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Abstract

Inverse problems arise in many branches of science and engineering. In order to get a
good approximation of the solution of this kind of problems, the use of regularization
methods is required. Tikhonov regularization is one of the most popular methods
for estimating the solutions of inverse problems. This method needs a regularization
parameter and the quality of the approximate solution depends on how good the

regularization parameter is.

The L-curve method is a convenient parameter choice strategy for selecting the
Tikhonov regularization parameter and it works well most of the time. There are

some problems in which the L-curve criterion does not perform properly.

Multiplicative regularization is a method for solving inverse problems and does not
require any parameter selection strategies. However, it turns out that there is a close
connection between multiplicative regularization and Tikhonov regularization; in fact,
multiplicative regularization can be regarded as defining a parameter choice rule for

Tikhonov regularization.

In this work, we have analyzed multiplicative regularization for finite-dimensional

Xix



problems. We also have presented some preliminary theoretical results for infinite-
dimensional problems. Furthermore, we have demonstrated with numerical experi-
ments that the multiplicative regularization method produces a solution that is usu-
ally very similar to the solution obtained by the L-curve method. This method
is guaranteed to define a positive regularization parameter under some conditions.
Computationally, this method is not expensive and is easier to analyze compared to

the L-curve method.



Chapter 1

Introduction

1.1 Linear inverse problems

Let X and Y be Hilbert spaces (that is, complete inner product spaces) and let
T : X — Y be a linear operator. We will study inverse problems of the following

form: given y € Y, find x € X satisfying Tz = y.

An equation Tz = y in which the operator T has certain properties represents an
inverse problem. As we will see, an inverse problem is a certain kind of ill-posed

problem.



The results in this section are well-known; to learn more, see [12] for further expla-

nations.

1.1.1  Well-posed and ill-posed problems

Hadamard’s definition of a well-posed problem says that a mathematical problem is

well-posed if and only if the following properties hold:

1. Existence: A solution exists for all admissible data.

2. Uniqueness: The solution is unique for all admissible data.

3. Stability: The solution depends continuously on data.

If the problem is not well-posed, then we call it ill-posed. If one of the first two
properties, existence or uniqueness, fails to hold, the problem is ill-posed, but we do
not classify it as an inverse problem. The important property makes the equation an
inverse problem is that the solution = does not depend continuously on data y (that
is, we have an inverse problem if stability fails to hold). The continuity depends on
the norms chosen for both spaces. A given problem can be stable under one norm
and unstable under a different norm, but normally we have to work with the given

norms on X and Y.



For the problem T'x = y, existence and uniqueness are equivalent to the existence of
T, and stability is equivalent to the continuity (boundedness) of T7!. So Tz =y

is well-posed if and only if 77! exists and is bounded.

1.1.2 Dealing with lack of existence and lack of uniqueness

If a problem is ill-posed because existence or uniqueness fails, then there are standard

methods for defining a related problem that may be well-posed.

Lack of existence: If the existence property fails for Tx = y, it just means that
R(T) is not all of Y. In this case, for y ¢ R(T), we consider the least-squares

problem instead: min ||Tx — yl| for z € X.

Definition 1. Let T : X — Y be a linear operator. If v € X satisfies

[Tz —yll = nf{|| Tz —y| | z € X}, (1.1.1)

then x is called a least—squares solution of Tx = y.

For a given y, the problem Tx = y has a least-squares solution if and only if y €
R(T)® R(T)*. Also Tx = y has a least-squares solution for all y € Y if and only if

R(T) is closed, because when R(T) is closed, R(T) & R(T)* =Y.



Recall that the adjoint operator T* is defined by (T'z,y)y = (z,T*y)x for all z € X

andy €Y.

Theorem 2. Lety € R(T)® R(T)*. Then T is a least-squares solution of Tx =y if

and only if T*Tx = T"y.

Lack of uniqueness: If the uniqueness property fails (but existence holds), that is,
if the problem Tx = y has more than one solution, we pick the solution of smallest
norm and we reformulate the problem as min ||z|| x such that z is a solution of problem
Tx =y. Because T is linear, uniqueness is related to N (7). To be precise, if Tz =y
has multiple solutions, then N(T") is nontrivial. Conversely, if N(T) is nontrivial and

Tx = y has a solution, then this solution is not unique.

If Z is a solution of Tx = y and N(T') is nontrivial, then the set of all solutions of
Tx =y is given by

#+ N(T)={i+u|ue NT)} (1.1.2)

This set has a unique smallest element, namely, the unique element in N(7)+. In
other words, if T'x = y has a solution, then it has a unique solution belonging to

N(T)*, and that is the minimum-norm solution.

If the uniqueness and existence both fail, then we pick the minimum-norm least-

squares solution of the problem Tx = y.

Definition 3. Let T : X — Y be a linear operator. If x is a least-squares solution of



Tx =1y and

||| = inf{||z|| | 2 is least-squares solution of Tx =y}, (1.1.3)

then x is called the minimum-norm least-squares solution of Tx = y.

The set of all least-squares solutions of Tz = y is given by & + N(T*T), which is the
same as & + N(T') because N(T*T) = N(T'). The set &+ N(T') has a unique element

in N(T)*+, which is the minimum-norm least-squares solution.

1.1.3 The Moore-Penrose generalized inverse

Recall that Tx = y is well-posed if and only if 77! exists and is bounded. As we
discussed, if existence or uniqueness fails, we try to find the minimum-norm least-

squares solution instead.

We have seen that for each y € R(T) @& R(T)*, there exists a unique minimum-
norm least-squares solution of Ta = y. We define TT : R(T) @ R(T)* — X by
the condition Ty is the minimum-norm least-squares solution of Tz = y. We write
D(T") = R(T) @ R(T)*. The operator T' is called the Moore-Penrose generalized

inverse of T



If existence or uniqueness fails (i.e., if our problem has no solution or it has more
than one solution), then for y € D(TT), the best approximate solution is given by

x="Ty.

We now see that T = Ty is characterized by the condition T*TZ = T*y and T €
N(T)*. Tt follows that R(TT) ¢ N(T)*. Also if we define T’ = T Inerey: N(T)+H —
R(T), since N(T) is trivial and R(T) = R(T), then T~" exists. Now for all z €
N(T)*, T'Tx = T-'Tx = x, which implies N(T)* ¢ R(T'). Therefore R(T1) =

N(T)*.

Since R(T) is dense in R(T), then D(T") is dense in R(T) ® R(T)* =Y, and thus
TT is a densely defined operator. Also T7 is a closed operator, i.e., for y, C D(TT),
Yn — y and Ty, — z € X imply that y € D(T") and z = TTy. If R(T) is closed,
then clearly D(TT) = Y and TT : Y — X; therefore by the closed graph theorem,
TT is bounded. Also if Tt : D(T') — X and T is bounded, then by Theorem 2.15
of [12], D(TT) is closed and as a result R(T) is closed. Now we have the following

fundamental result.

Corollary 4. Let T : X — Y be a linear operator. Then T is bounded (i.e.,

continuous) if and only if R(T') is closed.



1.1.4 Compact operators

Compact operators are central to the study of the inverse problems. Except for certain

degenerate cases, every compact operator K defines an inverse problem Kz = y.

Definition 5. Let K : X — Y be linear. Then K is a compact operator if and only
if it maps bounded sets in X to pre-compact sets in'Y . Equivalently K is a compact

operator if and only if

{z,} € X, {z,,} bounded = {Kx,} has a convergent subsequence.

If K: X — Y is a compact operator, then clearly K is bounded because if it is
not, then there exists {x,} C X with ||z,||x = 1 for all n such that ||Kz,| — oo
as n — oo. That implies {Kz,} cannot have a convergent subsequence, which is a

contradiction.

Here is the degenerate case mentioned above.

Definition 6. Let K : X — Y be linear. Then K s a finite-rank operator if and

only if R(K) is finite-dimensional.

A finite-rank operator is a type of compact operator because every bounded subset

of a finite-dimensional space is pre-compact.



Theorem 7. Let K : X — Y be bounded and finite-rank. Then K is compact.
Theorem 8. Let K : X — Y be compact but not finite-rank. Then R(K) is not

closed.

The above theorem can be proved by way of contradiction. If we assume R(K) is
closed, then it is complete, so the new operator K = K | ()L N(K)* — R(K) is
continuously invertible. Then KK~' = I r(k) is compact and hence R(K) is finite-

dimensional.

1.1.5 The singular value expansion (SVE)

A compact operator can always be expressed as a simple form known as the singular

value expansion.

Definition 9. Let X and Y be Hilbert spaces and let x € X and y € Y. The outer

product y @ x : X — Y 1is the linear operator defined by

(y@2)u=(r,u)y VYueX. (1.1.4)

Theorem 10. Let K : X — Y be compact. Then there exist orthonormal sequences

{on} € X and {¢n} C Y and a sequence {o,} of positive numbers such that oy >



K=Y 0un® . (1.1.5)

The representation K = ) 0,1, ® ¢, is called the singular value expansion of K.
If a compact operator K has infinitely many singular values oy, o9, ..., then R(K) is

non-closed, and also lim,,_,.. o, = 0.

Theorem 11. Let K : X — Y be a compact linear operator and let Y o,1), @ @, be
the SVE of K. Then {02} neny is the set of nonzero eigenvalues of the self-adjoint

operator K*K. Also {¢n}neny is a set of eigenvectors of K*K and the ¢, is defined

by,lvz)n: [Z_S:n‘

Each ¢, is an eigenvector of K*K corresponding to o2, and {¢,} is a complete

orthonormal system for N(K)*. The following formulas are satisfied:

Kon = onthn, (1.1.6)

K", = 0nn, (1.1.7)
KQ?—ZO’n T, 0n)xUn, € X, (1.1.8)
y—-}:Oh )y on, YEY. (1.1.9)

Theorem 12. Let ) 0,1, ®p, be the SVE of the compact linear operator K. Then



we have

1.
ye DK &) W/f—’jy'z < 00. (1.1.10)
2. Fory € D(KT),
KTy:Z@’UM%. (1.1.11)

The first condition is called the Picard condition and it implies that the minimum-
norm least-squares solution of Kz = y exists only if the Fourier coefficients (y, v,,)
decay faster than the corresponding singular values o,,. The second condition gives an

explicit formula for the minimum-norm least-squares solution 2 = KTy of Kz = y.

1.1.6 Fredholm integral equations

A Fredholm integral equation of the first kind is an equation of the form

/1 k(s,t)f(t)dt =g(s), 0<s<1. (1.1.12)

Here the kernel k£ and the right-hand-side function g are known functions while the

function f is unknown and we would like to know it.

We can view this as a linear operator equation K f = g by defining K : L?*(a,b) —

10



L?(a,b) as
b
(K1) = [ M0 (1.113)
where k € L?((a,b) x (a,b)). Such an operator K is always compact.

Definition 13. Let K be an integral operator of the first kind with kernel k. We say

that k is degenerate if and only if there exists functions aq, ..., ay, b1, ..., b, such that

n

k(z,y) = Zcu(x)bi(y).

=1

It can be shown that K has finite rank if and only if % is degenerate.

1.2 Tikhonov regularization and parameter choice

rules

Considering an inverse problem where the data y is perturbed by errors, the solution
to the perturbed problem is usually dominated by errors (because of the lack of
stability—the solution does not depend continuously on the data). In such a case, it
is necessary to use a regularization method to compute a solution that is less sensitive

to the perturbation.

Tikhonov Regularization is one of the most popular regularization methods for inverse

11



problems. It was introduced by Tikhonov [39].

We typically do not know y* exactly but we rather know an estimate y of y*. The idea
of regularization is to replace the system Tx = y with one that is less sensitive to noise
in the data. We will now describe the Tikhonov regularization method. (For more
information about Tikhonov regularization, and to learn about other regularization

methods, see Engl et al. [12] and Hansen [25]).

Tikhonov regularization defines an approximate solution of Tx = y as the minimizer

of the function

1Tz —yly + allz]%. (1.2.1)

Insisting on making ||Tx — y||?- as small as possible can lead to ||x||% — oo, so we
prevent this by adding the penalty term al|z||%. For each o > 0, there exists a unique
minimizer of (1.2.1):

Toy = (T*T + ) 'Ty. (1.2.2)

For the Tikhonov regularization to work, we would expect that for all y* € D(TT),
Ty — TTy* as a — 0F. More generally, since y* is not known exactly, we want
Toy — Ty* for y & D(TT) as (a,y) — (07,y*). We will see that this holds only if «

is chosen properly with respect to y, specifically, only if o does not converge to zero

12



too quickly with respect to ||y — y*||y-

These convergence properties must hold for the Tikhonov regularization method. But
on a specific problem, we do not have a sequence {y, } converging to y*. We just have
one measurement y of y*, and we need to choose a good value of a. The purpose of

this dissertation is to study one method for choosing a.

A variation of Tikhonov regularization is given by

1Tz —ylly + allLalZ, (1.2.3)

where L : X — Z. In this case the unique minimizer of the Tikhonov functional is
given by

Toy = (T*T + aL*L) ' T*y.

We will not study this variation here.

1.2.1 Definitions and basic properties

The quality of the approximated solution z,, depends on choosing a good regular-
ization parameter o. Parameter choice method are described by whether they use a
bound § on the noise level ||y — y*||y. Let a be a regularization parameter choice.

Then it is called

13



- an a priori parameter choice if it just depends on the noise level §: o = «(4).

- an a posteriori parameter choice if it depends on both the noise level § and the

noisy data y: a = «a(9,y).

- a purely a posteriori (or heuristic) parameter choice if it depends only on the

noisy data y: a = a(y).

