conservative LDG method for the problem
in two space dimensions. Optimal error estimates in L>°(0,7’; L?) norm for not
only the solution itself but also the auxiliary variables will be derived. The main
difficulty is how to treat the inter-element discontinuities of two independent
solution variables (one from the flow equation and the other from the transport
equation) at cell interfaces. Numerical experiments will be given to confirm the
accuracy and efficiency of the scheme.

Keywords: local discontinuous Galerkin method, error estimate, compress-

ible miscible displacement

2.1 Introduction

Numerical modeling of miscible displacements in porous media is important and
interesting in oil recovery and environmental pollution problem. The miscible
displacement problem is described by a coupled system of nonlinear partial dif-
ferential equations. The need for accurate solutions to the coupled equations
challenges numerical analysts to design new methods.

The compressible miscible displacements have been studied intensively in the
literature. In [24] 25] , Douglas and Roberts presented the mixed finite element
method for miscible displacement problem. A variety of numerical techniques
have been introduced to obtain better approximations, such as the modified
method of characteristic finite element method (MMOC) [26, 31}, [79], character-

istic finite element method [78], high-order Godunov scheme [4], streamline dif-
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fusion method [42], and Mass-conservative characteristic finite element method
[45]. Recently, discontinuous Galerkin (DG) for miscible displacement has been
investigated by numerical experiments and was reported to exhibit good nu-
merical performance [I, 52]. In [55, 56, 22], primal semi-discrete discontinuous
Galerkin methods with interior penalty are proposed to solve the coupled system

of flow and reactive transport in porous media.

The DG method gained even greater popularity recently for good stability,
high order accuracy, and flexibility on h-p adaptivity and on complex geometry.
But, it is difficult to apply the DG method directly to the equations with higher
order derivatives. The idea of the local discontinuous Galerkin (LDG) method is
to rewrite the equations with higher order derivatives into a first order system,
then apply the DG method to the system. As an extension of DG schemes for
hyperbolic conservation laws, the LDG methods share the advantages of the
DG methods. Besides, a key advantage of this scheme is the local solvability,
i.e. the auxiliary variables approximating the gradient of the solution can be
locally eliminated. The first LDG method was introduced by Cockburn and Shu
in [20] for solving nonlinear convection diffusion equations containing second
order spatial derivatives. Their work was motivated by the successful numerical
experiments of Bassi and Rebay [2] for the compressible Navier-Stokes equations.
The methods were further developed in [66, [67, [69] for solving many nonlinear

wave equations with higher order derivatives.

In our previous work [37], we have used the LDG method to the one-dimensional

coupled system of compressible miscible displacement problem. But the method

9



in [38] is not conservative. Recently, we [35] applied the LDG methods to solve
incompressible miscible displacements in porous media. In this paper we con-
tinue our works to develop a conservative LDG method for compressible miscible
displacements in two space dimensions. The main difficulty is how to treat the
inter-element discontinuities of two independent solution variables (one from
the flow equation and the other from the transport equation) at cell interfaces.
More precisely, in this problem, the approximations of u in the convection term
in ([2.2.1)) is discontinuous across the cell interfaces and it is difficult to obtain
error estimates if we analyze the convection and diffusion terms separately. To

explain this point, let us consider the following hyperbolic equation
u + (a(z)u), =0,

where a(zx) is discontinuous at x = zg. In [32, 40], the authors studied such a

problem and defined
a(xg 4+ b) — a(zo)
2 .

If @ is bounded from below for all b, then the solution exists, but may not be

Q=

unique. If @) is bounded from above for all b, we can guarantee the uniqueness,
but the solution may not exist. Recently, Wang et al. [60, [61] obtained optimal
error estimates of the LDG methods with IMEX time marching for linear and
nonlinear convection-diffusion problems. The key idea is to explore an important
relationship between the gradient and interface jump of the numerical solution
polynomial with the numerical approximation of auxiliary variable for the gradi-
ent in the LDG methods, which is stated in Lemma [2.4.4] Moreover, the systems

are coupled together. Therefore, we will derive four energy inequalities to obtain
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optimal error estimates in L>(0,T; L?) for concentration ¢, in L*(0,T; L?) for
s = —Vec and L>(0,T; L?) for velocity u. Here we should mention the differ-
ence between our LDG method and the DG method in [22], where the interior
penalty discontinuous Galerkin (IPDG) method was introduced and optimal er-
ror estimates in L*(0,7; H') norm for concentration ¢ were given. In our proof,
induction hypothesis is used as a tool, instead of the cut-off operator proposed
in [56]. Therefore, it is not necessary to choose the sufficiently large positive
constant M, and the possibility of infinite times of loops for extreme cases can

be avoided.

The paper is organized as follows. In Section we demonstrate the gov-
erning equations of the compressible miscible displacements in porous media. In
Section [2.3] we present some preliminaries, including the basic notations and
norms to be used throughout the paper, the LDG spatial discretization and the
error equations. Section [2.4] is the main body of the paper where we present
the projections and some essential properties of the finite element spaces, error
equations and the details of the optimal error estimates for compressible misci-
ble displacement problem. Then numerical results are given to demonstrate the
accuracy and capability of the method in Section[2.5] We will end in Section [2.6

with some concluding remarks.
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2.2 Compressible miscible displacement prob-

lem

In this section, we demonstrate the governing equations of the compressible
miscible displacements in porous. Detailed discussion on physical theories can be
found in [23]. Let Q be a rectangular domain. The classical equations governing
the compressible miscible displacement in porous media in two space dimensions

are as follows:

d(c)%—l—v-u:q, (x,y) € Q0<t<T,
= —r(z,y) Vp, (r,y) €Q,0<t <T,
p(c)
dc dp ~
gba—I—b(c)aqLu-Vc:V-(DVc)+(c—c)q, (r,y) € Q,0<t<T,
(2.2.1)

where the dependent variables p, u and ¢ are the pressure in the fluid mixture,
the Darcy velocity of the mixture (volume flowing across a unit across-section
per unit time), and the concentration of interested species measured in amount
of species per unit volume of the fluid mixture, respectively. ¢ and x are the
porosity and the permeability of the rock, respectively. p is the concentration-
dependent viscosity. ¢ is the external volumetric flow rate, and ¢ is the concen-
tration of the fluid in the external flow. ¢ must be specified at points at which
injection (¢ > 0) takes place, and is assumed to be equal to ¢ at production points
(¢ < 0). We shall also consider only molecular diffusion, so that D = ¢(x, y)d,, [
with I being the identity matrix. In this paper the tensor matrix D is assumed

to be positive definite. Moreover, the pressure is uniquely determined up to a
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constant, thus we assume fQ pdxdy = 0 at t = 0. For simplicity, we confine
ourselves to a two component displacement problem. The numerical method
can be applied to the multi-component model. The coefficients can be stated as

follows:

c=c =1—cy,

a(c) = a(z,y,¢) =

b(c) = b(x,y,c) = op(x,y)cr{my — ijcj},

2
d(c) =d(x,y,c) = ¢(z,y) Z m;c;,
j=1
with ¢; being the concentration of ¢ th component of the fluid mixture, and m;
being the “constant compressibility” factor. In this problem, the initial concen-
tration are pressure are given as
c(@,y,0) = co(z,y), plz,y,0) =polz,y), (2,y)€ Q.
Finally, we make the following hypotheses (H) for (2.2.1]).

1.0 < ke < R(zyy) < K50 < e < pfe) < p 0 < ¢, < ox,y) < o,

0<d. <d(c) <d* |ql <C,|blc)] <C, |p(c)| < Cand |d(c) <C.

2. d(c), p'(c) and d'(c) are uniformly Lipschtiz continuous with respect to c,

respectively.

3. D is uniformly Lipschtiz continuous, and for any v, w € R? there exist
two positive constants D,, D* such that v’ Dv > D,vIv = D,||v||? and

vIDw < D*[|v][wl|.
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4. u,uy,c, Ve, e, pr and py are uniformly bounded in R2.

2.3 Preliminaries

In this section, we will demonstrate some preliminary results that will be used

through out the paper.

2.3.1 Basic notations

In this section, we present the notations. Let 0 = z1 < -+ < xp 1 =1

2

=

and 0 = yr <o <Yyl = 1 be the grid points in the x and y directions,
respectively. Define I; = (xi_%,xiJr%) and J; = (yj_%,yﬁ%). Let K = I; x J;,
i=1,---,N; j =1,---,N,, be a partition of Q and denote Q, = {K}.
The mesh sizes in the x and y directions are given as Az; = x; 1T 1 and

Ay; = Yjirl = Y1, respectively and h = max(mzax Ax;, mjax Ay;). Moreover,

we assume the partition is quasi-uniform. The finite element space is chosen as
WE={z:2|x € Q"(K),VK € Q},

where Q*(K) denotes the space of tensor product polynomials of degrees at most
k in K. Note that functions in W} are discontinuous across element interfaces.
This is one of the main differences between the DG method and traditional finite
element methods. We choose 3 = (1,1)T to be a fixes vector that is not parallel
to any normals of the element interfaces. We denote I';, be the set of all element
interfaces and I'y = [',\09Q. Let e € Ty be an interior edge shared by elements

Ky and K., where B-n;, > 0, and 3 - n, < 0, respectively, with n, and n, being
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the outward normal of K, and K,, respectively. For any z € W}, we define

T — 2.

27 = zlok, and 2zt = z|yk,, respectively. The jump is given as [z] = z
Moreover, for s € W¥ = WF x W}, we define s* and s~ and [s] analogously.
We also define 02— = {e € 9Q|3 - n < 0}, where n is the outer normal of e,
and 0, = IQ\02_. For any e € 9€)_, there exists K € ), such that e € 0K,
we define z*|, = z|sk, and define z~ on 9, analogously. For simplicity, given
e = {x%} x J; € 000 and € = {xNﬁ%} x J; € 08y, by periodic boundary

condition, we define

2 le=2"ls, and 27| = 2T

e-

Similarly, given e = I; x {y1} € 00 and & =I; x {yy, 1} € O, we define

2 le=2"ls, and 27|z =27

Throughout this paper, the symbol C' is used as a generic constant which

may appear differently at different occurrences.

2.3.2 Norms

In this subsection, we define several norms that will be used throughout the
paper.
Denote |Jullo.x to be the standard L? norm of u in cell K. For any natural

number ¢, we consider the norm of the Sobolev space H*(K), defined by

1
2 2
0,K

9By
Ox*yP

lullex = { >

0<a+p<t

15



Moreover, we define the norms on the whole computational domain as
1
[Julle = ( > ul? K)
KEQ}L

For convenience, if we consider the standard L? norm, then the corresponding
subscript will be omitted.

Let I'x be the edges of K, and we define

Huu‘;‘K:/ 2ds.
0K

lal?, = > llul?, -

KeQyp

We also define

Moreover, we define the standard L> norm of v in K as ||u||w x, and define

the L*° norm on the whole computational domain as
ltlloe = max lufloc -

Finally, we define similar norms for vector u = (uy, us)” as

lll? x = lluall?
[t = lullf + lullf,.

[alloo, i = max{fua|loo s l[ia]loo, i }-

Similarly, the norms on the whole computational domain are given as

lallf = > Julife (alif, = Y (. lufloc = masx [[uoc k-

KeQy, KeQy,
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2.3.3 LDG scheme and the main theorem

To construct the LDG scheme, we introduce some auxiliary variables to approx-

imate the derivatives of the solution which further yields a first order system:

qb% + B(c)% +V-(ue)+V-z=dq (2.3.2)
s = -V, (2.3.3)
z = Ds, (2.3.4)
Alc)u+Vp =0, (2.3.5)
d(«:)% +V-u=g (2.3.6)

where A(c) = p(c)k(x,y)~t, B(c) = cd(c) + b(c) = co(z,y)m;. We multiply
(2.3.2)-(2.3.6) by test functions v,¢ € WF, 8, w, 1 € W, respectively. Formally

integrate by parts in K to get

(pci, ) + (B(e)ps, v)k = (uc+ 2z, Vo)g — (uc+ z) - vk, v)ox + (¢q,0)k,
(s, W)k = (¢, V- W)k — (¢, W - vi)ox,
(2,%)x = (Ds, )k,
(Al0)w,0)x = (p, V- 0)k — (p,0 - v)ox,

(d(c)pr, O = (0, V()x — (u- vk, Qax + (¢, O,

where (u,v)x = [ wodzdy, (u,v)g = [ u-vdedy, (u,v)ox = [, uvds and vk
is the outer normal of K. Replacing the exact solutions ¢, p, s, z, uin the above
equations by their numerical approximations ¢, p, € W} and sy, zs, u, € WF,

respectively and using numerical fluxes at the cell interfaces to obtain the LDG
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scheme:

(échs, v) + (Blen)pns, vk = Lic(n, cn, v) + Lic (2, v) + (Cad, v) k0 (2.3.7)

(sn, W)k = Dk(cn, W), (2.3.8)

(zh, ¥)x = (Dsp, ¥)k, (2.3.9)

(A(cn)un, 0)x = Dk (pn, 0), (2.3.10)

(d(cn)pns, Q) x = ﬁcll((llh, Q)+ (q,xk, (2.3.11)

where

L% (s,¢,v) = (sc, Vo) — (S¢ - Vi, v) ok, (2.3.12)

L5 (s,v) = (s, Vo)k — (S} - Vi, ) ok, (2.3.13)

Di(c,w) = (¢, V-W)g — (6, W - V)oK .- (2.3.14)

We use alternating fluxes for the diffusion term and take
o o —_~ _ —_ o~ . +
Zp = Zy , Ch = Cp, u, =4,, pPp=2Dp-
For the convection term, we consider Lax-Friedrichs flux
— L - - + -
u,c, = é(uh ey +u, ¢ —ave(c —¢)),

where o > 0 can be chosen as any constant and v, is the unit normal of the

e € I'g such that 8- v, > 0. Moreover, we define

(u,v) = Z (u,v)k, (u,v) = Z (u,v)g,

KeQy, KeQy,

18



and

L(s,c,v) = Z L% (s, c,v),

KeQy

Li(s,0) = Y Li(s,v).,
KeQy,

D(c,w) = Z Di (e, w).
KeQy,

It is easy to check the following identities by integration by parts on each cell
Lemma 2.3.1. For any functions v and w,
LYw,v) +D(v,w) = 0. (2.3.15)
Now we state the main theorem.

Theorem 2.3.2. Let c € H*3 s € (H*?)? u € (H*1)? be the exact solutions

of the problem (2.3.2))-(2.3.6)), and let uy, py, cp, Sp, z, be the numerical solutions
of the semi-discrete LDG scheme ([2.3.7))-(2.3.11)) with initial discretization given
as (2.4.4). If the finite element space is the piecewise tensor product polynomials

of degree k > 1 and h is sufficiently small, then we have the error estimate

llc — ChHLOO(O,T;LQ) + [|s — Sh”Loo(o,T;L?)
Hla = upllpeoriez) + P — prllieorsez) + (0 = pr)ellLeo,r2)

+||(C — Ch)t||L2(07T;L2) + ||(u — uh)tHLQ(O,T;LZ) S Chk+1, (2316)

where the constant C' is independent of h.
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2.4 The proof of the main theorem

In this section, we proceed to the proof of Theorem [2.3.2 We first introduce
several projections and present some auxiliary results. Subsequently, we make
an a priori error estimate which provides the boundedness of the numerical ap-
proximations. Then we construct the error equations which further yield five
main energy inequalities and complete the proof of (2.3.16). Finally, we verify

the a priori error estimate at the end of this section.

2.4.1 Projections and interpolation properties

In this section, we will demonstrate the projections and several useful lemmas.

Let us start with the classical inverse properties [15].

Lemma 2.4.1. Assuming u € W}, there exists a positive constant C indepen-

dent of h and u such that
hlulloe, i + R [Jullr, < Cllullx.

