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Measurements of the complex dielectric constant of 
volcanic ash from 4 to 19 G Hz 

R. J. Adams, x W. F. Perget, 2 W. I. Rose, s and A. Kostinski 4 

Abstract. Dielectric data in volcanic ash at weather radar wavelengths (centimeter 
range) are extremely sparse and are crucial for radar sensing of ash clouds and 
for imaging of volcanic terrains. This study extends previous data to include a 
wavelength range of 1.5-7.5 cm and volcanic ash compositions of 50-75 % silica. 
The real part of the complex permittivity, d, of volcanic ash is 6 + 0.5 (la) for all 
wavelengths. The imaginary part, d•, ranges from 0.08 to 0.27. Both d and d• show 
higher values at lower SiO2 concentration. It is safe to asm•me in any weather radar 
applications that the reflectivity factor is K = I(e- 1)/(e + 2)12 = 0.39 + 0.02 (la), 
regardless of composition or wavelength. The results will help quantify radar 
observations of volcanic clouds. 

Introduction 

The use of radar and microwave instruments for sens- 

ing volcanic phenomena has particular value in regions 
of frequent activity, remote locations, and cloudy weath- 
er. Development of their remote sensing potential is 
part of an interdisciplinary science team focusing on vol- 
canos for NASA's Earth Observing System [Mouginis- 
Mark et. al, 1991]. The impetus for the present re- 
search comes from the paucity of data on the dielectric 
constants of volcanic ash. Only one reference with spe- 
cific data [Campbell and Ulrichs, 1969] has been located, 
and that study offered results on only two samples at 
two specific wavelengths, 450 MHz and 35 GHz. There 
is therefore an urgent need for data over a wide range 
of wavelengths and for a variety of ash compositions. 
These data are needed for two applications of remote 
sensing: one which senses eruption columns and clouds 
in the atmosphere with meteorological radar systems 
[Harris and Rose, 1983; Rose and Kostinski, 1994] and 
another which uses imaging radar (e.g., the recent Shut- 
tle Imaging •ar (SIR-C) mission) to sense and map 
volcanic ash deposits on the ground, including volcanic 
ashfalls, ash flows, mudflows, and lavas. Note that the 
former application requires a dielectric constant of a 
solid rock equivalent of a dilute volcanic ash suspended 

in air (in order to compute the radar backscattering 
cross - section), while the latter requires an effective di- 
electric constant of a dense volcanic ash powder on the 
ground (viewed as a rough surface). To obtain an ef- 
fective dielectric constant, we report using a microwave 
technique which involves placing a quantity of volcanic 
ash in a shorted waveguide. The standing wave which 
results will have its nulls shifted, which is more- or- 
less a consequence of the real part of the complex di- 
electric constant of the ash. The ratio of the maximum 

electric field to the minimum (the standing wave ratio) 
will decrease as a result of the presence of losses in the 
ash, which is a consequence of the imaginary part of the 
complex dielectric constant. 

The dielectric constant is a measure of the polarizabil- 
ity of a material. When an electric field is impressed on 
a material with intrinsic, microscopic dipoles (a "ball 
and stick" model will suffice as a simple but incomplete 
picture), the dipoles will realign so as to modify the 
total electric field. That is, the total electric field will 
now be the sum of the impressed electric field and the 
electric field of the dipoles. This is generally expressed 
through the constitutive relation: 

fi = (].) 

One of Maxwell's equations in time-harmonic form is 
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V x H = J + j•o•oE, (2) 

where $ = a]• in equation (2) is the conduction cur- 
rent. Combining equations (1) and (2) results in the 
definition of an effective complex relative permittivity, 

V x H = $•O•oE, (3) 

where • = •- jd • = • - j (a/(•o•O)). The ratio •"/• 
is commonly referred to as the loss tangent, and j = 
• (note that we are using the choice of j and not i 
for x/•-f, as is commonly done in electrical engineering 
literature). 

8175 
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We chose to work on volcanic ash materials, rather 
than with solid rock, for two reasons. First, we wanted 
to use ash samples from a variety of recent eruptions 
which have been extensively studied, and it was diffi- 
cult to get solid rock compositional equivalents of all of 
these materials. Volcanic ash is subject to atmospheric 
fractionation and has complex shapes and many voids 
(vesicles). Second, we wanted to be able to address 
the dielectric properties of ash that has fallen on the 
ground as a fairly dense aggregate of sand, silt, or clay- 
sized particles, as well as dilute suspended particles in 
the atmosphere, with the same set of laboratory exper- 
iments. 