If we assume R(T) is non-closed, then T is unbounded. Since in an inverse problem,
Tt is not bounded and data are not exact, then Tty need not exist and might not
be a good approximation for TTy* even if does exist. That is the reason for using
regularization methods for approximating T''y*. We look for an approximation z,,,, of
TTy* which depends continuously on the data and has the property that z,, — TTy*
as 0 — 0, provided « is chosen properly. However, based on the result of Bakushinskii
[3], this is not possible if the parameter choice rule depends only on the noisy data
(v = a(y)), unless T" has finite rank. In other words, no purely a posteriori parameter

choice strategy can yield a convergent regularization method.

The advantage of a purely a posteriori method is that it does not require a knowledge
of §. Since this kind of method can not define a convergent regularization method
unless 1" has finite rank, we consider this kind of method as a heuristic parameter

choice rule.
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The following theorem gives the basic convergence results about Tikhonov regular-

1zation.

Theorem 14. [12] Let x,, be the unique minimizer of the Tikhonov functional,

y* € R(T), |ly —y*|| <0 and let @ = () be such that

lim a(0) = 0, (1.2.4)
—0
and
52
51_1}1& o0) =0. (1.2.5)
Then
%13(1] Tay =Ty (1.2.6)

The theorem implies that sufficient conditions for strong convergence are «(§) — 0

and%—)O,asé—)O.

The condition %5) — 0 implies that o must converge to zero at the slower rate than

§2. If we have a = C'6? (where C is a constant), then in order to obtain convergence

we must have 0 < p < 2.

If lims o a(d) = 0 and % is only bounded above, then ||z,, — TTy*[|3 < C and

Toy — TTy* weakly.

15



1.3 Multiplicative regularization

The parameter selection is the most difficult part in the regularization of an in-
verse problem, and finding a proper Tikhonov regularization parameter is not always
straightforward. To avoid the difficulties of choosing an proper regularization pa-
rameter, Berg, Broekhoven and Abubaker [41] and [2] proposed a new regularization

method.

Let T'x = y be a linear inverse problem, where T': X — Y, y € Y is given, and z is

to be estimated. Multiplicative regularization tries to estimate x by solving

min J(x;y) (1.3.1)

zeX

where J(z;y) = 3||Tz —y||3 ||z|[%. The goal is to identify a value of x that makes the
residual |7z — y||3- small without letting the regularized solution ||z|/% to be large.
Note that we must ignore the global minimizer x = 0 and calculate a local minimizer

(if one exists) near TTy*.

To analyze this problem, we notice that

Vol (z.y) = Tz —ylSo + |23 (T"Tz — T*y).

16



If z is a minimizer of J, then V,J(x,y) = 0. Assuming = # 0, V,J(x,y) = 0 is

equivalent to

Ty — 2
1Tz — g2z + |2]|% (T*Te — T*y) = 0 & T"Tx — Ty + %x — 0.
Tl x

Thus x # 0 is a minimizer of J only if

T"Tr +ax =T"y (1.3.2)
where
Ty — 2
_ [Tz 2y||Y (1.3.3)
1%

If « satisfies (1.3.2) and (1.3.3), then z,, = (T*T + o) 'T*y is a stationary point

of J. Conversely, if x is a nontrivial stationary point of J, then x must equal z,, for

2
1Tz—yll5
llel%

o =

In this dissertation we study multiplicative regularization as a purely a posteriori
parameter choice method for Tikhonov regularization. We will evaluate the perfor-
mance of multiplicative regularization by comparing it with the performance of the

L-curve method.
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1.4 The L-curve criterion

1.4.1 Definitions of the L-curve

The L-curve criterion is a method for choosing the regularization parameter for
Tikhonov regularization method. This method is a purely a-posteriori choice method
and it works well most of the time, although there exists some problems in which the

L-curve criterion does not perform properly (see [21] and [24]).

The linear L-curve is a set of all points (||T%a,y — y|ly, [|[Zayl/x) such that a > 0. For
the noisy data y ¢ D(TT), the solution norm and residual norm have the following

behaviors:

[Zayllx = 00,
a—0F
[T%ay — ylly = | Prayy — ylly-
On the other hand,

[zayllx =0,
a—o0 =

[Tzay = ylly = llylly-

Finding a good regularization parameter balances the norm of the residual |7z, , —

y|ly and the norm of the regularized solution ||z, x-

18



The log-log L-curve is a set of all points (log||Tx,, — y||}¥,10g [|xa,]/%) such that

a > 0.

A graph of ||z, || x versus [Tz, — y||y tends to have a distinctive shape, especially
when plotted in log-log scale. This curve frequently has an L-shaped appearance with
an obvious corner separating the vertical and the horizontal parts (see [24]). Using
the log-log plot can be useful to increase the sharpness of the corner. The L-curve
method chooses the regularization parameter o by picking the value that corresponds

to the corner of the L-curve, which is defined as the point of maximum curvature.

deriv2(100), delta=(1e-1)

Solution norm

Residual norm

Figure 1.1: The L-curve plot of the test problem “deriv2” (n=100) where
the noise level is § = 10~!. The test problems are described in Section 1.6.
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1.5 Regularization and finite-dimensional prob-

lems

Finite dimensional problems can not be unstable. However, if Az = b is obtained by
discretizing an inverse problem 7'z = y, then A is generally very ill-conditioned. An
ill-conditioned system Az = b has essentially the same character as inverse problem

Tx = y: the solution is very sensitive to errors in the data.

1.5.1 The singular value decomposition (SVD)

The singular value decomposition is a valuable tool for dealing with problems with
ill-conditioned matrices. Let A € R™*" be a rectangular matrix where m > n. Then
the singular value decomposition of A can be defined as A = USVT = 3" | ou;vf,
where U = (uy, ..., up,) € R™™ and V' = (vy, ...,v,) € R™*" are orthogonal matrices
and ¥ = diag(oy, ..., 0,) has nonnegative elements such that numbers o4, 09, ..., 0,, are
the singular values of A, arranged in non-increasing order o; > 09 > ... > g, > 0.

Every matrix A € R™*™ has a singular value decomposition.

The minimum-norm least-squares solution of Az = b is given by

20



Alp =31 b (1.5.1)

i=1

where r = rank(A).

1.5.2 The comparison between SVE and SVD

In the table below, we compare the singular value expansion of an operator K with

the singular value decomposition of a matrix A.

Table 1.1
The comparison of the singular value expansion and the singular value
decomposition of a matrix

SVE SVD
o1 >09>..>0 o1 >09>..>0
<90i7§0j>X == 5i,j i,j = 1,2, U - Vj = 04,5 i,j == 1, ey
<1,Z)Z',1,Z)j>y = (51'7]' i,j == 1,2, U - Uj = 04,5 i,j == 1, ey
Ko = 01 Av; = oju;
K*; = 0;0; ATu; = oy,

1.5.3 Tikhonov regularization method

Let Az = b be an ill-conditioned linear system, where A € R™*" and b € R™ are

given and z is supposed to be estimated.
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Tikhonov regularization defines an approximate solution of Az = b as the minimizer
of the function

1Az — b]I* + af|z]|*.

The Tikhonov regularized solution is

Tap = (ATA+al) 1A%,

In terms of the SVD, the regularized solution is given by

n 2 ..
Tap =Y 0 (ui-b) (1.5.2)

2 A
— 0i +a o

2

We call =1,2,...,n, the filter factors for Tikhonov regularization method and

Ui .
a§+a’ v
we use them in order to decrease the effect of small singular values. They filter out the

contributions of the smaller singular values to the solution, while leaving the effect

of the large singular values almost unchanged. This is true because if o; > « then

g3 N&:l 1 1 . i ~ %i
Ta N T o while if 0; < « then e 2 0.

The filter factors for Tikhonov regularization filter out the singular values which are
smaller than «. Since for the least-squares solution, the largest perturbations are
associated with the smallest o;, then it is obvious that the regularized solution is less

sensitive to the perturbations than the least-squares solution.
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1.6 Test problems

We will use a collection of test problems from Hansen’s Regularization Tools package

[22]. Here are the problems we will use, with a short name for each:

baart: Discretization of the first-kind Fredholm integral equation

/ﬂk:(s,t)f(t)dt:g(s), 0<s<—-,0<t<m,
0

N[N

where k(s,t) = exp(scos(t)), g(s) = 2(““1;&) and the solution is f(¢) = sin(¢). The

equation is discretized by the Galerkin method with orthonormal box functions.

heat: Discretization of the first-kind Volterra integral equation

/1 k(s,t)f(t)dt =g(s), 0<t,s<1,
0

;3
where k(s,t) = L= exp(5), The equation is discretized by means of simple quadra-

777 ©XP
ture (midpoint rule). An exact solution is constructed, and then the right-hand side

is produced as b = Ax.
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foxgood: Discretization of the first-kind Fredholm integral equation

/1 k(s ) f () dt = gls), 0<t.s<l,
0

ng o
where k(s,t) =v/s? 4+ 2, and g(s) = % The exact solution is f(t) = ¢t. The

equation is discretized by simple quadrature (midpoint rule).

shaw: Discretization of the first-kind Fredholm integral equation

jus

/_2 k(s,t)f(t)dt = g(s), _TW <ts<

™

)

b |

2

o _ 2
where k(s,t) = (cos(s) + cos(t))? (Sm(:i(jzg)(i);{rfztn)(t)))> . The exact solution is

f(t) = 2exp(—6(t — 0.8)%) + exp(—2(t + 0.5)?),

and right-hand side is produced by b = Axz. The equation is discretized by simple

quadrature.

deriv2: Discretization of the first-kind integral equation

/1 k(s ) f () dt = gls), 0<ts<l,
0
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where

s(t—1), s<t,
k(s,t) =
t(s —1), otherwise,

_ (s3—s)
6

and g(s) . The exact solution is f(¢) = t. The equation is discretized by the

Galerkin method with orthonormal box functions.

phillips: Discretization of the first-kind integral equation

/1 E(s,t)f(t)dt =g(s), 0<t,s<1,
0

where k(s,t) = ¢(s —t), and g(s) = (6 —|s|)(1+0.5cos(%*)) + W. The exact
7T ) S1n 3

solution is f(¢) = ¢(t). The function ¢ is defined as

L+cos(%F), |z] <3,
¢(r) =
0, x| =3

The equation is discretized by the Galerkin method with orthonormal box functions.

i_laplace: Discretization of the inverse Laplace transformation

/OO E(s,t)f(t)dt =g(s), 0<s,t< o0,
0

where k(s,t) = exp(—st), and g(s) = m. The exact solution is f(t) = exp (—%).

The equation is discretized by means of Gauss-Laguerre quadrature.
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wing: Discretization of the first-kind Fredholm integral eqaution

/1 k(s ) f () dt = gls), 0<t,s<1,
0

where k(s,t) = texp(—st?), and g(s) = exP(*St%);SeXp(fstg) for t; = % and t, = . The

solution f(t) is given by where

1, 1 <t <ty

0, otherwise.

The equation is discretized by the Galerkin method with orthonormal box functions.

Table 1.2
Summary of test problems

Test problems
deriv2 Computation of the second derivative, a mildly ill-posed problem
phillips Discretization of a first king Fredholm integral equation
heat Inverse heat problem, discretization of a first king Volterra integral equation
i_laplace Inverse Laplace transformation, discretization of a first king Fredholm integral equation
foxgood Severely ill-conditioned problem, discretized by simple quadrature (midpoint rule)
baart Discretization of a first king Fredholm integral equation
shaw One dimensional image resolution model, discretization of a first king Fredholm integral
equation
wing Test problem with a discontinuous solution, discretization of a first king Fredholm integral
equation

1.6.1 The degree of ill-posedness

The degree of ill-posedness describes how fast the singular values o,, converge to zero

as n — 00. For each test problem, we found the singular values for n = 100. If there
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exists a positive real number ¢ such that o, = c¢n™? (where ¢ is a constant), then
the problem is called mildly or moderately ill-posed. If on the other hand we have
0, = ce~ ™ then the problem is called severely ill-posed. The results are given in
Table 1.3. It turns out that “deriv2” and “phillips” are mildly ill-posed problems and
the rest of the test problems are severely ill-posed.

Table 1.3
The degree of ill-posedness of the test problems

Test problems | o, = O(n™%) | o, = O(e™9™")
deriv2 v
phillips v
heat

i_laplace

foxgood

baart

shaw

SNENENENENEN

wing

Next, we tried to find the best fit for each test problem and the results are given in

Table 1.4.
Table 1.4
Convergence of the singular values to zero
Test problems o, ~cen” op R ce=
deriv2 (c,q) = (—0.88706, 2.1191)
phillips (c,q) = (2.8293, 3.6590)
heat (c,q,1) = (0.45411,0.85161, 0.57676)
i_laplace (c,q,t) = (4.9452,0.63472,1.0893)
foxgood (e,t,q) = (2.0765,2.5645,0.76484)
shaw (c,q,t) = (2.9445,0.37951, 1.2961)
baart (c,q,1) = (5.5648, 0.66672, 1.08300)
wing (c,q,t) = (2.0295,1.7269, 1.3599)
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1.7 Outline of dissertation

We have seen that for an inverse problems, it is necessary to use a regularization
method to compute a solution that is less sensitive to the noise in the data. Most

methods require us to choose a good regularization parameter a.

In Chapter 2, we review existing parameter choice rules, especially the L-curve

method, which is the most popular purely a posterior: rule.

The L-curve parameter choice strategy is a useful method but sometimes it fails to
find a proper regularization parameter. Multiplicative regularization was originally
introduced to avoid the need to choose a parameter. However, as we saw in Chapter
1, it can be viewed as a parameter choice method for Tikhonov regularization. We
analyze multiplicative regularization for finite-dimensional problems in Chapter 3.
Numerical results show that both methods, multiplicative regularization and the L-
curve method, perform remarkably similarly provided A € R™*™ and col(A) is a

proper subspace of R™.