We will use several special projections in this paper. Firstly, we define P*

into W} which is, for each cell K

(P*u— 1, 0)x = 0.¥0 € Q1 (K),
/ (Ptu — u)(xifé,y)v(y)dy =0,Yv € P*1(J;),
Jj

(Pru—u)(,_y,y;1) = 0

=3

/(P+u —u)(z, yj_%)v(x)dx = 0,Vv € P* (1)),

I;
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where P* denotes the polynomials of degree k. Moreover, we also define IT, and

IT, into W} which are, for each cell K,

(T, u — u,v,) e = 0, Vv € QF(K),
/J (I, u — u)(xH%,y)v(y)dy =0,Vv € Pk(Jj),

J

(I, u — u,vy) g = 0,Vv € Q" (K),

/(H;u —u)(z, yj+%)v(a:)da: =0,Yv € P*(I)),
I;

as well as a two-dimensional projection II™ = Il ® II,". Finally, we also use the

L*-projection Py into W} which is, for each cell K
(Pou — u,v)g = 0,Yv € QF(K), (2.4.1)

and its two dimensional version P, = P, ® Py. For the special projections men-
tioned above, we give the following lemma by the standard approximation theory

I15].

Lemma 2.4.2. Suppose w € H*1(Q), then for any project Py, which is either
P10, 11 or Py, we have

|lw — Pywl|| + h1/2||w — Pywl|r, < ChFT,

Moreover, the projection P on the Cartesian meshes has the following su-

perconvergence property [6].
Lemma 2.4.3. Suppose w € H*2(Q), then for any p € W, we have

[D(w — PTw, p) < Ch*H|wllis2] pll. (2.4.2)
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In this paper, we use e to denote the error between the exact and numerical
solutions, i.e. e, =c—cy, €, =D — P, €, =U—Up, € =S — Sy, €, = Z — Z.
As the general treatment of the finite element methods, we split the errors into

two terms as

ee=1n.—%&, mn.=c—Pte, & =¢,— Pte,
=M —&, Mp=p—Pp, & =pn—P'p,
e ="Nu—& Mu=u—1I"u, & =u,—II"u,
e, =1ns—&, Ms=s—Pis, & =s,—Pys,
e.=n.—-§&, n.=z—1"z, § =z,-1"z

Based on the above, it is easy to see that

LYy, v) = LYn,,v) = 0. (2.4.3)
Following [60} 61}, 62}, [76] with some minor changes, we have the following lemma
Lemma 2.4.4. Suppose &. and &, are defined above, we have

IVEN < CU&I+ R, h2(I[Edln, < CUEN + R,

The proof of the main error estimate requires the following initial discretiza-

tion, whose detailed construction will be given in the appendix.
Lemma 2.4.5. We choose the initial solution

A) = Ptcy, ul) =TI u, (2.4.4)
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where ug = —a(cy)Vpo, Then we have

lc(x,0) — cp(z,0)|| < CAM, (2.4.5)
|lu(z,0) —uy(z,0)|| < ChHF, (2.4.6)
Is(z,0) — sa(x, 0)|| < CRAH, (2.4.7)
lpe(, 0) = puy (2, 0)|| < CHH, (2.4.8)
lp(z,0) — pu(z,0)|| < CRF (2.4.9)

The proof of this lemma will also be given in the appendix.

2.4.2 A priori error estimates

In this subsection, we would like to make an a priori error estimate assumption

that

le = enll + [[u = wnll + llpe = prell < A, (2.4.10)

which further implies

lenlloe + [0l + nelloe < C (2.411)

by hypothesis [
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2.4.3 Error equations

In this section, we proceed to construct the error equations. From ([2.3.7))-

(2.3.11]), we have the following error equations

(B(c)ps — B(cp)pny + ¢ee,v) = L(u, e,v) — L(up, cp,v)  (2.4.12)

+LYe,,v) + (€.q,v),

(ey, W) = D(e,, W), (2.4.13)

(e:, %) = (D(s —sn), %), (2.4.14)

((A(c)u — A(cp)un), 0) = D(ey, 0), (2.4.15)
(d(c)pr — d(cn)pns, ¢) = L (ew, (), (2.4.16)

Vo, € W w, 1,0 € WF where

0, ¢g>0,

ee, q<0.

2.4.4 The first energy inequality

Taking the test functions v = &, w = &, and ¥ = —§&; in (2.4.12)), (2.4.13) and

(2.4.14), respectively, and use Lemma and ([2.4.3) to obtain

9Ec

(¢§7§c) + (Dg&gs) = Rl + RQ - R3 - R4 + R5, (2417)
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where

e
Rl = (¢8_Z> gc) + (Dnsv Es) )

Ry = (B(c)pr — Blcn)pne: &),
Ry = (uc — upc,, V&) + > {(uc — wyp) - ve, [&])e,
eel’.

Ry = D(UC,EZ),

R5 = ("78a€z) - (nz7€S> - (écq, gc)a

with I'e = T UdQ_ and (u,v). = [ uvds. Now, we estimate R}s term by term.

Using hypotheses [I] and [3] Lemma and the Schwarz inequality, we can get

Ry < Cllnell&cll + CllmsllllEsll < CRE (el + 11D (2.4.18)

For Ry, we have

Ry = [(BO® - &) + ((Bl) = Bla)p.&) |
< Clitp = pu)ellIEcN + Clle = callic|

< CllEclépll + €l + hH1), (2.4.19)

where in the second step we use Schwarz inequality and hypothesis [1| and

(2.4.11)), and the last step requires Lemma [2.4.2l We estimate R3 by dividing it

into three parts

R3 = R31 + R32 — Rgg, (2.4.20)
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where

Rs3 = (uc — ucy, Vfc) + (llCh — UypCp, Vfc), (2.4.21)

Ry = 5 S (2ue —ufef —wie) v [6])e (2.4.22)
ecle

Ras — % S (afn — &1, [E)e. (2.4.23)
ecle

Using hypothesis [4| and (2.4.11)), we have
Ry < C(lle = enll + [[a —us)) [VE]

< O (WM +l&ull + €l (I8sl + A1) (2.4.24)

where in the first step, we use Schwarz inequality while the second step follows

from Lemmas [2.4.2] and [2.4.4] C depends on ||u||o and ||cs||eo. The estimate of
Rs5 also requires hypothesis ] and (2.4.11)),

Ry = 5 S (ule— ) + (a—wi)ef +ule— ) + (a - wy)eq) - ves [E])e
ecle
< C(le = enllry + Ila = wille,) NI,
< ChE (Inel, + €0, + Il + 1€lle, €] + 75F)

< O (W +lgull + llEN) (I8l + M) (2.4.25)

where in the second step we use Schwarz inequality, the third step follows from

Lemma the last one requires Lemmas [2.4.1{and [2.4.2] C depends on ||u|e

and ||cp||co- Now we proceed to the estimate of Rsg,

Rys < C(lnelle, + I€llm) ITE I,
< Cha(||nellr, + el ) (1€l + B**)

< O (W llel) (16 + 1) (2.4.26)
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where the first step follows from Schwarz inequality, the second step is based on

Lemma the third one requires Lemma [2.4.2 Plug (2.4.24), (2.4.25) and
(2.4.26|) into (2.4.20) to obtain

Ry < C (R 4 1€ull + N1€N) (NEsll + A1) (2.4.27)
The estimate of Ry follows from Lemma [2.4.3]
Ry < CBM el 1€ l- (2.4.28)

Now we begin to deal with R5. Using Lemma and the Schwartz inequality,

we easily obtain

Ry < [|na[llI&=1 + lIm=IlI&s[l + Clleclll[€l

< CRE (€N + [1€]) + CREHIE + Cllel (2.4.29)

Substituting the estimation (2.4.18)), (2.4.19), (2.4.27)), (2.4.28), (2.4.29) into
(2.4.17) and use hypothesis , we obtain

d 1 1
£H¢§§c”2 -+ HDEESHQ <C [(hk—i-l + HEuH + H&H) (”55“ + hk+1)

FREHE + R2ETD 1N + 116,017] -(2.4.30)
Integrating with the equation with respect to time between 0 and ¢, we obtain
t
le? + [ lelar
0
t
<O [l N8l + g+ €:IP + 1]2)dt + O, (2.431)
0
We take the time derivative in equation ([2.4.13), we have
(est7 W) = D(ecta W), (2432)
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Taking the test functions v = £, w = &, and ¥ = =&, in (2.4.12), (2.4.32)
and ([2.4.14), respectively, and use (2.3.15)) and (2.4.3]) to obtain

1d ~ ~ - - ~ -
(¢€Ct’ Sct) + 5%(1:)55, Es) = Rl + RQ + R3 + R4 + R5 + RG, (2433)

where

Rl = (gbnct?gct)a
RQ - (D’r’s,ést)a
Ry = (B(c)pr — Blcn)pny, &),

Ry = —(uc — upcn, Vi) — Y ((ue — 56,) - Ve, [orl)es

BEFE

RS = _D<77cta Ez)a

R = (nsugz) - (nzagst) - (éc% {ct):

Now, we estimate R;s term by term. Using the projection and the Schwartz

inequality, we can get

Ry < Ollne|® + Cllée ) < CRPHY - eflé|?, (2.4.34)

d
Re = 5(Dn.&) = (Dn.,.€)

d
< - (Dn,, &) + ClI&” + CH2kHD), (2.4.35)

By = [(BE)(p = pw)es&er) + ((B() = Blew))pnes&ur) |
< Ol = pu)elllgedll + Clle = enllga

< ON&, 117 + CllEN? + €lléey|)? + CR*ERD] (2.4.36)
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where in the second step we use Schwarz inequality and hypothesis [T} and the

last step requires Lemma We estimate R4 by dividing it into three parts
Ry = Ry + Ryg + Rys, (2.4.37)

where

R41 - —(UC — UGy, v&ct%

1 _
R42 = —5 Z((Quc — UZCZ —u, Ch) Ve, [€Ct]>€7

eEFe

Rys = 5 Z Js [Eci])e-

GEFE

Using hypothesis 4| and ([2.4.11]), we have

Ru = uyc, — uc, Vfc) + ((uc — UpCh)1s V£c>

i
(uhch — uc, Vfc) + (utc — UpCh, V§C> + (uct — UpChy, V£c>
= (e —ue, V) + (wle - ). V&) + (= u)ien, VE)
+(ei(u =), V&) + ((c = cp)run, V&)

< 4 (wnen = ue, V) + Clle = el + el — wi) P

Ol = wal* + (e = el + O V&P
< % (apen e, V&) + CHOD 1 Ce? + el
O] + eligel” + Ol (24.38)

where in the forth step, we use Schwarz inequality while the last step follows

from Lemmas and The estimate of Ry also requires hypothesis
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and (2.4.11]),

. 1 d -
R42 = —5 Z E<(2uc — u}—i_cz — uh Ch) ) [§C]>e

eEFe
utet +u e uiel +u,c;
+ Z<( 2 - 2 )t : VE? [SC]>€
CEFE
l—~d,, . .
<3 > S iyey e —2uc) - ve, [&])e + Cl(ue — apen)lr, [[[€]lIr,
eel"e

1 d o
S 5 Z %«UZC}T + uh Ch - 2110) * Ve, [50])@

ecl’e
+Ch2 ([lev(u = wy)r, + (e — en)n e, (1€ + A5+
—i—C’h%(Hut(c —cp)llr,, + [[(w —up)enlr,) (1] + an))
1 d
S 5 Z dt<(uh Ch +uh ch - 2110) Ve, [€C]>€

ecl’e

FOIHD 4 O + el|€all* + CIEI? + elléur + CIEIE,  (2:439)

where in the second step we use Schwarz inequality, the third step follows from

and Lemma [2.4.4] the last one requires Lemmas[2.4.1|and [2.4.2] Now we proceed

to the estimate of §43,

~ 1 d 1
R43 - 5 = dt< [ fc] [§C]>e - 5 ;D<a[nct - gct]’ [§C]>e
1 d
< 3 2 ggtol — &b e+ Cllnadn, + el lled I
1 d 1
< 5 2 grlalne = &L EDe + On¥ (el + Eealle,) (€]l +1*+)
ecle
< 3 3 Sl — & (6D + OB e + CEIR, (2440
ecle

where the second step follows from Schwarz inequality, the third one is based

on Lemma the last one requires Lemmas 2.4.1| and 2.4.2l Plug (12.4.38)),
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(2.4.39)) and ([2.4.40)) into ([2.4.37) to obtain

- d 1 d
Ry < = (wen = ue, Ve ) + 5 37 Z(uiel + wieq - 2u0) - v, [€)).

ecle
1 d
5 30 ol — £L 16D + O + 1€ + leIP + &)
ecle
Fe(fleell* + 11€uell®)- (2.4.41)

The estimate of Ry follows from Lemma m
Rs < OR**Y|c]lgsal|€- 1 (2.4.42)

Now we begin to deal with Rg. Using Lemma and the Schwartz inequality,

we easily obtain

- d
Re = (ns4,&:) — d_('rlza &)+ (M4, &) — (69, 6er)

< lmsllll€:N = (nz,&) €l + ClilllEx
d
<~ (0, €) + C (WD 1 €2+ 1€]12 + 1€17) + ellger|2(2.4.43)

Substituting the estimation (2.4.34)-(2.4.36]) and (2.4.41))-(2.4.43))into (2.4.33))

and use hypothesis [3] we obtain

2 2
ob6al? + 5 o Dle.|
d d d
= dt (D’r’svfs) - d_(nz7£s) dt (uhch uc, v§c>

— Z 7 uh Ch + uh Ch 2116) Ve, [§0]>e L Z Zf< [ Tle fc] [§C]>e

eel"e eGFe
%)

+e(llgee” + 1€ucll®). (2.4.44)

FOR D (16l + €611 + 1€ll® + 116,117 + 112
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Noticing that

(D0, &) — (02, &) < Ol + n:1° + el &7 < O+ e|l&”. (2.4.45)

and

(uhch — uc, Vfc) = (c(up —u), V&) + (up(en — ¢), V&)
< Cllu—wu[* + Clle = e + O VE?

< CRPHD 4 Oll€u]? + CllEN® + ell&ll?,  (2.4.46)

where the last one requires Lemmas [2.4.2| and [2.4.4]

1 o 1
5 Z«uzcz + w, ¢, — 2110) * Ve, [50])6 + 5 Z<a[77€ - fc]a [£C]>€
eeFe €€Fe
< C([uc = anenllr,, + Imellry, + €l Il
< O3 (|[uc — upelr, + [lune — wpenllr, + [nelle, + €l (1€ + RF)

< CREY + Oll&u))* + CllEN + ellél?, (2.4.47)

where the second step follows from Schwarz inequality, the third one is based on

Lemma the last one requires Lemmas [2.4.1| and [2.4.2| Integrating ([2.4.44])

with respect to time between 0 and ¢, then applying (2.4.45))-(12.4.47)), we obtain

/0 €all2dt + (1€ < © / €+ €017 + IEI + 1l + [1€:117)et

t
+6/ (1€etll® + 1w |?)dt + CRZEHD
0

O + Ol + el €511 (2.4.48)
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Combining (2.4.48) and ([2.4.31]), we obtain
t t
/0 lEaallPdt + €12 + 6P < © / (€l + 1 + I + 1600l + N1€:17)dt

t
+€/ (lcell® + 1€uelI?)t + CR2EHY
0

+O[€ull* + €ll&1*.
which further yields

/Ot €It + 1&(1* + [1€cl* < C/Ot(Hﬁull2 €I+ lleell® + 1€, 117 + 11€:11%)dt
+6/ eulPdt + CHED Ol (2449
0
Now, we proceed to eliminate ||€,|| on the right-hand side to the above equation.
Setting ¢ = £, in to obtain
(£::&:) = (n2,€.) — (D(s —sn), &),

Then we have

€11 < llmllE: N + C (lmsll + &I 1€ < CUEN + h*FV) + ell€- |2,

where in the first step we use Schwarz inequality and hypothesis [3] the second
step follows from Lemma [2.4.2] We can cancel ||€.]| in the above equation to

obtain
IE-17 < CUIE? + h*EHD). (2.4.50)
Combining (2.4.49) and (2.4.50f), we obtain the first energy Inequality
t t
/ l€cel®dt + [1€01% + ll€N® < O/ (1€ull* + N1Eal” + l1Eel® + 15, 1)t
0 0

t
+e/ 1€, |17dE + CR2FHD 1 €, |12.(2.4.51)
0
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2.4.5 The second energy inequality

We start from an easier case. Take 8 = &, and ¢ = £, in (2.4.15) and ([2.4.16)),
respectively and use Lemma and ([2.4.3) to obtain

(A(c)&us &u) + %%(d(c)@, &) =T+ T+ T+ T+ T5—Ts,  (2.4.52)

where

Ty = (A0 60,
T, = ((A() — Alen)un, €0),
(06,6,

T, = (A &)

Ty = (d(e) ~ d(en)pne. &)

T6 = D(Um £U)

T3 -

Now, we estimate 7!s term by term. Using Lemma and Schwarz inequality,

we can get

Ty < Cllnul® + elléul* < CRED 1 ¢l|€u1%, (2.4.53)

where we use hypothesis 1 to obtain |A(c)| = |K‘(‘2(f;)| < Z—* Using [2.4.11] we have

Ty < Cl|A(e) = Alen)|® + ell€ull® < CllA(e = en) | + elléul?
< O 1 O|&|)? + elléul?, (2.4.54)
where in the first step we use Schwarz inequality, the second step follows from
hypothesis , and the last step requires Lemma Moreover, A, is the mean
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value given by A, = A'(A.c+ (1 — \o)ep) with 0 < A, < 1.
1
Ty = 5(d () &) < Cl& 17, (2.4.55)
where we use hypothesis [I}

Ty < Cllng, 12 + ClI& 12 < CH2ED 4 Cle, |1 (2.4.56)

Ts < Clld(e) — d(en) | + ClI& I < Clld.(e = en)l* + ClI& |1
< O 4 Clle | + Cl& |17, (2.4.57)
where in the first step we use (2.4.11]), the second step follows from hypothesis

with d, being the mean value given by d, = d'(A.c+ (1 —A.)ep) with 0 < A\, < 1.

