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 Abstract 
Intricacies of the shock response spectrum were discovered and investigated by testing a 
circular plate structure with integral damping. Effects on the SRS from physical alterations 
to the nonlinear structure were monitored from low and high shock impulses. A method 
was developed and validated to estimate high amplitude shock inputs from low amplitude 
frequency response functions. Finite element models explored variable thickness plate 
designs. 
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1 Introduction 
Designing for mechanical shock is difficult, but the intricacies of testing for it can be even 
harder. Shock testing is utilized in (but certainly not limited to) spacecraft and avionics 
engineering, earthquake engineering, transportation and shipping and the computer 
industry. [4] There are a multitude of ways of accomplishing this goal from drop towers 
and shakers to Split Hopkinson Bars. [5] The area of focus of this research was on resonant 
plate testing. 

1.1 Background 

Resonant plate testing is a method currently accepted and commonly used for shock testing. 
A plate is designed that produces a particular desired frequency response. A test component 
is mounted (usually with a fixture) in the center on one side of the plate. The plate is 
impacted in the center on the opposite side. A type of damping material can be placed on 
the impact location to control the impulse duration and amplitude. A simple overview of a 
test setup can be found in Figure 1. 

 
Figure 1. Overview of Resonant Plate Testing 

Damping material can also be placed within the structure to create a constrained layer 
damping effect to increase the overall damping of the structure itself. A diagram of the 
inclusion of this damping material can be found in Figure 2. 
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Figure 2. Diagram of Resonant Plate Testing with Integral Damping 

A uniaxial accelerometer is typically placed on the test component to measure the 
acceleration on one axis that is in line with the impact direction. A shock response spectrum 
is calculated from that time trace. This is assumed to capture the response that the test 
component would be exposed to in a shock environment. The shock response spectrum 
(SRS) is a metric that is typically used to quantify the severity of this impulse. This 
calculation uses a peak hold type measurement to quantify how the test component would 
respond if the component was a single degree of freedom at each natural frequency. This 
results in a base excitation at each natural frequency, as shown in Figure 3. 

 
Figure 3. SRS Calculation Concept 

The SRS shape is selected by measuring an experimental response and calculating a SRS. 
This SRS (with designated allowable margins for error) then becomes the standard test 
specification.  
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Rectangular plates have historically been used for resonant plate testing, but because there 
are many frequencies that contribute to the response, the plates cannot always be designed 
to produce desired shock response curves. [5] Previous analytical research has shown that 
the symmetry of circular plates can limit the number of contributing modes in the structure. 
[6] Resonant plate testing is considered a mid-field pyroshock test method as this 
mechanical test method typically produces responses that are between 1,000 and 10,000 g 
(acceleration due to gravity) in peak acceleration. [7] The test method is ideal for meeting 
specifications because it can produce a double sided pulse. [7] 

1.2 Goals 

The goals of this research were to analyze the SRS by modelling and performing 
experimental testing to gain a better understanding of how physical changes in the test 
relate to changes in the SRS. Using this knowledge, a structure could be designed to meet 
specific SRS test criteria. This was a very loosely structured goal with little to no clearly 
defined metrics to quantify success. A linear finite element model that could track 
alterations in design was created to guide the resonant plate design. Analytical simulations 
were used to gain insight into the variables and issues associated with testing. Experimental 
testing was conducted and analyzed to fine tune the understanding of the SRS. It is expected 
that any successful shock testing program will use these tools and procedures to achieve 
the desired results in an efficient manner. 
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2 Methods 

2.1 Modelling 

A FEA model and a numerical model were created and used to assist in the design and 
analysis of a resonant plate system. The basic geometric shape of the FEA model was 
validated with an analytical equation. 

2.1.1 FEA Model 

Previous research has investigated and proven that circular plates provide symmetry to 
minimize the number of contributing modes when impacted directly at the center. [6] A 
finite element model of an aluminum plate with a thickness of 1.125 inches and 17 inch 
diameter was created in Hypermesh to simulate this hypothesis. First order 0.2 inch 
tetrahedral elements were used. The boundary conditions of the plate were modeled as free-
free, attached by four soft (1000 N/m) springs to ground at locations around the edge of 
the plate.  An eigenvalue solution was used to solve for all modes of the plate up to 10,000 
Hz. The modes with anti-nodes at the center of the plate are shown in Figure 4.  

  
Figure 4. Hypermesh Model of Plate (Left) and Contributing Mode Shapes (Right) 

To prove the validity of the model, all the modes were compared with analytical solutions. 
The following Equation 1 is the analytical representation of free-free circular plates. [8] 
The variables are described below in Equation 1. 
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(1) 

f = natural frequency 
λ = natural frequency parameter 
a = radius 
E = modulus of elasticity 
H = thickness 
ρ = density 
ν = Poisson’s ratio 

The values of λij were analytically developed by Itao. [9] Table 1 includes the values of λij
2 

used in the calculation where i represents the number of nodal diameters and j represents 
the number of nodal circles. [8] 

 
Table 1. Values of λij

2 for Equation 1 

 

All other variables and selected values of parameters of the plate can be found in Table 2. 
The material properties are of 6061 aluminum. 

 
Table 2. Structure Parameters for Equation 1 

 

Using the values from Table 1 and Table 2 in Equation 1, the analytical natural frequencies 
of the plate can be calculated and are displayed in Table 3. The only contributing natural 
frequencies occur when there are zero nodal diameters (i=0). Only the 10 to 10,000 Hz 
frequency range is of interest. 
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Table 3. Natural Frequencies (Hz) of Free-Free Circular Plate from Equation 1 

 

A comparison of the finite element results and analytical results in Table 4 show errors 
below 10% for all critical natural frequencies of interest. The first six modes are rigid body 
modes of the plate. 

 
Table 4. Simulated and Analytical Natural Frequencies of Free-Free Circular Plate 

 

After this initial check to aid in the design of the plate, the model was further expanded to 
include a fixture and impact pad that would more accurately simulate a typical 
experimental test. 

2.1.2 Numerical Model 

An analytical model of a constrained system was developed in MATLAB. The single 
degree of freedom model was selected to have a natural frequency of 1300 Hz and a mass 
of 14 kg for the physical parameters, which are both similar to the properties of the physical 
system. The stiffness to ground is dictated by the mass and selected natural frequency of 



7 

the mode, so in this system the stiffness is 9.34(10)8 N/m. A sample frequency of 100,000 
Hz was used with a block size of 10,000 Hz to create a time history of the response. A 
haversine, which is the square of a sine wave, was selected as the excitation impulse shape. 
This is the general shape of an experimental impact impulse. The time duration of the pulse 
and damping were varied to monitor the effects on the SRS. 

2.2 Testing 

Structures were fabricated and experimental testing was performed to investigate the SRS 
by altering variables. An input estimation method was developed, validated, and performed 
on the experimental data and a modal analysis was executed. 

2.2.1 Input Levels 

To test this design, two different plate configurations were manufactured. Three 3/8 inch 
thick, 17 inch diameter plates were bolted together using 8 bolts in an equally spaced 11.5 
inch diameter circular pattern. This system was designed to have a first bending mode 
frequency near 1300 Hz. A 5 inch square, 3 inch thick mock fixture was bolted through all 
of the 6061 T6 aluminum plates. This block of aluminum is intended to represent a test 
fixture and part. Two bolts at the top of the plates provided a mounting location to suspend 
the system.  

One of the plate configurations had 0.125 inch of C2003 EAR damping material adhered 
between the plates (referred to as damped). The other set of plates had no damping material 
(referred to as undamped). The damped plate configuration can be seen in Figure 5. 

 
Figure 5. Resonant Plate with Fixture (Left), Damped Plate Cross Section (Right) 
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Low amplitude testing was performed using a PCB 086D20 handsledge impact hammer. 
This impact hammer has a resonant frequency greater than 12kHz and can measure up to 
5000 lbf peak. The shock response at the fixture location was acquired using a PCB 350D02 
shock accelerometer, which is +/- 1 dB from 4 Hz to 10,000 Hz and has a measurement 
range up to 50,000 g peak. Although the resonant frequency of this accelerometer is at least 
100,000 Hz, there is an electrical filter applied at 17,000 Hz and a mechanical filter applied 
at 35,000 Hz. The response can be controlled by the plate geometry and material, impact 
projectile mass, impact projectile speed, impact duration, impact location, test item 
location, and clamps or suspension mechanisms. [7] The tested variables of interest for low 
amplitude testing were the effects of the damping material, bolt torque, and input force 
level. High amplitude testing investigated the effects of damping material, projectile mass, 
projectile speed, and programmer to alter impact duration. 

2.2.2 Input Estimation 

As previously stated, resonant plate shock testing is conducted by rigidly attaching a test 
fixture and part to one side of a resonant plate and impacting the opposite side with a 
projectile. This testing produces high amplitude impulse input events which are too high 
for standard sensors to measure and capture the input characteristics, requiring the use of 
expensive shock specific instrumentation. A typical load cell would not withstand the 
subjected high amplitude impulses, so the mass and speed of the projectile are used to 
experimentally design the correct response using trial and error. A programmer of a softer 
material such as felt or rubber can be placed on the test fixture at the impact location for 
further input control. [10] This trial and error method of setting up a test requires much 
experience and many trials to meet the desired specifications when only monitoring the 
output. Non-linear simulations can be made of the entire system, but if a linear model was 
used in calculating input characteristics, the input could be monitored during experimental 
testing. 

A low amplitude frequency response function can be measured using the typical impact 
testing method. On the same system, a high amplitude response can be measured using the 
typical shock testing method. A frequency response function (FRF) is the output divided 
by the input by definition, therefore multiplying the inverse of the FRF by a second 
different amplitude output should result in the correct estimate of the second different 
amplitude input. 

An overview of this method can be seen below in Figure 6. The low amplitude 
measurements and calculations are seen in green and the high amplitude measurements and 
calculations are seen in red. Only A, B, and C are measured. D, E, and F are the fast Fourier 
transforms of A, B, and C, respectively. G is the FRF of E divided by D. H, which is the 
shock input estimation, was calculated from F divided by G. 
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Figure 6. Input Estimation Method Overview 

The process with experimental data is shown below in Figure 8. The low amplitude 
measurement is a light impact on the structure from an impact hammer. The same system 
is then impacted by a high amplitude shock, of which the input is unknown. Initially, 0.4 
seconds of time was recorded for the low amplitude measurements, but was reduced to 0.1 
seconds. This time duration of 0.1 seconds was selected to eliminate any potential for 
accidental inputs into the system after the initial impact. The sampling frequency was 
20,480 Hz. The shock input was measured over 1.0 seconds, but was reduced to 0.1 seconds 
as well. The initial shock measurement sampling rate of 1,250,000 Hz was decimated to 
match the low amplitude sample rate of 20,480 Hz. This was done so computations could 
be performed without the ill effects of differing sampling frequencies and lengths of test 
data. 

An elliptical lowpass IIR filter seen in Figure 7 was designed in MATLAB to apply to the 
shock data before downsampling. To achieve the cutoff frequency of 10,240 Hz, the 
passband frequency was 10,240 Hz and stopband frequency was 10,250 Hz. 40 dB of 
stopband attenuation was selected, twice what is absolutely necessary with a 0.01 passband 
ripple. At that low of an amplitude, filter ripple should have a minimal effect. The data was 
zero phase filtered, meaning that it was passed through the filter once forward and once 
backward, thus eliminating the effects of phase. 
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Figure 7. Low Pass IIR Filter 

The filter is used before decimating the shock data to avoid aliasing. 
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Figure 8. Input Estimation Method Overview with Example Experimental Data 
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This estimated shock input can be calculated, but there is no definite way to verify that this 
process is correct because the input spectrum was not measured. To validate that the 
process is correct, it must be performed with low amplitudes where the input is known. 

An inverse fast Fourier transform of the shock input estimate will result in the estimated 
time domain of the high amplitude shock event. This was validated and performed on the 
shock events and trends were monitored. 

2.2.3 Modal Analysis 

Whether there is significant relative motion created on one of the other axes (specifically 
the torsional vibration) between the plate that is impacted and the plate of the response is 
unknown. This could mean that there is more energy in the system that the test component 
experiences, but this energy is not included in the uniaxial accelerometer measurement. If 
this is true, the test data becomes less meaningful and doesn’t represent what the part under 
test is actually experiencing. This would mean that the part under test is being over tested. 

A full modal analysis of the damped plates with a fixture and impact pad using 3 PCB 
356A33 and 5 PCB T356A31 triaxial accelerometers was performed with the intent to 
understand which modes actually do significantly contribute to the response of the part. 
These accelerometers have a range of 2 to 10,000 Hz in the y and z direction and 2 to 7,000 
in the x direction. A Modal Shop K2007E01 SmartShaker was used with a steel stinger and 
PCB 208A02 force transducer, with a range up to 36,000 Hz. The input location was 0.5 
inches from the edge of the plate on the side with the impact pad. The shaker was mounted 
on a cinder block and hot glued to the base to limit motion. The full test setup can be seen 
in Figure 9. 
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Figure 9. Modal Analysis Test Setup 

The accelerometers were mounted using Loctite 454 to reduce the potential of a mounting 
resonance and increase the maximum valid frequency of the data. Using the roving 
accelerometer method, 154 output locations were measured and used in the modal analysis. 

Using a sampling frequency of 20,480 Hz, a sine chirp of the entire bandwidth was 
produced. An excitation time of 75 percent of the acquisition time was set to allow enough 
time for the energy input to decay to the noise floor so the transient is totally observed, thus 
eliminating leakage. The output voltage was 0.5 volts with the intent to limit the 
nonlinearities of the system while still inputting enough energy to excite the structure. 50 
averages were taken for each test run. 

Because this test was largely unsuccessful in producing a consistent set of modal data, three 
other modal tests were performed. A new single plate of 1.125 inch thickness and 17 inch 
diameter was manufactured. For all three of these MIMO shaker tests, ten PCB 356A13 
traxial accelerometers were used in the configuration shown in Figure 10 (response 
locations circled). These accelerometers have a range of 2 to 8,000 Hz in the y and z 
direction and 2 to 5,000 in the x direction. Two Modal Shop K2007E01 SmartShakers were 
used with PCB 208C02 force transducers. The stingers were changed to nylon (length of 7 
inches). The input locations were 0.5 inch from the edge of the plate and 120 degrees away 
from each other, as seen in Figure 10. Another notable change from the previous single test 
was the difference in support. The plate was suspended using fishing line with the intent 
of increasing repeatable between tests. 



14 

 
Figure 10. Back (Left) and Front (Right) of Modal Setup of Test 1 (Only Plate) 

The accelerometers were again mounted with Loctite 454, but were not removed during 
the duration of these three tests, meaning only 10 response locations were included in the 
results. 

A bandwidth of only 4096 Hz and burst random excitation from 800 to 4000 Hz was 
used. The burst time was 70 percent of the excitation duration. The output voltage was 
increased to 0.7 volts to input more energy into the system. The structure should give a 
linear response, so increasing the input should not have ill effects. 50 averages were again 
taken. 

A setup of test 2 (plate and fixture) can be seen in Figure 11. The four bolts mounting the 
fixture were torqued to 30 ft lbs.  