Dense ash powder is a mixture of a solid material and 
air, and it is the effective dielectric constant of this mix- 
ture which is measured. One then has to use appropri- 
ate mixing formulae to recover the solid ash dielectric 
constant which is needed in radar scattering calcula- 
tions (e.g., eruption monitoring). The volume fraction 
of ash was determined from a measurement of the sam- 

ple mass and a knowledge of the sample density. As 
we show below, the results obtained from the powder 
measurements and appropriate mixing formulae agreed 
with those obtained directly from a solid sample. In 
addition, from such comparisons one can learn about 
the validity of various mixing formulae for volcanic ash 
and thereby make some inferences about shape, etc. 

The structure of this article will be an overview of the 

experimental method used, followed by a presentation 
of the complex permittivity values detemined for the 
ash samples listed in Table 1. The important issues of 
error analysis and the choice of an appropriate mixing 
formula are included as appendices in order to highlight 
the results while also providing the details necessary for 
a critical analysis of the methodology. 

Measurement Technique and Apparatus 

All measurements of the complex permittivity were 
made using a short-circuited slotted rectangular wave 
guide operating in the TE•0 mode (the TE•0 mode is 
the "transverse electric" mode with one haft cycle in 
the direction of the width of the guide and constant 
along the direction of the height of the guide). Since 

the complex permittivity (e = d-je") is not a di- 
rectly measurable quantity, it is necessary to relate e 
to the physically measurable parameters in the exper- 
iment. This is accomplished by equating two expres- 
sions for the waveguide's characteristic impedance at 
the air-sample interface (the impedance is the ratio of 
the transverse electric to the transverse magnetic field). 
Looking from medium I (air) to medium 2 (ash), with 
medium 2 terminated by an electrically shorting plate 
(see Figure 1), the characteristic impedance is given by 
the relation [Westphal, 1954, p. 66] 

Z(0) = Z2 tanh (k2d), (4) 

where d is the sample thickness and Z2 and k2 - jk• + 
k• • are the complex characteristic impedance and com- 
plex wave number within the sample, respectively. For 
nonmagnetic materials (where the permeabilities, pl 
and P2, are identical), we may substitute Z2 = Ziki/k2 
in equation (4) to obtain 

Z(0) = Zx (kx/k2) tanh (k2d), (5) 

where Z• and k• are the complex characteristic impe- 
dance and wavenumber in region 1 (the free-space re- 
gion of the waveguide). 

Similarly, looking from medium 2 to medium 1, West- 
phal [1954, p. 66] showed that 

Here Emin/Emax is the inverse of the standing wave ra- 
tio (SWR), l• is the wavelength in the air-filled guide, 
and Xo is the distance from the air-sample interface to 
a minimum in the standing wave pattern. 

Equating equations (5) and (6) and recognizing that 
k• = j2•r/l•, an expression for the unknown complex 
characteristic wave number k2 is obtained in terms of 
measurable parameters: 

tanh (•2 J) 
•d 

Table 1. Volcanic Ash Samples Studied in This Work 

Sample Volcano Date Composition SiO2, wt % N* 

VF74-148 Fuego, Guatemala 1974 basalt 51 2,4,2 
VP 2375 Pacaya, Guatemala 1975 basalt 50 2,4,2 
S-81892 Crater Peak/Spurr, Alaska 1992 andesite 56 2,4,2 
SM-3 Santa Mar•a, Guatemala 1902 dacite 65 2,4,2 
SH-CI Mount St. Helens, Washington 1980 dacite 68 1,1,1 
2567 Atitl•n, Guatemala 75 ka rhyolite 76 2,4,2 

Together the samples represent the mainstream variability of volcanic ashes on Earth. 
*Number of sample splits in the 10.5-19 GHz, 7-13 GHz, and 4-6 GHz ranges, respectively. These ranges roughly 

correspond to the IEEE band designations of Ku-, X-, and C- bands, respectively. 



ADAMS ET AL.: MEASUREMENTS OF THE COMPLEX DIELECTKIC CONSTANT 8177 

1 kHz Modulator 

Square law u 1 kHz 
detector [ ] Standing Wave Meter 

Matched 

Attenuator 

Region 1 

Slotted Sample 
Waveguide Container 

Regions, 
============================================ 

::::::::::::::::::::::::::::::::::::::::::::: 

x 

Figure 1. Experimental setup using a shorted waveguide for measuring the dielectric constant 
of the volcanic samples. 