For Ty, we use Lemma and Schwarz inequality to obtain

Ts < Ch2FHD e||€, || (2.4.58)

Substituting (2.4.53))-(2.4.58)) into (2.4.52)), we have the estimate

Ld

S IaH Qg2 < CHEEHD 4+ Cllg P + CIE|? + elléul>. (2.4.59)

142 ()€1 +

Integrating (2.4.59)) with respect to time between 0 and ¢ and using the hypoth-

esis 1 , we obtain the second energy Inequality
t t
/0 [€ul[2dt + (|61 < CR2WHD + C/O (€117 + 1€ 11 dt. (2.4.60)
2.4.6 The third energy inequality
We take the time derivative in equation (|2.4.15)), we have
((A(c)u — A(cn)un)i, 0) = D(ey,, ), (2.4.61)
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Take 6 = &, and ¢ = &, in (2.4.61)) and ({2.4.16]), respectively and use ({2.3.15)
and ([2.4.3) to obtain

5%(/1(0)&“ £)+ (d0)&,, &) =T+ To+ Ty + Ty +T5 — Ts,  (2.4.62)

where

Ty = (A E).

2
Ty = ((A(c)nu )1, €u),
T3 = (((A(c) = Alcn))un), &u),
Ty = (d(©)1hpy &py)»
T5 = ((d(c) = d(cn))pns &py),

T6 = D(nptv Eu)

Now, we estimate Ti’ s term by term. Using hypothesis 1 and Schwarz inequality;,

we can get

T, = — (A (Db &) < Ol (2.4.63)

and

T2 = (A/<C)Ctnm£u) + (A<C)nut7 éu)
< Oll&ull® + Cllnull® + Clln, |

< C||&u)? + Ch2EHD, (2.4.64)
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The estimate of Tj is slightly complicated,

T3 = ((A(c) — Alcn))run, &) — ((A(c) — Alen))(u = un)y, &)
+((Ale) — Alen))ur, §u)
= ((A(c) = A'(cn))eran; &) + (A'(en)(c — ), €u)
—(Al(c = cn)(u =), &) + (Acle — cn)uy, €u)
< Clie = enllll€ull + Cll(e = en)ell|€ul
+C&ulloolle = enllll (@ = an )]l + Clle = enll]|&ull
< Clle = all* + Cll&ull® + €ll(c — cn)ell® + ell(u — up)e]”

< Oll&l® + ClEull? + ell€cel® + ell€uell® + CR2EHY, (2.4.65)

where in the third step we use Schwarz inequality and hypotheses (1| and |2 and

the last step requires Lemma Applying the Schwarz inequality, we have
Ty < Cll | + ell&,]? < CR2E+D L efe, |2 (2.4.66)
Ts < Clld(e) = d(en)|® + ell&,lI* < Clld. (e = en)lI* + €llépy 1
< CRHD 4 Oll&® + el|&il1?, (2.4.67)
For Tg, we use Lemma to obtain

Ts < CR*[pllis2€ull- (2.4.68)

Substituting (2.4.63))-(2.4.68)) into (2.4.62)), we have the estimate

1d 1 1
5@‘!!‘12(0)&”2 + [z ()&, I

< CRED 4 Cll€ull® + ClEN* + ell&p I + ellécell® + ell€uel®. (2.4.69)
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Integrating (2.4.69|) with respect to time between 0 and ¢ and using the hypoth-

esis 1 , we obtain the third energy Inequality

t
H&W+AH@W¢

t t
SCWW“+CAWQW+MWMHfAm@W+MMWﬁ@4m)

2.4.7 The fourth energy inequality

We take the time derivative in equation (2.4.16)), we have
((d(c)pt - d<ch)pht)t7 C) = £d<eut7 C)? (2471)

Take 0 = &,; and ¢ = §,, in (2.4.61)) and (2.4.71)), respectively and use ({2.3.19)
and ([2.4.3) to obtain

1d = = =z = = =z =
(A(C)Euta €Ut> + éa(d(ch)fpﬁ gpt) = Tl + T2 + TS - T4 + TS + T6 - T7> (2472)

where

Ty = ~((A(0)ku- €.

Ty = (A0 €ur).

Ty = (((A(c) = Alcn))un)is €ur),
T, = () o)

Ty = ((d(ca)hy), o).

7:16 = (((d(c) — d(cn))pt)y €py)

T7 = D(nptv €ut>
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Now, we estimate Ti’ s term by term. Using hypothesis 1 and Schwarz inequality,
we can get

Ty = — (A (e ur) < O + el (24.73)

and

T2 = (A,<C)Ct77ua gut) + (A(C)nuta €ut)

ell€ull” + Cllmall® + Clinu?

IN

IN

elléull? + Ch2EHD. (2.4.74)

Now, we estimate T3,

Ty = ((A(c) = Alen))un, &) — ((Ale) — Alen)) (u = )y, €up)
+((A(c) = Alen))us, €u)
= ((A'(c) — A'(cn))ertun, €uy) + (A'(en)(c — c)run, €uy)
H((A(e) = A(en)&up €ur) — ((A(C) = Alcn))Mur: €ur) + (ALle = cn)uy, €uy)
< Clle = enllll€usll + Clle = ca)ell[€ue
H1A2 ()&l = 142 (cn)&uel|* + Cllmu | 1€
< (1A% (©)&urlI? = 1A% (cn)uel® + ClIE N
+C|Eeil? + €l €usl® + CRPED, (2.4.75)

where in the third step we use Schwarz inequality and hypotheses and the

last step requires Lemma [2.4.2]

T = S (#en)le = b &) = 5 (¢ en)ibon o)
< Cllsloll (e = )yl + Cls I

< Clléall® + Cll&, 1P + Ch?FHY, (2.4.76)
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where in the second step we use Schwarz inequality and hypothesis 1, and the
last step requires Lemma 3.2. C' depends on ||¢;]|«. Similarly, we can estimate

T5 and TG

T5 = _<d/(ch)(c - Ch)tnptv fpt) + (d,(ch)ctnpﬁ gpt) + (d(ch)nptt> gpt)
< Cll&pyllooll(c = cn)ellllnp, |l + Clinp €]l + Climpy 1€, |

< Cllée|® + Cll&, |17 + Cn**HD, (2.4.77)

Ty = ((d'(c) = d'(en))eaprs &,) + (d'(en)(e = en)ipis &) + ((d(c) — dler))pus &)
< Clle—enll* + Cli(e = en)el* + Cll&, |12

< Cllcll? + Clleall? + Cllép,|I* + Cr*EHD. (2.4.78)

For T%, we use Lemma [2.4.3[ to obtain

Ty < O [pllre | €udll (2.4.79)

Substituting (2.4.73)-(2.4.79)) into (2.4.72)), we have the estimate

1 1d, 1
A2 ()€l + 5%“612(611)6?15"2

< CRED 1+ C(I€ul® + ClEN + 116,17 + 1l€cell®) + €llucl®. (2.4.80)

Integrating ([2.4.80f) with respect to time between 0 and ¢ and using the hypoth-

esis 1 , we obtain the fourth energy Inequality

t
/0 1wl + 15,12

t
< Cp2tD +C/O (I€ull* + NEel® + Ip I* + e ll*)dt. (2.4.81)
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2.4.8 Proof of Theorem [2.3.2|

Now we are ready to combine the four energy inequalities and finish the proof

of Theorem m Firstly, combing (2.4.51)) with (2.4.70]), we obtain

t
AH@Wﬁ+MﬂﬂWMF

t t
sclwaW+Mmﬂwmﬁu@ﬁwuféHaww+cMW%mm
Secondly,combing (|2.4.81]) with (2.4.82)), we obtain

t
Auaﬁw+m¢ﬁ

t
< C/O (H€all® + NEII* + lIEcll® + 115, 1)t + Ch2EFD. - (2.4.83)

Then, adding (2.4.60)), (2.4.70)), (2.4.82)) and (2.4.83)), we obtain

t
1€ull* + €117 + 1€, 1% + llEell® + 11€s1* + /0 (1€uel1* + [1c 1)t
t
< O 4 C/O (1€ull” + 16117 + 19, 1% + 11Eel® + 1411t

HAN@W+MJWM (2.4.84)

Employing Gronwall’s lemma, we obtain

t
||£u||2+||§p||2+IIEpt||2+||§c||2+||£s||2+/ (€uel®+1€cel®)dt < CR*FHD.(2.4.85)
0
Finally, by using the standard approximation result, we obtain (2.3.16]).To com-
plete the proof, let us verify the a priori assumption (2.4.10). For k£ > 1,

we can consider h small enough so that Ch**! < %h, where C' is the con-

stant determined by the final time 7. Then if t* = inf{t : ||c — c4] + |Ju —

41



u|| + [t = puill = R}, we should have |lc — cul| + [lu — wal| + [|pr — pasl| = h
by continuity in time at ¢t = t*. However, if t* < T, theorem implies
that [|c — cn| + [[u — wp|| + |lpe — prel| < CH*F for ¢t < t*, in particular
h = |l(c = ) (@) + 1w = wn) )| + [[(pe — pre) ()| < CRM*' < 5h, which
is a contradiction. Therefore, there always holds t* > T | and thus the a priori

assumption ([2.4.10)) is justified.

2.5 Numerical example

In this section we provide numerical examples to illustrate the accuracy and
capability of the method. Time discretization is given as the third order strong-
stability-preserving Runge-Kutta method [54]. We take the time step to be
sufficiently small such that the error in time is negligible compared to spatial
error. In the scheme, the numerical flux in the convection term is taken as

u,cp, = %(u;cz + 1, ¢, ). Moreover, other parameters are taken as follows
e The solution domain Q = [0,1] x [0,1], T = 0.01, At = r % h? here r
denotes the grid ratio and r depends on the polynomial degree.
o We take ¢(x,y) =1, k(x,y) = 1, u(c) = 1, for simplicity.

Example 2.5.1. We first consider the problem with the constant matriz D(u) =
al, where a is a constant, in addition, we take the initial and boundary condition
co = sin(2n(x +v)), po = —27(x* + 4?), ¢(0,t) = c(27,t), and the parameters

b(c) =0, d(c) =1 and the source term
f=2rcos(2m(z+y+1t)dn(z +y+1t)+ 1)+ 8ansin(2m(z + y + 1)) — 27,
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the exact solution is

The L? error and the numerical orders of accuracy at time ¢ = 0.01 with uniform

meshes are contained in Tables 2.1l and 2.2l We can see that the method with

c=sin(2r(x +y+1t)),u= (4dnx + 2nt, 4ry + 27t),

Q" elements gives (k + 1)—th order of accuracy in L? norm.

Table 2.1: The numerical results for ¢ with o« = 1

Q'/r=0.01

Q?/r =0.01

Q3/r = 0.001

L2 error order

L2 error order

L2 error order

10
20
40
80
160

2.3021e-02 -

5.8006e-03  1.99
1.4512e-03  2.00
3.6279¢-04  2.00
9.0695e-05  2.00

8.0016e-04 -

9.9746e-05  3.00
1.2417e-05 3.01
1.5521e-06  3.00
1.9400e-07  3.00

2.0744e-04 -

1.3097e-05  3.99
8.1846e-07  4.00
5.1097e-08  4.00
3.1875e-09  4.00

Example 2.5.2. Next we consider the problem with matrizr D(u) =u®@u+1,
in addition, we take the initial and boundary condition ¢y = sin(2w(z + y)),

po = —27(z* + y?), ¢(0,t) = c(27,t), and the parameters b(c) =0, d(c) =1 and

the source term

f(z,y,t) = 2mcos(2m(z +y + ) (dm(z +y + 1)) (1 — 127%) — 27

+4m*(167%(x + y + 1) + 2) sin(27w(z + y + 1)),
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Table 2.2: The numerical results for ¢ with o = 0.01

Q/r =0.01

Q*/r =0.01

Q3/r = 0.001

L? error order

L? error  order

L? error order

10
20
40
80

160

2.3021e-02 -

5.8006e-03  1.99
1.4501e-03  2.00
3.6247e-04  2.00

9.0603e-05  2.00

7.9917e-04 -

9.9612e-05  3.00
1.2450e-05  3.00
1.5524e-06  3.00

1.9355e-07  3.00

2.0744e-04 -

1.3097e-05  3.99
8.1796e-07  4.00
5.1100e-08  4.00

3.1875e-09  4.00

the exact

The L? error and the numerical orders of accuracy at time t = 0.01 with

uniform meshes is contained in Tables 2.3l We can see that the method with Q*

solution is

c=sin2n(x +y+1t)),u= (4nx + 2nt, 4wy + 2wt),

elements gives (k + 1)—th order of accuracy in L? norm.

Example 2.5.3. We choose the initial condition as

1
Co = 5(1 + COS(27T:L‘) COS(Qﬂ-y)))

Other parameters are taken as

po = cos(2mx) cos(2my) — 1.

jul 0

Q(xayao) = 07m1 = 0.35,7712 - 1,@5(1’) = 1,D(11) -
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Figure 2.1: Numerical approximations of ¢ at t = 0.1 with Nx = Ny = 40 in

Example W
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Figure 2.2: Numerical approximations of ¢ at ¢t = 0.1 with Nx = Ny = 40 in

Example .
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Table 2.3: The numerical results for ¢

Q1/r =0.01 Q2/r =0.01 Q3/r =0.001
N
L? error order L? error  order L? error order
10 | 2.3022e-02 - 7.9948¢-04 - 2.0756e-04 -

20 | 5.8006e-03 1.99 | 9.9643e-05 3.00 | 1.3104e-05 3.99
40 | 1.4492e-03  2.00 | 1.2393e-05 3.01 | 8.2105e-07 4.00
80 | 3.6223e-04 2.00 | 1.5477e-06 3.00 | 5.1348e-08 4.00

160 | 9.0551e-05 2.00 | 1.9308e-07 3.00 | 3.2097e-09  4.00

We choose At = 0.01 min{Az?, Ay?} with final time T = 0.1, and the nu-
merical approximation of ¢ is given in Figure [2.1
Example 2.5.4. We change the initial condition in Example to
0.001, (z—0.5)?+ (y — 0.5)* < 0.09,

co = po = sin(mx) sin(my).
0, otherwise,

Other parameters are taken as
q(z,y,0) =0,m; =1,me = 1,¢(x) =1,D(u) =1

and the numerical approximation of ¢ is given in Figure 2.2

2.6 Concluding remarks

In this paper, the conservative LDG method for both flow and transport equa-

tions is introduced for the coupled system of compressible miscible displacement
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problem. The optimal order of error estimates hold not only for the solution itself
but also for the auxiliary variables. Special projections and a priori assumption
help to eliminate the jump terms at the cell interfaces which arise from the dis-
continuity nature of the numerical method, the nonlinearity and coupling of the

model.
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2.6 Appendix: Proof of Lemma [2.4.5

Recall that we have chosen the initial condition ¢) = PTcg,u) = IT"uy, where
uy = —a(cy)Vpo, and py, = pi,u, = u;,2;, = 2z, ,é, = ¢f. For simplicity, we
will drop the 0 in the superscripts and subscripts in this section. It is clear that

(2.4.5) and (2.4.6) hold. Taking the test function ¢ = &,, and summing over K
in (2.4.16)), we have

(A &,) = (eI &,) + (Pralde) — d(en), &), (26.1)

where we have used u, = II"u,u, = u, and the property of the projection

(2.4.3) . Using the Schwartz inequality, we can get

142 (©)&l1> < Cllmp l1p,ll + Clle = callliéy, I (2.6.2)
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By Lemma [2.4.2/ and ([2.4.5)), we easily prove

160, ]l < CRFHE. (2.6.3)

Similarly, taking the test function w = &, and summing over K in (2.4.13)), we

have

(657 Es) = (775, €s) - D(na Es)v (264)

where we have used ¢;, = PTc. Using the Schwartz inequality and the Lemma

[2.43], we can get
€17 < 1€ llmsll + CRE ellisall€sll- (2.6.5)
By Lemma [2.4.2) we easily prove

€] < ChFHY (2.6.6)

By the standard approximation results, (2.4.7) and (2.4.8) hold. At last we
estimate p — py, following the technique in [41]. By (2.3.10) the initial data py,

is the solution of the following equations
(A(ep)up, @)k — (pn, V- 0)k + (P1, 0 - Vi )o, =0, (2.6.7)
and also satisfies
(p—pn, 1) =0. (2.6.8)
From ([2.4.15)), we have

(A(c)u — A(cn)un, 0)k — (p =1, V - O)x + (p — D1, 0 - Vi) o, = (2.6.9)
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We use uy, to find a well-defined p,, and we only need to prove the uniqueness.