 
Figure 11. Back (Left) and Front (Right) of Modal Setup of Test 2 (Plate and Fixture) 

Test 3 (plate, fixture, and impact pad) is in Figure 12. The two bolts mounting the impact 
pad were torqued to 20 ft lbs. 
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Figure 12. Back (Left) and Front (Right) of Modal Setup of Test 3 (Plate, Fixture, Impact 

Pad) 

 
All three of these tests can be compared to the numerical and FEA models. 
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3 Results 

3.1 Variable Thickness Plates 

A test fixture must be included in the design to model a more realistic test. In practice, this 
test fixture would contain a part mounted as it would be in the field. For this research, a 3 
inch thick, 5 inch square aluminum test fixture was rigidly attached to the center of the 
plate. This matches the experimental test system. A finite element model of the system can 
be seen in the following Figure 13. The addition of a fixture increases all of the natural 
frequencies of the modes because there is more apparent stiffness in the structure. All of 
the mode shapes and frequencies can be seen below in Figure 13. The drumhead modes of 
the plate still appear to be the only modes that significantly contribute to the response at 
the part’s center. 

 
Figure 13. FE Model of Plate with Test Fixture (Left), All Mode Shapes (Right) 

A 2 inch by 4 inch aluminum impact pad was added to the model, attached rigidly to the 
opposite side than the fixture, also at the center of the plate. The pad is 1.75 inches thick. 
There are four 1 inch diameter holes in a 2 inch by 2 inch pattern. These allow bolts to 
attach the fixture to the opposite side of the plate. The impact pad has two 0.625 inch holes 
for bolts to attach the impact pad to the plate. This geometry matches the experimental 
system. The purpose of this impact pad is to protect the plate system from damage during 
high velocity impacts. The mode shapes from this model produce nearly identical modes 
at very similar frequencies, as seen in Figure 14. 

  
Figure 14. FE Model of Plate with Test Fixture and Impact Pad (Left), All Mode Shapes 

(Right) 
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3.1.1 FEA Shock Response Calculation Method 

From this FEA model, a simulated FRF of the structure impacted by a unit impulse on the 
center of the impact pad and response at the center of the fixture can be obtained, as seen 
in Figure 15. Overall modal damping of the structure was 1 percent, as this is low enough 
to make the peaks in the FRF very apparent and changes in the SRS obvious. An 
analytically created input spectrum of a 1 millisecond, 1 N amplitude haversine can be seen 
in Figure 15. 

 
Figure 15. Simulated FRF of Structure (Left), Analytical Input Spectrum (Right) 

Multiplying the structure’s FRF by a chosen input spectrum results in an output response, 
which is found in Figure 16. An IFFT of this output response produces the time domain 
response, also shown in Figure 16. 

 
Figure 16. Response of System from Analytical Input (Left), Time Domain of Response 

(Right) 

From the output time domain response, a shock response spectrum can then be calculated. 
A Q of 10 (5 percent damping ratio) is used which is a standard damping factor for 
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calculating the SRS. The absolute maximax acceleration SRS was calculated. This overall 
process was developed to be able to compare different input levels of SRS, but is also found 
to be the best method to analytically simulate a SRS. [11] The resultant SRS is seen in 
Figure 17. 

 
Figure 17. Shock Response Spectrum of Simulated System from Analytical Input with 

Sample Target Bands 

The two contributing natural frequencies of the plate can obviously be seen in the shock 
response spectrum as the peaks. The first membrane mode is the knee frequency indicated 
by the arrow in Figure 17. To meet a target band of the shape seen above, the second 
frequency is not desired to appear in the shock response spectrum. Simulations using higher 
modal damping result in a more rounded knee frequency and lower relative amplitude of 
the second peak in the SRS, but this alteration does not produce a relative low enough 
amplitude of the second peak to meet this selected target band. 

The shape of the SRS to match is selected by producing a SRS from experimental data 
taken in the field. Bounds from this curve allow controlled laboratory testing to vary from 
the selected curve by a selected margin. For the experimental test in this study, a curve of 
12 dB/octave from 10 to 1300 Hz followed by 0 dB/octave from 1300 Hz to 10,000 Hz 
with bounds of +/- 6 dB is selected. 

3.1.2 Flat, Concave, Convex Plate Geometry 

In an attempt to increase the frequency of the higher frequency mode out of the frequency 
band of interest, the cross sectional geometry of the plate was modified. 

The geometry and contributing mode shapes of the initial flat plate are seen in the following 
Figure 18. 
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Figure 18. Geometry of Flat Plate (Left), Contributing Modes (Right) 

The first bending mode, which is the knee frequency in the SRS, is computed to be 1361 
Hz. 

The geometry and contributing mode shapes of a plate with concave thickness are seen in 
Figure 19. The plate was designed with the intent of increasing the mass by 4.5 lbs. This 
allows the plate to remain within a weight that is realistic for a single person to work with, 
but more extreme weights could be used. 

 
Figure 19. Geometry of Concave Plate (Left), Contributing Modes (Right) 

It is obvious that both frequencies decreased. The difference between the frequencies also 
decreased compared to the flat plate. 

The geometry and contributing mode shapes of a plate with convex thickness are shown in 
Figure 20. The plate was designed with the intent of decreasing the mass by 4.5 lbs, as this 
is the same amount the concave plate was increased. 
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Figure 20. Geometry of Convex Plate (Left), Contributing Modes (Right) 

Both frequencies of interest increased compared to the flat plate and the difference between 
the frequencies also increased. 

Using the selected material properties, the flat plate was calculated to be 32.38 lbs, the 
convex plate was 27.88 lbs (-4.5 lbs than the flat plate), and the concave plate was 36.89 
lbs (+4.5 lbs than the flat plate). 

The unit impulse FRFs of all of the plate geometries can be seen below in Figure 21. 

 
Figure 21. Frequency Response Functions of Flat, Convex, and Concave Geometries 
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The natural frequencies of the contributing modes taken from the frequency response 
functions are numerically displayed below in Table 5. The convex plate increases the 
separation of contributing mode 1 and contributing mode 2 significantly more than the 
concave plate decreases the separation of the modes. 

 
Table 5. Contributing Natural Frequencies (Hz) of Flat, Convex, and Concave 

Geometries 

 

The natural frequency trends from the FRFs can also be seen in the shock response 
spectrum curves, which can be seen below in Figure 22. Due to the log scale, the separation 
effect appears less dramatic. 

 
Figure 22. Shock Response Spectrums of Flat, Convex, and Concave Geometries 

The convex plate geometry separated the bending modes’ natural frequencies. This strategy 
could be used to design resonant plates more robustly and to control the contribution of the 
modes in the FRF. Because the SRS is directly related to the FRF, this would ultimately 
control the frequency of the peaks in the shock response spectrum. Simulations should be 
done on more extreme geometries using a larger overall thickness variation to separate the 
modes further, eventually pushing the second bending mode frequency above 10,000 Hz 
and out of the frequency range of interest. 
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3.2 Numerical Model 

The constrained numerical MATLAB model was used to investigate the effects of impulse 
duration and damping. The time duration of the pulse was 0.5 ms with an amplitude of 
10,000 N. The input and resulting impulse response of the system are seen below in Figure 
23. The times traces were 0.1 seconds, but are shortened for viewing. 

  
Figure 23. 0.5 ms Input Time (Left), Impulse Response of System (Right) 

The input haversine has a dominant pulse frequency of 2000 Hz. The response is nearly 
symmetrical because the impulse time duration is near the response time of the system. 
Using varying values of damping, the SRS was calculated from this 0.1 second time 
domain response, as seen in Figure 24. 

 
Figure 24. SRS from 0.5 ms Input Using Varying Damping Values 

It can be seen that 8% damping appears to allow the knee frequency to stay within the 
selected test criteria bands. These specifications allow +/-6 dB on either side of the SRS. 
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The general shape is 12 dB/octave until 1300 Hz, followed by a horizontal response. These 
test specifications are created by using experimental data and retrofitting a curve to 
simulate real world shock events.  

There is a low frequency vertical shift. This is not due to velocity or experimental issues in 
this case because this is entirely analytical. To prove this, the initial and corrected velocity 
from this acceleration response can be seen below in Figure 25. 

 
Figure 25. Velocity and Corrected Velocity of System 

This low frequency slope in the SRS in Figure 24 is due to the boundary condition. The 
stiffness to ground creates a boundary condition that is not free-free. The constrained 
boundary condition will alter this low frequency content below approximately 400 Hz, but 
will not significantly impact the response above roughly 400 Hz. 

A longer impulse time was created of 5 milliseconds, or a dominant frequency of 200 Hz. 
This results in a response that appears as if the structure was impacted twice, as seen in 
Figure 26. The system responds faster than the pulse is completed. This is very undesirable 
and will create a ripple effect in the input spectrum. This is not found in free-free 
experimental data, but with constrained boundary conditions, the effects are obvious. 
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Figure 26. 5 ms Input Time (Left), Impulse Response of System (Right) 

Figure 27 displays the SRS from varying system damping parameters calculated using the 
impulse response. 

 
Figure 27. SRS from 5 ms Input Using Varying Damping Values 

If the system is not held in a free-free state, the dominant frequency of the impact will 
always be present in the SRS of the system because the SRS simply estimates the peak 
amplitude of every natural frequency of the entire system. This must be considered when 
deciding the materials of the projectile and the impact surfaces, otherwise the designed 
knee frequency may not be the knee frequency of the resulting SRS. This was repeated for 
an impulse of a frequency of 20,000 Hz, which is significantly higher than the natural 
frequency of the system. The input time and impulse response of the system is found in 
Figure 28. 
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Figure 28. 0.05 ms Input Time (Left), Impulse Response of System (Right) 

The system is not impacted hard enough to respond in the negative direction. The stiffness 
of the boundary condition results in the energy being attenuated before reflecting back. 
This is also not desired, as the resulting SRS will only represent the energy in a single 
direction with little oscillation. The SRS of the responses with varying structural damping 
is found in Figure 29. 

 
Figure 29. SRS from 0.05 ms Input Using Varying Damping Values 

The SRS appears to increase past the maximum calculated natural frequency of 10,000 Hz. 
The SRS has a peak near 20,000 Hz, which is the dominant frequency of the impact. This 
is not desired to meet the test specifications. It can be concluded that if the boundary 
conditions of the structure are not free-free, the SRS will include the dominant frequency 
of the impulse. 
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3.3 Experimental Testing 

Experimental testing was performed on a fabricated plate in free-free and constrained 
boundary conditions. Varying physical parameters of the free-free system were altered to 
monitor the effect on the resulting SRS. Low amplitude impacts were compared from the 
free-free and constrained boundary conditions to monitor differences between the two 
systems. High amplitude shock events were investigated in the constrained boundary 
condition. Investigation of the SRS calculation and velocity correction is performed. 

3.3.1 Low Amplitude Testing Alterations 

The plate was suspended vertically using bungee cords to create a free-free boundary 
condition. An accelerometer provided time data to calculate a SRS under different input 
conditions. For this testing, a peak time domain output of 100, 200, 300, and 400 g was 
measured. An example of time data from a 200 g impact can be seen below in Figure 30. 

 
Figure 30. 200g Peak in Time Domain Response of Structure 

Using the log decrement method on the time domain response of the plates with no 
damping material (undamped) and plates damped with EAR C2003 (damped), a damping 
ratio of approximately 3.6% and 24.8%, respectively, was estimated. [10] 

3.3.1.1 Repeatability and Input Force Levels 

For all of the SRS calculations, the damping ratio of each natural frequency was assigned 
a Q of 10, which is a damping ratio of 5%. This is a common value used for the SRS 
calculation. [12] The number of points per octave calculated was 12. Unless specified, the 
maximax SRS is shown. Maximax is defined as the maximum of both positive and negative 
primary and residual responses. The primary portion of the shock event is the maximum 
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response during the excitation, while the residual is the peak response after the initial 
excitation has completely decayed. [13] All SRS calculations used David Smallwood’s 
MATLAB code, which is the standard used in most software, including LMS TestLab. 

Five impacts show the repeatability of the measurement for 200 g on an undamped plate 
(left) and a plate with the damping material (right), as seen in Figure 31. The three plates 
that make up the plate sets were secured by eight equally spaced bolts in a 11.5 inches 
diameter circular pattern. For this test, these bolts were torqued to 30 ft lbs. Similar 
repeatability was seen for other tests. 

 
Figure 31. Five SRS of 200g Maximum Time Domain Response on Undamped (Left), 

and Damped Plates (Right) 

This shows a typical response shape of a resonant shock test. [7] Figure 32 shows single 
tests of 100, 200, 300, and 400 g peak output in the time domain on an undamped plate 
bolted with a torque of 30 ft lbs (left) and a plate with damping material bolted with a 
torque of 30 ft lbs (right). 

 
Figure 32. SRS of 100, 200, 300, and 400g Maximum Time Domain Response on 

Undamped (Left), and Damped Plates (Right) 
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For both plate sets, the SRS appears to simply shift vertically with increasing input 
amplitude. The SRS of the undamped plate appears to have a much more defined knee 
frequency, while the SRS of the damped plate is significantly more rounded. 

3.3.1.2 Damping Material Effects 

Figure 33 compares the damped and undamped plate sets. The red SRS show the damped 
plate system and the blue SRS show the undamped plate system at varying amplitude. 30 
ft lbs of torque on the bolts is on the left and 15 ft lbs of torque is on the right. 

 
Figure 33. SRS of 100, 200, 300, and 400g Maximum Time Domain Response on 
Damped and Undamped Plates with 30 ft lbs Bolt Torque (Left), and 15 ft lbs Bolt 

Torque (Right) 

The conclusion drawn from this study is using a bolt torque of 30 ft lbs, more damping 
produces a lower knee amplitude and a more rounded, higher knee frequency. For 15 ft lbs, 
there is a more rounded, higher knee frequency with an increase in damping. 

3.3.1.3 Bolt Torque Effects 

In Figure 34, the red SRS shows the bolts tightened to 15 ft lbs while the blue SRS shows 
the bolts tightened to 30 ft lbs increasing in input amplitude. The undamped plate system 
is on the left while the damped plate is on the right.  
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Figure 34. SRS of 100, 200, 300, and 400g Maximum Time Domain Response Using 15 

and 30 ft lbs Bolt Torque on Undamped (Left) and Damped Plates (Right) 

The conclusion drawn from this is that for the undamped plate, less bolt torque results in a 
more rounded lower knee amplitude. This effect was also described as being seen in testing 
done by Morse. [8] This is because the system allows the plates to shear and ultimately 
implements more damping between the aluminum plates’ interfaces. The damped plates do 
not have this noticeable difference because there is already enough damping in the system. 

3.3.1.4 Programmer Effects 

Programmer material can greatly affect the resulting SRS. The impact hammer tip hardness 
was changed from aluminum to increasingly soft elastomers. The SRS and input autopower 
spectrum can be seen overlaid in Figure 35. The plot on the left is the undamped plate and 
the plot on the right is the damped plate. 