In Chapter 4, we present some preliminary theoretical and numerical results on the
performance of multiplicative regularization on infinite-dimensional problems. The

main results and the numerical experiments are found in Chapter 3 and 4.
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In Chapter 5, we present our conclusions and discuss the future plans and goal.
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Chapter 2

Literature review

2.1 Multiplicative regularization

The parameter selection is the most difficult part in the regularization of an ill-
posed problem, and finding a proper Tikhonov regularization parameter is not always
straightforward. In order to avoid the difficulties of choosing a proper regularization
parameter, Berg, Broekhoven and Abubaker in [41] and [2] proposed a new regu-
larization method. The main advantage of this method is that we do not have to
determine the regularization parameter. In this method, no a priori knowledge on

the data is needed.

Multiplicative regularization has recently been studied in the PhD dissertation of
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Orozco Rodriquez [38]. He analyzes the multiplicative regularization as a parameter
choice strategy and compares the performance of multiplicative regularization with

the L-curve criterion for an image deblurring problem.

Multiplicative regularization has been used in a variety of applications in the past

decade (see for example [2] and [1]).

2.2 Popular parameter choice rules

Various methods have been introduced in the literature for selecting the regularization
parameter .. Parameter choice strategies are categorized based on their assumptions

about the error norm. Here we introduce the most popular ones briefly.

2.2.1 Morozov discrepancy principle

Morozov discrepancy principle is the most popular a-posteriori parameter choice rule

for Tikhonov regularization [32]. This method chooses a to satisfy

1T 0,y — yll = 4, (2.2.1)
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that is, the regularization parameter is chosen via a comparison between the residual
and the noise level. The equation (2.2.1) has a solution a = «(d,y) > 0 as long as
ly —v*|| < 6,]lyll > 9, and (y — y*) ¢ R(T)*. The discrepancy principle defines a

convergent regularization method provided y* € R(T).

In the real world examples, the information about the noise level is not always avail-
able. Therefore it is necessary to consider some other parameter choice rules that
avoid knowledge of noise level. Such a heuristic parameter choice rule is called a

purely a posteriori parameter choice method.

2.2.2 Generalized cross-validation method

This method was introduced by Golub et al. [40] and it is a purely a posteriori
parameter choice method. This method includes statistical considerations and does
not require any prior knowledge about the error. The method selects a regularization

parameter in order to minimize the predicted data error of the regularized solution.

Although generalized cross-validation is an accurate purely a-posteriori method for
choosing the regularization parameter (see [17]), it has been rarely applied to large
scale problems. A major difficulty lies in the evaluation of the cross-validation func-

tion which requires the calculation of the trace of an inverse matrix (see [14]).

33



The next parameter selecting strategy is the L-curve method which is one of the
most popular parameter choice methods. We discuss this method in details since we

compare the performance of multiplicative regularization with this method.

2.3 The L-curve method

The L-curve criterion is a parameter choice strategy for the Tikhonov regularization
method. The use of the L-curve goes back to Miller [31]. In infinite dimensions,
no convergence result is possible, as explained in Section 1.2. The L-curve method
sometimes fails to find a proper regularization parameter, but it still is a useful

method.

2.3.1 The definition of the corner

A difficulty with the L-curve method is that a wide range of regularization parameters
corresponding to points on the L-curve near the corner. Therefore the corner of the
curve should be selected by some numerical method rather than by visual selection.
Hansen and O’Leary [24] proposed a method for choosing o when the errors of the

right hand side are white noise!. They defined the corner of a continuous L-curve

LE[b—b*] =0 and E[(b—b*)- (b —b*)] = 02I where E[-] denotes the expectation.

34



as the point where the curvature attains a local maximum and they presented an

algorithm for locating the corner of the L-curve.

2.3.2 Concavity of the L-curve

In linear scale, independently of the right hand side, the L-curve is always convex. For
finite-dimensional problems, Reginska [36] proved the following lemmas that describe

the shape of the L-curve in logarithmic scale.

1. The L-curve in logarithmic scale is always concave for « less than or equal the
smallest singular value, i.e., (o < 0,) and also for a greater than or equal to
the largest singular value, i.e., (a > o7).

2. Let iy < iy be such that for i € {iy, 45} we have u! -b # 0 and also for 7 & {iy,i>}

igh ipb . . . .
we have u! - b = 0. If % < |u0+| then the L-curve in logarithmic scale is
(3] 11

strictly concave.

The first result ensures that both ends of a L-curve is always concave but it does not
deal with the behavior of the L-curve for « € [0, 0,,]. The second result constructs a
class of specific examples for which the L-curve in logarithmic scale does not have a

corner; in particular, it proves that the L-curve does not always have a corner.

Hansen [23] dealt with other conditions under which the L-curve in logarithmic scale
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Solution norm

10 10 10
Residual norm

Figure 2.1: The L-curve plot of the problem “shaw” (n=100) where the
noise level is zero.

L-curve

Solution norm

10° 10" 10" 20" 10° 10° 10° 10°

10 10
Residual norm

Figure 2.2: The L-curve plot of the problem “foxgood” (n=100) where the
noise level is zero. The value of a at corner is 3.0809 x 10715,

is concave. He gave the heuristic arguments that an exact unperturbed right hand
side b* satisfying the discrete Picard condition (see, for example, Figure 2.1) or a right
hand side consisting of pure noise e, lead typically to a concave L-curve in logarithmic
scale. In certain cases, though, we see other behavior. In certain examples, with
b = b*, there is a convex corner, though it corresponds to a very small . This
happens especially when the matrix A is so severely ill-conditioned that most of the
singular values are zero. For instance, the test problem foxgood indicates a convex

corner even when b is in the column space of A (see Figure 2.2).
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Figure 2.3: The L-curve of the problem “heat” (n = 100) for § = 107!
Furthermore Bazan [5] did a further study of the convexity properties of the L-curve
discussed by Reginska [36] and Hansen [23]. He showed that there exist some situa-
tions in which the L-curve criterion fails since the L-curve has several convex corners.
The heat problem was chosen in his analysis since this problem most of the time
displays more than one convex corner. In this case, Bazan suggested choosing the
regularization parameter corresponding to the sharper corner or else to the right-most

corner.

2.3.3 Other disadvantages of the L-curve

Vogel in [42] studied the behavior of an n-dimensional problem with discrete white

noise as n — 00, and considered a partially discrete, partially stochastic model? for

2Let A, is an operator from Hilbert space Z into R"™. Then the semi-discrete, semi-stochastic data
model is given by [b,]; = [An2*]; +0[n,]; for i = 1, ...,n where o is a fixed operator, z* is the exact
solution and it is assumed to be deterministic, and 7, are discrete white noise vectors with unit
covariance which means E([n,(z)];) =0 for i =1,....,n, and E([n,]i[n.];) = 0i; fori,j =1,...n, (&
is the Dirac delta distribution).
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analyzing the L-curve in logarithmic scale. He considered more data samples in his
analysis rather than assuming that the noise level in data decreases. He showed that
the L-curve method is not convergent under certain conditions. The non-convergence
of the L-curve method happens when the solution Tty* is rough or lacks smoothness,
that is, when the Fourier coefficients decay more slowly or at the same rate than the
singular values. Vogel showed that the regularization parameters computed by this

model stagnate, that is, are bounded away from zero.

Another disadvantage of the L-curve is related to very smooth exact solutions. Hanke
[16] proved that for this kind of solutions, the L-curve method would fail. He con-
structed an infinite-dimensional example and showed the chosen regularization pa-
rameter by the L-curve method vanishes too rapidly as the noise to signal ratio in the
data level goes to zero. Based on the analysis and numerical examples, he showed
that the L-curve method may sometimes fail in the sense that the regularized solu-
tions z,, do not converge to the true solution x of the equation Tz = y as 6 — 0.

This can happen when the solution x is very smooth and the noise level is very small.

2.3.4 Rate of convergence

If we fit the a computed from the L-curve method to a formula of the form o = C'é?

(where C' and p are constant), then we find the following values of p shown in Table
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Table 2.1

The rate of convergence for the L-curve method

L-curve
Test problem p
deriv2 0.99133
phillips 1.7481
heat 2.578
i_laplace 1.9549
foxgood 1.9582
shaw 2.0207
baart 2.0215
wing 2.0946

2.1 for the test problems.

2.4 Conclusions

The L-curve is a plot of the norm of the regularized solutions versus the norm of the
residuals. Under certain conditions, the curve has an L-shaped form with a convex
corner; however, this is not always the case. The selected regularization parameter
is the point with maximum curvature. The behavior of the L-curve method in some
cases is not predictable. The location of the corner depends on the scale of the L-
curve and in some scales, the corner may not appear. Unfortunately, the change of

scale does not preserves the convexity of the L-curve.
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Because of difficulties associated with the L-curve method, we will introduce and

analyze the multiplicative regularization method as a parameter choice strategy.
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Chapter 3

Multiplicative regularization for

finite-dimensional problems

In order to avoid the difficulties of choosing a proper regularization parameter, Berg,
Broekhoven and Abubaker proposed a new regularization method, which we call
multiplicative regularization (see [41], [2]). The method is based on minimizing the

function

1
T(.8) = 514z — b2l

Multiplicative regularization tries to identify a value of x that makes the residual small
without letting the regularized solution be large. As explained in the Introduction, it

turns out that there is a close relationship between multiplicative regularization and
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Tikhonov regularization. In fact, multiplicative regularization can be considered as

defining a parameter choice method for Tikhonov regularization.

In this chapter, || -|| denotes the Euclidean norm, and (-, -) denotes the Euclidean dot

product.

We will study multiplicative regularization for finite-dimensional problems, and we
will show by numerical experiments that the performance of this method is compa-

rable to that of the L-curve method.

3.1 Notation and assumption

Let Ax = b be an ill-conditioned problem, where A € R™*" and b € R™ are given,
and z is to be estimated. We always assume that b ¢ N(AT). We assume that b* is
the exact data, z* is the exact solution (Az* = b*, 2* € N(A)1), and b is close to b*.
We try to find a local minimizer of J that is near x*. Notice that x = 0 is always a

global minimizer of J, but this is not of interest.

To analyze this problem, we notice that

V. J(2,b) = | Az — b2z + ||z|]2(AT Az — ATb).
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If 2 is a minimizer of J, then V,J(z,b) = 0. Assuming = # 0, V,J(z,b) = 0 is

equivalent to

A — b2
| Az — bl|%2 + ||z|% (AT Az — ATb) = 0 & AT Az — ATb + % =0
x
T [ Az — b|]” _ AT
< A Ax + Wﬁb‘ =A"D.

Thus x # 0 is a minimizer of J only if

AT Az + az = A", (3.1.1)
where

[ Az — b||?

If o satisfies (3.1.1) and (3.1.2), then z,, = (ATA + al)"' AT is a stationary point

of J. Conversely, if = is a nontrivial stationary point of J, then x must equal z, ; for

_ [Azas — b

a1

(3.1.3)

Thus every nontrivial stationary point of J is a Tikhonov solution z,;, where o

satisfies (3.1.3).

Reginska [36] has analyzed a similar regularization method by defining the objective

function as
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1
(0, 0) = Sl Aay = BIP [y,

and selecting a by minimizing this function. We can show that « is a stationary point

of ¢(-,b) if and only if « satisfies o = %—ﬂsw

. To prove this, we first derive some
results that will be used repeatedly. We can show that x, is a smooth function of «

for all @ > 0, and we have the following results:

1. x’a’b = %(x%y) = —Nojlxmb (where N, = (ATA + al)).

) = 2{xq,y, ).

2. a%(”xa,yl Y Tay

0 ' !
0 1 Azay = bI%) = 2((Azay = b), Axf,,) = 2((A" Aay — ATD), 4 y)
0

= ~20{Zay @) = —ag (20, )

(Here we use the fact that AT Ax,p + aza, = ATD, that is, AT Az, — ATh =

ATy b-

Using the previous results, we have

¢/(O./, b) = —OJ(ZE%I), xix,b>”xa,b”2 + 2<xa,bv :L‘/Oé,b>||AxOé7b - b||2)

= (zap, ) (| Azay — blI* = allzas]?).
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is never zero. That is true because we have

For b ¢ N(AT), (x4,

o)

<xa1y’ , > = _<N071ATba N;2ATb> = _<ATba NongTb%

a?y

and we know that N3 is symmetric positive definite. Therefore, « is a stationary

[Azap—bl>

TETEE So Reginska’s approach is closely related

point of ¢(-,b) if and only if a =

to multiplicative regularization.

3.2 Preliminaries

Notice that (3.1.3) is equivalent to ||Azay — b||* — af|zapl|> = 0. We define
F(a,b) = ||Azap — b||* — al|zasl?, (3.2.1)

for > 0 and all b € R™.

Let r = rank(A). We will now express the Tikhonov solution of Ax = b in terms of

the singular value decomposition of A. The reduced SVD of A is

A= ZUﬂ/Ji @ @i,

i=1

where {1, 2, ..., 0.} is an orthonormal set in R™, {11, 1s, ..., } is an orthonormal
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set in R™, o4 > 09 > ... > 0, > 0. It can be show that AT = 22:1 00 ;. If we ex-
tend {1, @2, ..., ¢, } to an orthonormal basis {¢1, o, ..., pn} of R™, then {¢y11, ..., o0}

is a basis for N(A) and every x € R™ is given by . = """ (z, p;)p;. We have

AT Az = ATA (i@ <pi>soz->

= Z o (x, i) i,
i=1
and therefore

(ATA+ al)z = Z ol (z, )i + a Z<5€7 ©i)pi

i=1 =1

= Z(UZ‘Q + a)(z, pi)pi + a Z (x, 0:)0;.

i=r+1

If we extend {11,19,...,1,.} to an orthonormal basis {1,119, ..., ¥} of R™, then
{tri1, ey} 1 & basis for N(AT) and every b € R™ is given by b = > " (b, ¥;) ;.