If there are two solutions p; and p, satisfying (2.6.7)) and (2.6.8)), then we can

easily get

(P1—p2, V- 0)k — (P1 — D2,0 - VK)o, =0, (2.6.10)

(p1 —p2, 1) = 0. (2.6.11)

We consider the elliptic linear problem

—("=V¢,in Q, (2.6.12)
"=V -¢in Q (2.6.13)
subject to periodic boundary conditions. To make the problem well-defined, we

assume that the average of £* on (1 is a given constant and that of n* is zero.

We have the elliptic regularity result

1€ @) + €7 20y < Clin" - (2.6.14)

Taking n* = p; — po and p; = p; i = 1,2, we get

(1 = P2, 01 — P2)K
= (p1—p2, V-
= (P1—p2, V- (¢"—1I¢Y))k + (p1 — p2, V- 11k
= (p1 = p2, V- (¢" = 1I¢")) k = (1 — P2, (¢7 = TIC7) - Wk )
+(P1 — P2, ¢ VK)o
= =(V(p1 = p2), ¢ =)k + (p1 = p2, (€7 = ICY) - V)
—(P1 — P2, (" = 1IC") - i) oy + (D1 — D2, C" - Vic)oyc (2.6.15)
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where the third step follows from ([2.6.10) and the last equality is based on
integration by parts. We take II¢* = II7¢* and sum over K. By the continuity

of ¢* and the definition of the projection II7, we obtain

(p1 — p2,p1 —p2) =0 (2.6.16)

Then we get p; = po. We have proved that p;, is well-defined. In the following,
we estimate ||p — py||. We use the same technique above and take n* = p — p, to

obtain

(P = Prop = Pr)K

={@-pmV -k

= —pn, V- (¢ =)k + (p = pn, V- 1IC7) ¢

= (p—pn, V- (¢ = 1I¢7)) i — (Alc)u — A(cn)up, ¢ — 1¢")
—(p = Pn, (¢ = 1IC7) - vk )ox + (A(c)u — Alcn)un, ¢k
+(p = Pn, ¢" VK)o

= =(V(p=pn), ¢ =)k + (p— pn, (¢" = 1ICY) - vK ok
—(A(c)u — Alcn)up, ¢ = 1I¢") ik — (p — P, (" = 1IC7) - vk )ox
+(A(e)u = Alen)un, )k + (P — P, ¢ - VK )ox

= —(V(p—pu),¢" =)k + (Pn — pn, (¢7 —1IC7) - vk )ox
—(A(c)u — A(en)up, ¢ = 1I¢) ke + (Alc)u — Alen)up, ¢k
+{p = Pn, ¢ - VK)ox (2.6.17)

where the third one follows from (2.6.9)) and the fourth equality is based on the

integrate by parts. Recalling that pj, = p;, we take II¢* = II"¢* and sum over
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K. By the continuity of ¢* and the definition of the projection II~, we obtain

Ip = pull® = —(Vn,, ¢ —TIC*) — (A(c)u — A(cn)uy, ¢* — T1ICY)
+(A(c)u = Alen)up, ¢7)
= —(Vnp, ¢" = II¢") — (A(c)(u — uy), ¢* — 11C7)
—((Ale) = Alen))up, ¢* — 1IC7)
+(A(co)(u —up), ¢%) + ((Alc) — Alen))un, €7)
< CHHIC a0y + CRE2(IC (@) + CREFHIC|
< CHMYIC o)

< OV p — ), (2.6.18)
which further implies

Ip = pall < CHFHL (2.6.19)
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Chapter 3

High-order bound-preserving
discontinuous (alerkin methods
for compressible miscible
displacements in porous media

on triangular meshesm

Abstract
In this paper, we develop high-order bound-preserving (BP) discontinuous Galerkin

(DG) methods for the coupled system of compressible miscible displacements on

!This chapter has been published as an article in Journal of Computational Physics. Cita-
tion: N. Chuenjarern, Z. Xu, Y. Yang, Journal of Computational Physics 378 (2019),110-128.
https://doi.org/10.1016/j.jcp.2018.11.003
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triangular meshes. We consider the problem with multi-component fluid mix-
ture and the (volumetric) concentration of the jth component, ¢;, should be
between 0 and 1. There are three main difficulties. Firstly, ¢; does not satisfy
a maximum-principle. Therefore, the numerical techniques introduced in (X.
Zhang and C.-W. Shu, Journal of Computational Physics, 229 (2010), 3091-3120)
cannot be applied directly. The main idea is to apply the positivity-preserving
techniques to all ¢;s and enforce > ;¢; = 1 simultaneously to obtain physically
relevant approximations. By doing so, we have to treat the time derivative of
the pressure dp/dt as a source in the concentration equation and choose suitable
fluxes in the pressure and concentration equations. Secondly, it is not easy to
construct first-order numerical fluxes for interior penalty DG methods on tri-
angular meshes. One of the key points in the high-order BP technique applied
in this paper is the combination of high-order and lower-order numerical fluxes.
We will construct second-order BP schemes and use the second-order numerical
fluxes as the lower-order one. Finally, the classical slope limiter cannot be ap-
plied to ¢;. To construct the BP technique, we will not approximate c; directly.
Therefore, a new limiter will be introduced. Numerical experiments will be given
to demonstrate the high-order accuracy and good performance of the numerical

technique.

Key Words: compressible miscible displacements, bound-preserving, high-order,
discontinuous Galerkin method, triangular meshes, multi-component fluid, flux

limiter
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3.1 Introduction

In this paper, we are interested in constructing high-order bound-preserving
discontinuous Galerkin (DG) schemes for compressible miscible displacements
in porous media on triangular meshes. We consider the fluid mixture with N
components and the governing equations over the computational domain 2 =
[0,1] x [0, 1] read

op .\ Op K(T,y) _
d(c)a%—v-u = d(c)E—V- ( () Vp) =q, (z,y) € Q, 0<t<T, (3.1.1)

Oc-
¢£+V(u-0j)—V-(DVCj) = ¢jq—gcizipy, (v,y) € Q,0<t <T,j=1,--- ,N—1,

(3.1.2)
where the dependent variables are the pressure in fluid mixture denoted by p, the
Darcy velocity of the mixture (volume flowing across a unit across-section per
unit time) denoted by u and the concentration of interested species measured
in amount of species per unit volume denoted by ¢ = (c1,---,cn)?, with ¢;
being the concentration of the jth component. ¢ and k are the porosity and
permeability of the rock, respectively. p refers to the concentration-dependent
viscosity. ¢ is the external volumetric flow rate, and ¢; is the concentration of the
fluid in the external flow. ¢ must be specified at points where injection (g > 0)
takes place, and is assumed to be equal to ¢; at production points (¢ < 0).
The diffusion coefficient D is symmetric and arises from two aspects: molecular
diffusion, which is rather small for field-scale problems, and dispersion, which is

velocity-dependent, in the petroleum engineering literature. Its form is

D = (2, y)(dumoiI + diong [ U[E + diran|[u|EL), (3.1.3)
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where E, a 2 x 2 matrix, represents the orthogonal projection along the velocity

vector given as

U;Uj

B = (eg(w) = (15) u= 00

|u?|
and EY = I — E is the orthogonal complement. The diffusion coefficient djong
measures the dispersion in the direction of the flow and d;;., shows that trans-
verse to the flow. To ensure the stability of the scheme, D is assumed to be
strictly positive definite in almost all of the previous works. In this paper, we
assume D to be positive semidefinite. Moreover, the pressure is uniquely deter-
mined up to a constant, thus we assume fQ p drdy = 0 at t = 0. However, this

assumption is not essential. Other coefficients can be stated as follows:

N-1 N
ey =1=) ¢, dlc)=¢) zc,
j=1 j=1

where z; is the compressibility factor of the jth component of the fluid mixture.

In this paper, we consider homogeneous Neumann boundary conditions
u-n=0 (DVec—cu) -n=0,

where n is the unit outer normal of the boundary 92. Moreover, the initial

solutions are given as

Cj(xayv()) - Cjo(l’,y), p(l'ayao) :p0(x7y)a (l’,y) €.

The miscible displacements in porous media were first presented in [24] 25],
where mixed finite element methods were applied. Later, the compressible prob-

lem was studied in [23] and the optimal order estimates in L?-norm and almost
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optimal order estimates in L°-norm were given in [I1]. Subsequently, many
new numerical methods were introduced, such as the finite difference method
[81], 82], B3], characteristic finite element method [48], splitting positive defi-
nite mixed element method [70] and H1-Galerkin mixed method [7]. Besides
the above, in [59], an accurate and efficient simulator was developed for prob-
lems with wells. Later, the authors introduced an Eulerian-Lagrangian localized
adjoint method to solve the transport partial differential equation for concen-
tration, while a mixed finite element method to solve the pressure equation [58].
Recently, DG methods have been popular to solve compressible miscible dis-
placements in porous media [21], 22] [71, [72], 37, [73] [77]. Some special numerical
techniques were introduced to control the jumps of numerical approximations as
well as the nonlinearality of the convection term. Besides the above, there were
also significant works discussing the DG methods for incompressible miscible dis-
placements, see e.g. [1I, 38, 44} 52} 55], 56], [63] and for general porous media flow,
see e.g. [3, B0, 29, 57] and the references therein. However, no previous works
above focused on the bound-preserving techniques. In many numerical simula-
tions, the approximations of ¢; can be placed out of the interval [0, 1]. Especially
for problems with large gradients, the value of d(c) might be negative, leading
to ill-posedness of the problem, and the numerical approximations will blow up.
We will use numerical experiments to demonstrate this point in Section [3.5 In
[36], we have introduced second-order bound-preserving DG methods on rectan-
gular meshes for two-component miscible displacements in porous media. In this

paper, we will extend the idea to multi-component miscible displacements and
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construct high-order bound-preserving techniques on triangular meshes. More-
over, the idea can be extended to incompressible flows with some minor changes.

The DG method gained even greater popularity for good stability, high-order
accuracy, and flexibility on h-p adaptivity and on complex geometry. In 2010,
the genuinely maximum-principle-satisfying high-order DG and finite volume
schemes were constructed in [85] by Zhang and Shu, the extension to unstruc-
tured meshes was given in [88]. After that, the idea was applied to many prob-
lems such as compressible Euler equations [86, [87], hyperbolic equations involv-
ing d-singularities [74. [75], O0], relativistic hydrodynamics [50] and shallow water
equations [64], etc. The basic idea is to take the test function to be 1 in each
cell to obtain an equation of the numerical cell average of the target variable,
say r, and prove the cell average, 7, is within the desired bounds. Then we can

apply a slope limiter to the numerical approximation and construct a new one
Fr=r+0(r—r7), 6€][0,1]. (3.1.4)

If the problem has only one lower bound zero, the technique is also called
positivity-preserving technique. Thanks to the limiter, the whole algorithm
were proved to be L'-stable [75, 50] for some complicated systems. Moreover,
the technique does not rely on the trouble cell detector and the limiter keeps
the high-order accuracy in regions with smooth solutions for scalar equations
[85]. In case of convection-diffusion equations, the same idea was applied to
construct genuinely second-order maximum-principle-satisfying DG method on
unstructured meshes [89]. Recently, the flux limiter [39] 65 68] and third-order

maximum-principle-preserving direct DG method [8] were also introduced. How-
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ever, it is not easy to apply the flux limiter to unstructured meshes since the
lower order fluxes are not easy to construct, and the only work available is [12]
in which the technique for hyperbolic equations was analyzed, and no previ-
ous works aimed to discuss convection-diffusion equations. In this paper, we
will extend the ideas in [65], [85] and construct high-order bound-preserving DG
methods for multi-component compressible miscible displacements. However,
there are significant differences from previous techniques. First of all, most of
the problems in [65] [85] satisfy maximum-principles while the concentration c;
in does not. To solve this problem, we would like to apply the positivity-
preserving technique to each ¢; and enforce ) ;¢ = 1. Secondly, the high-order
positivity-preserving technique in this paper is based on the flux limiter [39] 65].
The basic idea is to combine higher order and lower order fluxes to construct
a new one which yield positive numerical cell averages. However, for triangular
meshes, first-order fluxes are not easy to construct. Therefore, we will consider
the second-order flux as the lower order one. Finally, to obtain the equation
satisfied by the cell averages, we need to numerically approximate r; = ¢c; in-
stead of ¢;. By doing so, the upper bound of r; is not a constant and the limiter
(3.1.4) may fail to work, since such a § may not exist (see the counterexample in
[36]). Moreover, the limiter applied in [30] is not straightforward extendable to
multi-component problems, since we cannot simply set the upper bound of ¢; to
be 1 if the fluid mixture contains more than two components. Therefore, a new
bound-preserving limiter will be introduced. In summary, the whole algorithm

can be separated into three parts. We first treat p; as another source in (3.1.2) to

59



obtain the positivity of ¢; by the flux limiter [39] 65]. Then we choose consistent

fluxes (see Definition [3.2.1)) with suitable parameter in the flux limiter in the

concentration and pressure equations to obtain the positivity of 1 — Zjvz_ll cj.
More precisely, in our analysis, instead of solving p and ¢;, j = 1,--- N — 1,
we rewrite and into a system of ¢;, 7 = 1,---, N and enforce
vaz ;¢ = 1 by choosing consistent fluxes. Finally, we will introduce a new

limiter to obtain physically relevant numerical approximations.

The paper is organized as follows: we first discuss the DG scheme in two
dimension on triangular mesh in Section In Section [3.3] we demonstrate the
bound-preserving technique for second-order scheme. The high-order bound-
preserving technique with flux limiter will be given in Section In Section
3.5 some numerical experiments and results will be shown. We will end in

Section [3.6| with concluding remarks.

3.2 The DG scheme

In this section, we will construct the DG scheme for compressible miscible dis-
placements in porous media. We first demonstrate the notations to be used
throughout the paper. We consider triangular meshes and denote 2, to be
the set of cells. For any K € Qj, we denote the three edges of K to be et
(i = 1,2,3), with corresponding lengths ¢4 (i = 1,2,3) and unit outer normal
vectors v; (i = 1,2, 3). We also denote the neighboring triangle along et as K.
We use I for all the cell interfaces, and I'y = I"\ 992 for all the interior ones. For

any e € I', denote |e| to be the length of e. Let u* denote the numerical solution
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on the edges, evaluated from K or K;. The '+’ for each edge et is determined
by the inner product of v; and a predetermined constant vector vy which is not

parallel to any edge in the mesh: for each edge €% in the cell K,

u =ug, u =ug, ifvy v >0,

ut =ug, u =ug, ifvy v <O0.