 
Figure 35. Varying Hammer Tip Hardness SRS overlaid on Input Autopower Spectrum 

of Undamped (Left) and Damped Plates (Right) 

The input autopower spectrum rolls off at a lower frequency as the hammer tip becomes 
softer. Each of these measurements were taken to result in a 10 g peak time domain output, 
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so different input forces were required. The SRS also rolls off, or is not excited, which is 
especially noticeable around the knee frequency. [11] This results in a perceived higher 
amplitude and frequency of the knee frequency for harder tips. 

3.3.1.5 Off Axis Response Sensitivity 

The question then arises, is the precision of the output measurement location critical? Using 
the damped plate set and 30 ft lbs of torque on the bolts, the structure was impacted with 
the 4 different amplitude levels. An accelerometer was mounted at the middle of the fixture 
and another accelerometer mounted 2.25” off center, which was on the edge of the same 
face of the fixture. This accelerometer was kept at this location throughout all testing and 
occasionally monitored to validate the response from the accelerometer at the middle of 
the fixture. This off center accelerometer location response was also used to investigate off 
center sensitivity on the fixture. The following Figure 36 displays these differences. 

 
Figure 36. SRS of Damped Plate Response in Center and 2.25 Off Center (Edge) of 

Fixture 

The accelerometer on the edge consistently experiences higher amplitudes, especially at 
higher frequencies (near the resonant frequency of the plate). This reinforces the idea that 
there are other modes participating to create motion at this off axis location. This was 
repeated on the undamped plate set in Figure 37. 



31 

 
Figure 37. SRS of Undamped Plate Response in Center and 2.25 Off Center (Edge) of 

Fixture 

The results of this are strikingly similar. There is nearly an identical increase at 
corresponding locations along the frequency axis. 

3.3.1.6 Off Axis Input Sensitivity 

Since the response location on the face of the fixture was discovered to be important, the 
input location should also be questioned. If the input location is not directly at the center, 
how much impact does this have on the resulting SRS? Two hits at the center show variance 
and a single hit 3.25 inches off center are shown in Figure 38. A resulting 30 g peak in the 
output accelerometer time trace is consistent among these hits. 
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Figure 38. SRS of 30 g Impact at Center and 3.25 Inches Off Center 

There is substantial noise, which effects the low natural frequencies. The two center 
impacts show reasonable consistency in overall shape. The off center accelerometer 
response is noticeably different in key areas. There is a higher amplitude at low frequencies, 
while still having a similar or even slightly lower amplitude at higher frequencies (even 
when plotted on a log scale). This was repeated for higher amplitude hits (100 g output in 
the time domain) which can be seen in Figure 39. 

 
Figure 39. SRS of 100 g Impact at Center and 3.25 Inches Off Center 

A difference of high amplitude at low frequency and lower amplitude at high frequency is 
apparent. This means that a higher velocity impact was required for the off center input to 
produce a similar peak time domain output. The bending mode with motion at the middle 
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participates more in the output if impacted at the center, as is expected. When tested at 200 
g time domain peak output, these differences are amplified, as seen by the following Figure 
40. 

 
Figure 40. SRS of 200 g Impact at Center and 3.25 Inches Off Center 

3.3.1.7 Fixture-Plate Relative Motion 

To ensure that there is no relative motion between the plate and the fixture, accelerometers 
were placed on both the plate and fixture. The accelerometers are indicated in Figure 41 as 
channel 1 and 2, respectively. This is useful in ensuring that the boundary conditions of the 
fixture are rigid to the plate and do not add another degree of freedom, similar to the 
concept of proper mounting of the component to the fixture. [14] 

 
Figure 41. Accelerometer Locations to Test Relative Motion Between Fixture and Plate 
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The plate is impacted to produce a response of 100 g peak in the time domain. The bolts 
holding the fixture were tightened to 30 ft lbs and the response can be seen in Figure 42. 
This data was taken with a 100,000 Hz sampling frequency. This was also tested for 100 g 
and 300 g impacts with lower sample rates and the results were similar. This was also tested 
with the fixture tightened to 15 ft lbs and the results were also nearly identical.  

 

Figure 42. Time Response of 100 g Impact of Accelerometers on Fixture and Plate 

There is high frequency content that makes deciding whether there is relative motion very 
difficult. The resonant frequency of this accelerometer is over 100 kHz, so the high 
frequency content isn’t from the resonant frequency of the accelerometer. The phase 
between the two hits appears to be consistent, revealing that there is limited motion 
between the plate and fixture. Modes of the system will affect this, which explains the 
slight discrepancy, but the bolts appear to create a rigid connection. This was repeated with 
a sampling frequency of 20,480 Hz so the high frequency content was not captured. The 
phase in Figure 43 appears to track more closely. 
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Figure 43. Time Response of 100 g Impact of Two Accelerometers with Bolts 15 ft lbs 

The phase difference is hardly noticeable. The amplitude does vary slightly, which is 
expected because the modal participation at these locations will be different. This was 
repeated for bolting the impact pad on with 30 ft lbs of torque in Figure 44.  

 

Figure 44. Time Response of 100 g Impact of Two Accelerometers with Bolts 30 ft lbs  

There is no noticeable change from 15 to 30 ft lbs of bolt torque. The structure was then 
impacted to produce an output in the time domain of 300 g. The differences in phase 
increased, but not significantly, as seen in Figure 45. 
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Figure 45. Time Response of 300 g Impact of Two Accelerometers with Bolts 15 ft lbs  

There does not appear to be any substantial phase delay between these two points, meaning 
that the connection between them can be considered rigid. The modes of the system are the 
main, possibly only, aspect that create a difference. The eight bolts torqued to 30 ft lbs in 
Figure 46 also proves this.  

 

Figure 46. Time Response of 300 g Impact of Two Accelerometers with Bolts 30 ft lbs  
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3.3.2 Force Levels 

3.3.2.1 Low Amplitude Impacts 

3.3.2.1.1 Free-Free Boundary Condition 

To allow for high amplitude impacts, an aluminum impact pad was included in the design 
of the test system. An aluminum pad of approximately 2 inches by 4 inches and 1.75 inch 
thick was bolted to the system. The mounted impact pad can be seen below in Figure 47. 

 
Figure 47. Impact Pad Bolted on Resonant Plate 

Although this does introduce asymmetrical geometry, the asymmetrical mass is small 
relative to the size of the plate set and the system SRS response remains similar. 

Table 6 is a summary of the performed low amplitude tests. The plate estimated velocity 
is calculated by integrating the acceleration to velocity in the time domain. The value 
reported is the initial peak value of the velocity. [4] A force description is detailed in the 
table to provide a qualitative understanding of the force of the hit. 

 
Table 6. Summary of Low Amplitude Test Runs 
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The response of medium, hard, very hard, and very very hard hits on the damped plates 
with free-free boundary conditions can be seen in the time domain on the left in Figure 48. 
The corresponding SRS can be seen on the right. Although only 10 to 10,000 Hz is the 
frequency range of interest, the SRS was calculated to 100,000 Hz for consistency and 
comparison with higher amplitude shock events. The sample rate of the data is only 20,480 
Hz, so the curve asymptotically approaches the maximum value of the acceleration time 
trace. The 10,000 Hz line on the plot distinguishes the maximum frequency of the 
accelerometers’ capabilities. 

 
Figure 48. Varying Amplitude Inputs of Structure in Free-Free Boundary Conditions 

Time (Left) and SRS (Right) 

The input rolloff of the aluminum tip on the force hammer and the rolloff of the low pass 
filter applied to the data at 10,000 Hz begins to impact the SRS near 7,000 Hz. 

3.3.2.1.2 Constrained Boundary Condition 

The system was then constrained by bolting a bar at the top that could pivot. The dashed 
lines show varying force levels taken on the constrained system and the solid lines show 
varying force levels on the free-free system in Figure 49. The main difference is the 
resonant frequency above 6000 Hz is lower in frequency while in free-free boundary 
conditions. This is due to the fact that there is more stiffness in a fixed condition, which 
drives the natural frequency up. There is also an amplitude difference because the free-free 
boundary condition allows the accelerometer to experience more output in acceleration for 
the same input force in regions where there is not a resonance present. 
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Figure 49. FRF of Varying Amplitude Inputs of Structure in Constrained (Dashed) and 

Free-Free (Solid) 

The response of light, medium, hard, and very hard hits on the damped plates can be seen 
below in the time domain on the left in Figure 50. The corresponding SRS can be seen on 
the right. Although only 10 to 10,000 Hz is the frequency range of interest, the SRS was 
calculated to 100,000 Hz for consistency with higher amplitude shock events to see more 
of the full spectrum. 
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Figure 50. Varying Amplitude Inputs of Structure in Constrained Boundary Conditions 

Time (Left) and SRS (Right)  

The input roll-off of the steel tip on the force hammer and the roll-off of the low pass filter 
applied to the data at 10,000 Hz begins to impact the SRS near 7,000 Hz. There is a second 
small peak near 6,000 Hz from the dynamics of the structure being mounted in the 
constrained boundary condition. 

3.3.2.2 High Amplitude Shock Impacts 

With the system constrained by bolting to a bar at the top that can rotate freely about an 
axis, the plate was impacted with high amplitude hits. The different force levels, mass, and 
felt programmer effects were observed. Table 7 is a summary of the high amplitude test 
runs included in this analysis. 
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Table 7. Summary of High Amplitude Shock Test Runs 

 

3.3.2.2.1 Variable Projectile Velocity 

A projectile of 5 lbs mass at a velocity of 20 ft/s and 50 ft/s and a 0.25 inch felt programmer 
was used. The repeatability of each test is seen by two different tests of the same test 
conditions. There is an electronic filter applied at 40,000 Hz. The following Figure 51 
displays the time duration of the response used to calculate the respective SRS. 
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Figure 51. Time (Left) and SRS (Right) of Constant 5lbs Projectile, Variable 20 ft/s and 

50 ft/s Velocity 

The difference from the projectile velocity is most obvious at high frequency, which is 
outside the frequency range of interest, but is shown to display the complete effect of the 
projectile velocity. The response does appear to plateau at the peak in the time domain. The 
smooth initial slope indicates little to no velocity shift in the accelerometer data. [4] 

A 10 lbs mass was used as a projectile at 20 ft/s and then at 50 ft/s, as seen in Figure 52. 
0.25 inches of felt was used as a programmer. 

 
Figure 52. Time (Left) and SRS (Right) of Constant 10lbs Projectile, Variable 20 ft/s and 

50 ft/s Velocity 

The repeatability between the same set up conditions is acceptable. The difference from 
the projectile velocity is most obvious at high frequency. 

A 15 lbs mass was used as a projectile at 20 ft/s and then at 50 ft/s, as seen in Figure 53. 
0.25 inches of felt was used as a programmer. 
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Figure 53. Time (Left) and SRS (Right) of Constant 15lbs Projectile, Variable 20 ft/s and 

50 ft/s Velocity 

The repeatability between the same set up conditions is reasonable. The difference from 
the velocity is most obvious at high frequency. 

A 20 lbs mass was used as a projectile at 20 ft/s and then at 50 ft/s, as seen in Figure 54. 
0.25 inches of felt was used as a programmer. 

 
Figure 54. Time (Left) and SRS (Right) of Constant 20lbs Projectile, Variable 20 ft/s and 

50 ft/s Velocity 

The repeatability between the same set up conditions is also acceptable. The difference due 
to the velocity is most obvious at high frequency. 

3.3.2.2.2 Variable Projectile Mass 

Varying masses were used and compared at 20 ft/s projectile velocity in Figure 55. 
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Figure 55. Time (Left) and SRS (Right) of Constant 20 ft/s Velocity, Variable 5, 10, 15, 

and 20 lbs Projectile   

The repeatability between the same set up conditions is more difficult to decipher due to 
the number of traces, but is reasonable. The initial amplitude difference is obviously 
dependent on the kinetic energy applied to the system. As the mass increases, the SRS 
appears to roll off at a lower frequency. 

Varying impact masses were used and compared at 50 ft/s in Figure 56. 

 
Figure 56. Time (Left) and SRS (Right) of Constant 50 ft/s Velocity, Variable 5, 10, 15, 

and 20 lbs Projectile 

The repeatability between the same test conditions was observed. The initial amplitude 
difference is obviously dependent on the kinetic energy applied to the system. Test run 9 
is clearly an outlier. The larger impact masses again appear to roll off at a lower frequency. 

3.3.2.2.3 Variable Felt 

Four test runs without felt and two test runs with felt all with a projectile mass of 5 lbs and 
projectile velocity of 20 ft/s were compared in Figure 57. 
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Figure 57. Time (Left) and SRS (Right) of Constant 20 ft/s Velocity and 5 lbs Projectile, 

Variable 0.25 Inch Felt 

The test is consistently repeatable. A noticeable difference is seen above the frequency 
range of interest. The felt increases the duration of the force pulse, which reduces the 
response at frequencies above 10,000 Hz more than without felt, but has little impact 
elsewhere. 

3.3.2.2.4 Variable Projectile Mass on Undamped Plate 

5 lbs and 15 lbs masses were used and compared at 50 ft/s on the plate with no damping 
material in Figure 58. 

 
Figure 58. Time (Left) and SRS (Right) of Constant 50 ft/s Velocity, Variable 5 and 15 

lbs Projectile on Undamped Plate 

The knee frequency is much less distinguishable, but repeatability between test runs is still 
acceptable. The characteristic higher initial amplitude of the curve from the larger 
projectile is apparent. 
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3.3.3 SRS Intricacies 

3.3.3.1 SRS Contributors 

The SRS can be calculated many different ways. As previously discussed, maximax is 
typically used. The positive and negative primary and residual responses can also be 
calculated. As previously stated, maximax is defined as the maximum of both positive and 
negative primary and residual responses. The maximum positive and negative SRS and the 
maximax can be seen in Figure 59.  

  
Figure 59. Maximum Positive and Negative and Maximax SRS of 20 ft/s Velocity, 5 lbs 

Projectile 

Overall, the maximum of the positive and negative appear relatively close, which is an 
indication of measuring good data and minimal accelerometer saturation. [4] The positive 
maximum is the main contributor to the maximax. But there are some differences that can 
be attributed to the positive direction experiencing a plate velocity change substantially 
higher than the negative direction. Using the following Equation 2, the velocity can be 
estimated from the SRS at 300 Hz, which is a location on the SRS where this difference is 
large. [4] 

 
𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 =

𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑎𝑎𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣𝑎𝑎
2𝜋𝜋𝜋𝜋

 (2) 

At 307.3 Hz, 211.9 g of acceleration on the positive side is calculated to be 3.53 ft/sec and 
100.1 g of acceleration on the negative side is 1.67 ft/sec. These are both relatively low 
values, so it is difficult to say this difference is alarming. 
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A SRS of two test runs with the same test configuration are compared below in Figure 60. 
The primary response of the shock event is the maximum responses during the excitation 
event and the residual is the peak response after the excitation has decayed. [13] 

 
Figure 60. SRS Calculations of 20 ft/s Velocity, 5 lbs Projectile from Two Test Runs 

The primary response is the main contributor.  The residual never drives the maximax and 
is consistently low, which is also a sign of useful data because that verifies that the event 
fully decays. 

For the same projectile mass, but higher velocity (50 ft/s), similar trends were observed in 
Figure 61.  