The right side of equation (7) is completely in terms of 
measurable parameters. Assuming TEx0 mode propa- 
gation, Ax is determined by a simple measurement of the 
standing wave pattern in the guide for a short-circuited 
load with no sample. The quantities Zo and Emi,/Em• 
are found from measurements on the slotted line us- 

ing a simple square- law detector. Once k2 h•s been 
determined, the complex relative permittivity for non- 
magnetic materials is found as 

2•r 

= (S) 
+ 

where ,• is the cutoff wavelength. 
The determination of the right-hand side of equation 

(7) in terms of measurable parameters does not uniquely 
define k2. This ambiguity results because the impe- 
dance has only been defined at the sample boundaries. 
It is therefore necessary to determine which of the infi- 
nite number of solutions to the transcendental equation 
(7) is correct. This can be effectively accomplished by 
choosing the depth of the sample holder d sufficiently 
small. 

Neglecting losses, equation (7) simplifies to (cf. equa- 
tion (A2)) 

= 

where •exp iS all experimentally determined constant 
which is implicitly dependent upon both k• and d. As 
this equation indicates, the spacing between the discrete 
values of k2 which satisfy equation (9) can be increased 
by choosing d smaller. For d sufficiently small, this al- 
lows the solutions to equation (7) which are adjacent 

to the correct value to be discarded on a physical ba- 
sis. Consider the simplest case for which •exp=0. Then 
equation (9) is satisfied for 

(10) = 
where n i• an integer. Thus, when d i• large, the solu- 
tions k• are dosely spaced, while for small values of d, 
the solutions become widely separated. 

For example, the following four adjacent solutions to 
equation (7) were obtained for the ash sample 2567 at 
10 and 13 GHz in the X-baud guide using a sample 
holder with d = 1.78 cm: 

1.05 - j0.008 
2.90 - j0.028 
6.02 - j0.050 
10.5 - j0.075 

1.21 - j0.031 
2.90- j0.031 
5.41 - j0.031 
8.78 - j0.03! 

Assuming a constant permittivity for sample 2567 be- 
tween these two frequencies, the only solution which 
satisfies both the 10- and 13-GHz cases within exper- 
imental error is e = 2.9- j0.03. Other roots may be 
available which also satisfy both cases, but they must be 
outside the range of values listed above and are there- 
fore not physically reasonable. 

Solutions to the multivalued, transcendental equation 
(7) were obtained using a root-finding algorithm in the 
commercial symbolic math package Mathematica [Wol- 

989]. 
The short-circuited waveguide technique was used to 

measure the permittivity of all ash samples. While it is 
possible to measure both the permittivity and perme- 
ability of a sample using the shorted waveguide tech- 
nique, all of the ash samples measured have a small 
magnetic material content, and it has been assumed 
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that the samples are nonmagnetic (/• =/•o). This is the o.•2 same assumption made by Campbell and Ulrichs [1969] 
O, ll when making similar measurements and results in a loss ' • 

tangent which includes both electric and magnetic field • o.•o / 
lossell. • ; • ; "-• , . , 

Commercial slotted guides with cutoff frequencies of • o. o9 • .... •--•- ........ : ..... '\:': •.' .... .• ......... ! ............ : ...... • --•-- • I ..... / 

6.6 and 9.6 GHz were used to make measurements from o.o• 
' ' El : '. • .". - Y. .' ' , 

? to 19 GHz (X and Ku- bands, respectively). From • 3-5 to 6 GHz (C - band), measurements were made using's ø'ø? f i a waveguide with a cutoff of 3.1 GHz with a machined • o.o• .......... 
slot. The sample holders were constructed by welding 
copper plates to one end of short sections of the waveg- 
uide. These sample holders ranged in length from 1.8 
to 2.5 cm. 

The slotted section of waveguide and the ash sam- 
ples were mounted vertically so that additional contain- 
ers were not required to hold the powdered samples in 
place. All samples were dried in an evacuated oven for 
8 hours at 110 øC and allowed to cool to room tempera- 
ture before measurements were taken. The ash samples 
were then prepared by padring the powdered ash into 
the short-circuited sections of waveguide. Excess ash 
was scraped off to produce a sample surface which was 
flush with the waveguide flange. The fractional volume 
of the powdered samples, defined as 

i• = •/•V (•) 
P 

where M is the mass, V the volme, and p the density, 
varied from 0.43 to 0.63. However, the fractional volume 
of each individual ash sample split varied less than 3.5% 
from the mean (a split is defined as one of several sub- 
specimens of a given sample). 