Thus we have
AT = AT (ZQ’, %’)wi) = Z%Q% %‘)%’-
i=1

i=1

We know that (ATA + al)z,, = ATb and it follows that
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T n r

Z(O‘f? + a)<1’o¢,b790i>90i +a Z <$7 901 T Zaz
=1

=1 i=r+1
p
(O-’Lz +a)<xa,b7(}0i> - Ui<bv ¢7,>7 1= 1,2, Ty
=
a<xa’b’90i> =0, 1=r+1,..n
)
<xa7b7gpi> - 0— +a< wl> Z - 172, ...,7/"
=
<l‘a,b,§0i> =0, 1=7r+1,..,n,
\
= = i) Pi-
e ;a +a< Vi)

We then have

=1t i=1
r 2 m
- Z 0-20-_:_ a< 7w1>¢1 o Z<b7 wl>wz
=1t i=1

For a > 0, we have

F(a,b) = |Azap — b|* — af|zas|?

T 2
-2 gl > () —aZ C M) 51,07

i=r+1

2
720-_’_ Z2 ¢Z|2+Z| wz

i=r+1
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Note that for each b € R™, lim, o+ =, exists, and

. . d ag; - bv i
lim z,;, = lim Z —— (b, )i = Z < (:ZJ ><Pz‘.

a0+ as0t e~ g% + o : ;
=1 i=1

We define xp;, = 22:1 %cpz We will show that zy; is the minimum-norm least-

squares solution of Az = b, that is, that x; solves

min ||z||

sit. ATAx = A"b.

To see this, let x be any least-squares solution of Ax = b. Then we have

T

ATAz = ATb =Y " of(w, 0i)oi = ) 0ilb, 1) i
=1 i=1
= o (x, pi) = 03(b, ), fori=1,2,...,r,

1
= (T, i) = ;(b’ i), fori=1,2,..,r,

r

= T= Z %(b, V)i + Z Bipi

i=1 " i=r+1
n
= T = Zop + E Bz%pm

i=r+1

where (,,1, ..., B, can be any real numbers.

Conversely, we can easily show that if © = >/, O%i(b, Viyi + >, Bips, then
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AT Az = ATb and z is a least-squares solution. This shows that zg is a least-squares

solution of Ax = b.

So we have ||z]|* = |lzos||* + >, 1 67, which implies that [zg,]|* < ||z|* for every

other least-squares solutions.

We define AT by the condition that A'b is the unique minimum-norm least-squares
solution of Az = b. The previous result shows that A'b = S°7 . L(b 1;)¢p; for all

i=1o,

b€ R™ and hence AT =" 1l_ V; D Y;.

i=1 o,

We can see that for every b € R™, zy, = A'b, that is, lim, o+ zap = ATh. We
also can show that for all b € R™ and all a > 0, ||z < [|zop/ and as a result
|NSTAT|| < ||AT||. We argue by the way of contradiction. If we assume that there
exists b € R™ and a > 0 such that [|zos|| < [|zasl], then since for all z € R™,

| Azop — 0J]* < || Az — b||?, it follows that
[ Az — bl + allzos||* < [[Azap — bl + al|zap?,

which contradicts the definition of z,; as the unique minimizer of || Az —b||* + ||z ||*.

For b € R™, we write b = b+ b where b = Az, = projc()l(A)b and b = b — Axg, =
prOjCOl(A)Lb. Since 2 — oy as a — 0, then ||Azq, — bl|2 — || Azo, — b]|2 = ||b]|

as o — 07, and oz, ,)> = 0 as a — 07,
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Thus we extend the definition of F' as follows:

1Azap = OlI* — allzasl?, >0,
F(a,b) =

1oy, a=0.

In terms of the SVD, we have

T 062_(10'2 n
D i1 @szw)a Vi) + 30 )2 a >0,

Z?:r+1 ‘(ba wi>|27 a=0.

F(a,b) =

For the exact data b* € col(A), it follows that F'(0,b*) = 0. We wish to apply the
implicit function theorem to show that F'(a,b) = 0 has a locally unique solution
a = «(b) for each b sufficiently close to b*. To do this, we must extend F from
[0,00) x R™ to R x R™ and prove that F is C'. First we need to show the following

preliminary results.

We know that the problem

min || Az — b||* + a|z|?

has a unique solution for each a > 0 and b € R™. It is clear that the above problem
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is equivalent to

min || Moz — (b,0)]%,

where M,z = (Axs/ax). Then the normal equation takes the form M M,z =

MZT(b,0) and ., is a least-squares solution of it since

MIM,zop = ML (b,0) & M (Azyp/azas) = ME(b,0)
& ATAma’b + oz, = ATh
& (ATA+ al)za, = ATh

& 20y = N ATD.

Since M,z is the projection of (b, 0) onto col(M,,), then by the Pythagorean theorem

we have

||Maxa,b||2 + ||Mo¢$a,b - (b7 0)”2 = ||(b7 0)||27

which is equivalent to

[Aza s + 20]|zapl1* + [|Azas — BII* = [[B].

It follows that

o [|Azapl® < [[BI* = [[ANGTATD| < [[bll, Vb € R™ = [|ANG AT < 1.

o b= Azau|I* < [IbI* = [[b— ANGTATD|* < [[b]]%, Vb € R™ = [|(I = ANSTAT)[| < 1.
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o 20rasl? < B2 = VIGI N ATb] < o], Vb € R™ = [NTAT| <
Also we know that || N;1AT|| < ||AT||, therefore || N;1AT| < min{\/%fa, | AT}

We also derive the following important result.

Lemma 15. For all a € (0,1], [[NJ'| < L.

Proof. For a > 0, v+ Nyx = - (ATA+ al)x = ||Az|]? + af|z||*> > af|z|]%. Since N, is
a bounded and symmetric operator, it follows that [N 1| < %, that is, [[aN | < 1

(see [13, Theorem 3.2]). O

Lemma 16. For each b € R™, there exists a unique vector v, € col(AT) = N(A)*

3
[

such that xo, = A" Avy, namely, v, =Y, Pi-

Proof. Since N(A)* = span{ey, ..., 0.}, vy € N(A)+ = col(AT), and we have

i=1 v i=1 v

i=1 g

Let 0, be another solution in N(A)* such that zo, = AT Ad,. Then v, — 0, € N(A)*
and v, — 0, € N(ATA) = N(A), therefore v, — 9, € N(A) N N(A)* = {0} and the

proof is complete. O

52



Notice that v, is the Lagrange multiplier for the problem

min||z||

st. ATAx = A"b.

This vector will be used later.

3.3 Analysis of multiplicative regularization

To apply the desired form of the implicit function theorem, we must show that F'
is C''. First we will show that the F is a continuous function. We start with the

following proof.

Lemma 17. Let by € R™ be given. Then xqp — Top, as (a,b) — (0, bp).

Proof. We have

T

o
lim z,,= lim E * (b, ;)
b ) (b, vi)p

(@b)=(0b0) " (b= (0b0) S 0F +
= lim i % (b= bo, )i + lim i & (bo, Vi)
()= (0.00) = 07 + @ a=04~ 07 + o
- b 7¢i
= Z o >80¢ = Z0,bg-
- o;
=1
0
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Theorem 18. The function F : [0,00) x R™ — R defined by

||Ax067b_b||2 _a||xa,b||27 a > 07
F(a,b) =

11/ a=0,

15 continuous.

Proof. 1t is obvious that F' is continuous on (0, 00) x R™. We must show that, for all
by € Rm,

lim  F(a,b) = F(0,by).
(@) (0.0) (@) = F(0, o)

We have

T az
lim F(a,b) = lim O + )

i=r+1

= lim Z ‘ 1/% Z ‘ bO wz = H[;0”2 = F(O’bo)'

b*}bo i
i=r+1 i=r+1

Notice that
2

. ~ a? - ao?
fim Y 0% ) = 0

(0:b)=(0.b0) “= (07 + a)?

because (27 s —0asa— 0, and also (b,1;) — (bo, ;) as b — by. O

2+OL)

We can show that zf,, — —v, as @ — 0. It is clear that z7, ,, in terms of SVD, is
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/ 0 0 . 0 o : —0;
l‘a,b - %(l’a,b) - % <Z %(bv 1/]2>902) - ; (0_12 + 06)2 <b7 7/%)%.

=1 7

Now we can prove the following lemma.

Theorem 19. For allb € R™, x,, — —v, as a — 0.

Proof. We have

. r r —0; B r <b, ¢Z> -
lim 2, = lim <Zl m@, %)%) = — i =,

1=

and the proof is complete. O]
Theorem 20. The function F defined by (3.2.1) is C*, with

oF —daray Ty — |Zapll?, >0,
9~ (a,b) = ' (3.3.1)

_H‘/EOJ)H{ a = 07

and
2(b— Aroyp + aAz,,), a >0,
VyF(a,b) = (3.3.2)

~

2b, a=0.

Proof. Once again, it is straightforward to show that I is C* for o > 0. We have
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oF 0

O (06) = (| Ao — V1P — ol )
= —20(Tap, T p) — 20{Tap, Top) = l|Tasll®
= —da(Tap, Top) = Tanll?,
since 2 (|[[Azap — b)|?) = —aZ (|apll?) = —20(zap, 7,,). Also, we have

F(a,b) = (Azap, Axap) — 2(b, Azap) + (b,D) — alTap, Tap)
= (AN AT, AN ATD) — 2(b, ANLATH) + (b,b) — (N1 ATH, N LATD)

= (b, AN;YAT AN TATY) — 2(b, AN ATH) + (b, b) — alb, AN 2ATD),

and hence

VoF (a,b) = 2AN AT Az gy — 4Ax . + 20+ QOJAZL‘;’b
=2A(I — aN")zap — 4Azay + 2b + 20 Az, ,
=2Axqy + 20Ax], , — 4Axqy + 20 + 20 A,

=2(b — Azqyp + 20 Az, ).

We must show that, for all by € R™, $£(0,b) and V,F(0,by) exist and 25 (o, b) —

9E(0,b9) and V,F(a,b) — V,F(0,bg) as (v, b) — (0, bg). We have
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OF . F(ab)—F(0,b) "\ a—o?
e (gm“ W')

- |<bv¢z>|2
=S O e
=1 g

Also we have

OF 0 [~ a®—aoc? 9
a—am’b)—a—a(;(agmz ) +Z;1| ) )
2 4

3ao; :
= ng i) |7,

and we see that

4

oF "\ 3a0? — o
li b) = li e A N VTS 2
(a,b)—1>1(101+,b0) e (057 ) (a,b)—lg&r()l*,bo) (zz (0_22 + Oé>3 |< 71/} >| )

1

“ |(bo, ;) |? oF
= o 2 = 20,
— o

)

It follows that lim(a 50+ by) 2= (v, b) = 2£(0,b). Also we have F(0,b) = 15]|2, and it

follows that V,F(0,b) = 2b. Therefore we have

lim  V,F(a,b) = lim  2(b— Az, + 20A2) )
(a,b)—(0,b0) (,b)—(0,b0) ’

(bo - A[EO bo) = 2()0 va(O bo)
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The function F' is defined for all & > 0. To apply the implicit function theorem, we
must extend F to all of R x R™. For a fixed b, we define the function G : [0,00) — R
as G(a) = F(a,b), and shift it vertically to get G(a) = F(a,b) — F(0,b). Then G
satisfies G(0) = 0. Now we form the odd extension of G to get

G(a) = F(a,b) — F(0,b), a >0,
G(a) =

—G(—a)=—F(—a,b)+ F(0,b), «a<0.

Finally we shift the function G/(«) back to get

F(a,b), a >0,
G(a) =

—F(—a,b) +2F(0,b), «a<0.
Therefore, we define F(—a,b) = 2F(0,b) — F(a,b) forall @ > 0,b € R™. It is a
standard construction in elementary calculus that the odd extension of a C' function
(passing through the origin) is C''. Therefore, it is easy to show that the function F,
thus extended to all of R x R™, is C'!'. Now we apply the implicit function theorem
to show that F'(«,b) = 0 has a unique solution for each b sufficiently close to b*. Let
b* € col(A) be given. It follows that F/(0,b%) = 0 and %5(0,b*) = —||zos-[|* < 0. (Note
that we assume b* ¢ N(AT), and hence xg;- # 0.) Therefore, the implicit function
theorem applies. Then there exist 41, 5 > 0 and a C* function 7 : B, (b*) — (—d1,01)

such that for each b € By, (b*), a = r(b) is the unique solution of F(a,b) = 0 in

(—01,01).
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We can also show that the solution aw = r(b) of F'(a,b) = 0 must satisfy a > 0. For

each b € Bs,(b*), we can apply the mean value theorem to find ¢ € (0,1) such that

OF
F(a,b) = F(0,b) + a—a(ta, b)a.
If we take a = r(b), we obtain F(0,b) + 2£(ta,b)a = 0, which implies that
98 (ta,b)a = —F(0,b) < 0. We just need to prove that Z£(t r(b),b) < 0 for all
b € Bs,(b*). From the continuity of g—s and r, by reducing 0; and s if necessary, it

follows that $E(ta,b) < 0, and hence that o = r(b) > 0.

For b € col(A), a = r(b) = 0 and for b ¢ col(A), |[[Azap — b] > 0 and hence

|Azap — bl]* — a||zap]|?> = 0 implies that o # 0. Thus o = r(b) > 0 for b ¢ col(A).

We have seen that z,;, with a = r(b), is a stationary point of J(-;b). We can show
that it is a local minimizer of .J(+;b) by proving that V2 .J (x4, b) is positive definite.