Moreover, we define n, as the unit outer normal of each edge e € I'y such that
n.-vy > 0 and define the jump and average of any function v at the cell interface
e as

1
A U O LR

We also denote 092, = {e € 02 : n - vy > 0}, where n is the unit outer normal

of 0Q and 0Q2_ = IO\ ;. The finite element space is chosen as
Wy ={z: 2|k € P*(K), VK € O},

where P¥(K) denotes polynomials of degree at most k > 1 in K.
To construct the DG method, we first rewrite the system (3.1.1)-(3.1.2)) into

the following form
dc)pt+V-u=gq, (3.2.5)
a(c)u = —Vp, (3.2.6)

((bcj)t + V- (ucj) -V (D(U)V(fj) = 6Jq - (bcjszta j = 17 27 e JN - 17
(3.2.7)
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Next, we would like to demonstrate the key points in this paper that are

quite different from most of the previous works.

1. Approximate r; = ¢c; instead of ¢;. We cannot simply take the test

function to be 1 to obtain the cell average of c;.
2. Treat p; in (3.2.7)) as a source to apply the positivity-preserving techniques.

3. Apply flux limiters to the high-order scheme by combining the second- and

high-order fluxes.

4. Suitably choose the parameters in the flux limiter to obtain consistent

fluxes for (3.2.5) and (3.2.7) to make 7; < ¢, where 7; and ¢ are the cell

averages of r; and ¢, respectively.

5. Take the L?-projection of ¢ into W, denoted as ®, and use which as the

new approximation of the porosity.

6. Construct a new limiter to maintain the cell average 7; and modify the
numerical approximations of r; such that 0 < r; < ®, which further yields
¢; = P {%} € [0,1], where P, is the L?-projection projected into W}
when k > 2 while Pyju|k is the interpolation of w at the three vertices of

cell K.

For simplicity, if not otherwise stated, we use p,u,c;,7;, j = 1,2,--- N as
the numerical approximations from now on. Then the DG scheme for (3.2.5]) -
(3.2.7) is to find p,r; € W), and u € Wy, = W), x W}, such that for any £, ¢ € W),
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and n € Wy,

(d(r)p,€) = (0, VE) + Y [ 0-ne[élds + (¢,€), (3.2.8)
(alc)w,m) = (p,V-m)+ > [ pln-n.lds, (3.2.9)
(rje, Q) = (uc; — D(W)Ve;, V) + (650 — rzp, ) + Y | | aej - mel¢lds

-3 / ({D(u)vf:j ]+ (DW)VC - me] + H[cﬂ[d) ds,
(3.2.10)
where

N ~
i ~ Cj, q> Oa
¢; = By {%} , d(r) = E ziri,  (u,v) = /Kuvdx, ¢ = r]. .
j=1 3 4<0.

In (3.2.8)-(3.2.10), p, @ and wc; are the numerical fluxes. We use alternating

fluxes for the diffusion term and for any e € I'y
ale=utle, ple=p"le, (3.2.11)
and on 0f) we take
Ple=p"le, Ve € 0", ple=pTle, Yeec I

For the convection term, for any e € I'y we take

uc;, = utcl — alen,. 3.2.12
J 97 7

In (3.2.10) and (3.2.12)), o and & are two positive constants to be chosen by the

bound-preserving technique. Before we complete this subsection, we would like
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to introduce the following definition that will be used in the bound-preserving

technique.

Definition 3.2.1. We say the fluz uc; is consistent with  if uc; = 0 by taking

c; =1 Q.

The numerical flux uc; in (3.2.12)) is consistent with the flux @ in (3.2.11)),

and this is required by the bound-preserving technique.

Remark 3.2.1. There are plenty of fluzes can be used following the procedures
introduced in the next section. The proofs are basically the same with some minor

changes, so we only list some of them below without more details.
e i=u,p=pt ac =uc¢ —algn.

eu=3ut+u), p=3p"+p) ug = z(utcf +u¢)—algn,.

3.3 Second-order bound-preserving scheme

In this section, we will construct second-order bound-preserving DG scheme
with Euler forward time discretization on triangular meshes. For simplicity,
we only discuss the technique for cells away from 02, while the boundary cells
can be analyzed following the same lines with some minor changes. A similar
analysis for the boundary cells can be found in [36]. We use oy for the numerical
approximation of o in K with cell average ox. Moreover, we use o™ as the solution

o at time level n. Now, we will demonstrate the bound-preserving technique in
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detail. For simplicity, we will drop the subindex j in (3.2.10)) and use r, ¢, ¢, z
for r;, ¢, ¢;, z;, respectively.
In (3.2.10), we take ( = 1 in K to obtain the equation satisfied by the cell

average of r

Pt = Hy(r,u,¢) + He(r,u, ¢) + Hy(r,¢,q,2,p) (3.3.13)
where
1 3
Hie(rw, 0) = 27 = AZ/ Ut - vds, (3.3.14)
i—1 ek
1 > a
Hirue) =5k 1Y [ ({D@Ve )+ i-lin v ds.
3 = Jeic ly
(3.3.15)
1 -
Hi(r,¢,q,2,p) = gf?( + Ateq — rzpy, (3.3.16)

with A = % being the ratio of the time step and the area of triangle K, and
¢q — rzp; being the cell average of ¢q — rzp;,. We denote V;, i = 1,2,3 as the
three vertices of cell K. In this section, we will construct the bound-preserving

technique in K, hence for any w € W, we define w(V;) to be the limit evaluated

in K. We use the (k+1)-point Gaussian quadrature to approximate the integrals

along the cell interfaces in (3.3.14))-(3.3.16)), and denote x; 3, 6 =1,2,--- ,k+1

as the quadrature points on e} with wg as the corresponding weights on the
reference interval [—1, 1]. Moreover, we use quadratures discussed in [88] to
compute the cell average 7). The quadrature contains L = 3(Ng — 2)(k + 1)
quadrature points, denoted as z, lying in the interior of K with 2Ng —3 > k |

and the quadratures points on the cell interfaces are exactly the k + 1 Gaussian
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quadratures points. We denote the quadrature weights corresponding to the
interior quadrature points as w, and those on the cell interfaces as wg. In [8§],
it was shown that wg = %wgw, where w is the quadrature weight corresponding

to the first quadrature point in the Ng-point Gauss-Lobatto quadrature on the

—50al

interval | Based on the above notations, we define the values of o (0 =
r,c,p,q, ®) at the quadrature points as oi[’f = o(x;3) along the boundary of
K and o}, = o(z,) in cell K. Now, we can demonstrate the bound-preserving

techniques. We will consider the source term H7y; first, and discuss the high-order

bound-preserving technique.

Lemma 3.3.1. Suppose ™ > 0 (¢* > 0), then Hj.(r,¢,q,z,p) > 0 under the

conditions

P
At < (3.3.17)

At <
6zpnr 6qnr

where

pu = max(p), (p)i, 0) @ =min®(x), gy = max {—qi’f, —df 0} :
(3.3.18)

Proof. We can write Hj, as

1 1 —
Hi(r,é,q,2z,p) = (EF% — Atrzpt) + (677?( + Atéq) = L1+ Lo.
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Applying the quadrature in [8§], we have

1

(i % g + Z WK>

i=1 B=1

i=1 =1

Then L; > 0 under the condition . We apply the same quadrature for

L+ to obtain

AN 3 k+l
Lo =5 (Zzw/ﬂ’ + ZvaK> + At (Z w ézfvfﬁqK + ZchKgK>

i=1 B=1 v=1 i=1 =1

k+1
1,
" Zvﬂ "275
wg (ETK + At g ) E We ( T+ AthqK>

i=1 =1
Notice that ¢ = r/® if ¢ < 0 while ¢ > 0 if ¢ > 0. Therefore, under the condition
(3.3.17)), each term in the summation above is positive. O

In the rest part of this section, we will consider second-order scheme only,

ie. k=1 Ng=2,L=0, then w = % and wg = 3wg. Now we can analyze the

convection term Hj, and the result is given below.
Lemma 3.3.2. Suppose 1™ > 0 (c" > 0), if « satisfies

a > max{|u | 0}, (3.3.19)

and the time step satisfies

1
At < min ®,,|K|. (3.3.20)
05| 9 (Juil| + a)
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we have Hf. (1, u,c) > 0.

Proof. Following the same analysis for the source term, we write

2
Hi =Y wsHiy, Hiy= érK M - v,

We only need to show Hf; > 0.

Case 1: v; =ng, i.e. 4~ =ug, u™ =ug,, ¢ =cg and ¢t = cg,. Then
_Lis A (b2 Py, — +aci?).
s —ng %.Cle, " Vi acK ac

Since r and ¢ are both linear functions, we can write the function values of r
and c as the interpolation of the values at vertices {V;, V5, V3} of K, i.e. for any

point z, in K,

T = uirr (Vi) + phr (Vo) + pusri (Vs), ¢ = piex (Vi) + pher (Va) + pher (Va),
(3.3.21)

3
with p# >0, m =1,2,3, and me = 1. Then

m=1

is= Z ! (—rK ) — )\@(Och(Vm)> + M (a u,’f VZ)CZKB

) 1 . )
- Z (i’ (§@K(vm) — M;(a) i (Vin) + M (o — w3l - vy)cf.
m=1

Then we have Hf 5 > 0, if a and At satisfy (3.3.19) and (3.3.20)), respectively.

Case 2: v; = —n,, i.e. u™ =ug, u” =ug,, ¢" =cx and ¢ = cg,. Then
_1 )\Ez 0 1,0 2,8 t,8
s —§TK w(ug ey v —acg + acy).
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Applying (3.3.21]) again, we have
’ 1
Hi g = Z I (§<I>K(V ) — Miulf v, — )\6}{04) x(Vin) + )\fKacK
m=1
Then we have Hf; > 0 under the condition (3.3.20). m

Finally, we discuss the diffusion part. We also take k =1, G =2, L =0 and

the result is given in the following lemma.

Lemma 3.3.3. Assume the minimum angle of each triangle K is uniformly
bounded away from zero. Suppose r™ > 0 (c" > 0), then H&(r,u,c) > 0 under

the conditions

(3+V3)A

a> ___ 3.3.22
~ 2ming,; (sin (6)) ( )

and
At < PnlK| - O (3+V3)A < lq)m, (3.3.23)

- 18a ’ mminK,i,j (sin (0%)) -~ o4
where 03 i, j = 1,2,3,i # j denotes the angle between the edge e} and €, and

A is the largest absolute value of the eigenvalue of D.

Proof. First, we will consider the term

K

Following [89], we write
dc | .
D(u)Ve-v; =Ve- D(uw)v; = —| |0,
on;
where

N

= D(u)v;, m; = W
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Figure 3.1: Two intersection points for the numerical flux in diffusion part on

the triangular mesh.

Define nx = m;|x and ng, = n;|k,. Likewise for nx and 7g,. For each quadra-
ture point x; 3 on the edge e’, we can draw a straight line from z; 5 with direction
Nk, intersects OK; at $ Slmllarly, we can draw another straight line from z; g
with direction —nx intersects OK at #%”. See Figure [3.1| for an illustration. It

is easy to verify that at z = z; 4

{D(u)Vc- v} + %[c]ne Y

1 1 —
= —D(’U,K)VCK v; + D(’U,K )VCK v; + O[M

2 2 (i

i7 b B 7ﬂ ~

—1M|lﬁxll EMHW ||+ ( ,6 ,,8)
- i, ~1, ~1 7, Cx

2|3 — & 2|25 — 232 4%

I d>iﬂ (@ : >iﬁ

=\ opaf _ =By 7 )k T\ T onmiB _ aBy | Ok

<2||x’5— Pl Uk QHSka—SE;fH

7K || i 17 i3

- ~1 ('/L" )+ ~1 1 C(I‘kz).

2|23 — & 2|33 Jrf’fl
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We write the cell average 7} as

(Vm)cK(Vm)
=1 p=1 i=1 =1 m=1
we can rewrite H&(r, u, c) as
PENEE
1= LSS S dt Vet
i=1 5:1 m=1
2
+ /\Zﬁ Zwﬁ |:{D(’U,)VC v;} + [ n, ,}
i=1 r=;,3
2
= ( > 1wV <vm>>
i—1 f—1
3 2 i
+30S un [(D@)Te v + o]
=1 =1 K T=T4,
3 2
=D > wilip+ L,
i=1 =1
where
13
. _—— 275
- [ a) i (G I P
+)‘€ZK ( i ~i — |k T — ~i . i CK,
[ 2yl — 30 i U 2350 — 27|
~i,8
~1 7 C(xKZ) ?
2|33 — ;’ffH ]
- el
L ——rK )\ZZ K nK%B (250,
i=1 p=1 2||f jdl
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We need to make L; g > 0. In fact

L; WD ( Vi) £ A [l G s
76 18 Z:u’ K ( ) K 2”1‘2”8 _ ~Z”BH 67}( K
’ Q
+ M (7 - ) WA M —— T c(37)
e 2075 — | 2” 2|7 — 32|l
3 ! I @
_ i,8 i K
mzzl (18 (2”1’ Gl EK))
o ) S 77 I
+ My | 5 — l—— ————c(T}).
(KK 2|7 — 3| “o)8 - 37|
Notice that [|77|| < A. To make Liﬂ > 0, we need
. CicA [ a 17| ) 1
2|75, — o <£K 2|y — ) T 18

It is easy to compute that
i < 6
|73 =il (3 = V/3) min; sin (67)
and we conclude L; g > 0 under the conditions and (3.3.23). Finally, we

can apply the same idea above to estimate L. Similar to (3.3.21)), we write
S

with 0 < g% <1 and Z,u‘ﬁ = 1. Then

m=1
L —T ZZ HTIKH C(JZZ’B)
6 2|’ ~Zﬁu
i=1 =1
3 3
— 18 e 2||ac ||
3 3 2
1 (3 3)A
>3 () =A% -3 7 ) et
f— ‘=1 o1 2min; sin (‘91()
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Therefore, we have L > 0 under the condition (|3.3.23)). [
Base on the above three lemmas, we can state the following theorem.

Theorem 3.3.4. Suppose r™ > 0 (c™ > 0), and the parameters a and & satisfy

(3.3.19) and (3.3.22)), respectively. Then 71 > 0 under the conditions (3.3.17)),
(13.3.20) and (3.3.23)).

Now, we have proved 7; > 0 for j = 1,2,--- N — 1. To obtain 7y > 0, we

need to subtract (3.2.10) from (3.2.8) to obtain

(TN“ C) :(U’CN - D(U)VCN: VC) + (éNq — I'NZNDPt, C) + Z 1707\/ : ne[dds

ecly €

-3 ({D(u)VcN 1+ D@TCmen] + e m) ds.

ecly

(3.3.24)

Here, we have used the fact that the flux for (3.2.10]) is consistent with that in
(3.2.8)). We can observe that the above equation is similar to (3.2.10)). Therefore,
following the same analysis above with minor changes we have the following

theorem.

Theorem 3.3.5. Suppose 0 < r™ < ®, and the conditions in Theorem [3.3.4] are
satisfied. Moreover, if the flures uc; and 4 are consistent, then 7" < ®, under

the condition

1
At < , (3.3.25)
6zmpm
where pyy is given in (3.3.18)) and zy = 11%;%}](\[ Zj.
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3.4 Bound-preserving technique for high-order
scheme

In this section, we will apply the flux limiter to construct high-order bound-

preserving technique.

3.4.1 Flux limiter

We use P* (k > 2) polynomials and write (3.3.13) as

3
Pt =T+ A Fu+ Ats,

=1

F=— /Z uc - vds + /z <{D(U)Vc Vit + ;;[c}) ds, 5=20q—rap;

) ) " (3.4.26)
are high-order flux and source, respectively. In Section we have demon-
strated how to treat the source terms. Therefore, we only discuss the modifi-
cation of the high-order fluxes only. We will apply the flux limiter [39, 65] and
combine the high-order flux E.: and the second-order fluxes, which was analyzed

in Section denoted as f,.. We define the new flux as

~ ~

Fei = fei + Gei(ﬁei — fei),

where 6,: is a parameter that to be chosen. Then the cell average can be written

as
3 R 3 . R 3 . R
F%+1 = 77?{ + )\Z foi + Azeei(Fei — fei) + Ats = ferl + )\Ztgei(Fei — fei),
=1 =1 =1
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where

3
PR =T+ A fu+ Ats
i=1
is the second order cell average which was proved to be positive if At is sufficiently

small. Notice that, we need the fluxes in (3.2.10) and (3.2.8)) to be consistent.
Therefore, we have to discuss the fluxes for all components together. We define
fej and Fe] as the second- and high-order fluxes for component j, j =1,2,--- /N,

respectively, and the cell average 7 for the jth component to be 7;. To compute

Aeji, we only replace the ¢; in F gz in by a second-order approximation.
We cannot change u, since we want Z;VZI ﬁ’e] = Z;VZI fi = 10,:, which due to the
flux consistency requirement. To construct the second-order c;, we can simply
apply the second-order L? projection to the high-order ¢;, and then apply the
limiter discussed in with & = 1 and ® as the second-order L? projection of

¢. We can choose the parameter 6,: as follows:

1. For any K € Qp, set fx = 0.
N-1 N-1 N-1

2. Define FY =t — Y F/, fl =0, -) flandr,=0-> 7
j=1 j=1 j=1

3. For any 5 = 1,2,--- | N, if Feﬂ — fgl > 0, take 9;(761- = 1, otherwise set

BK:ﬁK‘i‘Feji_ f

et”

, . .. , Fntl
4. For those edges e' with F’; — f/; <0, we set 6}, ; = min {— gL 1}.