Effective Permittivity of Powdered Ash 
Samples 

The real and imaginary parts of the complex dielec- 
tric constant of the samples listed in Table I were mea- 
sured in the frequency range 4-19 GHz using the tech- 

3.9 

3.8 

3.7 

3.6 

3.4 

3.3 

0.05 
4 6 8 10 12 14 16 18 

Frequency (GHz) 

Figure 3. Imaginary part of the complex dielec- 
tric constant versus frequency for the eight splits of the 
VF74-148 sample. 

nique discussed above. The real and imaginary parts 
of the complex permittivity for a representative sam- 
ple, VF74-148, are plotted as a function of frequency in 
Figures 2 and 3, respectively. Notice that along with 
the expected variation of the measured permittivity for 
a given split (discussed in Appendix A), the measured 
permittivity values of the sample also exhibit a split-to- 
split variation. 

This variation is attributed to two distinct effects. 
The first is deterministic in nature and arises due to 

variations in the volume fraction for different splits (see 
Figure 4). This effect is removed in determining the 
solid ash permittivity through the use of an appropriate 
mixing formula (see Appendix B). The second reason 
for the split-to-split variation observed in Figures 2 and 
3 is the stochastic nature of the problem. The effective 
permittivity of each split is a complicated function of 
the size, shape, location, orientation, permittivity, and 
volume fraction of the particles in the specimen. Thus, 
even for splits with identical volume fractions, the effec- 
tive permittivity is a random variable and must be sta- 
tistically described by its moments over several splits. 

The mean and standard deviation of the measured 

relative permittivity of the powdered ash samples are 
listed in Table 2. These numbers were obtained by aver- 

i : • aging all measurements of a given sample over all splits 
= •" and all frequencies. It should be noted, as discussed .... ß .... $011 2 

ß --o-.. •,o in Appendix A, that only one of the samples (SM-3) 
---e--- $• • 

-'• i ._.-, i ............... _•_ ,•,• exhibited a measurable variation in its relative permit- 
. •t• : •- ' --'• :'•. : m : I --.O--.. Spli6 •. '"' "--.* .... I tivity with frequency. A variation of approximately 

........................ ;;_•.;.,.; ..... ;...•:.:.•:::.o ..... . ...... ] --o-- •,,, +j0.004 GHz -1 was observed in the imaginary portion of the relative permittivity of this sample. The corre- 

.... . .•.• • ...................... ' i.g."'i . . :•: : : :.:.i i [ ]...i ?.':.,. : : : :.*. . .: :.,. : : : : :;: : : : :: ..... 
• . . ...... •• : • sponding variation in the real part of the permittivity : (as required by the Kramers-Kronig relations) was not 
. . : i ..................................... measurable. 

: i ; : 

i , i , i , i , i , l 

10 12 14 16 18 20 

Frequency (GHz) 

Figure 2. Re• part of the complex dielectric constant 
versus frequency for the eight splits of the VF74-148 
sample. 

Calculated Permittivity of Volcanic Ash 
(Using Bgttcher's Formula) 

The real and imaginary relative permittivities of the 
solid ash for all six ash samples are shown in Table 2. 
These values were obtained by using B•Sttcher's formula 
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Figure 4. 

I I ! I I I I 

: : •VF74-148: _ -. -- ." .. ' 

0.62 • VP 2375 
0.8 .................................................................................................... 

0.58 ................................. : 

0.48 .............................................................. : ........................... ; ............ 

ß . 

E 0.52 

0.5 

0.42 • • • • • ' • 
1 2 3 4 5 6 7 8 

Sample Number 

Volume fraction versus specimen number for the six samples listed in Table 1. 

to relate the average effective permittivity, •e•, and av- 
erage volume fraction, •,, to the desired solid ash per- 
mittivity, •, (see Appendix B for a discussion of the 
formula). The formula was applied to the average per- 
mittivities over all splits rather than to the permittivity 
values determined from the individual splits because •ef• 
in equation (B1) is, by definition, an average quantity 
and cannot be determined from a single measurement 
of a sample. The average value of •, for a given sample 
was also used in obtaining the values listed in Table 2, 
and although (B 1) is nonlinear with respect to the vol- 
ume fraction, the variation of •, for a given sample was 
small (Table 3) and the error due to this linearization 
has been neglected. 

Concluding Remarks 

The measurements made of the real and imaginary 
parts of the complex dielectric constant of powdered 
volcanic ash samples indicate that to within experlinen- 

tal uncertainty, these parameters are essentially inde- 
pendent of frequency in the C-, X - and Ku- bands. 

A linear relationship between the chemical composi- 
tion of volcanic ash and the ash permittivity has been 
identified (Figure 5) for the ash samples considered 
herein. Both the real and imaginary parts are slightly 
higher (~10-20%) for ash with lower silica contents. 