We have

1
V2 J(0,8) = Vi (5142 = WPel?) = VaelP(A7 Ao - ATH) + [ e ~ bPz)
= ValalP)AT Az — ATb) + 2|2V (AT Az — ATt)
VL (Az — B + | Ax - b2V

= [|2l2(AT A) + 2((AT Az — ATb)a” + 22(AT Aw — ATH)T) + || Az — b1,
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and for r = x,,, since AT Az,, — ATb = —ax,, then it follows that

Vin(a:avb, b) = ||xa7b||2(ATA) — 4axa7bx§b + a||zap 27

= ||2Ea’b||2Na — 4ozxa,bxg;b.

We will now show that for o = r(b), J(zas,b) is positive definite by showing that
(v, V2, J(x0p,b)v) > 0 for every v € R™ v # 0. We first show that every vector
v € R"=U®UL (where U = span{x,;}*) can be represented uniquely as v =
u + B, ,, where v € U and 8 € R. We know that z[,, € R" can be written as
Th, = U+ Yray for 4 € U, v € R and v # 0 (because if 7 = 0, then that implies
al,, € span{zqp}tt and (4,27 ,) = 0, which is a contradiction for b ¢ N(A”)). It

1

follows that x4 =~ '), , — v~ "4 and for v € R™ we have

V=TA Aoy = U+ Ny 2l — ) = (@ — My Tha) + Ay,

Thus v = u + B, ,, where u = u — M~ € U and B = Myt € R. Now suppose
there exist u; € U and 3, € R such that v = u + fz],, = uy + Biz,,,. Then we
have u —uy = By, — By, where u —uy € U and (8, — f)],, € R". Therefore
(B1 = B)ay,, =u—u €U, that is, (81 — 8)(%ap, 7;,,) = 0 and therefore §; — 3 =0

since (Tap, 7,,,) # 0. Also it follows that u — u; = 0 and thus every v € R" has a

unique representation.
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Now for all v € R", if v = u + Bz, and v # 0, then we have

(0, V2, (20,6,0)0) = (v, (|Zap|*No — daza pzg 5 )0)
= llzapll? (v, Nav) — 4al(v, za,p)[?
= llwapll?((u + Baf ), No(u+ By, ) — 4al((u+ ey, ), za )|
= llwa,pll*((u, Naw) + 28(x0, b, Natw) + B2 (a0, p, Nawy b)) — dal((u + Bag, p), Ta,b) ]
= llwa bl ((u; Nau) = 28(za b, u) + B2(@h, 4, Naw ) — dal(u, za,p) + B(zh 4 Tap)|?
= llzapll*(u, Nau) = B2[l2apll*(@a,b, 240) — 4aB2[(@a,p, 24 )| (since (u, zap) = 0)
= llza,pll*(u, Nau) — B2 (tab, 20,p) (|1Zap|* + da(za b, 74 b))

= Hxa,bll2(u1 Nau) + 62@;&,177Nawa,b>(H$&,b”2 - 4a<xa,b7N;133a,b>)-

Recall that 25 (o, b) = 4020, NaZap) — [|[Zasl|* < 0 for v = r(b). Also if v # 0, then

u##0or 8 #0 (or both). If u # 0, then (u, Nyu) > 0 and if 8 # 0, then

52<xa,ba Naxa,b>(‘|xo¢7b”2 - 4@(23@75, Na_lxa,b>) > 0.

Therefore,

(v, Vigd (2a,5,b)0) = |20 p|* (u, Naw) + *(2a,b, Nata,p) (|apl* = 40{zap, Ng ' a,p)) > 0.

We now see that there exists d; > 0 such that for all b € Bs, (b*) \ col(A), J(-;b) has

[Azq p—b]?
[ESR

a local minimizer x,;, where a = r(b) satisfies a = . We can also say that

this « is a local minimizer of ¢(-;b).
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3.4 Rate of convergence

The standard theory of Tikhonov regularization for an infinite-dimensional problem

shows that if & = r(b) — 0 as b — b* and

_pE|2
S (8 N 0, then zp, — o+ strongly;

_p*|2
B < C, then z,p — 2+ weakly;

_px||2
S N 00, Tap = Top+ (||Tap| = 00).

In a finite-dimensional problem, o« = r(b) — 0 as b — b* is sufficient to imply that

Tap — Top+. This can be proved as follows

< ING'TH (b = )|+ [lzape — o4

= ||Tap — Tapr + Tap — Topr

||$a,b — Zo,b*

< INGTEID = b7l + [[2ase — w0

— 0, as b — b".

<TG = 6"l + llza — zop-

Nevertheless, since most interesting finite-dimensional problems arise from discretiz-
ing infinite-dimensional problems, we would like to investigate the behavior of w

as b — b*.
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Let b € R™. We define a new function

f( b) HBH2 F( b) a||xa7bH2 - HAxa,b - BHQ, o > 07
a,b) = — F(a,b) =
0, a=0.

Then F(a,b) = 0 is equivalent to f(c,b) = ||b||2. Thus o = r(b) satisfies

1o

lzapll? — o[ Azay — BlI*

o =

We can show that lima 5069 (|| Tapl® — @ | Azap — b]|%) = [|zo - ||

That is true because

li « 2ot A «@ *52 li [ 2 [
ol (aal® =™ Azan = 0P) = | lim {37 bl + S 1(b)

=1 1=r—+1

= lim i 1
(a,b)—)(O,b*)Z_Z(O' +a) | Vi | + L Z

i=r+1
" b*v 7 *
o IR S ) = e
i=1 g i=r+1
Notice that (b*,v¢;) = 0 for all ¢ = r + 1,..,n because b* € col(A) =

span{t,41, ..., Yn }=. Therefore,

>

I

= [|zapl|® = a | Azap — B||* = [|mop-||* as b — b*,

?|
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shaw(100), delta=(1e-1)

—Exact data
Moisy data

Figure 3.1: The exact data and the noisy data for the test problem “shaw”
(n=100), with relative error 10~! in the noisy data.

where a = r(b). We see that o goes to zero at the same rate as [|b]|2. This analysis is
meaningful if b # 0, which is not possible if col(A) is all of R™. If col(A) = R™, then

multiplicative regularization does not work, that is, it produces a = r(b) = 0.

3.4.1 Numerical examples

For our numerical experiments, we use eight test problems from Hansen’s Regular-
ization Tools package [22]. See Section 1.6 for a description of these problems. For

each experiment, we generate noisy vectors b for several different relative noise levels

| (see Figure 3.1 for a typical example). The components of the noise vector

are uniformly distributed random numbers selected from an interval centered at zero.

Our numerical tests verify that @« — 0 as § — 0, where « is the regularization

parameter selected by multiplicative regularization. If we fit o to a formula of the
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Table 3.1
The rate of convergence for multiplicative regularization

Multiplicative Regularization
Test problem p
deriv2 —
phillips —
heat 2.288
i_laplace 1.9565
foxgood 2.0097
shaw 2.0134
baart 2.0228
wing 2.0692

form o« = C'6? (where C' and p are constant), then we find the values of p shown in

Table 3.1 for the test problems.

Multiplicative regularization fails on “deriv2” and “phillips”, which will be discussed
in Section 3.5.1. The test problem “heat” is a special case and the convergence is
slightly faster than predicted. That is probably because most of the components of
b are in the col(A) (A is 100 x 100 and rank(A) = 97). For the other problems, the

results are as expected.

3.5 Comparison with the L-curve method

To see the performance of multiplicative regularization, we compare the computed

solutions with results obtained by the L-curve method for different noise levels. We

65



shaw(100), delta=(Te-3)
28 T T T T T

Exact.sal

—+—Lcuree.sal
—+—multi sol

a5 L L L L L L L L L
0 10 20 30 40 50 B0 70 a0 a0 100

Figure 3.2: Tikhonov regularization: The exact solution for the “shaw”
problem, together with the regularized solutions produced by the L-curve
method and multiplicative regularization. In this example, the results of the
two methods are essentially the same.

heat(100), deltz=(1e-1)

T
Exact. sol

’ —+— Lcurve sol
—+ —multi.sol.

Figure 3.3: Tikhonov regularization: The exact solution for the “heat”
problem, together with the regularized solutions produced by the L-curve
method and multiplicative regularization. In this example, the two methods
produce similar estimates, but the L-curve estimate is slightly better.

Bt

]|

compare the solutions produced by both methods on the basis of the error

We classify the results of each experiment into one of three categories: we use (MR) if
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foxgood(100), delta=(1e-7)

Exact.gol
nak —+— Leurve sol
—+ —multi.sol.

06F

04r

nz2r

02

04
0

Figure 3.4: The exact solution for the “foxgood” problem, together with
the regularized solutions produced by the L-curve method and multiplicative
regularization. In this example, the two methods produce similar estimates,
but multiplicative regularization estimate is slightly better.

multiplicative regularization produces a better solution, (LC) if the L-curve method
performs better and (—) if the results are essentially the same. One solution is classified
as the better solution if the error of that solution is at least 10% smaller than the
error of the other one. We tested the method on eight problems with seven noise
levels for each, a total of 56 cases. On four problems (28 cases), the performance
of the two methods is essentially identical (see Figure 3.2 for a typical example).
On two problems (14 cases), the performance is similar, but sometimes the L-curve
method is slightly better (see Figure 3.2) and sometimes multiplicative regularization
is somewhat better (see Figure 3.3). In these cases, L-curve is usually the better
method. On two problems (14 cases), multiplicative regularization fails for the reason

discussed earlier. The L-curve method also failed in three of these 14 cases.
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Table 3.2
Comparison of multiplicative regularization with the L-curve method

deriv2
L-curve MR
1) o error o error better
1071 | 5.7566-107°  0.41855 0 — LC
1072 | 7.1802-1077  0.27427 0 — LC
1073 | 5.7862-1072  0.30171 0 — LC
1074 | 7.2312-10710  0.12678 0 — LC
107° 0 — 0 —— -
106 0 — 0 — —
1077 0 —— 0 — -
phillips
L-curve MR
1) o error o error better
107 | 1.6686-10"1  0.090231 0 — LC
1072 | 3.3077-1073  0.12628 0 — LC
1073 | 2.2990-107°  0.21318 0 — LC
1074 | 2.4142-1077  0.23551 0 — LC
107° | 1.9277-10710  0.53181 0 — LC
1075 | 3.0106 - 10~1°  0.055528 0 — LC
1077 | 2.7930- 10~ 0.013930 0 —— LC
heat
L-curve MR
(5 (6% error (6% error better
1071 | 2.1189-107*  0.30626 | 5.4788-10"*  0.34348 LC
1072 | 3.5426-1076  0.20621 | 2.7224-10"%  0.23292 LC
1073 | 2.5138-10~%  0.28105 | 1.1999-10~%  0.41573 LC
1074 | 8.5424 - 10~ 0.36220 | 4.3379-10"'1  0.47847 LC
107° | 2.7944 -10~%  0.41658 | 8.7091-10"  0.36679 MR
1076 | 1.2293-107'®  0.041476 | 2.8514-10"16 0.041328 -
1077 | 6.2984 - 107  0.0044045 | 1.8570 - 10~'7  0.0044042 —
i_laplace
L-curve MR
5 (6% error (6% error better
1071 | 1.5499-1072  0.24465 | 3.2401-10"2  0.23914 -
1072 | 1.5208-10~*  0.15536 | 2.9277-10~*  0.14565 -
1073 | 2.7505-107%  0.088633 | 2.7436-10"%  0.088650 —
1074 | 2.8259-107%  0.061933 | 2.7011-10"%  0.062916 -
107° | 1.8743 10710 0.079925 | 2.8186-10"10 0.074567 —
1076 | 4.7361-10712  0.034634 | 2.6419-10"'2  0.051626 LC
1077 | 3.1414-107  0.071051 | 2.7174-10~  0.074970 -
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Table 3.3
Comparison of multiplicative regularization with the L-curve method

foxgood
L-curve MR
) o error o error better

1071 | 2.0157-1073  0.11777 | 6.2084-10~%  0.16537 | LC
1072 | 5.0232-107° 0.039497 | 5.8650-107° 0.038102 -

1073 | 6.9384-1077 0.020652 | 5.6384-10~7 0.022084 -

1074 | 8.9824-107Y 0.059639 | 5.7022-107° 0.072235 | LC
107° | 1.6246 - 10719 0.029053 | 5.5865- 10~ 0.057751 | LC
1076 | 1.0776 - 10712 0.017196 | 4.8795-10~1% 0.025274 | LC
1077 | 3.6618- 107  0.10967 | 5.3269-10~15 0.095239 | MR

shaw
L-curve MR
0 o error o error better

1071 | 2.4366-1072  0.18347 | 5.9525-10"2  0.18632 -
1072 | 3.8168-10~% 0.086376 | 5.1872-10* 0.080728 -
1073 | 4.8446-107% 0.084472 | 5.0056 - 10~  0.083831 -
1074 | 4.4892-10~% 0.043844 | 4.9867-10~%  0.044030 -
1075 | 8.1194- 10710 0.049761 | 4.9749-10~° 0.053016 -
1076 | 5.3854 - 10712 0.029093 | 4.9204 - 102 0.029143 -
1077 | 1.8301-10~™ 0.066169 | 4.4538 - 10~ 0.061199 -

baart
L-curve MR
1) o error o error better

1071 | 1.8203-1072 0.38809 | 7.4751-10"2  0.37298 -
1072 | 2.0462-10~* 0.15442 | 5.5709-10~*  0.16481 -
1073 | 2.3146-107%  0.13694 | 5.1749-107%  0.12438 -
1074 | 5.2228-10~%  0.059095 | 5.0171-10~% 0.058916 -
107° | 6.7614- 10710 0.061845 | 5.2440- 10719 0.064648 -
1076 | 6.2654 - 10712 0.053637 | 5.2037 - 10~2  0.054689 -
1077 | 2.9745- 107 0.032913 | 4.8572- 10~ 0.034044 -

wing
L-curve MR
1) « error « error better

1071 | 3.8860-107%  0.73238 | 2.4572-107%  0.70125 -
1072 | 3.1947-107%  0.59493 | 1.0035-10"°  0.59475 -
1073 | 5.5346-107%  0.59242 | 9.8831-10"%  0.59341 -
1074 | 1.9538-107Y  0.56667 | 9.6922-10719  0.54962 -
1075 | 3.4017-107'2  0.44772 | 7.4998 -10~2  0.44230 -
1076 | 3.1521-10~* 0.35107 | 7.5627-10"*  0.36499 -
1077 | 4.0807-10~16  0.32416 | 6.8258-10"16  0.32399 -
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3.5.1 The failure of multiplicative regularization on “deriv2”

and “phillips” test problems

The analysis shows that multiplicative regularization chooses a regularization param-

eter of zero when the noisy data vector lies in the column space of the matrix.