5. Take fx . = min 67 .
e TGN TR

6. For any e € I'y, we can find K, Ky € ), such that K; N Ky = e. We take
9@ = min{QKl,e,QK%e}.
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Following the same analyses in [12], we have 777”1 >0,7=1,2,---,N. Thus,

0 <7 < @, since we have the relationship 77+ + 7% + ...+ 7 = @.

Remark 3.4.1. In (3.2.8)-(3.2.10), we do not compute ry (cy) directly. Step
@ in the above algorithm is used to compute the ﬂuxes in (3.3.24). Actually, we
can simply take F°;} = — ZN ! Fejl, = — e“ since we only need the

difference of the higher order and lower order ﬂuxes. Moreover, step [J is used

to construct consistent fluzes (See definition |3.2.1)).

3.4.2 Slope limiter

In this section, we discuss the limiters to be applied. As discussed in [30],
the traditional slope limiter (3.1.4)) cannot be applied. In this paper, we will
construct a new one. We consider problem with 2 components first and then

extend it to N-component ones. The algorithm is given as follows.

1. Define S = {z € K : r(z) < 0}. Take

R T _Tl(y)(i) }
m=ri+0(=®—1r), f = max — 0,. (3.4.27
= (cp 1) yes {m@(y) —r1(y)® ( )

2. Set ro = & — 71, and repeat the above step for 7.
3. Take 7y = & — 75 as the new approximation.

Remark 3.4.2. In step 1, it is easy to see that 7y > 0 which further implies

ro < ®. In step 2, we have
f2:r2+9(%@—r2) :(1—9)r2+9%(1>§(1—0)(I>—|—9<I>:<I>,V0€[0,1],

76



which means the property ro < ® is inherited naturally from ro < ®, no matter
which parameter 6 is chosen. This fact gives us enough space to modify 7o such
that 79 > 0, as we did in step one. Therefore, after step 3, we have 0 < 71 <
®. PBesides the above, it is easy to check that the limiter does not change the

numerical cell averages, i.e., [, 7(x)dx = [, r(z)dz.
Moreover, we can also prove that the limiter does not affect the accuracy.

Theorem 3.4.1. Let R(z) € C*Y(K) and r(z), ®(x) € P*(K) with0 <7 < ®
and ||r(x) — R(2)|le < Ch*L. Assume there exist two positive constants ®,,

and @y such that 0 < @, < ®(x) < @y, then ||7(z) — R(z)||oo < CHFTL.

Proof. WLOG, we assume 6 > 0 in (3.4.27)) and need to show the modifica-
tion in step 1 keeps the accurate :||F(z) — r(2)|lee < Ch**L. Denote 7, =
mingeg r(x), ry = maxgex r(x). Let y € K be the point at which the maximum

in (3.4.27)) is achieved and define r, = r(y) < 0, ®, = ®(y). Then

—

7 = —
E(I)y—ry T

_Ty < _Ty _
P ro f(bm —r [
Dps Y s yCDM

—T CI)M —T (I)M
Y < m ,

T—ry @y = T =1y P
which further yields

r Oy =1y T o FE -7
7 — 7| =0 =% — | < -4 T 2@—r|:—M(—rm)| C
) b, 7r—1r, ®

™ —Tm

P
Since cI)_M is a constant and | — r,,| < Ch*! we only need to prove that
m
7% — 7] " : .
——— < (' for some positive constant C' independent of x and h. Notice
F—Tm

that



we have

. G~ I r§e —rul
Next, we will prove the boundedness of — , and
T —1Tm F—Tm
tively. For the first term, we have
o o VAN 3 Ve
|T<I>m Tl B - i = Dy
T —Tm F—rm T —Tm P,
while for the second term
-y - (P
P2 — T _r—rM—i-r(ﬁ— )
T —Tm T —Tm
_ (P
<_7”—7“M_T(<1>M 1)
r—"Tm T
v — T )
< - +1- "=
F—Tm Dy

In Appendix C of [86], Zhang proved that for any non-constant polynomial of

degree k, say p(z), we have

r Q)m
o =il g 2
T—7Tm Dy

and we finish the proof.
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Remark 3.4.3. There are two ways to apply this limiter in an N-component
system. One way is to compute the parameter 6; for the jth component, (j =
1,2,---,N) and then take § = max; 0;. Another way is to modify r1,72,- -+ , N1
one by one such that r1 € [0,®],ry € [0,P —rq1],73 € [0, P — 11 —19],- -+ ,ry_1 €

[07(19—7’1—7“2"'—7“]\7_2].

3.4.3 High-order time discretization

In this section, we extend the Euler forward time discretization to high-order
ones which are convex combinations of Euler forwards. In this paper, we use
third-order strong stability preserving (SSP) high-order time discretization to

solve the ODE system uy = L(u):

uV =u" + AtL(u, t"),

3 1
u® ="y 4+ 1 (u(l) + AtL(u(l),t”H)) ’

4
1 2 At
u"H :gu” -+ § (u@) + AtL(u(z), t" -+ 7)) .
Another choice is third-order SSP multi-step method:
16 11 12
ntl _ “Z/n SAtL(u™. " T (4403 ZALL n—3 tnf3 )

More details can be found in [33, [34] 53].

3.5 Numerical experiments

In this section, we provide numerical experiments to test the accuracy and sta-

bility of the high-order bound-preserving DG scheme. In all the examples, we
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choose N = 3, and consider fluid mixture with 3 components. Moreover, we use
the third-order SSP Runge-Kutta discretization in time and P? element in space.
The computational domain is set to be Q = [0,27] x [0,27]. To construct €2,
we first equally divide €2 into M x M rectangles and the triangles are obtained

by equally divide each rectangle into two. See Figure for the mesh.

Figure 3.2: Triangular mesh (M = 10)

Example 3.5.1. We set the initial conditions as

1 1 1
cro(z,y) = 6(1 + §(COS$ +cosy)), caplx,y) = §<1 + cosz cosy),
czo(r,y) =1 —cro(z,y) — c20(7,9), po(z,y) =coswcosy — 1,

and the source variables are taken as

1 1 1 1
é(x,y,t) = =(1+ ée_w(cosx + cosy — 3 sinx cosy — 3 siny cos x)),

6
1 1 1
G, y,t) = = (1 + e " (cosz cosy — 5 sin® z cos? y — 3 cos® xsin’y)),

3
@,(x,y,t) =1- 51(%9775) - ég(fE,y,t), q<l’,y,t> = 267%'
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Other parameters are chosen as

o(x,y) = pler, o) = k(x,y) = a(x,y,c1,00) = 21 = 29 = 23 = 1,

D(u) = diag(7,7).
It is easy to verify that the exact solutions are

1 1 _ 1 _
1\ Y = = e’ ) ACTRE =3 )
c(z,y,t) 6(1+ 5¢ Y(cosx + cosy)), calz,y,t) 3(1+6 21t cos  cos y)

CS(Can?t) =1- Cl($7y7t) - C2(x7y7t)7 p(x7yat) = e_gt(COS$COSy - 1)

In the numerical simulation, we choose v = 0.01, final time 7" = 0.01 and
At = 0.001h?% to reduce the time error. The computational results are shown
in Table , illustrating the L? error and convergence orders for ¢; and ¢, with
and without bound-preserving technique. From the table, we observe optimal
convergence rates. Therefore, the flux limiter and slope limiter do not degenerate

the convergence order.

Example 3.5.2. We choose the initial conditions as

T s 3T 3
17$§§7y§§a 17 xz?ay27v
CI,O($7y) = 02,0(x7y) =
0, otherwise. 0, otherwise.
x Y
so,y) = 1= c10(wy) = cao(wy)  and  pole,y) = cos(3) + cos(2).

Other parameters are taken as
21 =29 = 1,23 =10,q(z,y,t) = 0, D(u) =0,
M(Clch) = k’(l’,y) = a(xaya01762> - ¢<l’,y) = 1.
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C1 (&)
no limiter with limiter no limiter with limiter
M | L? error | order | L? error | order | L? error | order | L? error | order
5 | 3.02e-3 - 4.61e-3 - 2.12e-2 - 2.39e-2 -
10 | 5.00e-4 | 2.59 | 5.30e-4 | 3.12 | 3.29e-3 | 2.69 | 3.47e-3 | 2.78
20 | 8.85e-5 | 2.50 | 8.86e-5 | 2.58 | H.34e-4 | 2.63 | 5.34e-4 | 2.70
40 | 1.25e-5 | 2.82 | 1.25e-5 | 2.82 | 7.25e-5 | 2.88 | 7.25e-5 | 2.88
80 | 1.71e-6 | 2.87 | 1.71le-6 | 2.87 | 9.41e-6 | 2.95 | 9.41e-6 | 2.95
160 | 2.02e-7 | 3.09 | 2.02e-7 | 3.09 | 1.16e-6 | 3.02 | 1.16e-6 | 3.02

Table 3.1: Example [3.5.1; Accuracy test for ¢; and ¢y with and without bound-

preserving technique.
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We use this example to demonstrate the stability of the scheme. We choose
D = 0, then the diffusion term will not provide any dissipation to the scheme.
We compute the components ¢; and ¢y at time 7" = 0.1s and 7" = 0.6s, respec-
tively, with M = 40 and At = 0.001h* (h = i—g). The numerical results are
shown as Figure [3.3. From the figure we can see that the concentrations ¢; and
co are between 0 and 1. To test the effectiveness of the bound-preserving tech-
nique, we simulate the example without the bound-preserving limiters, and the
numerical approximations blow up at about 0.003s even though we take time
step size as small as At = 0.000142. In [36], we demonstrated that the reason for
the blow-up of the numerical approximations is the ill-posedness of the system.

This example demonstrates the necessity of the bound-preserving technique in

solving compressible miscible displacements in porous media.

Example 3.5.3. We investigate the displacement of 3-phase porous media flow
in the five-spot arrangement of injection and production wells. The computa-
tional domain is a square region taken as quarter-of-a-five-spot pattern. The
three phases are light oil ¢ (with low viscosity and high compressibility), heavy
oil co (with high viscosity and low compressibility) and water cs (with medium

viscosity and medium compressibility).
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Figure 3.3: Example

(b) T=0.6 s

3.5.2

- Numerical approximations of ¢; and ¢y
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The initial concentrations of oil (water) are

7 s
17 x S §7y S 57
01,0(377 y) =
\ 0, otherwise.
.
0, e< Ty <3,
02,0(‘%7 y) =
\ 1, otherwise.
0310(1', y) =0.

Therefore, the lower-left part of the region is light oil enrichment area while the
other part is heavy oil enrichment area. Moreover, no water exists initially and
the initial pressure is taken as 0 in the whole computational domain. To simulate
the random perturbation of porosity and permeability around their average value,

we choose the porosity and permeability as
é(z,y) = 0.5+ 0.05sin(5x) sin(by) and k(z,y) = 1.0+ 0.1 cos(bz) cos(5y),
respectively. Other parameters are taken as

p(cy, co,c3) = 0.4¢y + 2.0ce + 1.0c3,

7 =12, 2=08, 2z3=10, D =diag(|ul,|ul).

The injection well is located in lower-left corner and production well is located

in upper-right corner, treated as § sources.

This example is used for petroleum production simulations. We compute the

components ¢; and ¢, at time 7 = 0.2,0.8 with M = 35 and At = 0.001h*(h =
27

£> The distributions of ¢y, ¢o and ¢; + ¢ at different time are shown in figures
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Figure 3.4: Example|3.5.3

. Concentrations of ¢q, ¢y and ¢; + ¢s.
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3.4ak3.41] respectively. From the figure we can see that ¢q, ¢y and ¢; + ¢y are all

between 0 and 1.

Example 3.5.4. To show the significance of the bound-preserving technique in
real petroleum production simulations, we choose the exact parameters in Exam-
ple|3.5.5, except D = 0 in order to avoid any dissipation to the scheme which is

resulted from the diffusion term.

This example is used for petroleum production simulations when diffusion
effect is negligible. We compute the components ¢; and ¢y at time 7' = 0.2,0.8
with M = 35 and At = 0.001h?(h = ?3_7;> The distributions of ¢, ¢, and ¢3 at
different time along diagonal y = z are shown in figures [3.5ah3.51, respectively.

From the figures we can see that the concentrations ¢y, co, and c3 are between 0

and 1.

However, the numerical approximations without bound-preserving limiters
blow up at about 7" = 0.25 if we take the same time step as before. The
distribution of components along diagonal at time 7" = 0.1,0.2 are shown in
figures [3.6al[3.61, from which we can observe strong oscillations and physically
irrelevant values. Further experiments show that, even though we take the time
step as small as At = 0.0001h2, the numerical approximations still blow up at

about T" = 0.26, which implies the necessity of the bound-preserving technique.
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3.6 Concluding remarks

In this paper, we constructed high-order bound-preserving DG methods for com-
pressible miscible displacements in porous media on triangular meshes. We have
applied the technique to the problem with multi-component fluid mixtures. Nu-
merical simulations shown the accuracy and necessity of the bound-preserving

technique
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Chapter 4

Fourier analysis of local
discontinuous (alerkin methods
for linear parabolic equations on

overlapping meshesﬂ

Abstract
A new local discontinuous Galerkin (LDG) method for convection-diffusion equa-
tions on overlapping mesh was introduced in [28]. In the new method, the pri-
mary variable v and auxiliary variable p = wu, are solved on different meshes.
The stability and suboptimal error estimates for problems with periodic bound-

ary conditions were derived. Numerical experiments demonstrated that the con-

!This chapter has been completed as an article to submit to Journal of Scientific Computing.

Citation: N. Chuenjarern, Y. Yang (2019).
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vergence rates cannot be improved if the dual mesh is constructed by using the
midpoint of the primitive mesh. Several alternatives to gain optimal convergence
rates were demonstrated in [28]. However, the reason for accuracy degeneration
is still unclear. In this paper, we will use Fourier analysis to analyze the scheme
for linear parabolic equations with periodic boundary conditions in one space
dimension. We explicitly write out the error between the numerical and exact
solutions, and investigate the reason for the accuracy degeneration. Moreover,
we also find out some superconvergence points that may depend on the pertur-
bation constant in the construction of the dual mesh. Since the current work is
based on Fourier analysis, we only consider uniform meshes. Numerical experi-

ments will be given to verify the theoretical analysis.

Key Words: Local Discontinuous Galerkin method, Fourier analysis, Error

estimates, Superconvergence, Overlapping meshes

4.1 Introduction

In this paper, we apply local discontinuous Galerkin (LDG) method on over-
lapping meshes [2§] for the following linear parabolic equations in one space

dimension:

U — Uy = 0, x €10,27], t >0,
(4.1.1)
u(z,0) = up(x), z€]0,2n],

subject to periodic boundary conditions.
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The discontinuous Galerkin (DG) methods are a class of finite element meth-
ods with completely discontinuous piecewise polynomials as the numerical ap-
proximations. The DG method was first introduced in the framework of neutron
linear transportation by Reed and Hill [51] in 1973. Subsequently, the Runge-
Kutta discontinuous Galerkin (RKDG) methods were proposed for hyperbolic
conservation laws in a series of papers [16] 17, 18, [19]. Later, in [20], Cockburn
and Shu introduced the LDG method to solve the convection-diffusion equa-
tions. Their idea was motivated by Bassi and Rebay [2], where the compressible
Navier-Stokes equations were successfully solved. In [20], the authors introduced
an auxiliary variable ¢ to represent the derivative of the primary variable u and
thus rewrite (4.1.1]) into the following system of first order equations

ur — gz = 0,
(4.1.2)
q— u; = 0.
Then one can solve u and p on the same mesh [20].