Our new data are comparable and in basic agreement 
with results reported by Campbell and Ulrichs [1969] 
for whole rock samples at 450 MHz and 35 GHz. Their 
results for Newberry Obsidian were 5.5 and 5.4, respec- 
tively, which is very close to our value for rhyolitic ash 
(sample 25õ7, e• = 5.649). Campbell and Ulrichs in- 
cluded in their paper results from rocks which are called 
'•)umice," '•uff," and "volcanic ash," which had lower 
permittivities (2.5-4.0). We suspect these samples had 
a significant porosity and would have dense rock equiv- 
alent permittivities of about 5.5-õ.5. 

All weather radars operate in the wavelength range 
of 3-10 cm (with National Weather Service systems at 

Table 2. Mean and Standard Deviation for the Re• and Imaginary Parts of the Complex Dielectric Constants, 
and the Mean for the Real and Imaginary Parts of the Effective Permittivity of the Solid Ash Equivalent, for the 
Six Volcanic Ash Samples Studied 

. 

I Sample < •'> < •' > s.d.(•') s.d.(•") < %• > < %• > 

VF74-148 3.736 0.1229 0.0588 0.0080 6.487 0.268 
VP 2375 3.561 0.0751 0.0564 0.0058 6.134 0.164 
S-81892 2.542 0.0333 0.0284 0.0050 6.109 0.136 

SM-3 2.900 0.0350 0.0350 0.0092 6.041 0.108 
SH-CI 2.886 0.0367 0.0791 0.0038 5.802 0.107 
2567 2.823 0.0287 0.0221 0.0024 5.649 0.084 
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Table 3. Mean and Standard Deviation for the Vol- 
ume Fraction of the Six Volcanic Ash Samples Studied 

Sample Mean for • s.d. for • 

VF74-148 0.621 0.0081 
VP 2375 0.619 0.0077 
S-81892 0.443 0.0083 

SM-3 0.513 0.0081 
SH-CI 0.525 0.0170 
2567 0.523 0.0061 

10 cm). In this study, we covered the range of 1.5-7.5 
cm with • -- 6 •-0.5 and •" -0.08-0.27 throughout 
the range. What matters in scattering applications is 
the radar cross- section, a, which is proportional to 
[lshimaru, 1991] 

e-- 112 = (12) •+2 ' 

where the vertical bars denote the absolute value and 

K is usually referred to as the reflectivity factor. Sub- 
stituting • and •" values quoted above, we obtain 
K = 0.39 •-0.02 (•-1•). Thus we conclude that in 
any weather radar application, the reflectivity factor is 
K = 0.39 •-0.02 (•-1•), regardless of composition or 
wavelength. 

The reflectivity factor is used to determine the inten- 
sity of radar reflections. By comparison, this factor is 
0.93 for water and 0.197 for ice, and we note that at 

the same size and wavelength, ash is a factor of 2.4 less 
reflective than liquid water and 2 times more reflective 
than ice. These data show why moisture content of vol- 
canic ash on the ground will be the dominant factor in 
its scattering. 

Appendix A: Calibration and Error 
Analysis 

The scales on the slotted waveguides were capable of 
measuring a +0.01-cm shift in the position of the stand- 
ing Wave. The length of the sample holders was measur- 
able to 9:0.015 cm. The inverse SWR was measurable 

to 9:0.25 dB at Ku - band using a variable attenuator. 
At C - and X - band, the double minimum technique 
was used to measure the inverse SWR to 4-0- 2 dB, 
with the measurement accuracy dependent upon the 
sample's loss tangent and the fraction of a wavelength 
contained within the sample [Westphal, 1954, p. 67]. 
Finally, the cutoff and actual wavelength at each fre- 
quency (At and Al) were measurable to within 4-0.005 
cm. 

Given these values, it is p6ssible to use equations (7) 
and (8) to bound the errors in determining e• and e• 
which are due to measurement uncertainties. Further- 

more, because the ash samples we are considering have 
small loss tangents (•"/•), it is possible to estimate 
the sensitivity of the real portion of the dielectric con- 
stant to the experimental parameters independently of 
e". This is because to first order, 

o 

6.5 

5.5 

VF74-148 

VP 2375 S-81892 
[] [] SM-3 

[] 

SH-CI 

[] 

2567 
[] 

5 I I I I I I 

45 50 55 60 65 70 75 

wt % sio2 

0.3 

- 0.25 

- 0.2 

- 0.15 

- 0.1 

0.05 

8O 

[] Real ß Imaginary 

Figure 5. Real and imaginary parts of the complex permittivity of volcanic ash samples, as a 
function of percent SiO2. 
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:v•/poe2 = :vV•oo V/e• - je• • coV/Poe• (1 - j 2-•2 ] 
(A1) 

and the phase shift (i.e., shift in null location) is inde- 
pendent of e• (the subscript 2 refers to region 2). The 
inverse is not true, however, and the measured value of 
e• is dependent upon both the measured $WR and null 
location. 