The test problems “deriv2” and “phillips” are both obtained by discretization of first
kind Fredholm integral equations. The infinite-dimensional problems are both mildly
ill-posed, that is, their singular values decay slowly to zero. In both cases, discretiza-
tion yields a square, nonsingular matrix A and hence multiplicative regularization
chooses a = 0 for every b lies in the column space of A (see Figures 3.7, 3.8, 3.9 and
3.10). Also for “deriv2”, the L-curve method fails itself for smaller noise levels (see

Figure 3.10). In these cases, the L-curve does not have a corner.

We expect multiplicative regularization to work well on “deriv2” and “phillips” if the
problem are discretized so that A € R™*™, m > n. Then b ¢ col(A) is likely to hold if b
contains random noise. We discretized these problems to obtain A € R"™*" m = 2n.
This corresponds to collecting more data. As shown in Table 3.4, multiplicative
regularization works well with these discretizations and produces better solutions

than does the L-curve most of the time (see Figures 3.11, 3.12, 3.13 and 3.14).
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Table 3.4
Comparison of multiplicative regularization with the L-curve method

Re-discretized deriv2
L-curve multi-reg
) a error a error better

107! 2.6408 - 10~° 0.34582 9.3739-107° 0.39561 LC
102 3.0159 - 1077 0.24397 6.7902 - 1077 0.23069 -

1073 4.3886 - 107 0.21248 5.7205 - 1079 0.19077 MR
104 8.8420 - 10~ 11 0.22389 | 3.3278- 107! 0.35279 MR
107° 2.6816 - 10~ 0.056869 | 3.3157-10"'3  0.012736 MR
106 0 - 2.8832-1071°  0.014071 | MR
1077 0 — 3.1382-10717  0.0014544 | MR

Re-discretized phillips
L-curve multi-reg
) « error « error better

1071 5.8377 - 1072 0.067864 | 2.6483 1071 0.037441 MR
1072 1.6060 - 1073 0.099886 | 2.4835-1073 0.075813 MR
1073 2.0743-107° 0.096715 | 2.3827-107° 0.089421 -

10~* 1.0972 - 1077 0.28569 1.9927 - 107 0.20812 MR
1075 2.7038 - 1079 0.23465 | 1.4817-1072  0.32184 LC
106 4.7798 - 1077 0.036692 | 6.7599 - 10~ 11 0.32768 MR
107 5.5115- 1079 0.029525 | 5.3987 - 1011 0.31202 LC

3.5.2 More details about the numerical examples

In this section, we will look carefully at some problems for which the two methods

perform essentially the same and deal with some other problems for which the two

methods differ noticeably.

Figures 3.5 and 3.6 show four typical cases, in which both methods work well. We
graph the curvature of the L-curve and the function ¢(-;b) in each figure. In each

case, the curvature has a well-defined maximum and ¢ has a well-defined minimum.

The two values are similar.
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foxgood defta={le-2) heat deha=(1e-3)

= Cunvaiure
] Multireg |

= Curvatiss
— Ivlulti.reg

Figure 3.5: The test problem “foxgood”, with the noise level 1072 on the
left and the test problem “heat”, with the noise level 1072 on the right. Both
methods perform well.

i_laplace defta=(1e-4) i shaw delta=(1e-5)

= Curvatiss
— Ivlulti.reg

Figure 3.6: The test problem “i_laplace”, with the noise level 10~* on the
left and the test problem “shaw”, with the noise level 107° on the right.
Both methods perform well.

Next, we present some cases in which the two methods differ. Figures 3.7, 3.8 and
3.9 are examples for which the L-curve method succeeds but the multiplicative reg-
ularization method fails because b € col(A). Notice that for these three cases, the
curvature of the L-curve has a well-defined maximum. However, the smallest min-
imizer of o(+;b), which is the value of a chosen by multiplicative regularization, is

a = 0 for all three problems.
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deniv2 delta=(le-1)

'

. s s s s L L L . — s —
G 4 a2 0 & B A4 2 0 0° 0° w0’

Figure 3.7: The test problem “deriv2” with relative error § = 107! in
the noisy data. The curvature has a well-defined corner but multiplicative
regularization fails. The graph on the right is the graph of the L-curve.

ehillips delta=(1e-1)
10”

=]

Figure 3.8: The test problem “phillips” with the noise level 6 = 107! in
the noisy data. The curvature has a well-defined corner but multiplicative
regularization fails. The graph on the right is the graph of the L-curve.

der2, dehia=(1e-5)

m
—— Curva
5 10
il
g 10-04
-0
1 0%
n
=] 10
a0 ! f f f L L L . PP
B T O R T 5 -4 2 i 0’ 10t '

Figure 3.9: The test problem “deriv2” with relative error § = 10~ in the
noisy data. Both methods fail to identify nonzero regularization parameters.
The graph on the right is the graph of the L-curve and it does not have a
corner.
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phillips delta=(1e-5)

w0

Figure 3.10: The test problem “phillips” with relative error 6 = 107 in
the noisy data. The curvature has a well-defined corner but multiplicative
regularization fails. The graph on the right is the graph of the L-curve.

Figure 3.10 is an example for which the L-curve method and the multiplicative regu-
larization method both fail. Notice that the curvature of the L-curve does not have

a well-defined maximum and the smallest minimizer of ¢(-;b) is a = 0.

Figures 3.11 and 3.12 are examples of re-discretized test problems “deriv2” and

“phillips” with relative error 6 = 107! in the noisy data. The L-curve method
succeeds and the multiplicative regularization method does not fail anymore since

b ¢ col(A). Notice that for both cases, the curvature of the L-curve has a well-defined

maximum and ¢(+;b) has a well-defined minimum.

Figure 3.13 is an example of (re-discretized) test problems“phillips” with relative error
§ = 1079 in the noisy data. Notice that the curvature of the L-curve has a well-defined
maximum and ¢(-;b) has a well-defined minimum. Since the smallest minimizer of

©(+;b) is not clear, we graph the fixed-point equation f = fy(a) (where fy(a) =

[Azap—bl> )

e ) It is clear that the fixed-point equation finds a nonzero regularization
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dermi2 delta=(1e-1)

10’

Figure 3.11: The re-descretized test problem “deriv2” with relative error
§ = 107! in the noisy data. Both methods identify nonzero regularization
parameters. The graph on the right is the graph of the L-curve and it has a
well-defined corner.

phillips delta=(1e-1) M
10

—— Curvatine
— Ivlulti.reg

Figure 3.12: The re-discretized test problem “phillips” with relative error
§ = 107! in the noisy data. Both methods identify nonzero regularization
parameters. The graph on the right is the graph of the L-curve and has a
well-defined corner.

parameter.

Figures 3.14 is an example of (re-discretized) test problems“deriv2” with relative
error § = 107° in the noisy data. The L-curve method fails since the curvature of
the L-curve does not have a well-defined corner; however, ¢(-;b) has a well-defined
minimum. Multiplicative regularization performs well since the fixed point equation

finds a nonzero regularization parameter.
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phillps, deha=(1e-5)

10’

alpha
10* / o

ik 1™ 1w 1w 10’ 10 1w w?

Figure 3.13: The re-discretized test problem “phillips” with relative error
§ = 1075 in the noisy data. Both methods identify nonzero regularization
parameters.

darinZ, delta=(1e-5)

10’

—iha
—— Fiud-paind

L " L s 2t
1™ 1w 1w 10’ 107 10 : 10"

Figure 3.14: The re-discretized test problem “deriv2” with relative error
§ = 107° in the noisy data.The multiplicative regularization identifies a
nonzero regularization parameter and the L-curve method fails to identify a
corner.

3.6 Conclusions

Based on the numerical results, both method perform remarkably similarly provided
A € R™™ and col(A) is a proper subspace of R™. Multiplicative regularization
is easy to analyze, while there are no analytic results for L-curve. For instance, we

cannot prove that the L-curve always has a corner; indeed, we have just seen examples
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in which it does not. On the other hand, provided b ¢ col(A) and b is sufficiently
close to b*, we know that multiplicative regularization defines a positive regularization

parameter . Moreover, we know that a — 0 at the same rate as ||b||* as b — b*.

We know that for an infinite-dimensional inverse problem, a purely a posteriori pa-
rameter choice method can not be convergent. However, if we prove that these results

extend to infinite dimensions, namely, that

y =y 9l = 0lly —y*lly = ay) — 0 like [|7]3, (3.6.1)

then we will obtain z,, — =* weakly. We know that as y;, — y and even if {y,} is
almost contained in R(7T'), then multiplicative regularization probably fails. We need
to ensure that each y, contains a significant component in R(T)*. The condition
|9lly = 0]y — y*||y is necessary in order to avoid the asymptotic convergence of y to
y* since a(y) should converge to zero at a slower rate than [|g]|?-. We are not able to

prove (3.6.1), but in the next chapter we present some preliminary results.

7






Chapter 4

Multiplicative regularization for

infinite-dimensional problems

4.1 Analysis of multiplicative regularization for

infinite-dimensional problems

Let X and Y be Hilbert spaces and let T': X — Y be a nonzero bounded linear op-
erator. We wish to estimate x € X that satisfies Tz = y, which is an inverse problem
when R(T) fails to be closed. Multiplicative regularization is based on minimizing
the function

1
J(wiy) = 5lITz = yl3 =%
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Assuming y is near y*, we try to find a local minimizer of J near x* = TTy*. When

y ¢ R(T'), x is a nontrivial stationary point of J(-;y) if and only if x = z,,, where

_ ||Txoc,y - y”%/

Hxa,yH%(

(4.1.1)

We want to study (4.1.1) or equivalently || T2,, — y||} — al|za,l/% = 0.

Let y € Y. Write y =y + ¢y where y = PIOJpeyY and § = projgryry. We define the
function F': [0,00) x Y — R by

T2y =75 — allvayllx + 915, «>0,
Fla,y) =

19112 a =0,

We want to show that for all y near y* and y ¢ R(T), there exists a such that
F(a,y) = 0. Tt turns out that we cannot use the implicit function theorem to prove

this, because we cannot prove that F' is C' (though it is continuous).
We define the new function f(a,y) = ||9]|3 — F(c, y), that is,

allzayllx = 1Txay —7l5 a>0,
floyy) =
0, a = 0.

Then F(«,y) = 0 is equivalent to f(a,y) = ||9]|?-. We need to show that the function
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F'is continuous. We start with the following important results.

Lemma 21. For eachy €Y , Txy, — 7 = projﬁy as o — 0T,

Proof. Since Tz, € R(T), then by the Pythagorean theorem we have

T2y =y} = 1T2ay —T+7T—ylI} = |Tzay —Yly + ly — 73

It follows that [Tz, — y||¥ > |ly — y||3 and it can be shown that ||Tz,, — y||} is

non-increasing as « — 0% (see Proposition 5.24 in [12]). Thus

lim ||Txoz,y - ?/Hg/ =M > |y —§||2y
a—07t

We need to show that M = ||y — y||2-. By way of contradiction, suppose that M >
ly=7ll3- Define € to be e = M —|ly—7||3-. Choose x € X such that | Tz—y|} < M—5.

Then for all a > 0 sufficiently small we have

€

ITw—yli} +allolf < M-

+alzllx <M < ly=3l} < T2y —yl} < T2y —yl} +alzaylk,

which is a contradiction. This shows that M = ||y — 7||?- and
lim ||T2a, —yly = lly — 715
a—07t

We have that | T2ay =yl = [1T2ay =I5+ y =7l and as & = 0%, | Taay —y[} —

|y — 9|3, thus it follows that [|[Tx,, — Y|} — 0 as a — 0T, ie., Ta,, — U as
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a— 0. O

Lemma 22. For ally €Y, \/JaN;'T*y — 0 as a — 0%,

Proof. We have that [|[Txa, — Y|} + [|TZayll¥ + 20]|zayllk = [y} Also it follows
from the previous lemma that for each y € ¥ as o — 07, Tz, — 7. Thus as

a— 0",

20|zayllx = Yl — 1770y — ¥l — 1TZaylly
= ylly = lly =7l = I[7II5

= llylly = 19I5 — 7y = 0.

Therefore |z, ,||% = [[VaN,'T*y||% — 0 as @ — 0 and the proof is complete. [

Now we can prove that the function F is continuous.

Theorem 23. The function F' is continuous.

Proof. 1t is straightforward to prove that F'is continuous on (0,00) x Y. We need to

show that for all yo € Y, lim(qa4)—(0,490) F(a,y) = F(0,70). We have

liHl F Q, = hHl Txa _ 2 — ollz, 2 .
(a,y)—(0,0) (@,9) (a,y)H(O,yo)(H v~ lly [ Zayllx)
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We can see that 1im(o.y) (0,40 [Ty — 43 = [[30]3. since

y—Txa,=y—TN,'T"y =y —TN;'T*(y — yo) — TN, 'T"yp.