The LDG method is one of the most important numerical methods for convec-
tion diffusion equations. However, for some special convection-diffusion systems,
such as chemotaxis model [43], [49] and miscible displacements in porous media
[24, 25], the LDG methods are not easy to construct and analyze. In each of the
two models, the convection term is the product of one of the primary variables
and the derivative of the other primary variable. Most of the well established
numerical fluxes for the convection terms, such as the upwind fluxes, cannot be
applied, since the coefficients of the convection terms turn out to be discontin-

uous after the spatial discretization. It is well known that hyperbolic equations
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with discontinuous coefficients are in general not well-posed [32, 40]. There-
fore, the DG schemes may not be stable when applied to those model equations.
Within the DG framework, there are three main different ways to bridge this gap.
Firstly, in [77, B35, [46] the authors combined the convection terms and diffusion
terms together and obtain the optimal error estimates. The idea was motivated
by Wang et. al. [60] 61} 62], where u, and the jump of u across the cell interfaces
were proved to be bounded by ¢. Moreover, to make the numerical solutions to
be physically relevant, we have to add a very large penalty which depends on the
numerical approximations of the derivatives of the primary variables [46] 36, [13].
The second approach is to apply the flux-free numerical methods such as the
Central DG (CDG) methods [47]. However, for CDG methods, we have to solve
each equation in on both the primary and dual meshes, which may dou-
ble the computational cost. The last idea is to apply the Staggered DG (SDG)
methods [14]. However, the method requires some continuity of the numerical
approximations, and hence it is not easy to apply limiters to the numerical solu-
tions. Recently, one of the authors in this paper introduced a new LDG method
in [28], where we solve u and ¢ on the primitive and dual meshes, respectively.
To construct the dual mesh, we perturb the midpoint in each cell of the pri-
mary mesh, and use them as the cell interfaces of the dual mesh. We denote
a € [—1/2,1/2] as the perturbation constance, see [28] for more details. The
stability and suboptimal error estimates of the new LDG scheme were also given
in [28]. Since ¢ is continuous across the cell interfaces in the primitive mesh, we

can apply the upwind fluxes for the convection term for the complicated systems
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discussed above. Moreover, with the new idea, it is possible to construct third-
order maximum-principle-preserving LDG methods on the overlapping meshes
[27]. However, if the dual mesh is generated by the midpoint in each cell of the
primitive mesh and piecewise odd order polynomials are applied, then the new
method may not yield optimal convergence rates when applied to the pure linear
parabolic equations [28]. This is the main reason why in the SDG method, the
numerical approximations are required to be continuous across some of the cell
interfaces. Several alternatives to gain the optimal convergence rates were also

introduced in [28].

Unfortunately, it is still unclear why the accuracy given in [28] is not optimal.
To solve this problem, we would like to apply Fourier analysis to quantitatively
analyze the error between the numerical and exact solutions. In [80], the au-
thors applied Fourier analysis to show the conditions of instability of some DG
schemes for linear parabolic equations with periodic boundary conditions on uni-
form meshes. Later, this idea was extended to investigate the superconvergence
of the DG scheme for linear hyperbolic equations in [91] and direct DG methods
for parabolic equations in [84]. Motivated by the works given above, we take
the initial condition as ug(x) = €“* and rewrite the LDG scheme on overlap-
ping meshes into an equivalent finite difference scheme. For simplicity, we only
consider P! and P? polynomials, and the extension to high-order polynomials,
though quite complicated, can be obtained following the same lines. We will
write out the amplification matrix and explore the eigenvalues and eigenvec-

tors. For P! case, we anticipate two eigenvalues and only one of them should
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be physically relevant. We find that if & = 0, the nonphysical eigenvalue does
not decay during mesh refinement, and the scheme will generate a spurious wave
that degenerate the accuracy of the scheme. However, if a # 0, the nonphysical
eigenvalue will decay exponentially fast during mesh refinement. Hence the non-
physical wave does not contribute much toward the numerical approximations,
and keeps the accuracy. For the P? case, no matter which o we choose, both of
the two nonphysical eigenvalues decay exponential fast during mesh refinement.
Finally, by using Taylor’s expansion, we can find out the leading term between
the exact and numerical approximations, which gives us the order of accuracy

of the scheme.

Moreover, with the quantitative error estimate, we can find some supercon-
vergence points. Superconvergence of DG methods have been studied intensively
for parabolic equations, see [9, 10, 76l [5] as an incomplete list. Different from
the previous works, we have no idea about the position of the superconvergence
points. For simplicity, we take k = 1 as an example. We choose two points in
each cell to be determined, denoted as a and b, as the superconvergence points.
Then we apply the Fourier analysis and write out the error between the numeri-
cal and exact solutions at the two points. The leading terms of the errors should
be functions of a, a and b. By setting the them to be zero, we can find the
relationship among «, a and b. Hence, for fixed a, we can solve for a and b as

the superconvergence points.

The rest of the paper is organized as follows. We first discuss the LDG scheme

for one dimensional heat equation on overlapping mesh in Section In Section
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4.3 we demonstrate the quantitative error estimate using Fourier analysis for
piecewise P* polynomials with k = 1,2. The superconvergence of the solution
will be given in Section [£.4] In Section [4.5] some numerical experiments will be
demonstrated to verify the theoretical results. We will end in Section with

concluding remarks.

4.2 LDG method on overlapping meshes

In this section, we present the formulation of the LDG method on overlapping

meshes and study the linear parabolic equation (4.1.2]).

4.2.1 Overlapping meshes

Different from the LDG method introduced in [20] where u and ¢ are solved
on the same mesh, our new method solves on two meshes, as shown in
Figure

I; Iit

Ti—1/2 Li+1/2 Ti+3/2

|

(e}
b Tjp1

Figure 4.1: Overlapping meshes

Let

O::IJ%<JJ%<...<:L’N+%:27T
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be a uniform partition of the domain [0, 27] with mesh size h = Wﬂ We denote
1 :
I = [xj_%,xj+%] and z; = 3 (:vj_% +xj_%> ., j=1..N,

as the cells and cell centers of the primitive mesh, respectively.
Based on the primitive mesh, we move each cell center within the correspond-
ing cell to obtain the dual mesh, which is used to solve the auxiliary variable q.

Then the cell interfaces of the dual mesh are given as

rf =x;+ah, j=1,..,N, (4.2.3)

where —% <a< % is the perturbation constant of the midpoint in the primitive
mesh. In this paper, we assume a to be a constant independent of the cells.
Actually, the dual mesh contains all the cell J; = [z%,2%,,], where we define
2%, = 2§ + 27 due to the periodic boundary condition. For simplicity, we

define Jy = Jy = [0, 2¢] U [2%, 27].

4.2.2 LDG scheme

In this subsection, we proceed to construct the LDG method on the overlapping
meshes given above.

The finite element spaces are
Vi ={v vl € P*(I;), j=1,..,N},
Wy ={v :v|; € P*(J;), j=1,..,N},
where P¥(I;) and P*(J;) denote the set of polynomials of degree up to k on I;
and J;, respectively. It is easy to see that the elements in V¥ and W} are con-
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tinuous across the cell interfaces on the dual and primitive meshes, respectively.
Therefore, it may not be necessary to introduce the numerical fluxes in the LDG
scheme. For simplicity, we also use u and ¢ as the numerical approximations.
Then the LDG scheme on overlapping meshes is to find v € V¥ and ¢ € W/

such that for any v € V¥ and w € W} we have

_ - ot
/]. wvdr = — /I quzdx + GtV ~ G2V L (4.2.4)
J J
/J qudzr = —/J uwydr +uf  (wiy )T — uf (w§)™, (4.2.5)
i i
where ¢; 1 = q(ijr%), ufy = u(rg,,), vj__% = v*(xj_%) and (w$)” = w™(z%).

Likewise for v]tl and (w$)™.

To implement the schemes ([4.2.4) and ([4.2.5), we define ¢%(x) and ¢f(x),
¢ =0,1,...,k, as the local bases of P¥(I;) and P*(J;), respectively. Then we can

N

represent the numerical solution as

k
= Zu§¢§(x), v el (4.2.6)

Zq]goj e Jj. (4.2.7)
Substitute (4.2.6]) and into (|4.2.4|) and (4.2.5) to obtain

du; 1
dty = (Au;_; + Bu; + Cujyq), (4.2.8)
where u; = (uf, .. ,u]) and A, B, C are (k+ 1) x (k+ 1) constant matrices.

Following [91], we define

20—k
J+2%i+li) :ij+ <m) h, éz(),...,k;,
o N ( 20+1

20+1 — T,
-7+2(k+1) J



as the grid points in cell I; and J;, respectively. Then we can construct Lagrange
interpolation polynomials at the grid points as the local bases of P*(I;), and
Pk(Jj). With the Lagrange bases, u; = (u?, ...,u?)T turns out to be the point

values of the numerical approximations at the grid points in cell I;. Hence, we

rewrite the LDG scheme into a finite difference scheme.

Remark 4.2.1. To apply Fourier analysis, it is not necessary to choose globally
uniformly distributed grid points as we treat the point values at the grid points
in each cell as a vector. Therefore, we only need to construct uniform cells. We

will choose other grid points to find out the superconvergence points in Section

44

4.3 Error analysis

In this section, we proceed to analyze the error between the numerical and
exact solutions at the grid points given in Section [4.2] Numerical experiments
in [28] demonstrated that, the accuracy may not be optimal only if odd order
polynomials were applied. Therefore, we only analyze the LDG scheme with
piecewise P! and P? polynomials in this section to find out the reason of accuracy

degeneration.

4.3.1 The P! case

In this subsection, we present the details of error analysis for the piecewise linear

case Le. k= 1. The local basis functions on cell I are ¢;_1(z), ¢;,1(x), which
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are Lagrange polynomials based on z;_ 1, Tyt Also, the local basis functions

on cell J; are gpj+%(a:), Py (x), which are Lagrange polynomials based on x?‘%,

xﬁ 3. Then the solutions can be written as
4
u(z) = uj_%gzﬁj_i(x) U1 jﬁ(x), x €I
Q(QI) - q?—F%SOjJri(‘T) + q?+%(pj+%(x)7 YRS Jj-
For j =1,---, N, the finite difference representation of the LDG scheme (4.2.5])

is

q..1 1 U;_1 U, 3
.7+4 —_ J 4 '7+4
. 1h Q1 + Q2 , )
U3 J+i 43
where
0 —5+ 1da+ 1202 1 — 260 — 1202
1= )
14+2a —12a%2 =54 10a + 1202
0 54+ 100 — 1202 —1+4 2a 4+ 1202
2 pr—

—1— 26+ 12a% 5+ 14a — 1202
Moreover, the finite difference representation of the LDG scheme (4.2.4) can be

written as
! (e} o
St 2 o [T s |
o 4h o o ||
j+1 93 s
where
U —5— 1da+ 1202 1+ 26 — 1202
1 — )
1—2a — 1202 —5 — 10 + 1202
5—10a — 1202 —1—2a + 1202
Uy =
—14+26a+ 12a% 5 — l4a — 1202
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Here u' denotes the time derivative of u. After some simply algebra, we can

obtain
du; 1
d_t] = ﬁ (Allj_l + 2Bu]‘ + C’uj+1) s (439)
with
) 1 [ 13+ 14a — 144a? — 1683 + 144a*  —5 — 2o + 38402 + 2402 — 14402
—5 4 2 + 4802 — 240? — 144a* 13 — 14a — 9602 + 168 + 1440
5 1 [ =13 — 14 — 16802 + 1680 — 1440 5+ 20 + 7202 — 2403 4 14404
8 5 —2a + 7202 + 2403 + 1440 —13 + 14a — 16802 — 168a3 — 144a*
c 1 [ 13 + 140 — 9602 — 168a3 + 144a*  —5 — 2a + 4802 + 2403 — 1440t
8\ _54 20+ 38402 — 2403 — 1440* 13 — 140 — 14402 + 16805 + 14404

(4.3.10)
Next, we will use the standard Fourier analysis to solve (4.3.9). We consider a

general Fourier mode and assume

A
where the amplification matrix G is
1 —i i
G:ﬁ(Ae $+2B+Ce"), ¢=uwh, (4.3.11)
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with the matrices A, B, C given in (4.3.10)). For simplicity, we assume w = 1,

then & = h. The two eigenvalues of the amplification matrices are

Ao = # (7 ¥ \/B) : (4.3.12)

where

v =13 — 26€* + 13e** 4 144a* (—1 + )2 — 240*(5 + 14 4 5e*¢)

B =25(—14 €®)* 42073605 (—1 + e©)* — 6912a°(—1 + ¢©)?(5 + 14e™ + 5¢*¢)
—4802(—1 + €®)?(41 + 38¢™ 4 41e%¢)

+ 2880 (55 + 260¢™€ 4 5226 + 2606¥ + 55¢45).

(4.3.13)
Moreover, the corresponding eigenvectors are
I'+VB
Vig = : (4.3.14)
©

where
= —lda(—1+e%)? 4 168a%(—1 + %) — 24a*(—1 + *¢)
O = 5(—1+€%)? —2a(—1+e%)? + 2403 (—1 + €%)? + 144
(=1 + €)% — 48a2(1 + 3¢ 4 8¢%%)

with 8 given in (4.3.13)). Then the general solution of the ODE system (4.3.9) is

1
1 = C MV + Crpe™'Vy, (4.3.15)
ﬁ%(t)
where the constants C; and (' are determined by the initial condition
. _i€
U_1 (0) _ (e
ity (0) e
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Therefore, we have the explicit solution of the LDG scheme with P! polynomials.
The quantitative error will arise when we compare the numerical approximations

with the exact solutions U(x,t) at the grid points defined by

le—tlloo = max [Ulz;_1,¢) —u;_1

lleqilloo = max [Ulzy1,8) — i (t)]-

However, it is not easy to write the analytical form the of errors. Therefore, we
would like to apply Taylor’s expansion with respect to £ at & = 0. Then two

eigenvalues of the amplification matrix can be rewritten as

1. For a =0,
9 3 1 1
N = —— 4 g2 T gt 6 7
e B T T N T o)
1 1 1
o = —1 4+ —¢2_ _— ¢4~ 64 0367,
2 158 73508 T o108 T O
2. For a # 0,
_ 9 2 . 1440® (13 502 A
)\1——4—1—30& — 360" — e +¢ i + 3
1 5 062 Oé4
— 4 P - -
¢ (360 01202 16 T 10)
383 25 1 50 ATl
6 . _ O 7
+¢ (483840 t 308131207 1382402 1008 6720) +0(&),

1 5) a?
A=—1-8 e —— =
? ¢ <160 961202 48)

61 25 1 o o
6 7
- - S 2 ) o).
‘ (96768 T 308131204 1382402 288 192> +0(£")

It is easy to see that Ay is the physical eigenvalue, while \; is the nonphysical

one. For a # 0, the fourth term in A\; makes the first term in (4.3.15)) decay
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exponentially fast. In the analysis, we only need to take Ay into account and
omit the contribution of A\;. However, for a = 0, the contribution of A\; is not
negligible, leading to a nonphysical wave. With some basic computation, we
have the quantitative error:

For a = 0,

1
el = g (=1 + 780

€73 | (=3 + 16t — 6e~ 11 (—1 + 9¢t) + 3e3")(—1 + 18¢)
1152(—1 + e~ 3"

+ £ +0(&Y).

(4.3.16)

For a # 0,

(141202,
||€+i||oo = 90 §

+ |75 — 9400* — 4080a* + 720000’ — 1036800 — 138240a" (—1 + t)

+ 80a(—1 + 5t) + 2304a°(—15 + 23t)

(=14 12a%)e™!
552960 (a — 12a3)

—19203(—15 + 431&)] ¢t

+O(£°).
(4.3.17)

The error ||e_1]|s is similar, so we omit it here. From the error, we can see
4
that for o = 0 the error is indeed first order accurate, while it is second order

accurate for a # 0.