Error in Determining 

Assuming the inverse SWR is zero, equation (7) re- 
duces to 

tan (k•d)-A• (27rx0) (A2) kl = 2•tan • ' 
where k• is real. Because the measurement uncertain- 
ties are much smaller than a wavelength, the error in 
determining k• can be bounded as [Bevington, 1969] 

oq 
_< ø + + 

Using this result along with equation (8), the error in 
determining e• satisfies 

04 
d- 

04 04 
(A4) 

Equation (A4) is the desired result which bounds the 
maximum deviation of e• due to errors in determining 
the various parameters in the experiment. However, 
this bound will generally be different for each different 
dielectric constant measured at a given frequency. In 
addition, equations (A3) and (A4) require that we know 
the correct values of k• and e•, while the experiment 
only estimates these values. Thus direct application of 
(A4) to the experimental data results in an error bound 
on the variation of the (generally iraprecisely known) 
measured dielectric constant, not the desired bound on 
the variation of the measurements from the actual di- 
electric constant. 

An acceptable solution to these problems was ob- 
tained by numerically determining the maximum frac- 
tional error in each of the three frequency bands over 

the range of dielectric constants encountered in the ex- 
periment (e• =2.5-3.8). The fractional error is defined 

(A5) 
where Ae• is obtained using (A4). It should be noted 
that in performing these numerical calculations, the sin- 
gularities of (A2) (i.e., when Xo/X• = (2n + 1)•/4) do 
not present a problem. Although a small change in 
Xo near these singularities can lead to a large change 
in the right side of (A2), the left side exhibits a sim- 
ilar singularity, and the error predicted by (A4) is a 
smoothly varying function for all parameter combina- 
tions. This ensures that there are no highly localized 
parameter combinations that produce very large errors 
which might be missed in a numerical calculation de- 
signed to bound the error. 

The maximum fractional errors (f•) produced by 
these numerical calculations were 0.046, 0.084, and 
0.080 at C -, X-, and Ku- bands, respectively. One- 
half of these values multiplied by 100 yields the maxi- 
mum percentage error in determining e•. The value f• 
is used here so that comparisons can be made with the 
experimental data for which the mean is not known. As 
shown in Table A1, although the ash splits consisted 
of randomly situated scatterers, not a continuous di- 
electric as assumed in the development of equations (7) 
and (8), the variation observed in the actual measure- 
ments was significantly smaller than the numerically de- 
termined bounds given above. This implies that the 
variation of our measurements of e• from the true mean 
is conservatively bounded in all cases by 4.2%. 

Finally, to check the above error analysis, permittiv- 
ity measurements were made of Teflon using the Ku- 
band guide. Teflon has a constant relative permittivity 
of 2.08- j10 -4 in the frequency range considered here 
Iron Hippel, 1954, p. 322]. More recent measurements 
of the permittivity of Teflon were made using a time do- 
main measurement of S - parameters and show the real 
part to be about 2.06 at 2.9 GHz, dropping monotoni- 
cally to 2.01 at 11.7 GHz [Hewlett-Packard Corporation, 
1985]. Our measured values therefore are within the 
experimental uncertainty of our apparatus, as shown in 
Figure A1, which illustrates the variation of the mea- 
surements made on a sample of Teflon at Ku - band 
along with the value cited by yon Hippel [1954]. Max- 
imum errors of 1.8 and 4.7% are obtained when corn- 

Table A1. Fractional Variation x100 of Measured el in Each of the Frequency Bands 

Sample C- band X- band Ku- band 

VF74-148 1.4, 0.91 
VP 2375 1.6, 0.67 
S-81892 2.1, 1.7 

SM-3 1.5, 1.5 
SH-C1 1.3 

2567 1.4, 1.5 

0.65, 1.2, 1.1, 1.2 1.0, 0.85 
2.4, 1.6, 1.9, 1.8 2.2, 1.4 

3.8, 3.2, 2.2, 3.34 0.7, 1.6 
0.94, 0.90 1.4, 1.2 1.5, 1.7 

1.2 1.4, 4.2 
0.98, 1.1, 0.83, 1.7 1.5, 0.75 
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Measured variation in the real part of the permittivity of Teflon in the Ku - band. 

pared with the values cited by Hewlett-Packard Co•o- 
rotion [19851 and yon Hippel [1954], respectively, and 
the maximum fractional variation across the range is 
0.017. 