Now as (a,y) — (0,90), TN 'T*(y—1yo) — 0 since [|[TN'T*|| < 1and TN 'T*yo —

Yo as @ — 0. Thus we have

Yy — Tma,y — Yo — @o - gOv as (aay) — (07?/0)

Also lim(q ) (0,490) @l Zayl|% = 0. That is true because

Vaza, = VaN T (y — yo) + VaN; ' T yy — 0 as (a,y) — (0,9).

Therefore,

lim  F(a,y) = |%lly = F(0, o).

(a,y)—)(O,yo)

and the proof is complete. O

Since F is continuous on [0,00) x Y and f(o,y) = ||§|3 — F(a, y), it follows that f is
continuous on [0,00) x Y. For y* € R(T) we have f(a,y*) = al|zay|% — [T Tay —
y*||?-. Then clearly

lim f(a,y*) = =TTy — y*[|} =0,

a—0t
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and also

Tim f(oy") = =lly"3-

We will show that f(c,y*) > 0 for all & > 0 sufficiently small. We have

X —a [ Tray —yII3)

flayy) = allway % = 1T2ay =y Iy = ||zay:

= al[lrage I = TN T Ty = T )

= al[[rage I = T = aN; a0y — Troye )
— a||Zaye % — @ HaT N, zg - |12)

= a([[rage & = @ITN; 0,0 2)

> (g I = aITN; Pllzoy )

> alllrag I = ooy 1) (TN < 500

%(_%HQUO,:L/*

% >0, it follows that f(a,y*) >

Then since lim, o+ (|| a4 %)= %HxO,y*

0 for all @ > 0 sufficiently small. Therefore there exists & > 0 such that f(a,y*) >0

for all o € (0,&). We define a* to be

o = arg max{f(a,y")|a € (0,&)}.

Theorem 24. There exists € > 0 such that for all y € B, (y*) \ R(T), there exists

a € (0,a%) satisfying f(o,y) = |93
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Proof. 1f € is sufficiently small and y € B, (y*)\R(T), then f(0,y) = 0 and f(a*,y) >

$f(e*,y*). We define e, =/%f(a*, y*) and consider ¢ = min{e;, e}, Now if y €

B.(y*) \ R(T), then we have f(0,y) = 0, f(a*,y) > e > 0, and ||§||? < €. By
intermediate value theorem, since f(0,y) < ||9]|3- < f(a*,y), there exists 0 < @ < o

such that f(@,y) = || O

By Theorem 24, we can define o : B.(y*) — [0, o*] such that o = «(y) is the smallest

positive solution of f(a,y) = ||7||3.

Now, we prove the following important result.

Lemma 25. Asy — y*, a(y) — 0.

Proof. Let {yr} CY, yp = v*, ax = a(yy) for all k € Z*. We have

f(akayk) - H@H%’ A F(akvyk) =0«< ||T‘rakvyk - yk“% - Oék'Hxakvyk”%(‘

If {a} does not converge to 0, then without loss of generality we can assume that
ar — a € (0,a*] as yp — y*. Then as (o, yx) — (@,y*), we have F(ag,yr) —
F(@,y*) and that implies F(@,y*) = 0, which contradicts the fact that F(a,y*) > 0
for all & € (0,&). So we have ap — 0 as yp — y*. O

We proved that for each y sufficiently close to y*, y ¢ R(T), there exists a > 0
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satisfying F'(«,y) = 0.

We would like to study the possibility of determining the rate at which a« = a(y) — 0

as y — y*.

4.2 Rate of convergence

The standard theory of Tikhonov regularization for an infinite-dimensional problem
shows that if @« = a(y) — 0 as y — y* and w < C, then x,, — ¢, weakly.

To see that, we have

|Zay — Toyellx = | Tay — Tay + Tay — Toyllx

< Ty = Tags |l x + 1Ty — Toy-l|x-

x 1s bounded as o — 0 since

It is clear that ||z« — 20y

[Zay — Zoyellx = [N T y* — moyellx = [ING T T, — 20,4+ | x
= ||(] — @N;1)$07y* — $07y* X = HO{NOTIZL'OW* X
< laNg lzoy-llx < llzoy-llx < C.

In fact, since x4, — TTy* strongly as a — 0, it follows that ||z« — T, [lx — 0
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as a — 0. Also we have

1 1 .
<IN Ty — o < — |y —y*lly < —C'2.
x <IN Ty —y")||x < 2Oé||y yHY_\/§

|Tay — Tay

Thus {z,,} is bounded as y — y* and it can be shown that x,, — zo, weakly
under this condition. To show that, suppose z,, — = € X weakly. We will see
that © = zo,+. We have that T*y — T™y* strongly (since y — y* strongly and the
operator T is bounded) and also 77Tz, , — T*Tx weakly (since z,, — = weakly
and the operator 77" is bounded). Moreover, since {z,,} is bounded, az,, — 0

strongly as o — 0. We have T*T'x, , + azq,y = T™y.

It follows that T*Tx = T*y* and that implies x is a least-square solution of Tx = y*.
We have seen that z,, € N(T)* and since N(T)* is closed, then z € N(T)*.
It follows that z is the minimum-norm least-squares solution of Tx = y*, that is,

Xr = l'()7y* .

For an infinite-dimensional inverse problem, a purely a posteriori parameter choice

method like multiplicative regularization cannot be convergent. We conjecture that

if |9ly > 0|y — y*||y holds, then ‘f(lg < C holds and z,, — x, weakly. The
condition ||g|ly > ||y —y*||y is necessary to ensure that each y;, contains a significant

component in R(T)*.
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4.2.1 Special cases

We would like to show that ”%'2 is bounded above as y — y*. Unfortunately we are
not able to prove that in general, but we can show that it is true for two special cases.
First suppose that {yx} C Y, yx = v* + U, o = a(yx) for all k € ZT and yp — v,

as k — oo. Then we have

DY g B = 1T — 90 <
ap  TemvRlX . Tagpye — YkllY < | Zaw,ullx
7 9 : . R ,
SN SO N SO
> o ane P = 3 e+ iy
- ZoiK s Yi Y‘ +27|<gk7wi>y|2
(U + ag)? (02 1 az)?

1

.
Il

= |zaru- i < llzogy- 1% since (gr,vi)y =0 Vi.

2
Thus 12 ”Y < C as yp — y*, where C' =
For our second special case we suppose {yx} C Y, yp = v* + oxr + Uk, . = a(yg)
for all k € Z* and g, — 0, as k — oo. Then we have
16112 | CR
aky = ||$ozk,yk||§< - Zk||Txak7yk - ka2Y < Hxa;ﬂka%( = ; m|<yk7wi>Y‘2
> ol P
= ? < * 0 )
Y* 4 oxtr + Ok, Vi) v
P (0% + ag)?
=) oy +orte, Yi)y|® since (k. i)y =0 Vi
2 T | |
& 2 4 3
o; N 9 oy 20}, N
= W v P+ ,
; (0% + ag)? 31" Yidv] (o2 4+ ai)? (o2 + ak)2<y Yy
4 3
o 9 o 207, .
- ||x0£k,ll ||X + (O_]% +ak)2 (0_12C +ak)2|<y aq/}k>Y|'
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The last step follows from the fact (gx,¥x)y = 0 since g is orthogonal to col(A).

-~ 2
It can be seen that % is bounded above since

@2 +Z 5 is bounded by 1 and also

3
207,

204 y*7 wk Y
= L

(02 4 ay)? Ok

|<y*> ¢k>Y’ =

Therefore % is bounded above by a constant C' where C' > 0. Also we can show
that by imposing the condition |7, — y;|| < 0]|9x|| (for some 6 > 0), 7 ”2 is bounded

above. To see that we have

Al 1 ]
O L (NP |
2 1 — * (12
> ||l‘0¢k7yz X a”yk — Ylly
0|9x|I3
> [[zapyllx = ———
It follows that (1 + 9)
1+6 A
AQQ < Chs >2 <Casy, —y,
(72 o | L

A

where €' > 0. Thus 0 < ' < Hg;;\@ < (.
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4.2.2 Counter-example

Now with a counter-example, we can show that imposing the condition

19lly = Olly — v"llv,

is necessary. In the previous section, we proved that for all y sufficiently close to y*

and y ¢ R(T), there exists a = a(y) > 0 satisfying f(a,y) = ||g]|?, that is, there

19113
2 _—1 T _ =12 -
[za,yllx —a=Tza,y -7l

exists & = a(y) > 0 satisfying a = |

We have

905 _ 19115 19115

lzoy 1k~ oy Ik — o I Tzay — v} [0y

_ 1915 Ulzoy- 15 = (1715 = @7 M0y~ — yl$))
120,y 1% 17y 15 — @I TTay = y7I3)
_ _lals (Ilﬂﬂo,y* % = (ay 1% — o= T2ay- — y*l%))
0.4+ 1% X —a M Ty —y* ’

2
X

| 2
Y

[

and thus it follows that

19113 _ el 19113 <mo,y* 1% = (lzay 1% — o ITza,y- — y*ll%))

Hxa,y*Hg( — a7 Tzq *y*H%/ ”zO,y*”%( ||10,y*||§( ”xa,y*”i' — a7 Tz *y*”%/

||Q||§, 1+ |z, Hgg — [|za,y ||%( - ail”TIa,y* - y*||%,
o,y 112 lza,y 1% — e HTza,y —y*II3 '
To,y*llx Tay*llx — @ Ta,y Yolly
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We can choose {y;} C R(T) such that as k — oo, y; — y* and |lzgy > = oo. To

see that, suppose y; = y* + \/ox¥x. Then we have

Toy: = Typ =T (y* + Vore) = Tly* + TT\/or

Ok
— I‘O7y* + o_—kl/}k — I07y* —|— _o-k¢k

VOok

2 5 00. Now for each k, choose y;, as

Clearly as k — oo, 0}, — 0, y; — y* and ||z,

Y = Y + U = Y+ VOrRUr + Ui,

where g, is sufficiently small such that

~ laellE 1
alys) = 7 (L +0k), |0k < .
||x0,yz X
To see that, we have
oy Ik = Imasz Ik — o™ T 20y — villy

0 =

Hwak7y2|’%( - @ElﬂT%k,y; - yl:H%/
Baron+ai [(yp,n)?
Dot et T
2

3 _
2?21 (5374.552 ’<y;§7 ¢n>|2
oo 3o2+ay [(yin)|
< 2ot (B o2

~ 532 .
2211 (;772:L-|-—5:)2|<y27¢n>‘2

It follows that for each fixed k, 0, — 0 as g — 0 (because ay — 0 as gp — 0).
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We also have that

lye = willy = llye = Tills + 17 — w2l = llve = Tills + 19xl15,

and clearly ||gx]13- < |lyx — y;||?. We then have

a(yx) - alys) 1+ 06k

< — = — 0, as k — o0
lye = willy = Mol llwollx ’

X

lye—vill3-

2 — oo and 6, — 0 as k — oo. Hence for this choice of {y}, o)

since ||zg,,x

is not bounded. In general, we can see that % need not be bounded if we do not

impose the condition ||g|ly > 0|y — v*|y-

4.2.3 Numerical experiments

In Chapter 3, we have shown that for a finite-dimensional problem,

blI2
lim 1ol = lim (

b—b* b—b* Tapl® — a7 | Azap — BII*) = llwos 1%, (4.2.1)
l6]?

which implies as b — b*, — ||op+||*. In this chapter, we will do some numerical

(67

experiments to test whether (4.2.1) seems to be true for infinite-dimensional problems.

We construct a noisy data function y as y = y* + 0z, where y* is the exact data, ¢ is
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the noise level and z is a discontinuous function. In our example, the function y does
not belong to the D(TT). Now by increasing n (the dimension of the problem) and
choosing n sufficiently large, we get to compute the various quantities to 4 correct

digits.

We consider some test problems from Hansen’s Regularization Tools package [22].
We start with the test problem “baart”, which is obtained by discretization of the

first-kind Fredholm integral equation

(4.2.2)

o\;‘
=l
—
\‘CIJ
~
S~—
~
—~
~
N~—
=N
~
I
Q
~~
Va)
:_/
o
(VAN
VA
IN
bo |

where k(s,t) = exp(scos(t)) and f(t) = sin(t). The right hand side is g(s) =

2(—Sin};(8) ) + 0z. The function z(s) is given by

s, 0<s<7,

z =
s s
2—28, Z<S§§

The equation is discretized by the Galerkin method with orthonormal box functions.
The dimension n of the problem should be large enough in order to get accurate
results, and we choose n to be 1000. The results for different noise levels are given
in Table 4.1. The exact solution of the “baart” test problem satisfies ||z*||*> = 1.5708.

« gl
As we can see, as y — y*,

appears to converge to ||xg - ||?
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Table 4.1
Numerical results for the infinite-dimensional test problem “baart”

N =112
0 a 191 O | lzayl?

1072 | 2.3556-107% | 9.1723-10~* | 0.3571 | 1.8309
1073 | 1.4422-1078 | 9.1723-10"° | 0.5833 | 1.7123
107 1 1.2021-1071° | 9.1723-107° | 0.6999 | 1.6731
107° | 1.1141-1072 ] 9.1723-1077 | 0.7552 | 1.5943
1076 | 8.8572-107° | 9.1723-1078 | 0.9499 | 1.6214
1077 [ 7.2416-10"7 | 9.1727-107° | 1.1619 | 1.6763
107% [ 7.0916- 1071 [ 9.1723- 10710 | 1.1864 | 1.5841
1079 [ 6.4209-10"21 | 9.1725- 1071 | 1.3104 | 1.5854
10719 | 57308 - 102 | 9.1750 - 102 | 1.4689 | 1.6303
1071 | 5.4646 - 10-2° | 9.3045- 10~ | 1.5788 | 1.5824

Our second example is the test problem “wing” which is obtained from discretization

of the first-kind integral equation

/1 k(s,t)f(t)dt =g(s), 0<s<1, (4.2.3)

where k(s,t) = t exp(—st?), and the solution f(t) is

<t<?