  
Figure 61. SRS Calculations of 50 ft/s Velocity, 5 lbs Projectile 

Using the velocity estimation method at 194.7 Hz, 614.3 g of acceleration on the positive 
side is a calculated 16.16 ft/sec and 258.7 g of acceleration on the negative side is 6.80 
ft/sec. This is a significant difference, but only over a small region of the SRS. 

These methods of calculating the SRS indicate reasonably good data with minimal 
overstressing of elements, physical movement of sensor parts, cable noise, base strain 
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induced errors, inadequate low-frequency response, or overloading of the signal 
conditioner. [4] 

3.3.3.2 Velocity Shift 

Velocity present in acceleration time data can severely alter low frequency components of 
the SRS. [15] Blough developed a seamless method to combat this. [16] This method is 
further investigated. A flow chart of this method is seen below in Figure 62.  

 
Figure 62. Overview of Velocity Correction Method 

To solve this error in data, the velocity can be corrected for. An acceleration time trace and 
the resulting SRS can be seen in Figure 63. The g unit was converted to ft/sec2. 

 
Figure 63. Medium Free-Free Time (Left) and SRS (Right) 
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It is clear from the SRS that the low frequency is not consistent with expectations. To 
eliminate this artifact, the acceleration time trace was integrated. Once integrated, this can 
be curve fit with a low order polynomial. In this case, a simple third degree polynomial is 
used. Subtracting the original velocity trace from this curve fit will “zero” the velocity 
trace. This process can be seen in the following Figure 64. 

 
Figure 64. Medium Free-Free Velocity Correction Process 

Although the time trace is not perfectly fit and doesn’t completely reach zero after the 
impulse, the majority of the velocity is corrected for. This corrected velocity time trace can 
then be differentiated to find the corrected acceleration in Figure 65. 

 
Figure 65. Medium Free-Free Original and Corrected Acceleration Time Response 
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This acceleration time trace can be used to calculate the SRS, as seen in Figure 66. 

 
Figure 66. Medium Free-Free Original and Velocity Corrected SRS 

The low frequency variation in the original data is now a smooth curve. This is much more 
accurate of the acceleration the part is actually experiencing. Even a coarse linear fit can 
solve a majority of the problem, as seen in the following Figure 67. 

 
Figure 67. Medium Free-Free Velocity Correction Process and SRS 

This rough linear fit still eliminates a large portion of the velocity error. The resulting SRS 
is seen below in Figure 68. 
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Figure 68. Medium Free-Free Original and Velocity Corrected SRS 

This proves that a complex algorithm is not necessary for this correction. It is 
straightforward and easy to implement. This is also a testament to how sensitive the low 
frequencies are to velocity error. 

3.4 Input Estimation 

The method to use a FRF from one test run to estimate the input of another test run is 
performed and investigated. The method is first validated using a variety lower impact 
tests where the input is known. An IFFT of the input spectrum reveals a recreation of the 
measured input time. High amplitude shocks input spectrums are then estimated using a 
lower amplitude FRF. The IFFT of these spectrums provide valuable insight. 

3.4.1 Validation 

To find the accuracy of the method, an impact test using a modal impact hammer was done 
for a low amplitude hit on the test set up. A second impact test was performed at a higher 
amplitude. The input was known for both hits. Using the lower amplitude FRF, the higher 
amplitude input can be estimated and compared to the measured higher amplitude input. 
This low amplitude verification was done using three systems. Table 8 below describes the 
test runs of each system. For the first four test runs, the structure was bolted to a bar that 
can swing, here called the constrained boundary condition. The PCB D05 impact hammer 
had a steel tip. More weight was added to the hammer in test run 4 to provide a harder hit. 
Test runs 5-9 were done with a free-free boundary condition using bungee straps to hang 
the plate. A PCB 086D20 hand sledge hammer with an aluminum tip was used. Test runs 
10-14 were also in the free-free environment, but a lighter PCB 086B03 hammer with a 
steel tip was used to impact the structure. 
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Table 8. Summary of Low Amplitude Testing 

 

The constrained system tests’ FRFs from test runs 1-4 in Figure 69 show reasonable 
repeatability between the different inputs. 
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Figure 69. FRF of Constrained Test Runs 

The input for each run was estimated using the lightest input force (Test Run 1) in Figure 
70 because it had the least amount of noise. 
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Figure 70. Measured Input Spectrums of Constrained System and Estimated Using Light 

FRF 

The approximate shape and amplitude of the input was estimated and matches the actual 
measured inputs. 

The FRFs of the constrained system (Tests 1-4) are seen as dashed lines and the FRFs from 
the free-free system with the 086D20 hammer (Tests 5-9) can be seen as solid lines in 
Figure 71. Nonlinearities are excited at the higher amplitude impacts. 
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Figure 71. FRF of Constrained and Free Test Runs Using 086D20 Hammer 

Because the system was rigidly attached to a bar, the effective mass in the structure was 
greater. This means the system has a lower output for a given input with the constrained 
boundary conditions. 

The input for each run was estimated using the lightest input force (Test Run 5), medium 
input force (Test Run 6), and hard input force (Test Run 7) in Figure 72.  

 
Figure 72. Measured Input Spectrums of Free 086D20 Hammer Test Runs and Estimated 

Input Spectrums Using Light FRF (left), Medium FRF (middle), and Hard FRF (right) 
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The less noise on the FRF, the closer the estimated input matches the measured input. 

The FRFs of the constrained system (Tests 1-4) are seen as dashed lines and the FRFs from 
the free-free system with the lighter 086B03 hammer (Tests 10-14) can be seen as solid 
lines in Figure 73. Significant noise is apparent on the free-free low amplitude hits. 

 
Figure 73. FRF of Constrained and Free Test Runs Using 086B03 Hammer 

The input for each run was estimated using the medium input force (Test Run 11) in Figure 
74. 
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Figure 74. Measured Input Spectrums of Free-Free System and Estimated Using Medium 

FRF 

The estimated input extended farther in the frequency range. This is expected because the 
hammer is lighter and a harder hammer tip was used. Using spectral averaged FRF’s, the 
system was tested for a variety of input levels and hammer tips. This minimizes the noise 
on the resulting estimated inputs, resulting in a more accurate representation of the input 
curve. 

To complete the process of validation, these input estimates were then scaled appropriately 
before taking an IFFT (inverse fast fourier transform). The IFFT of the original actual input 
spectrum matched the original time data perfectly, validating this process. The IFFT of the 
test run 7 estimated using the FRF from test run 6 is nearly identical to the IFFT of the 
original actual test run 7 input spectrum, as seen in the following Figure 75. 

 
Figure 75. IFFT of Original and Estimated Low Amplitude Spectrums of Free-Free 

System 
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The same process was repeated for the constrained system. The IFFT of test run 1 estimated 
using test run 3 of the constrained system and the IFFT of the original input spectrum 
appear to be almost identical in Figure 76. 

 

Figure 76. IFFT of Original and Estimated Low Amplitude Spectrums of Constrained 
System 

Differences from noise are apparent, but this fully validates this process at low amplitudes. 

3.4.2 Estimation of Shock Inputs 

3.4.2.1 Frequency Domain Input Estimation 

High impact shock inputs were then tested on the constrained system, as seen in Table 9. 
Although these inputs are not known, these tests can verify the method by monitoring 
expected trends. Three variables were changed. The projectile mass was 5, 10, 15, or 20 
lbs. The velocity was 20 ft/sec or 50 ft/sec. A 0.25 inch thick felt programmer could also 
be placed on the impact location. Knowing the mass and velocity, the kinetic energy input 
into the system can be calculated for each run. A RMS value of the estimated input reveals 
the trends by giving a level of total estimated spectral energy. Although not directly 
comparable, these two values should show similar trends. 
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Table 9. Summary of High Amplitude Testing 

 

The light FRF of the constrained system is used to estimate the input of all of the shock 
test datasets. The effect of different force levels was monitored as velocity of the projectile 
(20 and 50 ft/sec). Figure 77 displays the SRS from using a 5 lbs projectile to impact the 
structure at 20 and 50 ft/sec. 



60 

 
Figure 77. Estimated Input Spectrums, Constant 5lbs Projectile, Variable 20 ft/s and 50 

ft/s Velocity 

This is a typical shape of an input spectrum and the inputs appear to increase with higher 
projectile velocity. Using a 10 lbs projectile, the structure was impacted at 20 and 50 ft/sec, 
as seen in Figure 78. 

 
Figure 78. Estimated Input Spectrums, Constant 10lbs Projectile, Variable 20 ft/s and 50 

ft/s Velocity 

A similar trend of increasing amplitude for higher projectile velocity was observed. Using 
a 15 lbs projectile, the structure was impacted at 20 and 50 ft/sec, seen in Figure 79. 
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Figure 79. Estimated Input Spectrums, Constant 15lbs Projectile, Variable 20 ft/s and 50 

ft/s Velocity 

The inputs from a projectile mass of 15 lbs are not as repeatable, but the same increase in 
amplitude with increase in projectile velocity can be observed. Using a 20 lbs projectile, 
the structure was impacted at 20 and 50 ft/sec, as seen in Figure 80. 

 
Figure 80. Estimated Input Spectrums, Constant 20lbs Projectile, Variable 20 ft/s and 50 

ft/s Velocity 

The high amplitude shock events begin to have a ripple in the input spectrum, especially 
test run 14. This is characteristic of a double hit. 
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The projectile velocity clearly has a large impact on the shape of the input, particularly the 
amplitude. The harder impacts consistently have a higher amplitude and excite further in 
the frequency spectrum, as expected. 

The effect of projectile mass was investigated by using a constant velocity and comparing 
the 5, 10, 15, and 20 lbs masses. Impacting the structure at 20 ft/sec, a 5, 10, 15, and 20 lbs 
mass was used in Figure 81. 

 
Figure 81. Estimated Input Spectrums, Constant 20 ft/s Velocity, Variable 5, 10, 15, and 

20 lbs Projectile 

For low velocity, the higher mass projectiles appear to have higher amplitude and excite 
more of the frequency spectrum. Viewing the summary Table 9 for these estimated inputs, 
it is apparent that the RMS value increases relatively linearly with the kinetic energy input 
into the system. 

Impacting the structure at 50 ft/sec, a 5, 10, 15, and 20 lbs mass was used in Figure 82. 

Frequency (Hz)

0 2000 4000 6000 8000 10000 12000

Fo
rc

e 
(lb

f)

10 -3

10 -2

10 -1

10 0

10 1

10 2

10 3
Input Estimate of Shock (0.1 sec)

01: 5lbs, 19.58ft/s

02: 5lbs, 19.58ft/s

03: 10lbs, 20.69ft/s

04: 10lbs, 20.11ft/s

05: 15lbs, 20.11ft/s

06: 15lbs, 20.68ft/s

07: 20lbs, 20.68ft/s

08: 20lbs, 20.68ft/s



63 

 
Figure 82. Estimated Input Spectrums, Constant 50 ft/s Velocity, Variable 5, 10, 15, and 

20 lbs Projectile 

For high velocity, more of the frequency spectrum is excited by lighter projectiles. Looking 
at the summary Table 9 for these estimated inputs, the RMS value does not increase linearly 
with an increase of the kinetic energy input into the system. The highest RMS is the 5 lbs 
projectile followed by 20 lbs, 10 lbs, and 15 lbs. A possible reason for this discrepancy is 
the higher frequencies have more energy content using the light projectile, increasing the 
energy present in the spectrum. The higher projectile mass should still input more energy 
in the system. 

The difference in having a felt programmer was then tested. 0.25 inches of felt was placed 
on the input location to increase the impact time. In Figure 83, the first four curves do not 
have felt and the last two curves have 0.25 inches of felt at the impact location. A 5 lbs 
mass at 20 ft/sec was tested. 
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Figure 83. Estimated Input Spectrums, Constant 20 ft/s Velocity and 5 lbs Projectile, 

Variable 0.25 inch Felt 

The difference in the felt is not noticeable. Even though this is the lightest projectile and 
the lowest projectile velocity, the projectile is heavy enough and the velocity high enough 
that the felt does not appear to have a noticeable difference on the input spectrum. 

3.4.2.2 Time Domain Input Estimation 

The IFFT process that was validated at lower amplitudes was performed for the shock test 
run 16, as seen in Figure 84. 

  
Figure 84. IFFT of Estimated Shock Input Spectrum 5 lbs, 20 ft/s 
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same relative order as the lower amplitude differences. The input appears to decay within 
the measured time. 

This IFFT process was performed on six other estimated inputs. The input spectrum of a 5 
lbs projectile and 20 ft/sec test run can be seen below in Figure 85. 

 
Figure 85. IFFT of Estimated Shock Input Spectrum 5 lbs, 20 ft/s 

The maximum time domain of the input force is 33,300 lbf. An IFFT of test run 2 (the same 
test conditions as test run 1) was performed in Figure 86. 

 
Figure 86. IFFT of Estimated Shock Input Spectrum 5 lbs, 20 ft/s 

The maximum time domain of the input force is 32,440 lbf. This process was also repeated 
for test run 7 with a 20 lbs projectile at 20 ft/sec in Figure 87. 
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Figure 87. IFFT of Estimated Shock Input Spectrum 20 lbs, 20 ft/s 

The peak force in the time domain increased to 47,490 lbf. The system does not appear to 
be able to complete the impulse before the system responds because it is constrained. The 
process was repeated for test run 8 with a 20 lbs projectile at 20 ft/sec in Figure 88. 

 
Figure 88. IFFT of Estimated Shock Input Spectrum 20 lbs, 20 ft/s 
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Figure 89. IFFT of Estimated Shock Input Spectrum 20 lbs, 50 ft/s 

The peak force in the time domain increased to 80,980 lbf. The time duration of the main 
pulse is increasing. The proof in the time history of the double impact that created the ripple 
in the time domain is obvious after the initial impact decayed. The process was repeated 
for test run 15 with a 20 lbs projectile at 50 ft/sec in Figure 90. 

 

Figure 90. IFFT of Estimated Shock Input Spectrum 20 lbs, 50 ft/s 

The peak force in the time domain increased to 86,570 lbf. Increasing the projectile mass 
or increasing the projectile velocity both result in an increase in the maximum time domain 
response of these estimated inputs. This is expected, further validating this method. 

There is an obvious 400-1,000 lbf input to the system that appears at roughly 10 
milliseconds before every impulse. This is likely due to the release of a brake system on 
the part. 

Table 10 is a summary of the time domain results of the input estimation method. The peak 
in the time domain estimated input, impulse time duration, and dominant frequency of all 
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of the test runs are included. The impulse time duration is found from the duration of the 
pulse. The dominant frequency is the frequency of this impulse time duration. 

 
Table 10. Summary of High Amplitude Testing Input Estimation Results 

 

The estimated input time domain peak followed the same trends that each output test run 
does, further validating this method. The estimated impulse time duration matches what is 
expected for altering the projectile mass. Increasing the projectile mass resulted in an 
increase in the impulse duration. A critical take away is that this dominant input frequency 
is also clearly seen in the SRS as the knee frequency of the response in Figure 91. 
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Figure 91. Time (Left) and SRS (Right) of Constant 20 ft/s Velocity, Variable 5, 10, 15, 

and 20 lbs Projectile 

This is the same structure, but the knee frequency appears to follow the dominant input 
frequency rather than the frequency of the structure. 