4.3.2 The P? case

In this subsection, we will use the same approach given in Subsection to

demonstrate the error analysis for the P? case. Denote the local basis functions
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for cell I, as gbj_%(x),gbj(w),gbﬁr%(a:), which are Lagrangian polynomials based

on the points Tj 1,05, The local basis functions for cell J; are g0j+%(3:),

a

©; +%(:1:), Pjis (x), which are Lagrangian polynomials based on the points T3

x% 1, 29 5. Then the solutions can be represented as

ity Uit

ule) = ;30,3 (2) + w5(0) + w1050 (), @€,

9(r) = ¢7 10541 (2) + 19541 (0) +F s 0505(2), @€ )
It is quite complicated to write out the exact forms the eigenvalues and eigenvec-
tors for the P? case. Therefore, we will only consider two special cases, namely
a=0and a= %

Following the same procedure given in Subsection 4.3.1} the LDG scheme can
be written into the matrix form (4.2.8) with

T
w = (uj_%,uj,uﬂ%) , (4.3.18)

and for a = 0,

385 1674 1063
1
—53 —14 =318 17551,
95  —310 7
—92211 278 861
1
_ _ 4.3.19
555 | 985 2562 585 |, ( )
861 278 —92211
7 —310 95
1
=5 | 1755 318 —45 |,
1755 —318 —45
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and for oo =

N[ =

153 —510 765
A=—1 9 —20 45 |,
—15 50 —75

~151 42 13
63 —186 171 |, (4.3.20)

—-13 226 311
—29 6 -1

C 1
=16 —-261 54 -9
667 —138 23

Again, the standard Fourier analysis will be applied and assume

;-1 (1) a_1(t)
ui(t) | = | a(t) | € (4.3.21)
Uy (1) a1 (t)

For simplicity, we also assume w = 1. Substituting the above into (4.2.8), we

can obtain the ODE system

@4 (8) i1 (t)
W) | =G| a) |- (4.3.22)
1 (0) a1 (t)

where the amplification matrix G is given by (4.3.11]) with A, B and C' defined

in (4.3.19) or (4.3.20) for & = 0 and o = 1, respectively. Denote \; and V;, i =

1,2, 3, to be the eigenvalues and corresponding eigenvectors of Gz, respectively.
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Then for a = 0,

5966517 4058334841 33455941971

A= —1 3 4 5
' 072 T someso0 © T 7smas0
405767495830801 ;
~ 33030144000 © T O¢)
151 15 | 7V/15 241915, 29 ,  (596651i 13228737901 \
Ao = o0 — 5 E F EF 56+ F
128 ¢ 8¢ 20480 512 6144 ' 20971520+/15
(36524902209 + 16115508640+/151) "
i 53982400
. (—5481421532364800i = 24369590513027331/15) .
2415919104000
N (405767493603601 + 180998522537910/154) £+ 07
66060288000 '
and
—720 — 12004€ + 12042 + 897i&3 + O(&4) r
Vi= | =720 — 1440i€ 4 1644£2 + 13682 + O(¢Y) |, Vez =[O |
—720 — 1680i¢ + 2164¢2 +1999i¢3 + O(£4) A
where

T = —53760(12i T V15)z + 224(5095 =+ 232iv/15)¢2 + (1198544i T 22769v/15)¢% + O(£4)
O = T161280V15¢ T 3360(59 4 96v/150)¢2 — (3964800 T 367571v/15)¢% + O(£)

A = 53760(12i & V/15)¢ — 224(6425: T 728V/151)€2 — 3(598128i & 81659v/15)£% 4+ O(£*)
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and for a = —,
2

11444 14300 1107835304 42485046399193
- _1_ 3 4 5 6 7
M 3 &+ 9 &+ 29187 6401682000 &+ 0K
38 6(13F V69) < 6821 ) 444
Aoz =—14 + — — (13F3Vv69) &
2 V69 £? 3F1656\/_ ¢ 3 ( i >§

572003 38588405903 11 (5035615 T 894279 69) 5
— 1

720 3427920\/ 29187
n (502441935138015571557 F 742989766128685524111/6 )

151416730953936000 "o,
and
3600 + 6000i€ — 5246£2 — 32214€3 4+ O(£) r
Vi=| 3600+ 7200i¢ — 744662 — 5313i€3 + O(¢*) | Ves =10 |;
3600 + 8400i& — 10046£2 — 824513 + O(&Y) A
where

T = 1656(141 F 7v/69) + 138i(1507 F 39v69)€ — 10(7222 =+ 749v/69)£% 4 O(£3)
O = 24840(3 T V/69) + 414i(269 F 113v/69)¢ — 6(6532 + 6957/69)£20(£3)

A= % (—4968(171 F17V69) — 414i(3293 F 361v/69)¢ + (937572 F 117690v/69)& ) +0(€%)

Then the general solution of the ODE system (4.3.22) is

ﬂo(t) = 0216)\11‘/‘/1 + CQQ@AQt‘/Q + 0236/\3t‘/:0,, (4323)

a+§ (2)

where the constants Cy;, Cy and Csg are determined by the initial condition

U %(O) e 3
it 1(0) %
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We can see that, \; is the physical eigenvalue while Ay 3 are the nonphysical
ones. Moreover, it is easy to observe that the second and third terms in (4.3.23])
are decreasing exponentially fast with respect to the mesh size h, hence we can
ignore the contribution from them. With some basic computation, we can obtain
the quantitative error estimates:

for a =0,

ey loe = masx UG,y 6) =, (8)

(832 + 80547885t )¢ e
- 414720
1

10979996079226880
+ 1019215872000(832 + 80547885t) I

+1066737149124583495680¢ + 48349276106069021512077t2)€_t} 55
+0(£%),
leolleo = max |U (. £) = s (t)
_ 596651te" ,

3072
1

26214400
* 25128767324160000¢2 |

+ 976011547208325120¢ — 14799288676482712431t%)te '] £ + O(£°),

et 1l = max U1 1,t) = w1 (t)]
 (—832+ 80547885t )e " &
a 414720

1

—10979996079226880
N 1019215872000(832 — 80547885¢) I

+ 1066737149124583495680t + 48349276106069021512077t2)e*t] 55
+0(&%),
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1
and for a = —,
2

(—1 +494208t)et

lle_1llec =
3

1296
1
— 85477574647
+_3362342400(1——494208t)[(
+ 42232234477694976¢ + 806689123688448000t°)e ] £
+0(°),
~ (=1+91520t)e" 4
leollow = 50—
1
512868994643
+16811712000(1-—91520@[(
—47003527618544640¢ + 746934373785600000¢)e "] &7
+0(%,
(23 4 2471040t )e~*
et 1]l =
3 6480

1
T 1681171200023 + 24710407)

[13(—151230865483

+ —16134718463170560t + 1551325237862400000t2)e_t] €

+0(£9).

We can see that, both cases yield optimal convergence rates.

4.4 Superconvergence

In this section, we will consider the one-dimensional linear parabolic equation
and investigate the superconvergence of the LDG scheme. We take the pertur-
bation constant a # 0. For simplicity, the finite element spaces are made up of

piecewise linear polynomials. The extension to high-order cases, though quite
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complicated, can be obtain following the same lines. The Fourier analysis tech-
nique discussed in Section will be used to investigate a relationship between
the perturbation constant « of the dual cells and the superconvergence points.
However, the superconvergence property discussed in this section only works for
uniform meshes. For general random meshes, the superconvergence points are
not easy to derive.

The basis functions in this section are different from those discussed in Section
. We are using ¢j7%(x), b, +%(:(;), which are Lagrange polynomials based on
the grid points z; 1, T;,1 88 the local basis functions for cell I;. Also, the local

basis functions for cell J; are p;(x), ¢;+1(x), which are the Lagrange polynomials

[0}

based on the grid points z§, xf,;. Then the solutions can be represented as

u(z) = uj_%gf)j_%(x) —i—uj+% j%(x), x €l

q(x) = qjp;(x) + Q?HSOJ'H@)? r € Jj.

Following the same analysis in Section [£.3] the LDG scheme can be written into

the matrix form (4.3.9) with

) 1 [ 134 16a — 24a? — 19203 + 144a*  —5+ 8a + 408a? — 9603 — 1440

8\ _5_8a+ 2402+ 9608 — 1440* 13 — 160 — 21602 + 19203 + 14dat
5 1 [ =13 — 16 — 216a2 + 19203 + 14404 5 — 8a + 7202 4+ 9602 + 1440t

8 54 8a + 7202 — 9603 + 1440* —13 4+ 160 — 16802 — 19203 — 144t
. 1 [ 134 16a — 216a? — 19203 + 144a* =5 + 8a + 24a? — 9603 — 1440

8\ _5_38a + 4082 + 9603 — 144a* 13 — 16 — 2402 + 1920 + 144a*

(4.4.24)
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To observe the superconvergence property, we would like the initial error to be
superconvergent at the superconvergence points. Therefore, we can take the
initial discretization to be the polynomial interpolation at the superconvergence
points. To locate those points, we first map each physical cell into the reference
interval [—%, %], and denote the superconvergence points in the reference interval
to be a and b. Then we map the two points back to the physical cell, and denote

them as 27 and x? in cell [;. It is easy to check that
x; = x;+ah, :132 = x; + bh.

Then, the initial numerical solution in cell I; would be

eiwxé’- o eiwx‘; I,?eiwx;’f _ x?eiwxg
L " v b — gz
J J J J

We evaluate the above interpolation at Tj 1, Tyl to obtain

(b+3)e® — (a+ 3)e*t

y(xj_%) - - T
(b— Lyeita — (¢ — Ly
y($]+%) - b—a e 7,
Then the initial condition of a general Fourier mode
w;_1(% a1 (t .
J 2() — 2() ezw$j7 (4425)
U1 () iy (t)
can be written as
1 ei.fa,_ a 1 eiEb
a_1(0) (b+3) b_i +1)
N T\ ompyeita_am1yeise | (4.4.26)
iy 1(0) N
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In this problem, the two eigenvalues and the corresponding eigenvectors of the
amplification matrix are the same as (4.3.12)) and (4.3.14]), respectively. Then

following the same analysis in Subsection 4.3.1] we can write

a_1(t)
(t)

where the two constants C; and (1, are determined by the initial condition

= 0116)\11‘/‘/1 -+ 0126)\2t‘/2, (4427)
w1
2

(4.4.26). After we obtain the numerical approximations at z; 1 and z; 11 at

1
3
the final time T, a direct linear function interpolation would yield the numerical
solution at x§ and :1:?, denoted as u§(t) and u?(t), respectively, which further

leads to the quantitative error estimates

lealloo = 1%225\/ |U(xj’t) Uy (0]
a(l + 12aa + 12ba — 12a2)e™
= 3
24«
96a®a? + 384a?ba® + 2a(1 + 12ba — 12a2)
57602
a(—5+ 96(1 + v*)a? — 144at)e™t] A
O
+ 6 &+ 0,
. by b
leullo i= mace (Va4 1) — ut)
b(1 + 12ac + 12bar — 12a2)e™t ,
= 3
24«
96b%a? 4 384ab*a? + 2a(1 4 12aa — 12a2)
5762

+ +b(—5496(1 + a®)a® — 144a*)e '576a%] £ 4+ O(¢Y)
To set the coefficients of the leading term to be zero, we have

1202 — 1
po e =1 4.4.28
at 120 ( )
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Then we can state the following theorem.

Theorem 4.4.1. Consider the LDG scheme , on uniform meshes
with mesh size h. Suppose the finite element space is made up of piecewise P*
polynomials and the condition is satisfied. Assume the initial solution
is the interpolation of the exact solution at x§ = x;+ah and a:? = x; +bh in cell

I;, then we have

U(z5) —ujl = O(Y),  |U(x3) —uj| = O(h?).

J J J

where U is the exact solution, and uj and ug’ are the numerical solution evaluated

a b ;
at x§ and x;, respectively.

Remark 4.4.1. We choose gbj_%(x), ¢j+%(:v) as the local basis only because
we would like to demonstrate the general approach to find the superconvergence
points. Actually, one may choose any other basis, e.q. those given in Subsection
[4.3.1. However, no matter which basis to choose, one has to construct interpo-
lation polynomaial at the superconvergence points as the initial discretization and
evaluate the error at the same points. Then the superconvergence points can be

determined by taking the leading term of the error to be zero.

4.5 Numerical experiments

In this section, we will use numerical experiments to demonstrate the accuracy
and superconvergence of the LDG method for one dimensional linear heat equa-
tion on overlapping meshes. First, we will demonstrate the accuracy using piece-

wise polynomials of degree k = 1. Next, we will show numerical experiments for
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superconvergence. Moreover, we use the third-order SSP Runge-Kutta method
for time discretization [34] with time step At = 0.01h2 to reduce the time error

and take the final time T=1.
Example 4.5.1. We solve the following heat equation in one space dimension

Up = Ugy, T € [0,27],

(4.5.29)

u(zx,0) = sin(z).

Clearly, the exact solution is
u(x,t) = e 'sin(x).

We consider uniform meshes and take a = 0 in (4.2.3)), i.e, the dual mesh is
generated by using the midpoint of the primitive mesh. Moreover, we also take
a = 0.05 which is closed to 0, a = 0.25 which is away from 0, and a = 0.5 that
the dual mesh agrees with the primitive mesh. We compute the error between
the numerical and exact solutions and the results under L?-norm are given in
Table [4.1} From the table, we can observe suboptimal accuracy when taking
a = 0 with piecewise linear polynomials. To obtain optimal accuracy, we can
choose a # 0.

Next, we proceed to verify the superconvergence property discussed in Section
4.4 We first take o = 0.25, then a + b = —15. One example would be a =
—é and b = 1—12, and the result is given in Table . We can observe third-
order convergence, which verifies Theorem [£.4.1 Next, we take a = 0.5, then

a+b = 3. In this case, the dual mesh agrees with the primitive mesh. In [76]

we have demonstrated third-order superconvergence at the right-biased Radau
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a=20 a = 0.05
number of cells
L? norm order | L? norm order
10 1.19E-01 - 9.05E-02 -
20 5.96E-02 0.96 | 2.62E-02 1.79
40 298E-02 0.99 | 5.86E-03 2.16
80 1.49E-02 1.00 | 1.37E-03 2.10
160 7.46E-03 1.00 | 3.35E-04 2.03
a=0.25 a=0.>5
number of cells
L? norm order | L? norm order
10 5.73E-03 - 1.77E-02 -
20 1.19E-03 2.27 | 4.39E-03 2.01
40 2.80E-04 2.09 | 1.10E-03 2.00
80 6.88E-05 2.02 | 2.74E-04 2.00
160 1.71E-05 2.00 | 6.84E-05 2.00

Table 4.1: Example 4.5.1p o =0, a = 0.05, a = 0.25, o = 0.5.

points (a = —%, b= %) We will choose some other superconvergence points, for
example, a = —% and b = %, and the results are given in Table From the

table, we can also observe third-order superconvergence which verifies Theorem

441l
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a=0.25 a=0.5
k | number of cells a=-1/6 b=1/12 a=-1/8 b=11/24
L? norm order L? norm order
10 8.855857E-04 - 1.920474E-03 -
20 1.054519E-04  3.07 | 2.358132E-04 3.03
1 40 1.299687E-05  3.02 | 2.934797E-05 3.01
80 1.617833E-06  3.01 | 3.664505E-06 3.00
160 2.020093E-07  3.00 | 4.579387E-07 3.00

Table 4.2: Example [4.5.1f Superconvergence with a = 0.25 and o = 0.5

4.6 Conclusion

In this paper, we applied Fourier analysis to demonstrate the quantitative er-
ror estimates of the LDG methods on overlapping meshes with piecewise P*
polynomials (k = 1,2) for linear parabolic equations in one space dimension.
We analyzed the reason for the accuracy degeneration. Some superconvergence

points were also investigated.
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Chapter 5

Conclusion

In the first work, the conservative LDG method for both flow and transport
equations was introduced for the coupled system of compressible miscible dis-
placement problem that is important and interesting in oil recovery and environ-
mental pollution problem. The optimal order of error estimates hold not only
for the solution itself but also for the auxiliary variables. Special projections and
a priori assumption help to eliminate the jump terms at the cell interfaces which
arise from the discontinuity nature of the numerical method, the non-linearity
and coupling of the model.

In the second study, we expanded the idea of the previous work to construct
high-order bound-preserving DG methods for compressible miscible displace-
ments in porous media on triangular meshes. The technique have been applied
to the problem with multi-component fluid mixtures. Numerical simulations
shown the accuracy and necessity of the bound-preserving technique.

In the third research, Fourier analysis was applied to demonstrate the quanti-
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tative error estimates of the LDG methods on overlapping meshes with piecewise
P* polynomials (k = 1,2) for linear parabolic equations in one space dimension.
We analyzed the reason for the accuracy degeneration. Some superconvergence

points were also investigated.
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