1
3 37

0, otherwise.

exp(f%s)fexp(fgs

P ) 4 52 where 2(s) is

The right hand side is given by g(s) =
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Table 4.2
Numerical results for the infinite-dimensional test problem “wing”

91

0 o 131 ] 2yl
1072 [ 1.04525-10"* | 1.5311-1073 | 0.0224 | 0.2720
1072 | 4.3871-10"7 | 1.5311-10"%* | 0.0534 | 0.2901
107* | 5.6356-1072 | 1.5311-107° | 0.0416 | 0.22758
107° | 1.6054- 10~ | 1.5311-107% | 0.1460 | 0.32125
1076 | 1.7762- 1071 | 1.5311-10"7 | 0.1320 | 0.27201
1077 [ 1.6345-1071 | -1.531110°8 | 0.1434 | 0.2933
1078 | 1.0048 - 10717 | 1.5311-1077 | 0.2333 | 0.3327
1079 [ 1.0623-1072' | 1.5311-10719 | 0.2206 | 0.2982
10710 [ 1.0555- 10721 | 1.5311-10"11 | 0.2221 | 0.2976
1071 | 1.0281-1072% | 1.5311-107*2 | 0.2280 | 0.3018
1072 | 7.5070 - 1072 | 1.5311-10713 | 0.3123 | 0.3196

The equation is discretized by the Galerkin method with orthonormal box functions.
The dimension of the problem (n) is chosen to be 1000. The numerical results for

different noise levels are given in Table 4.3. The exact solution of the “wing” test

l91?

problem is ||z*||* = 0.3340. One more time as y — y*, appears to converge to

[0, ?

Our last example is “deriv2” which is obtained from discretization of the first-kind

integral equation

/1 k(s O f () dt = g(s), 0<s<1, (4.2.4)

where

s(t—1), s<t,

t(s—1), otherwise,

and the exact solution is f(t) = ¢. The right hand side is g(s) = #(s* — s) + dz. The
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Table 4.3
Numerical results for the infinite-dimensional test problem “deriv2”

N =112
0 a 191 O | lzayl?

102 | 4.5601-10-° | 7.7204-10-° | 0.0013 | 0.3380
1073 | 5.8696- 1077 | 7.7204-107% | 0.0102 | 0.4763
107% ] 1.1966 - 10~ | 7.7204 - 1077 | 0.0498 | 0.4957
107° | 1.5634 - 10~ | 7.7204- 108 | 0.3813 | 0.6055
107 | 1.7359 - 10716 | 7.7206 - 10~° | 0.3434 | 0.3435
1077 | 1.7885- 10718 | 7.7224 - 107° [ 0.3334 | 0.3334
1078 | 1.8048 - 1072 | 7.7563 - 10~ | 0.3333 | 0.3333
1079 | 2.6874-10722 | 9.4647 - 102 | 0.3333 | 0.3333
10719 | 8.4016 - 10-2% | 5.2920 - 10~'2 | 0.3333 | 0.3333
1071 | 8.1475-107% | 5.2114- 1072 | 0.3333 | 0.3333
10712 [ 1.2790 - 10~2* | 6.5295 - 10~ | 0.3333 | 0.3333

function z(s) is given by

w
e}
IN
»
VAN
N |+

We discretize the equation by the Galerkin method with orthonormal box functions
to get Tyn®n = ym where T,,,,, € R™*" gy, € R™ and x,, € R" is to be estimated. For
this problem n is chosen to be 1000 and m = 2n. The numerical results are given in

Table 4.2. The exact solution of the “deriv2” test problem is ||z*||* = 0.3333. Clearly

[l

. 2. Notice that we do not expect multiplicative regularization

asy — y*, — [0,y

to work for “deriv2” (in finite dimensions) because R(T") = Y. However, this example

suggests that, even for such a problem, multiplicative regularization might work if the

problem is discretized with m > n.
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4.3 Conclusions

Based on our numerical results, we can see that for each test problem, by constructing
a noisy data function y (where y ¢ D(T"), discretizing the problem T'z = y, choosing
n sufficiently large, we get to choose the accurate a and it appears that that as

« |9l 2
y — y*, 2 converges to [|xg -

Our special cases and numerical examples suggest that

y =y 19lly = 0lly — y*lly = aly) — 0 like [|g]f5. (4.3.1)

However we are not able to prove the important result (4.3.1) in general.
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Chapter 5

Conclusions

5.1 Summary and conclusions

Inverse problems arise in many branches of science and engineering. In order to get a
good approximation of the solution of this kind of problems, the use of regularization
methods is required. Tikhonov regularization is one of the best methods for estimating
the solutions of inverse problems. For a linear inverse problem T'x = y, the objective

function for Tikhonov regularization method is given by:

1Tz = ylly + allz|l%-
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The quality of the approximate solution computed by Tikhonov regularization de-

pends on choosing a good regularization parameter «.

The L-curve criterion is a purely a posteriori parameter choice method for the
Tikhonov regularization method. This method works well most of the time, although
there exist some problems in which the L-curve criterion does not perform properly.
Because of difficulties associated with this method, for instance, we can not prove
that the L-curve always has a corner; indeed, we have seen examples in which it does

not. Therefore, we have investigated another parameter choice method.

Multiplicative regularization is a strategy for solving inverse problems. This method
does not require any parameter selection strategies and, at the same time, can be
considered as a parameter choice method for the Tikhonov regularization method.
Multiplicative regularization is not an expensive method and is guaranteed to define
a positive regularization parameter a provided provided A € R™*" col(A) is a proper
subspace of R™ and b is sufficiently close to b*. Under these conditions, multiplicative
regularization performs very similarly to the L-curve method. Moreover, a — 0 at

the same rate as ||b||% as b — b*.

We have presented some preliminary theoretical results for infinite-dimensional prob-
lems. For example, for all y € Y sufficiently close to y*, there exists a positive

regularization parameter v = «(y) and also as y — y*, a(y) — 0.

100



5.2 Future work: plans and goals

In general, for an infinite-dimensional inverse problem, a purely a posterior: parameter
choice method can not be convergent. However, if we conjecture that the results for

finite-dimensional problems extend to infinite dimensions, namely, that

y =y 19lly = 0lly = y*lly = aly) — 0 like [|g]f5-. (5.2.1)

If our conjecture is true, then we obtain the weak convergence of z,, to z* under

assumption (5.2.1).

We have not been able to prove (5.2.1), but we hope to prove this result in the future.

We also would like to study multiplicative regularization for nonlinear inverse prob-

lems.

101






Bibliography

1]

T.M. Habashy A. Abubakr, P. M. van den Berg and H. Braunisch. A multi-
plicative regularization approach for deblurring problems. [EEE Transactions

on Image processing, 13:1524-1532, 2001.

A. Abubakr and P. M. van den Berg. Total variation as a multiplicative constraint
for solving inverse problems. [EEE Transactions on Image processing, 10:1384—

1392, 2001.

A. B. Bakushinskii. Remarks on choosing a regularization parameter using the
quasi-optimality and ratio criterion. USSR Comput. Math. and Math. Phys.,

24:181-182, 1984.

Fermin S Viloche Bazan. Fixed point iterations in determining the Tikhonov

regularization parameter. Inverse Problems, 24:1-15, 2008.

Fermin S Viloche Bazan. An improved fixed point algorithm for determining a

Tikhonov regularization parameter. Inverse Problems, 25, 2009.

103



[6]

[10]

[11]

[12]

[13]

D. Calvetti, G. H. Golub, and L. Reichel. Estimation of the L-curve via Lanczos

bidiagonalization. BIT, 39:603-619, 1999.

D. Calvetti, L. Reichel, and A. Shuibi. L-curve and curvature bounds for

Tikhonov regularization. Numerical Algorithms, 35:301-314, 2004.

P J Mc Carthy. Direct analytic model of the L-curve for Tikhonov regularization

parameter selection. Inverse Problems, 19:643-663, 2003.

J. Longia Castellanos, Susana Gomez, and Valia Guerra. The triangle method for
finding the corner of the L-curve. Applied Numerical Mathematics, 43:359-373,

2002.

H. W. Engl and H. Gfrerer. A posteriori parameter choice for general regu-
larization methods for solving linear ill-posed problems. Appl. Numer. Math.,

4:395-417, 1988.

H. W. Engl and Wilhelm Grever. Using the L-curve for determining optimal

regularization parameters. Numer. Math., 69:25-31, 1994.

H. W. Engl, M. Hanke, and A. Neubauer. Regularization of Inverse problems.

Mathematics and its Applications, 1996.

M. S. Gockenbach. Linear Inverse Problems and Tikhonov Regularization. 7o

appear, 2015.

104



[14]

[15]

[16]

[18]

[19]

[20]

[21]

[22]

Gene H. Golub and Urs von Matt. Generalized Cross-Validation for Large Scale

Problems. Comput. Graph. Stat, 6:1-34, 1995.

C. W. Groetsch. The Theory of Tikhonov Regularization for Fredholm Fquations

of the First Kind. Pitman, London, 1984.

M. Hanke. Limitations of the L-curve method in ill-posed problems. BIT, 36:287—

301, 1996.

M. Hanke and P.C. Hansen. Regularization methods for large-scale problems.

Surveys on Mathematics for Industry, 3:253-315, 1993.

P. C. Hansen. The truncated SVD as a method for regularization. BIT, 27:534—

553, 1987.

P. C. Hansen. Regularization, GSVD and truncated GSVD. BIT, 29:491-504,

1989.

P. C. Hansen. The discrete Picard condition for discrete ill-posed problems. BIT,

30:658-672, 1990.

P. C. Hansen. Analysis of discrete ill-posed problems by means of the L-curve.

SIAM Review, 34:561-580, 1992.

P. C. Hansen. Regularization tools: A Matlab package for analysis and solution

of discrete ill-posed problems. Numerical Algorithms, 6:1-35, 1994.

105



[23]

[24]

[26]

28]

[29]

P. C. Hansen. The L-curve and its use in the numerical treatment of inverse
problems. Computational Inverse Problems in Electrocardiology, pages 119-142,

2001.

P. C. Hansen and D. P. O’Leary. The use of the L-curve in the regularization of

discrete ill-posed problems. SIAM J. Sci. Comput., 14:1487-1503, 1993.

Per Christian Hansen. Rank-Deficient and Discrete ill-Posed Problems. STAM,

Philadelphia, 1998.

Per Christian Hansen, Toke Koldborg Jensen, and Giuseppe Rodriguez. An adap-
tive pruning algorithm for the discrete L-curve criterion. Applied Computational

Inverse Problems, 198:483-492, 2007.

P. R. Johnston and R. M. Gulrajani. Selecting the corner in the L-curve ap-
proach to Tikhonov regularization. IEEE Transactions on biomedical engineer-

g, 47:1293-1296, 2000.

Misha E. Kilmer and Dianne P. O’Leary. Choosing regularization parameters in
iterative methods for ill-posed problems. Siam J. Matriz Anal. Appl., 22:1204—

1221, 2001.

Dorota Krawczyk-Stando and Marek Rudnicki. Regularization parameter selec-
tion in discrete ill-posed problems-the use of the u-curve. Int. J. Appl. Math.

Comput. Sci., 17:157-164, 2007.

106



[30]

[31]

[32]

[33]

[34]

[36]

[37]

K. H. Leem, G. Pelekanos, and F. S. V. Bazan. Fixed point iterations in deter-
mining a Tikhonov regularization parameter in Kirsch’s factorization method.

Applied Mathematics and Computations, 216:3747-3753, 2010.

K. Miller. Least squares methods for ill-posed problems with a prescribed bound.

SIAM J. Math. Anal, 1:52-74, 1970.

V. A. Morozov. On the solution of functional equations by the method of regu-

larization. Soviet Math. Dokl., 7:414-417, 1966.

A. S. Nemirovskii. The regularization properties of the adjoint gradient method

in ill-posed problems. USSR Comput. Math. Phys., 26:7-16, 1986.

D. L. Phillips. A technique for the numerical solution of certain integral equations

of the first kind. Association for Computing Machinery, 9:84-97, 1962.

Teresa Reginska. Remarks on choosing a regularization parameter in Tikhonov

method. preprint 499 IMPAN, Warszawa, 1992.

Teresa Reginska. A regularization parameter in discrete ill-posed problems.

SIAM J. Sci. Comput., 17:740-749, 1996.

M. Rezghi and S. M. Hosseini. A new variant of L-curve for Tikhonov regu-
larization. Journal of Computational and Applied Mathematics, 231:914-924,

2009.

107



[38]

[40]

[42]

José Alberto Orozco Rodriguez. Regularization methods for inverse problems.

PhD thesis, University of Minnesota, Minneapolis, Minnesota, U.S.A., 2011.

A. N. Tikhonov. Regularization of incorrectly posed problems. Soviet Mathe-

matics, 4:1624-1627, 1963.

T. Heath V. B. Golub and G. Wahba. Generalized cross-validation as a method

for choosing a good ridge parameter. Technometrics, 21:215-223, 1979.

P. M. van den Berg, A. L. van Broekhoven, and A. Abubakr. Extended contrast

source inversion. Inwverse problems, 15:1325—-1344, 1999.

C. R. Vogel. Non-convergence of the L-curve regularization parameter selection

method. Inverse Problems, 12:535-547, 1996.

G. Wahba. Practical approximate solutions to linear operator equations when

the data are noisy. SIAM Journal on Numerical Analysis, 14:651-667, 1977.

108



	AN ANALYSIS OF MULTIPLICATIVE REGULARIZATION
	Recommended Citation

	egorgin.pdf