3.5 Modal Analysis 

3.5.1 Damped Plate Full Modal Analysis 

To validate the FEA model and understand the modes that participate in the response of 
the entire system, an experimental modal analysis was performed. A single input sine chirp 
shaker test was conducted with roving accelerometers. Because the sine chirp was input 
for only 75% of the acquisition time, the energy in the system had enough time to dissipate 
and the response was able to drop to the level of the noise floor. This implies that leakage 
should be minimized as the response should be a totally observed transient. 

The accelerometers were 4.5 grams each. This was a total of 0.11 lbs. From an FEA model, 
the system was found to be 33.3 lbs. This means the total of the accelerometers was 0.33% 
of the system’s weight. Initially, this is considered to rule out mass loading. 

Care was taken to ensure there were no unmeasured inputs to the system. It was in a free-
free environment. The shaker was rigidly mounted and the stinger uncoupled it from the 
system under measurement. 

It can be assumed that the system is extremely nonlinear. The eigenvalue solution using 
real and complex residuals result in the same frequencies, but drastically different results. 
Although this is likely more modes than are present in the system, this emphasizes the point 
that doing a modal assurance criteria (MAC) of themselves (autoMAC) reveals the 
following Figure 92. 
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Figure 92. MAC of Real Residuals (Left) and Complex Residuals (Right) 

These should be identical, but are not. This is either due to the nonlinearities of the system 
or an inconsistent data set. 

A multi-run modal analysis was conducted in LMS TestLab. For each run, the poles that 
were found were extremely stable, however between each test run these poles were not 
consistent. This revealed that the modes themselves shifted in frequency between each run 
by a substantial amount and some were not consistent from run to run. An example of this 
is seen in the following Table 11, where the first row were the frequencies curve fit using 
all of the available data and each of the following rows were the frequencies of each 
respective mode found from curve fitting each data run. 

 
Table 11. Multirun Modal Analysis of Each Test Run 

 

This inconsistency proves that the data acquired is not reliable and should be acquired in a 
way that nonlinearities can be better analyzed. A stepped sine and using multiple inputs to 
excite more of the modes of the system would make this data much more useful. 
Investigations in mass loading should also be completed. 
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3.5.2 Single Plate Modal Analysis 

To eliminate the inconsistency from run to run, a modal using only a single test run was 
completed of three different plate configurations using the newly manufactured single 
plate. This single plate should minimize the nonlinearities.  

These accelerometers were only 1 gram each. This was significantly lighter than the 
previous test and should entirely eliminate any concern of mass loading. 

A full comparison of the natural frequencies of the first nine modes can be seen in Table 
12. These are all of the modes found up to 4,000 Hz. The model appears to be too stiff 
but the trends between each test run are consistent between simulation and experimental. 
The membrane mode (no nodal diameters) is highlighted in the table. 

 
Table 12. Natural Frequencies (Hz) of Modes from Three Test Configurations 

 

An autoMAC of the modes from test 3 is in Figure 93. Modes 1 and 2 appear correlated 
to modes 8 and 9, but this is due to spatial aliasing. More response locations would 
resolve this issue. 

 
Figure 93. AutoMAC of Test 3 
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The FEA result of mode 1 is on the left and the experimental result of modes 1 and 2 of 
the system are seen in Figure 94. These are the first set of repeated roots (bending modes) 
of the system. 

  
Figure 94. FEA of Mode 1 (Left) and Experimental of Modes 1 and 2 of Test 3 (First Set 

of Repeated Roots) 

The FEA result of mode 3 is on the left and the experimental result of mode 3 of the 
system is included in Figure 95. This is the membrane mode of the plate, which is the 
mode that primarily contributes at the center. 

 
Figure 95. FEA of Mode 3 (Left) and Experimental of Mode 3 of Test 3 (Membrane 

Mode) 

The FEA result of mode 4 is on the left and the experimental result of modes 4 and 5 of 
the structure are in Figure 96. These are the second set of repeated roots (bending modes) 
of the system. 

 
Figure 96. FEA of Mode 4 (Left) and Experimental of Modes 4 and 5 of Test 3 (Second 

Set of Repeated Roots) 
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The FEA result of mode 6 is on the left and the experimental result of modes 6 and 7 are 
in Figure 97. These are the third set of repeated roots (torsional modes) of the system. 

 
Figure 97. FEA of Mode 6 (Left) and Experimental of Modes 6 and 7 of Test 3 (Third Set 

of Repeated Roots) 

The FEA result of mode 8 is on the left and the experimental result of modes 8 and 9 are 
in Figure 98. These are the fourth set of repeated roots (bending modes) of the system. 

 
Figure 98. FEA of Mode 8 (Left) and Experimental of Modes 8 and 9 of Test 3 (Fourth 

Set of Repeated Roots) 

Modes 8 and 9 don’t visually appear as in the simulation because there aren’t enough 
response locations. This creates spatial aliasing in the mode shape, which is also why 
there is some correlation in the autoMAC in Figure 93. This could easily be resolved by 
including more accelerometers at different angles. This consistent dataset can be used for 
modal decomposition in the future. 

The comparison provides confidence in the FEA model and this analysis currently 
highlights the importance of excitation and response location. 
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4 Recommendations and Conclusions 
To minimize the number of contributing modes in a shock response spectrum (SRS), a 
finite element model of a circular plate was developed and validated. Two modes were 
found to contribute to the SRS, but only the lower one was desired. The cross sectional 
thickness was evaluated for a flat, convex, and concave shape to investigate moving the 
higher mode out of the frequency band of interest. The convex design separated the bending 
mode natural frequencies of the system by a greater margin than the concave design, which 
moved them closer together in frequency. The SRS displays the same trends in frequencies 
as the FRF. This convex design consideration could be used with more extreme geometry 
to move the second frequency out of the frequency band of interest.  

An analytical solution proved that there is a specific ideal damping of the plate that should 
be designed and boundary conditions can become critical in meeting specifications. A free-
free boundary condition should be used to meet this desired response. Input impulse 
duration can be directly seen in the SRS in a constrained system. 

Two different sets of resonant plates with varying damping mechanisms were 
experimentally tested to compare types of shock inputs and input force levels. Low 
amplitude testing indicated high repeatability and increasing force levels produced an 
increase in the SRS amplitude. The plate with the damping material consistently produced 
a SRS with a more rounded knee frequency. The amount of bolt torque of the 8 bolts 
clamping the set of three plates together affected the plate without damping material much 
more significantly than the plate with the damping material.  

A softer hammer tip can provide a SRS without exciting the knee frequency due to input 
energy rolloff. The knee frequency will appear at the frequency that the input energy rolls 
off. 

A striker plate was included in the system but the asymmetrical geometry appeared to have 
minimal effect on the resulting SRS. Adding a small amount of mass at the center of the 
plate to protect the testing plate structure does not appear to dramatically impact the results 
from an impact at the center and response at the center. 

Two boundary conditions were tested at low amplitude. Nonlinearities are apparent for 
some FRFs, but the SRS of each system appeared mostly consistent. The SRS is sensitive 
to off axis response and off axis input. There appears to be no significant relative motion 
between the plate and fixture. 

High amplitude shocks were tested and variables of this testing included projectile mass, 
velocity of the projectile, and programmer at the impact location. Trends were monitored 
in the SRS. The higher velocity of the projectile consistently had more energy, typically at 
high frequency. The higher projectile mass had a higher initial amplitude difference 
obviously dependent on the kinetic energy applied to the system. But as the mass increases, 
the SRS appeared to roll off at a lower frequency, confirmed by both plate sets. The felt 
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programmer was too soft to have any impact within the frequency range of interest likely 
due to the relative mass and velocity of the projectile, but it did effect the SRS above the 
frequency of interest. Using felt does not appear to assist in meeting specifications below 
10,000 Hz. 

The positive and negative and primary and residual responses of the SRS indicated valuable 
shock data. The low frequency velocity shift correction in the SRS proves to be a simple 
correction that does not require a complex algorithm. 

A resonant plate shock test typically has high enough input amplitude that a conventional 
force sensor would not withstand the test to give a reliable measurement of the input. Using 
a low amplitude frequency response function and a high amplitude shock output, the high 
amplitude input can be estimated. This was tested at low amplitudes where the input 
spectrum was known and can be directly compared. This validation was performed for 
three different systems and each revealed reasonable recreation of the input force. The 
IFFT of the estimated input was performed and matches the initial time domain input. The 
shock input spectrums were estimated for high amplitude hits. Experiments of altering the 
projectile mass, velocity of the projectile, and programmer at the impact location were 
conducted. Expected trends were monitored. The higher velocity of the projectile 
consistently had more energy. The higher projectile mass consistently had more energy for 
the low testing velocity, but not for the high testing velocity. The felt programmer was too 
soft to have any impact likely due to the relative mass and velocity of the projectile. The 
IFFT of this estimated shock input is the expected magnitude. A modal analysis of the 
damped plate was largely unsuccessful in providing quality data due to nonlinearities or an 
inconsistent data set. A modal analysis of a single undamped plate set provided a consistent 
data set and the modes up to 4,000 Hz. 

It is recommended that modeling efforts continue to better understand the implications of 
adding damping material within the plates. Creating a nonlinear model with bolts and a 
viscoelastic layer to model the damping material would exponentially further the accuracy 
of the modeling efforts. This linear model was only fit for a proof of concept. Modelling 
more extreme convex geometries to further separate the modes could discover a geometry 
that would produce any desired SRS curves. A two degree of freedom analytical model 
would better replicate the structure that is currently fabricated. Using an Hv estimator of 
FRF to limit the noise on the input as well as the output when estimating the input spectrum 
could help eliminate noise on the estimated input spectrums. For modal testing, a stepped 
sine might accurately characterize the nonlinearities of the system. A multiple input test 
that utilizes two shakers would help to excite all of the modes. Because the system is 
symmetrical, this is difficult to accomplish with just one input. Smaller accelerometers may 
help to limit the potential for mass loading for the damped plate testing. 

This project will next look at the triaxial SRS. There is clearly energy along the other axis 
that a uniaxial accelerometer does not measure, meaning the part is being over tested. The 
ultimate question is the degree that it is being over tested. Although the SRS appears to be 
a good initial look at shock severity and has served its purpose well, it would benefit to 
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develop a new method. This has been attempted and is being considered by bright minds, 
but can use more focus. [17] [18] It is not responsive to changes in the structure and its 
peak hold nature likely over tests components. Finding the exact root cause of failure may 
be more beneficial. Redefining the specifications to use stress and strain as a metric could 
give a more accurate perspective on the energy present in the system and more specific 
cause of failure. 
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5 Future Work 
The FEA model should be correlated with the experimental results and expanded to a 
nonlinear model, resulting in future FEA simulations that hold more merit. A consistent 
modal data set of the damped plate set would provide a means to correlate the highly 
damped plate set to an FEA model. Investigating more extreme geometry tests of a convex 
plate, damping changes, and different impulse input types through simulations would 
reveal better results and all should be done if the SRS is continued to be utilized. 

Modal decomposition from experimental modal data would reveal precisely how each of 
these modes participate in the SRS response. A more thorough experimental or modelling 
investigation of how the response changes across the face of the fixture would likely further 
prove the flaw in monitoring the SRS at one location on the fixture. The part under test 
undoubtedly experiences more inconsistent excitation than shown here. 

Triaxial SRS data should be acquired and analyzed. The SRS of these off axis responses 
will reveal the validity and quality of the current testing method. This will likely result in 
further emphasis of the need for overall reconsideration of the SRS as a testing metric. 

The focus should be shifted to consider stress and strain measurements as specifications 
for testing failure in parts. Measuring the acceleration in a typical shock test (even on three 
axes) while also taking strain measurements would give a reference to compare to quantify 
the extent the part is being over tested. 
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	Abstract

	Intricacies of the shock response spectrum were discovered and investigated by testing a circular plate structure with integral damping. Effects on the SRS from physical alterations to the nonlinear structure were monitored from low and high shock imp...

	1 Introduction
	Designing for mechanical shock is difficult, but the intricacies of testing for it can be even harder. Shock testing is utilized in (but certainly not limited to) spacecraft and avionics engineering, earthquake engineering, transportation and shipping...
	1.1 Background
	Resonant plate testing is a method currently accepted and commonly used for shock testing. A plate is designed that produces a particular desired frequency response. A test component is mounted (usually with a fixture) in the center on one side of the...
	Figure 1. Overview of Resonant Plate Testing
	Damping material can also be placed within the structure to create a constrained layer damping effect to increase the overall damping of the structure itself. A diagram of the inclusion of this damping material can be found in Figure 2.
	Figure 2. Diagram of Resonant Plate Testing with Integral Damping
	A uniaxial accelerometer is typically placed on the test component to measure the acceleration on one axis that is in line with the impact direction. A shock response spectrum is calculated from that time trace. This is assumed to capture the response...
	Figure 3. SRS Calculation Concept
	The SRS shape is selected by measuring an experimental response and calculating a SRS. This SRS (with designated allowable margins for error) then becomes the standard test specification.
	Rectangular plates have historically been used for resonant plate testing, but because there are many frequencies that contribute to the response, the plates cannot always be designed to produce desired shock response curves. [5] Previous analytical r...

	1.2 Goals
	The goals of this research were to analyze the SRS by modelling and performing experimental testing to gain a better understanding of how physical changes in the test relate to changes in the SRS. Using this knowledge, a structure could be designed to...


	2 Methods
	2.1 Modelling
	A FEA model and a numerical model were created and used to assist in the design and analysis of a resonant plate system. The basic geometric shape of the FEA model was validated with an analytical equation.
	2.1.1 FEA Model
	Previous research has investigated and proven that circular plates provide symmetry to minimize the number of contributing modes when impacted directly at the center. [6] A finite element model of an aluminum plate with a thickness of 1.125 inches and...
	Figure 4. Hypermesh Model of Plate (Left) and Contributing Mode Shapes (Right)
	To prove the validity of the model, all the modes were compared with analytical solutions. The following Equation 1 is the analytical representation of free-free circular plates. [8] The variables are described below in Equation 1.
	f = natural frequency
	λ = natural frequency parameter
	a = radius
	E = modulus of elasticity
	H = thickness
	ρ = density
	ν = Poisson’s ratio
	The values of λij were analytically developed by Itao. [9] Table 1 includes the values of λij2 used in the calculation where i represents the number of nodal diameters and j represents the number of nodal circles. [8]
	Table 1. Values of λij2 for Equation 1
	All other variables and selected values of parameters of the plate can be found in Table 2. The material properties are of 6061 aluminum.
	Table 2. Structure Parameters for Equation 1
	Using the values from Table 1 and Table 2 in Equation 1, the analytical natural frequencies of the plate can be calculated and are displayed in Table 3. The only contributing natural frequencies occur when there are zero nodal diameters (i=0). Only th...
	Table 3. Natural Frequencies (Hz) of Free-Free Circular Plate from Equation 1
	A comparison of the finite element results and analytical results in Table 4 show errors below 10% for all critical natural frequencies of interest. The first six modes are rigid body modes of the plate.
	Table 4. Simulated and Analytical Natural Frequencies of Free-Free Circular Plate
	After this initial check to aid in the design of the plate, the model was further expanded to include a fixture and impact pad that would more accurately simulate a typical experimental test.