Error in De[ermining e• 
The maximum error in determining e• due to mea- 

surement uncertainties can be determined using a pro- 
cedure similar to that illustrated above for e•. However, 
we must now use equation (7) instead of (A2). In addi- 
tion, small deviations from the ideal TErn model due to 
the nonideal nature of the problem become more impor- 
tant in determining the errors in e•. This is because the 
loss tangents of some of the ash samples are small, and 
these secondary effects in the nonideal waveguide can 
produce field strengths which, at the nulls of the stand- 
ing wave pattern, are significant compared with those 
which are due to the propagation of the TE•0 mode. 

Assuming ideal TE•o propagation and a maximum 
error in determining the inverse SWB., Er, of +0.25 
dB yields maximum expected fractional errors of 0.13, 
0.26, and 0.40 at C-, X -, and Ku- band, respectively. 
However, as mentioned above, the error in determining 
Er at C - and X - band was a function of the standing 
wave ratio and varied from +0 to 2 dB. Assuming an 
error of :t:1 dB at C - and X - bands yields maximum 
expected fractional errors of 0.30 and 0.42, respectively. 

Table A2 shows the variation of ½•. Notice that the 
maximum deviation is generally larger for the samples 
with smaller loss tangents (cf. Table 2). In some 
instances the variation exceeds the above predicted 
bounds on the variation in these parameters. This is 
reasonable, since when the field strength at a null in 
the standing wave is small, the instrument is more likely 
to respond to weak nonidealities in the guide which are 
not included in the simple TE•0 model. The effect these 
nonidealities have on the data can be lessened by tak- 
ing advantage of the manner in which E• varies with 
frequency (see Figure A2). For the apparatus and sam- 
pies used in this experiment, it was found that data 
points for which Er < -25 dB exhibited large vari- 
ations from the mean. Therefore, in determining ½•, 
only those measurements for which E• exceeded -25 dB 
were used. 

Given this restriction, the maximum error in deter- 
mining E• is q-1 dB for C - and X - band measurements, 
and the maximum expected fractional variation at C-, 
X-, and Ku - bands is 0.30, 0.42, and 0.40, respectively. 
The maximum observed variation of the measurements 
for which E• > -25 dB is shown in Table A3. Those 
entries indicated with a 0 correspond to trials for which 
only one measurement satisfied E• > -25 dB. In vir- 
tually all cases, the variation is significantly less than 
when all the data points are used (cf. Table A2). For 

.o 

Table A2. Fractional Variation x 100 of Measured ½• in Each of the Frequency Bands (Using All Data) 

Sample C- band X- band Ku- band 

VF74-148 13, 18 24, 27, 12, 17 
VP 2375 11, 12 15, 10, 7.7, 14 
S-81892 22, 25 35, 46, 28, 44 

SM-3 34, 12 48, 27, 26, 39 
SH-C1 7.7 28 
2567' 53, 20 17, 19, 30, 33 

14, 15 
12, 18 
28, 21 
40, 50 

47 

33, 14 
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Figure A2. 
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Inverse standing- wave- ratio versus frequency over the Ku - band with e2 -- 

all but one sample, the maximum measured variation is 
well within the predicted bounds. This sample (SM-3) 
exhibits a large variation in • because it has a signif- 
icant positive slope in •/ across the frequencies being 
considered. Although this slope was measurable, it has 
been explicitly ignored in the calculation of the average 

II 

quantities < •" > and < • >. The slope is effectively 
included, however, through a resultant increase in the 
standard deviation of •/for this sample (see Table 2). 

Appendix B: Mixing Formulae 

In order to determine the actual permittivity of the 
solid volcanic ash, a mixing formula must be used to 
relate the permittivity and porosity of the ash and air 
mixture to a specific solid ash value (the quasi-static 
limit is assumed, since d • ), for all ash samples). The 
literature contains a large number of mixing formulae 
dating from as early as 1821 [van Beck, 1967], but lit- 
tle experimental data other than that of Campbell and 
Ulrichs [1969] has been found which evaluates the accu- 
racy of these formulae for complex substances such as 
rocks and volcanic ash. The formulae which are appli- 
cable to our problem give significantly different values 
for the solid - ash permittivity. 

In addressing this same problem at 450 MHz, Camp- 
beJl and Ulrichs [1969] found strong experimental sup- 
port for the use of Rayleigh's mixing formula on mix- 

Table A3. Fractional Variation x 100 of Measured e• 
in Each of the Frequency Bands (Using Data for Which 
E• > -25 dB) 

Sample C- band X- band Ku- band 

VF74-148 13, 18 7.6, 27, 5.8, 12 14, 15 
VP 2375 9.9, 12 15, 10, 7.7, 14 12, 18 
S-81892 1.4, 4.8 3.4, 20• 0, 1.6 14, 21 

SM-3 10.4, 7.6 48, 17, 21, 19 40, 32 
SH-C1 7.7 6.9 35 

2567 0, 0 7.4, 6.8, 12, 13 15, 9 

tures with fractional volumes of up to approximately 
60%. However, the Rayleigh formula assumes that the 
field in the region of an individual particle in the mix- 
ture is not perturbed by neighboring particles and thus 
requires f• • 1 ([van Beek, 1967] suggests f• • 0.2). 
Application of the Hayleigh formula to our data gives 
unrealistic values for the solid ash permittivity values, 
and we have investigated the use of other mixing for- 
mulae. 

The accuracy of five different mixing formulae was 
examined by measuring the solid and powdered per- 
mittivity values of three different rock samples (Table 
B1). Measurements were made by cutting and polish- 
ing portions of three different solid rock samples to fit 
in the C-band sample holder. The remaining portions 
of the original rock were then shattered to obtain the 
powdered rock permittivity measurements. The parti- 
cle sizes of the crushed rock sample were similar to the 
particle sizes of the ash samples under consideration. 
The mixing formulae listed in Table B1 are given by 
van Beck [1967]. 

For a given volume fraction of powder, which mixing 
formulae is most appropriate depends on, among others, 
the relative permittivity of the sample being measured 
(Table B1). As is also seen in Table B1 and discussed 
by UlabIl [1986, p. 2085], the solid - rock dielectric con- 
stant is related to the rock's density. Therefore, because 
the range of ash sample densities measured here (2.5-2.7 
g/cm s) includes the density of the granite sample in Ta- 
ble B1, for which B6ttcher's formula accurately relates 
the solid and powdered granite permittivities, we have 
applied BSttcher's mixing formula to our data. We have 
chosen B/Sttcher's formula over Looyenga's mixing for- 
mula because both performed similarly and BSttcher's 
formula is more familiar. 

B6ttcher's formula implicitly expresses the measured 
effective permittivity of a mixture of spherical particles 
as a function of the background (eb) and inclusion (eo) 
permittivities: 

• - •b •o -- •b (B1) 3e•f• = f•eo + 2e•f•' 
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'Ihble B1. Evaluation of Mixing Formulae for Three Samples 

Granite Basalt(l) Basalt(2) 
(Amygdaloidal) 

Density, (õ/cm :•) 
Relative permittivity (solid) 

Relative permittivity (powder) 
Volume fraction 

BSttcher 

Looyenga 
Rayleigh [Campbell and Ulrichs, 1969] 

Rayleigh (complete) 
Rayleigh (higher order) 

2.7 3.3 3.1 

5.2 - j0.07 10.5 - jl.5 8.9 - jl.3 
2.86 - j0.15 4.08 - j0.15 4.12 - j0.18 
0.569 0.570 0.598 

5.14 - j0.062 7.90 - j0.37 7.74- j0.43 
5.24 - j0.066 8.26 - j0.41 8.10 - j0.47 
7.16 - j0.16 19.9 - j3.4 17.9 - j3.3 
6.52 - j0.12 14.0 - jl.5 12.8 - jl.5 
5.75 - j0.086 9.66 - j0.62 9.00 - j0.62 

This expression, also known as the Polder-van San- 
ten mixing formula for spherical particles [Polder and 
van Santern, 1946], has been derived using various 
techniques by several authors [BSttcher and Bordewijk, 
1978; Polder and van Santern, 1946; Tsang and Kong, 
1981; Taylor, 1965]. In arriving at this formula, it is as- 
sumed that the mean field inside a particle surrounded 
by the effective medium (•e•) is a good approximation 
to the actual mean field in the particle [Polder and van 
Santern, 1946]. Given the nature of this approximation, 
it is reasonable that the formula breaks down for a con- 
stant volume fraction as the dielectric contrast between 

the background and inclusion permittivities increases 
(Table B1); as the permittivity contrast increases, the 
field in the vicinity of a given particle is increasingly dis- 
totted due to neighboring particles, and the assumption 
of a uniform medium characterized by •efr surrounding 
the particle becomes less valid. 

Although originally derived for static fields and spher- 
ical particles, it has more recently been shown that 
BSttcher's formula is also valid for a dense collection 

of randomly shaped particles, provided that the mix- 
ture is characterized by a spherical correlation function 
with I << A, where I is the correlation length IT sang and 
Kong, 1981; Stogryn, 1984]. 
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