	2.1.2 Numerical Model
	An analytical model of a constrained system was developed in MATLAB. The single degree of freedom model was selected to have a natural frequency of 1300 Hz and a mass of 14 kg for the physical parameters, which are both similar to the properties of th...


	2.2 Testing
	Structures were fabricated and experimental testing was performed to investigate the SRS by altering variables. An input estimation method was developed, validated, and performed on the experimental data and a modal analysis was executed.
	2.2.1 Input Levels
	To test this design, two different plate configurations were manufactured. Three 3/8 inch thick, 17 inch diameter plates were bolted together using 8 bolts in an equally spaced 11.5 inch diameter circular pattern. This system was designed to have a fi...
	One of the plate configurations had 0.125 inch of C2003 EAR damping material adhered between the plates (referred to as damped). The other set of plates had no damping material (referred to as undamped). The damped plate configuration can be seen in F...
	Figure 5. Resonant Plate with Fixture (Left), Damped Plate Cross Section (Right)
	Low amplitude testing was performed using a PCB 086D20 handsledge impact hammer. This impact hammer has a resonant frequency greater than 12kHz and can measure up to 5000 lbf peak. The shock response at the fixture location was acquired using a PCB 35...

	2.2.2 Input Estimation
	As previously stated, resonant plate shock testing is conducted by rigidly attaching a test fixture and part to one side of a resonant plate and impacting the opposite side with a projectile. This testing produces high amplitude impulse input events w...
	A low amplitude frequency response function can be measured using the typical impact testing method. On the same system, a high amplitude response can be measured using the typical shock testing method. A frequency response function (FRF) is the outpu...
	An overview of this method can be seen below in Figure 6. The low amplitude measurements and calculations are seen in green and the high amplitude measurements and calculations are seen in red. Only A, B, and C are measured. D, E, and F are the fast F...
	Figure 6. Input Estimation Method Overview
	The process with experimental data is shown below in Figure 8. The low amplitude measurement is a light impact on the structure from an impact hammer. The same system is then impacted by a high amplitude shock, of which the input is unknown. Initially...
	An elliptical lowpass IIR filter seen in Figure 7 was designed in MATLAB to apply to the shock data before downsampling. To achieve the cutoff frequency of 10,240 Hz, the passband frequency was 10,240 Hz and stopband frequency was 10,250 Hz. 40 dB of ...
	Figure 7. Low Pass IIR Filter
	The filter is used before decimating the shock data to avoid aliasing.
	Figure 8. Input Estimation Method Overview with Example Experimental Data
	This estimated shock input can be calculated, but there is no definite way to verify that this process is correct because the input spectrum was not measured. To validate that the process is correct, it must be performed with low amplitudes where the ...
	An inverse fast Fourier transform of the shock input estimate will result in the estimated time domain of the high amplitude shock event. This was validated and performed on the shock events and trends were monitored.

	2.2.3 Modal Analysis
	Whether there is significant relative motion created on one of the other axes (specifically the torsional vibration) between the plate that is impacted and the plate of the response is unknown. This could mean that there is more energy in the system t...
	A full modal analysis of the damped plates with a fixture and impact pad using 3 PCB 356A33 and 5 PCB T356A31 triaxial accelerometers was performed with the intent to understand which modes actually do significantly contribute to the response of the p...
	Figure 9. Modal Analysis Test Setup
	The accelerometers were mounted using Loctite 454 to reduce the potential of a mounting resonance and increase the maximum valid frequency of the data. Using the roving accelerometer method, 154 output locations were measured and used in the modal ana...
	Using a sampling frequency of 20,480 Hz, a sine chirp of the entire bandwidth was produced. An excitation time of 75 percent of the acquisition time was set to allow enough time for the energy input to decay to the noise floor so the transient is tota...
	Because this test was largely unsuccessful in producing a consistent set of modal data, three other modal tests were performed. A new single plate of 1.125 inch thickness and 17 inch diameter was manufactured. For all three of these MIMO shaker tests,...
	Figure 10. Back (Left) and Front (Right) of Modal Setup of Test 1 (Only Plate)
	The accelerometers were again mounted with Loctite 454, but were not removed during the duration of these three tests, meaning only 10 response locations were included in the results.
	A bandwidth of only 4096 Hz and burst random excitation from 800 to 4000 Hz was used. The burst time was 70 percent of the excitation duration. The output voltage was increased to 0.7 volts to input more energy into the system. The structure should gi...
	A setup of test 2 (plate and fixture) can be seen in Figure 11. The four bolts mounting the fixture were torqued to 30 ft lbs.
	Figure 11. Back (Left) and Front (Right) of Modal Setup of Test 2 (Plate and Fixture)
	Test 3 (plate, fixture, and impact pad) is in Figure 12. The two bolts mounting the impact pad were torqued to 20 ft lbs.
	Figure 12. Back (Left) and Front (Right) of Modal Setup of Test 3 (Plate, Fixture, Impact Pad)
	All three of these tests can be compared to the numerical and FEA models.
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	3 Results
	3.1 Variable Thickness Plates
	A test fixture must be included in the design to model a more realistic test. In practice, this test fixture would contain a part mounted as it would be in the field. For this research, a 3 inch thick, 5 inch square aluminum test fixture was rigidly a...
	Figure 13. FE Model of Plate with Test Fixture (Left), All Mode Shapes (Right)
	A 2 inch by 4 inch aluminum impact pad was added to the model, attached rigidly to the opposite side than the fixture, also at the center of the plate. The pad is 1.75 inches thick. There are four 1 inch diameter holes in a 2 inch by 2 inch pattern. T...
	Figure 14. FE Model of Plate with Test Fixture and Impact Pad (Left), All Mode Shapes (Right)
	3.1.1 FEA Shock Response Calculation Method
	From this FEA model, a simulated FRF of the structure impacted by a unit impulse on the center of the impact pad and response at the center of the fixture can be obtained, as seen in Figure 15. Overall modal damping of the structure was 1 percent, as ...
	Figure 15. Simulated FRF of Structure (Left), Analytical Input Spectrum (Right)
	Multiplying the structure’s FRF by a chosen input spectrum results in an output response, which is found in Figure 16. An IFFT of this output response produces the time domain response, also shown in Figure 16.
	Figure 16. Response of System from Analytical Input (Left), Time Domain of Response (Right)
	From the output time domain response, a shock response spectrum can then be calculated. A Q of 10 (5 percent damping ratio) is used which is a standard damping factor for calculating the SRS. The absolute maximax acceleration SRS was calculated. This ...
	Figure 17. Shock Response Spectrum of Simulated System from Analytical Input with Sample Target Bands
	The two contributing natural frequencies of the plate can obviously be seen in the shock response spectrum as the peaks. The first membrane mode is the knee frequency indicated by the arrow in Figure 17. To meet a target band of the shape seen above, ...
	The shape of the SRS to match is selected by producing a SRS from experimental data taken in the field. Bounds from this curve allow controlled laboratory testing to vary from the selected curve by a selected margin. For the experimental test in this ...

	3.1.2 Flat, Concave, Convex Plate Geometry
	In an attempt to increase the frequency of the higher frequency mode out of the frequency band of interest, the cross sectional geometry of the plate was modified.
	The geometry and contributing mode shapes of the initial flat plate are seen in the following Figure 18.
	Figure 18. Geometry of Flat Plate (Left), Contributing Modes (Right)
	The first bending mode, which is the knee frequency in the SRS, is computed to be 1361 Hz.
	The geometry and contributing mode shapes of a plate with concave thickness are seen in Figure 19. The plate was designed with the intent of increasing the mass by 4.5 lbs. This allows the plate to remain within a weight that is realistic for a single...
	Figure 19. Geometry of Concave Plate (Left), Contributing Modes (Right)
	It is obvious that both frequencies decreased. The difference between the frequencies also decreased compared to the flat plate.
	The geometry and contributing mode shapes of a plate with convex thickness are shown in Figure 20. The plate was designed with the intent of decreasing the mass by 4.5 lbs, as this is the same amount the concave plate was increased.
	Figure 20. Geometry of Convex Plate (Left), Contributing Modes (Right)
	Both frequencies of interest increased compared to the flat plate and the difference between the frequencies also increased.
	Using the selected material properties, the flat plate was calculated to be 32.38 lbs, the convex plate was 27.88 lbs (-4.5 lbs than the flat plate), and the concave plate was 36.89 lbs (+4.5 lbs than the flat plate).
	The unit impulse FRFs of all of the plate geometries can be seen below in Figure 21.
	Figure 21. Frequency Response Functions of Flat, Convex, and Concave Geometries
	The natural frequencies of the contributing modes taken from the frequency response functions are numerically displayed below in Table 5. The convex plate increases the separation of contributing mode 1 and contributing mode 2 significantly more than ...
	Table 5. Contributing Natural Frequencies (Hz) of Flat, Convex, and Concave Geometries
	The natural frequency trends from the FRFs can also be seen in the shock response spectrum curves, which can be seen below in Figure 22. Due to the log scale, the separation effect appears less dramatic.
	Figure 22. Shock Response Spectrums of Flat, Convex, and Concave Geometries
	The convex plate geometry separated the bending modes’ natural frequencies. This strategy could be used to design resonant plates more robustly and to control the contribution of the modes in the FRF. Because the SRS is directly related to the FRF, th...


	3.2 Numerical Model
	The constrained numerical MATLAB model was used to investigate the effects of impulse duration and damping. The time duration of the pulse was 0.5 ms with an amplitude of 10,000 N. The input and resulting impulse response of the system are seen below ...
	Figure 23. 0.5 ms Input Time (Left), Impulse Response of System (Right)
	The input haversine has a dominant pulse frequency of 2000 Hz. The response is nearly symmetrical because the impulse time duration is near the response time of the system. Using varying values of damping, the SRS was calculated from this 0.1 second t...
	Figure 24. SRS from 0.5 ms Input Using Varying Damping Values
	It can be seen that 8% damping appears to allow the knee frequency to stay within the selected test criteria bands. These specifications allow +/-6 dB on either side of the SRS. The general shape is 12 dB/octave until 1300 Hz, followed by a horizontal...
	There is a low frequency vertical shift. This is not due to velocity or experimental issues in this case because this is entirely analytical. To prove this, the initial and corrected velocity from this acceleration response can be seen below in Figure...
	Figure 25. Velocity and Corrected Velocity of System
	This low frequency slope in the SRS in Figure 24 is due to the boundary condition. The stiffness to ground creates a boundary condition that is not free-free. The constrained boundary condition will alter this low frequency content below approximately...
	A longer impulse time was created of 5 milliseconds, or a dominant frequency of 200 Hz. This results in a response that appears as if the structure was impacted twice, as seen in Figure 26. The system responds faster than the pulse is completed. This ...
	Figure 26. 5 ms Input Time (Left), Impulse Response of System (Right)
	Figure 27 displays the SRS from varying system damping parameters calculated using the impulse response.
	Figure 27. SRS from 5 ms Input Using Varying Damping Values
	If the system is not held in a free-free state, the dominant frequency of the impact will always be present in the SRS of the system because the SRS simply estimates the peak amplitude of every natural frequency of the entire system. This must be cons...
	Figure 28. 0.05 ms Input Time (Left), Impulse Response of System (Right)
	The system is not impacted hard enough to respond in the negative direction. The stiffness of the boundary condition results in the energy being attenuated before reflecting back. This is also not desired, as the resulting SRS will only represent the ...
	Figure 29. SRS from 0.05 ms Input Using Varying Damping Values
	The SRS appears to increase past the maximum calculated natural frequency of 10,000 Hz. The SRS has a peak near 20,000 Hz, which is the dominant frequency of the impact. This is not desired to meet the test specifications. It can be concluded that if ...

	3.3 Experimental Testing
	Experimental testing was performed on a fabricated plate in free-free and constrained boundary conditions. Varying physical parameters of the free-free system were altered to monitor the effect on the resulting SRS. Low amplitude impacts were compared...
	3.3.1 Low Amplitude Testing Alterations
	The plate was suspended vertically using bungee cords to create a free-free boundary condition. An accelerometer provided time data to calculate a SRS under different input conditions. For this testing, a peak time domain output of 100, 200, 300, and ...
	Figure 30. 200g Peak in Time Domain Response of Structure
	Using the log decrement method on the time domain response of the plates with no damping material (undamped) and plates damped with EAR C2003 (damped), a damping ratio of approximately 3.6% and 24.8%, respectively, was estimated. [10]
	3.3.1.1 Repeatability and Input Force Levels
	For all of the SRS calculations, the damping ratio of each natural frequency was assigned a Q of 10, which is a damping ratio of 5%. This is a common value used for the SRS calculation. [12] The number of points per octave calculated was 12. Unless sp...
	Five impacts show the repeatability of the measurement for 200 g on an undamped plate (left) and a plate with the damping material (right), as seen in Figure 31. The three plates that make up the plate sets were secured by eight equally spaced bolts i...
	Figure 31. Five SRS of 200g Maximum Time Domain Response on Undamped (Left), and Damped Plates (Right)
	This shows a typical response shape of a resonant shock test. [7] Figure 32 shows single tests of 100, 200, 300, and 400 g peak output in the time domain on an undamped plate bolted with a torque of 30 ft lbs (left) and a plate with damping material b...
	Figure 32. SRS of 100, 200, 300, and 400g Maximum Time Domain Response on Undamped (Left), and Damped Plates (Right)
	For both plate sets, the SRS appears to simply shift vertically with increasing input amplitude. The SRS of the undamped plate appears to have a much more defined knee frequency, while the SRS of the damped plate is significantly more rounded.
	3.3.1.2 Damping Material Effects
	Figure 33 compares the damped and undamped plate sets. The red SRS show the damped plate system and the blue SRS show the undamped plate system at varying amplitude. 30 ft lbs of torque on the bolts is on the left and 15 ft lbs of torque is on the right.
	Figure 33. SRS of 100, 200, 300, and 400g Maximum Time Domain Response on Damped and Undamped Plates with 30 ft lbs Bolt Torque (Left), and 15 ft lbs Bolt Torque (Right)
	The conclusion drawn from this study is using a bolt torque of 30 ft lbs, more damping produces a lower knee amplitude and a more rounded, higher knee frequency. For 15 ft lbs, there is a more rounded, higher knee frequency with an increase in damping.
	3.3.1.3 Bolt Torque Effects
	In Figure 34, the red SRS shows the bolts tightened to 15 ft lbs while the blue SRS shows the bolts tightened to 30 ft lbs increasing in input amplitude. The undamped plate system is on the left while the damped plate is on the right.
	Figure 34. SRS of 100, 200, 300, and 400g Maximum Time Domain Response Using 15 and 30 ft lbs Bolt Torque on Undamped (Left) and Damped Plates (Right)
	The conclusion drawn from this is that for the undamped plate, less bolt torque results in a more rounded lower knee amplitude. This effect was also described as being seen in testing done by Morse. [8] This is because the system allows the plates to ...
	3.3.1.4 Programmer Effects
	Programmer material can greatly affect the resulting SRS. The impact hammer tip hardness was changed from aluminum to increasingly soft elastomers. The SRS and input autopower spectrum can be seen overlaid in Figure 35. The plot on the left is the und...
	Figure 35. Varying Hammer Tip Hardness SRS overlaid on Input Autopower Spectrum of Undamped (Left) and Damped Plates (Right)
	The input autopower spectrum rolls off at a lower frequency as the hammer tip becomes softer. Each of these measurements were taken to result in a 10 g peak time domain output, so different input forces were required. The SRS also rolls off, or is not...
	3.3.1.5 Off Axis Response Sensitivity
	The question then arises, is the precision of the output measurement location critical? Using the damped plate set and 30 ft lbs of torque on the bolts, the structure was impacted with the 4 different amplitude levels. An accelerometer was mounted at ...
	Figure 36. SRS of Damped Plate Response in Center and 2.25 Off Center (Edge) of Fixture
	The accelerometer on the edge consistently experiences higher amplitudes, especially at higher frequencies (near the resonant frequency of the plate). This reinforces the idea that there are other modes participating to create motion at this off axis ...
	Figure 37. SRS of Undamped Plate Response in Center and 2.25 Off Center (Edge) of Fixture
	The results of this are strikingly similar. There is nearly an identical increase at corresponding locations along the frequency axis.
	3.3.1.6 Off Axis Input Sensitivity
	Since the response location on the face of the fixture was discovered to be important, the input location should also be questioned. If the input location is not directly at the center, how much impact does this have on the resulting SRS? Two hits at ...
	Figure 38. SRS of 30 g Impact at Center and 3.25 Inches Off Center
	There is substantial noise, which effects the low natural frequencies. The two center impacts show reasonable consistency in overall shape. The off center accelerometer response is noticeably different in key areas. There is a higher amplitude at low ...
	Figure 39. SRS of 100 g Impact at Center and 3.25 Inches Off Center
	A difference of high amplitude at low frequency and lower amplitude at high frequency is apparent. This means that a higher velocity impact was required for the off center input to produce a similar peak time domain output. The bending mode with motio...
	Figure 40. SRS of 200 g Impact at Center and 3.25 Inches Off Center
	3.3.1.7 Fixture-Plate Relative Motion
	To ensure that there is no relative motion between the plate and the fixture, accelerometers were placed on both the plate and fixture. The accelerometers are indicated in Figure 41 as channel 1 and 2, respectively. This is useful in ensuring that the...
	Figure 41. Accelerometer Locations to Test Relative Motion Between Fixture and Plate
	The plate is impacted to produce a response of 100 g peak in the time domain. The bolts holding the fixture were tightened to 30 ft lbs and the response can be seen in Figure 42. This data was taken with a 100,000 Hz sampling frequency. This was also ...
	Figure 42. Time Response of 100 g Impact of Accelerometers on Fixture and Plate
	There is high frequency content that makes deciding whether there is relative motion very difficult. The resonant frequency of this accelerometer is over 100 kHz, so the high frequency content isn’t from the resonant frequency of the accelerometer. Th...
	Figure 43. Time Response of 100 g Impact of Two Accelerometers with Bolts 15 ft lbs
	The phase difference is hardly noticeable. The amplitude does vary slightly, which is expected because the modal participation at these locations will be different. This was repeated for bolting the impact pad on with 30 ft lbs of torque in Figure 44.
	Figure 44. Time Response of 100 g Impact of Two Accelerometers with Bolts 30 ft lbs
	There is no noticeable change from 15 to 30 ft lbs of bolt torque. The structure was then impacted to produce an output in the time domain of 300 g. The differences in phase increased, but not significantly, as seen in Figure 45.
	Figure 45. Time Response of 300 g Impact of Two Accelerometers with Bolts 15 ft lbs
	There does not appear to be any substantial phase delay between these two points, meaning that the connection between them can be considered rigid. The modes of the system are the main, possibly only, aspect that create a difference. The eight bolts t...
	Figure 46. Time Response of 300 g Impact of Two Accelerometers with Bolts 30 ft lbs

	3.3.2 Force Levels
	3.3.2.1 Low Amplitude Impacts
	3.3.2.1.1 Free-Free Boundary Condition

	To allow for high amplitude impacts, an aluminum impact pad was included in the design of the test system. An aluminum pad of approximately 2 inches by 4 inches and 1.75 inch thick was bolted to the system. The mounted impact pad can be seen below in ...
	Figure 47. Impact Pad Bolted on Resonant Plate
	Although this does introduce asymmetrical geometry, the asymmetrical mass is small relative to the size of the plate set and the system SRS response remains similar.
	Table 6 is a summary of the performed low amplitude tests. The plate estimated velocity is calculated by integrating the acceleration to velocity in the time domain. The value reported is the initial peak value of the velocity. [4] A force description...
	Table 6. Summary of Low Amplitude Test Runs
	The response of medium, hard, very hard, and very very hard hits on the damped plates with free-free boundary conditions can be seen in the time domain on the left in Figure 48. The corresponding SRS can be seen on the right. Although only 10 to 10,00...
	Figure 48. Varying Amplitude Inputs of Structure in Free-Free Boundary Conditions Time (Left) and SRS (Right)
	The input rolloff of the aluminum tip on the force hammer and the rolloff of the low pass filter applied to the data at 10,000 Hz begins to impact the SRS near 7,000 Hz.
	3.3.2.1.2 Constrained Boundary Condition

	The system was then constrained by bolting a bar at the top that could pivot. The dashed lines show varying force levels taken on the constrained system and the solid lines show varying force levels on the free-free system in Figure 49. The main diffe...
	Figure 49. FRF of Varying Amplitude Inputs of Structure in Constrained (Dashed) and Free-Free (Solid)
	The response of light, medium, hard, and very hard hits on the damped plates can be seen below in the time domain on the left in Figure 50. The corresponding SRS can be seen on the right. Although only 10 to 10,000 Hz is the frequency range of interes...
	Figure 50. Varying Amplitude Inputs of Structure in Constrained Boundary Conditions Time (Left) and SRS (Right)
	The input roll-off of the steel tip on the force hammer and the roll-off of the low pass filter applied to the data at 10,000 Hz begins to impact the SRS near 7,000 Hz. There is a second small peak near 6,000 Hz from the dynamics of the structure bein...
	3.3.2.2 High Amplitude Shock Impacts
	With the system constrained by bolting to a bar at the top that can rotate freely about an axis, the plate was impacted with high amplitude hits. The different force levels, mass, and felt programmer effects were observed. Table 7 is a summary of the ...
	Table 7. Summary of High Amplitude Shock Test Runs
	3.3.2.2.1 Variable Projectile Velocity

	A projectile of 5 lbs mass at a velocity of 20 ft/s and 50 ft/s and a 0.25 inch felt programmer was used. The repeatability of each test is seen by two different tests of the same test conditions. There is an electronic filter applied at 40,000 Hz. Th...
	Figure 51. Time (Left) and SRS (Right) of Constant 5lbs Projectile, Variable 20 ft/s and 50 ft/s Velocity
	The difference from the projectile velocity is most obvious at high frequency, which is outside the frequency range of interest, but is shown to display the complete effect of the projectile velocity. The response does appear to plateau at the peak in...
	A 10 lbs mass was used as a projectile at 20 ft/s and then at 50 ft/s, as seen in Figure 52. 0.25 inches of felt was used as a programmer.
	Figure 52. Time (Left) and SRS (Right) of Constant 10lbs Projectile, Variable 20 ft/s and 50 ft/s Velocity
	The repeatability between the same set up conditions is acceptable. The difference from the projectile velocity is most obvious at high frequency.
	A 15 lbs mass was used as a projectile at 20 ft/s and then at 50 ft/s, as seen in Figure 53. 0.25 inches of felt was used as a programmer.
	Figure 53. Time (Left) and SRS (Right) of Constant 15lbs Projectile, Variable 20 ft/s and 50 ft/s Velocity
	The repeatability between the same set up conditions is reasonable. The difference from the velocity is most obvious at high frequency.
	A 20 lbs mass was used as a projectile at 20 ft/s and then at 50 ft/s, as seen in Figure 54. 0.25 inches of felt was used as a programmer.
	Figure 54. Time (Left) and SRS (Right) of Constant 20lbs Projectile, Variable 20 ft/s and 50 ft/s Velocity
	The repeatability between the same set up conditions is also acceptable. The difference due to the velocity is most obvious at high frequency.
	3.3.2.2.2 Variable Projectile Mass

	Varying masses were used and compared at 20 ft/s projectile velocity in Figure 55.
	Figure 55. Time (Left) and SRS (Right) of Constant 20 ft/s Velocity, Variable 5, 10, 15, and 20 lbs Projectile
	The repeatability between the same set up conditions is more difficult to decipher due to the number of traces, but is reasonable. The initial amplitude difference is obviously dependent on the kinetic energy applied to the system. As the mass increas...
	Varying impact masses were used and compared at 50 ft/s in Figure 56.
	Figure 56. Time (Left) and SRS (Right) of Constant 50 ft/s Velocity, Variable 5, 10, 15, and 20 lbs Projectile
	The repeatability between the same test conditions was observed. The initial amplitude difference is obviously dependent on the kinetic energy applied to the system. Test run 9 is clearly an outlier. The larger impact masses again appear to roll off a...
	3.3.2.2.3 Variable Felt

	Four test runs without felt and two test runs with felt all with a projectile mass of 5 lbs and projectile velocity of 20 ft/s were compared in Figure 57.
	Figure 57. Time (Left) and SRS (Right) of Constant 20 ft/s Velocity and 5 lbs Projectile, Variable 0.25 Inch Felt
	The test is consistently repeatable. A noticeable difference is seen above the frequency range of interest. The felt increases the duration of the force pulse, which reduces the response at frequencies above 10,000 Hz more than without felt, but has l...
	3.3.2.2.4 Variable Projectile Mass on Undamped Plate

	5 lbs and 15 lbs masses were used and compared at 50 ft/s on the plate with no damping material in Figure 58.
	Figure 58. Time (Left) and SRS (Right) of Constant 50 ft/s Velocity, Variable 5 and 15 lbs Projectile on Undamped Plate
	The knee frequency is much less distinguishable, but repeatability between test runs is still acceptable. The characteristic higher initial amplitude of the curve from the larger projectile is apparent.

	3.3.3 SRS Intricacies
	3.3.3.1 SRS Contributors
	The SRS can be calculated many different ways. As previously discussed, maximax is typically used. The positive and negative primary and residual responses can also be calculated. As previously stated, maximax is defined as the maximum of both positiv...
	Figure 59. Maximum Positive and Negative and Maximax SRS of 20 ft/s Velocity, 5 lbs Projectile
	Overall, the maximum of the positive and negative appear relatively close, which is an indication of measuring good data and minimal accelerometer saturation. [4] The positive maximum is the main contributor to the maximax. But there are some differen...
	At 307.3 Hz, 211.9 g of acceleration on the positive side is calculated to be 3.53 ft/sec and 100.1 g of acceleration on the negative side is 1.67 ft/sec. These are both relatively low values, so it is difficult to say this difference is alarming.
	A SRS of two test runs with the same test configuration are compared below in Figure 60. The primary response of the shock event is the maximum responses during the excitation event and the residual is the peak response after the excitation has decaye...
	Figure 60. SRS Calculations of 20 ft/s Velocity, 5 lbs Projectile from Two Test Runs
	The primary response is the main contributor.  The residual never drives the maximax and is consistently low, which is also a sign of useful data because that verifies that the event fully decays.
	For the same projectile mass, but higher velocity (50 ft/s), similar trends were observed in Figure 61.
	Figure 61. SRS Calculations of 50 ft/s Velocity, 5 lbs Projectile
	Using the velocity estimation method at 194.7 Hz, 614.3 g of acceleration on the positive side is a calculated 16.16 ft/sec and 258.7 g of acceleration on the negative side is 6.80 ft/sec. This is a significant difference, but only over a small region...
	These methods of calculating the SRS indicate reasonably good data with minimal overstressing of elements, physical movement of sensor parts, cable noise, base strain induced errors, inadequate low-frequency response, or overloading of the signal cond...
	3.3.3.2 Velocity Shift
	Velocity present in acceleration time data can severely alter low frequency components of the SRS. [15] Blough developed a seamless method to combat this. [16] This method is further investigated. A flow chart of this method is seen below in Figure 62.
	Figure 62. Overview of Velocity Correction Method
	To solve this error in data, the velocity can be corrected for. An acceleration time trace and the resulting SRS can be seen in Figure 63. The g unit was converted to ft/sec2.
	Figure 63. Medium Free-Free Time (Left) and SRS (Right)
	It is clear from the SRS that the low frequency is not consistent with expectations. To eliminate this artifact, the acceleration time trace was integrated. Once integrated, this can be curve fit with a low order polynomial. In this case, a simple thi...
	Figure 64. Medium Free-Free Velocity Correction Process
	Although the time trace is not perfectly fit and doesn’t completely reach zero after the impulse, the majority of the velocity is corrected for. This corrected velocity time trace can then be differentiated to find the corrected acceleration in Figure...
	Figure 65. Medium Free-Free Original and Corrected Acceleration Time Response
	This acceleration time trace can be used to calculate the SRS, as seen in Figure 66.
	Figure 66. Medium Free-Free Original and Velocity Corrected SRS
	The low frequency variation in the original data is now a smooth curve. This is much more accurate of the acceleration the part is actually experiencing. Even a coarse linear fit can solve a majority of the problem, as seen in the following Figure 67.
	Figure 67. Medium Free-Free Velocity Correction Process and SRS
	This rough linear fit still eliminates a large portion of the velocity error. The resulting SRS is seen below in Figure 68.
	Figure 68. Medium Free-Free Original and Velocity Corrected SRS
	This proves that a complex algorithm is not necessary for this correction. It is straightforward and easy to implement. This is also a testament to how sensitive the low frequencies are to velocity error.


	3.4 Input Estimation
	The method to use a FRF from one test run to estimate the input of another test run is performed and investigated. The method is first validated using a variety lower impact tests where the input is known. An IFFT of the input spectrum reveals a recre...
	3.4.1 Validation
	To find the accuracy of the method, an impact test using a modal impact hammer was done for a low amplitude hit on the test set up. A second impact test was performed at a higher amplitude. The input was known for both hits. Using the lower amplitude ...
	Table 8. Summary of Low Amplitude Testing
	The constrained system tests’ FRFs from test runs 1-4 in Figure 69 show reasonable repeatability between the different inputs.
	Figure 69. FRF of Constrained Test Runs
	The input for each run was estimated using the lightest input force (Test Run 1) in Figure 70 because it had the least amount of noise.
	Figure 70. Measured Input Spectrums of Constrained System and Estimated Using Light FRF
	The approximate shape and amplitude of the input was estimated and matches the actual measured inputs.
	The FRFs of the constrained system (Tests 1-4) are seen as dashed lines and the FRFs from the free-free system with the 086D20 hammer (Tests 5-9) can be seen as solid lines in Figure 71. Nonlinearities are excited at the higher amplitude impacts.
	Figure 71. FRF of Constrained and Free Test Runs Using 086D20 Hammer
	Because the system was rigidly attached to a bar, the effective mass in the structure was greater. This means the system has a lower output for a given input with the constrained boundary conditions.
	The input for each run was estimated using the lightest input force (Test Run 5), medium input force (Test Run 6), and hard input force (Test Run 7) in Figure 72.
	Figure 72. Measured Input Spectrums of Free 086D20 Hammer Test Runs and Estimated Input Spectrums Using Light FRF (left), Medium FRF (middle), and Hard FRF (right)
	The less noise on the FRF, the closer the estimated input matches the measured input.
	The FRFs of the constrained system (Tests 1-4) are seen as dashed lines and the FRFs from the free-free system with the lighter 086B03 hammer (Tests 10-14) can be seen as solid lines in Figure 73. Significant noise is apparent on the free-free low amp...
	Figure 73. FRF of Constrained and Free Test Runs Using 086B03 Hammer
	The input for each run was estimated using the medium input force (Test Run 11) in Figure 74.
	Figure 74. Measured Input Spectrums of Free-Free System and Estimated Using Medium FRF
	The estimated input extended farther in the frequency range. This is expected because the hammer is lighter and a harder hammer tip was used. Using spectral averaged FRF’s, the system was tested for a variety of input levels and hammer tips. This mini...
	To complete the process of validation, these input estimates were then scaled appropriately before taking an IFFT (inverse fast fourier transform). The IFFT of the original actual input spectrum matched the original time data perfectly, validating thi...
	Figure 75. IFFT of Original and Estimated Low Amplitude Spectrums of Free-Free System
	The same process was repeated for the constrained system. The IFFT of test run 1 estimated using test run 3 of the constrained system and the IFFT of the original input spectrum appear to be almost identical in Figure 76.
	Figure 76. IFFT of Original and Estimated Low Amplitude Spectrums of Constrained System
	Differences from noise are apparent, but this fully validates this process at low amplitudes.

	3.4.2 Estimation of Shock Inputs
	3.4.2.1 Frequency Domain Input Estimation
	High impact shock inputs were then tested on the constrained system, as seen in Table 9. Although these inputs are not known, these tests can verify the method by monitoring expected trends. Three variables were changed. The projectile mass was 5, 10,...
	Table 9. Summary of High Amplitude Testing
	The light FRF of the constrained system is used to estimate the input of all of the shock test datasets. The effect of different force levels was monitored as velocity of the projectile (20 and 50 ft/sec). Figure 77 displays the SRS from using a 5 lbs...
	Figure 77. Estimated Input Spectrums, Constant 5lbs Projectile, Variable 20 ft/s and 50 ft/s Velocity
	This is a typical shape of an input spectrum and the inputs appear to increase with higher projectile velocity. Using a 10 lbs projectile, the structure was impacted at 20 and 50 ft/sec, as seen in Figure 78.
	Figure 78. Estimated Input Spectrums, Constant 10lbs Projectile, Variable 20 ft/s and 50 ft/s Velocity
	A similar trend of increasing amplitude for higher projectile velocity was observed. Using a 15 lbs projectile, the structure was impacted at 20 and 50 ft/sec, seen in Figure 79.
	Figure 79. Estimated Input Spectrums, Constant 15lbs Projectile, Variable 20 ft/s and 50 ft/s Velocity
	The inputs from a projectile mass of 15 lbs are not as repeatable, but the same increase in amplitude with increase in projectile velocity can be observed. Using a 20 lbs projectile, the structure was impacted at 20 and 50 ft/sec, as seen in Figure 80.
	Figure 80. Estimated Input Spectrums, Constant 20lbs Projectile, Variable 20 ft/s and 50 ft/s Velocity
	The high amplitude shock events begin to have a ripple in the input spectrum, especially test run 14. This is characteristic of a double hit.
	The projectile velocity clearly has a large impact on the shape of the input, particularly the amplitude. The harder impacts consistently have a higher amplitude and excite further in the frequency spectrum, as expected.
	The effect of projectile mass was investigated by using a constant velocity and comparing the 5, 10, 15, and 20 lbs masses. Impacting the structure at 20 ft/sec, a 5, 10, 15, and 20 lbs mass was used in Figure 81.
	Figure 81. Estimated Input Spectrums, Constant 20 ft/s Velocity, Variable 5, 10, 15, and 20 lbs Projectile
	For low velocity, the higher mass projectiles appear to have higher amplitude and excite more of the frequency spectrum. Viewing the summary Table 9 for these estimated inputs, it is apparent that the RMS value increases relatively linearly with the k...
	Impacting the structure at 50 ft/sec, a 5, 10, 15, and 20 lbs mass was used in Figure 82.
	Figure 82. Estimated Input Spectrums, Constant 50 ft/s Velocity, Variable 5, 10, 15, and 20 lbs Projectile
	For high velocity, more of the frequency spectrum is excited by lighter projectiles. Looking at the summary Table 9 for these estimated inputs, the RMS value does not increase linearly with an increase of the kinetic energy input into the system. The ...
	The difference in having a felt programmer was then tested. 0.25 inches of felt was placed on the input location to increase the impact time. In Figure 83, the first four curves do not have felt and the last two curves have 0.25 inches of felt at the ...
	Figure 83. Estimated Input Spectrums, Constant 20 ft/s Velocity and 5 lbs Projectile, Variable 0.25 inch Felt
	The difference in the felt is not noticeable. Even though this is the lightest projectile and the lowest projectile velocity, the projectile is heavy enough and the velocity high enough that the felt does not appear to have a noticeable difference on ...
	3.4.2.2 Time Domain Input Estimation
	The IFFT process that was validated at lower amplitudes was performed for the shock test run 16, as seen in Figure 84.
	Figure 84. IFFT of Estimated Shock Input Spectrum 5 lbs, 20 ft/s
	The output has a clear initial impulse. One notable artifact is a small excitation roughly 10 milliseconds before the large impact. The large impulse does appear to be on the same magnitude of what should be expected. The maximum time domain of the ou...
	This IFFT process was performed on six other estimated inputs. The input spectrum of a 5 lbs projectile and 20 ft/sec test run can be seen below in Figure 85.
	Figure 85. IFFT of Estimated Shock Input Spectrum 5 lbs, 20 ft/s
	The maximum time domain of the input force is 33,300 lbf. An IFFT of test run 2 (the same test conditions as test run 1) was performed in Figure 86.
	Figure 86. IFFT of Estimated Shock Input Spectrum 5 lbs, 20 ft/s
	The maximum time domain of the input force is 32,440 lbf. This process was also repeated for test run 7 with a 20 lbs projectile at 20 ft/sec in Figure 87.
	Figure 87. IFFT of Estimated Shock Input Spectrum 20 lbs, 20 ft/s
	The peak force in the time domain increased to 47,490 lbf. The system does not appear to be able to complete the impulse before the system responds because it is constrained. The process was repeated for test run 8 with a 20 lbs projectile at 20 ft/se...
	Figure 88. IFFT of Estimated Shock Input Spectrum 20 lbs, 20 ft/s
	The peak force in the time domain increased to 51,310 lbf. The process was repeated for test run 14 with a 20 lbs projectile at 50 ft/sec in Figure 89.
	Figure 89. IFFT of Estimated Shock Input Spectrum 20 lbs, 50 ft/s
	The peak force in the time domain increased to 80,980 lbf. The time duration of the main pulse is increasing. The proof in the time history of the double impact that created the ripple in the time domain is obvious after the initial impact decayed. Th...
	Figure 90. IFFT of Estimated Shock Input Spectrum 20 lbs, 50 ft/s
	The peak force in the time domain increased to 86,570 lbf. Increasing the projectile mass or increasing the projectile velocity both result in an increase in the maximum time domain response of these estimated inputs. This is expected, further validat...
	There is an obvious 400-1,000 lbf input to the system that appears at roughly 10 milliseconds before every impulse. This is likely due to the release of a brake system on the part.
	Table 10 is a summary of the time domain results of the input estimation method. The peak in the time domain estimated input, impulse time duration, and dominant frequency of all of the test runs are included. The impulse time duration is found from t...
	Table 10. Summary of High Amplitude Testing Input Estimation Results
	The estimated input time domain peak followed the same trends that each output test run does, further validating this method. The estimated impulse time duration matches what is expected for altering the projectile mass. Increasing the projectile mass...
	Figure 91. Time (Left) and SRS (Right) of Constant 20 ft/s Velocity, Variable 5, 10, 15, and 20 lbs Projectile
	This is the same structure, but the knee frequency appears to follow the dominant input frequency rather than the frequency of the structure.


	3.5 Modal Analysis
	3.5.1 Damped Plate Full Modal Analysis
	To validate the FEA model and understand the modes that participate in the response of the entire system, an experimental modal analysis was performed. A single input sine chirp shaker test was conducted with roving accelerometers. Because the sine ch...
	The accelerometers were 4.5 grams each. This was a total of 0.11 lbs. From an FEA model, the system was found to be 33.3 lbs. This means the total of the accelerometers was 0.33% of the system’s weight. Initially, this is considered to rule out mass l...
	Care was taken to ensure there were no unmeasured inputs to the system. It was in a free-free environment. The shaker was rigidly mounted and the stinger uncoupled it from the system under measurement.
	It can be assumed that the system is extremely nonlinear. The eigenvalue solution using real and complex residuals result in the same frequencies, but drastically different results. Although this is likely more modes than are present in the system, th...
	Figure 92. MAC of Real Residuals (Left) and Complex Residuals (Right)
	These should be identical, but are not. This is either due to the nonlinearities of the system or an inconsistent data set.
	A multi-run modal analysis was conducted in LMS TestLab. For each run, the poles that were found were extremely stable, however between each test run these poles were not consistent. This revealed that the modes themselves shifted in frequency between...
	Table 11. Multirun Modal Analysis of Each Test Run
	This inconsistency proves that the data acquired is not reliable and should be acquired in a way that nonlinearities can be better analyzed. A stepped sine and using multiple inputs to excite more of the modes of the system would make this data much m...

	3.5.2 Single Plate Modal Analysis
	To eliminate the inconsistency from run to run, a modal using only a single test run was completed of three different plate configurations using the newly manufactured single plate. This single plate should minimize the nonlinearities.
	These accelerometers were only 1 gram each. This was significantly lighter than the previous test and should entirely eliminate any concern of mass loading.
	A full comparison of the natural frequencies of the first nine modes can be seen in Table 12. These are all of the modes found up to 4,000 Hz. The model appears to be too stiff but the trends between each test run are consistent between simulation and...
	Table 12. Natural Frequencies (Hz) of Modes from Three Test Configurations
	An autoMAC of the modes from test 3 is in Figure 93. Modes 1 and 2 appear correlated to modes 8 and 9, but this is due to spatial aliasing. More response locations would resolve this issue.
	Figure 93. AutoMAC of Test 3
	The FEA result of mode 1 is on the left and the experimental result of modes 1 and 2 of the system are seen in Figure 94. These are the first set of repeated roots (bending modes) of the system.
	Figure 94. FEA of Mode 1 (Left) and Experimental of Modes 1 and 2 of Test 3 (First Set of Repeated Roots)
	The FEA result of mode 3 is on the left and the experimental result of mode 3 of the system is included in Figure 95. This is the membrane mode of the plate, which is the mode that primarily contributes at the center.
	Figure 95. FEA of Mode 3 (Left) and Experimental of Mode 3 of Test 3 (Membrane Mode)
	The FEA result of mode 4 is on the left and the experimental result of modes 4 and 5 of the structure are in Figure 96. These are the second set of repeated roots (bending modes) of the system.
	Figure 96. FEA of Mode 4 (Left) and Experimental of Modes 4 and 5 of Test 3 (Second Set of Repeated Roots)
	The FEA result of mode 6 is on the left and the experimental result of modes 6 and 7 are in Figure 97. These are the third set of repeated roots (torsional modes) of the system.
	Figure 97. FEA of Mode 6 (Left) and Experimental of Modes 6 and 7 of Test 3 (Third Set of Repeated Roots)
	The FEA result of mode 8 is on the left and the experimental result of modes 8 and 9 are in Figure 98. These are the fourth set of repeated roots (bending modes) of the system.
	Figure 98. FEA of Mode 8 (Left) and Experimental of Modes 8 and 9 of Test 3 (Fourth Set of Repeated Roots)
	Modes 8 and 9 don’t visually appear as in the simulation because there aren’t enough response locations. This creates spatial aliasing in the mode shape, which is also why there is some correlation in the autoMAC in Figure 93. This could easily be res...
	The comparison provides confidence in the FEA model and this analysis currently highlights the importance of excitation and response location.



	(2)
	4 Recommendations and Conclusions
	To minimize the number of contributing modes in a shock response spectrum (SRS), a finite element model of a circular plate was developed and validated. Two modes were found to contribute to the SRS, but only the lower one was desired. The cross secti...
	An analytical solution proved that there is a specific ideal damping of the plate that should be designed and boundary conditions can become critical in meeting specifications. A free-free boundary condition should be used to meet this desired respons...
	Two different sets of resonant plates with varying damping mechanisms were experimentally tested to compare types of shock inputs and input force levels. Low amplitude testing indicated high repeatability and increasing force levels produced an increa...
	A softer hammer tip can provide a SRS without exciting the knee frequency due to input energy rolloff. The knee frequency will appear at the frequency that the input energy rolls off.
	A striker plate was included in the system but the asymmetrical geometry appeared to have minimal effect on the resulting SRS. Adding a small amount of mass at the center of the plate to protect the testing plate structure does not appear to dramatica...
	Two boundary conditions were tested at low amplitude. Nonlinearities are apparent for some FRFs, but the SRS of each system appeared mostly consistent. The SRS is sensitive to off axis response and off axis input. There appears to be no significant re...
	High amplitude shocks were tested and variables of this testing included projectile mass, velocity of the projectile, and programmer at the impact location. Trends were monitored in the SRS. The higher velocity of the projectile consistently had more ...
	The positive and negative and primary and residual responses of the SRS indicated valuable shock data. The low frequency velocity shift correction in the SRS proves to be a simple correction that does not require a complex algorithm.
	A resonant plate shock test typically has high enough input amplitude that a conventional force sensor would not withstand the test to give a reliable measurement of the input. Using a low amplitude frequency response function and a high amplitude sho...
	It is recommended that modeling efforts continue to better understand the implications of adding damping material within the plates. Creating a nonlinear model with bolts and a viscoelastic layer to model the damping material would exponentially furth...
	This project will next look at the triaxial SRS. There is clearly energy along the other axis that a uniaxial accelerometer does not measure, meaning the part is being over tested. The ultimate question is the degree that it is being over tested. Alth...

	5 Future Work
	The FEA model should be correlated with the experimental results and expanded to a nonlinear model, resulting in future FEA simulations that hold more merit. A consistent modal data set of the damped plate set would provide a means to correlate the hi...
	Modal decomposition from experimental modal data would reveal precisely how each of these modes participate in the SRS response. A more thorough experimental or modelling investigation of how the response changes across the face of the fixture would l...
	Triaxial SRS data should be acquired and analyzed. The SRS of these off axis responses will reveal the validity and quality of the current testing method. This will likely result in further emphasis of the need for overall reconsideration of the SRS a...
	The focus should be shifted to consider stress and strain measurements as specifications for testing failure in parts. Measuring the acceleration in a typical shock test (even on three axes) while also taking strain measurements would give a reference...
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