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Abstract

Vapor sensors have been used for many years. Their applications range from detection of
toxic gases and dangerous chemicals in industrial environments, the monitoring of
landmines and other explosives, to the monitoring of atmospheric conditions. Micro-
electrical mechanical systems (MEMS) fabrication technologies provide a way to fabricate
sensitive devices. One type of MEMS vapor sensors is based on mass changing detection
and the sensors have a functional chemical coating for absorbing the chemical vapor of
interest. The principle of the resonant mass sensor is that the resonant frequency will
experience a large change due to a small mass of gas vapor change. This thesis is trying to
build analytical micro-cantilever and micro-tilting plate models, which can make
optimization more efficient. Several objectives need to be accomplished:

(1) Build an analytical model of MEMS resonant mass sensor based on micro-tilting plate
with the effects of air damping.

(2) Perform design optimization of micro-tilting plate with a hole in the center.

(3) Build an analytical model of MEMS resonant mass sensor based on micro-cantilever
with the effects of air damping.

(4) Perform design optimization of micro-cantilever by COMSOL.

Analytical models of micro-tilting plate with a hole in the center are compared with a
COMSOL simulation model and show good agreement. The analytical models have been
used to do design optimization that maximizes sensitivity. The micro-cantilever analytical
model does not show good agreement with a COMSOL simulation model. To further
investigate, the air damping pressures at several points on the micro-cantilever have been
compared between analytical model and COMSOL model. The analytical model is
inadequate for two reasons. First, the model’s boundary condition assumption is not
realistic. Second, the deflection shape of the cantilever changes with the hole size, and the
model does not account for this. Design optimization of micro-cantilever is done by
COMSOL.



CHAPTER I: Introduction

Vapor sensors have been used for many years. Their applications range from detection of
toxic gases and dangerous chemicals in industrial environments to the monitoring of
landmines and other explosives. Trinitroluene (TNT) [1] leaks out into the surrounding
environment when a landmine is buried. Detecting this very small leakage of TNT is an
efficient way of detecting the landmines. Most explosive processes release little vapor and
it is not possible to detect them effectively by normal methods like a dog’s nose. Due to
this, the high sensitivity vapor sensors are becoming more necessary.

Micro-electrical mechanical systems (MEMS) fabrication technologies provide a way to
fabricate sensitive devices. The vapor sensors have a functional chemical coating for
absorbing the chemical vapor of interest. In order to develop the vapor sensor, this thesis
is focusing on building the analytical models of resonant mass micro-cantilever and micro-
tilting plate sensors with capacitive sensing and capacitive actuation. These analytical
models can be used in design optimization of MEMS resonant mass sensor.

The principle of the resonant mass sensor is that the resonant frequency will experience a
large change due to a small mass of gas vapor change. The surface of micro-cantilever and
micro-tilting plate sensors are coated by chemical materials to absorb chemical vapors, and
the sensors are actuated by electrostatic force. The air damping force is an important factor
that has the most influences on the sensitivity of resonant mass sensor.

The squeeze film damping model can be built by Finite Element Methods. The numerical
models are potentially more accurate, and it can be run in reasonable times given the speed
of today’s computers. The analytical model can help people to understand the mechanism
and physical effects through the model problem. It also can be used to validate the
numerical model. Compare to analytical model, the numerical model is also time
consuming. Therefore, this thesis is trying to build analytical micro-cantilever and micro-
tilting plate models, which can make optimization more efficient.

Because the air damping force has a significant role in sensor sensitivity for resonant mass
sensors, how to reduce the air damping force becomes a very important question. There are
multiple ways to reduce this force such as decreasing the ambient pressure, decreasing the
temperature, increasing the gap between the cantilevers or tilting plates and substrate, and
adding a hole in the cantilever or tilting plate. This thesis work kept the ambient pressure,
the temperature and the gap as constants during simulation. and focused on optimal shape
as way to reduce the air damping. Adding holes in the cantilever and tilting plate will
reduce the air damping force, but it also will reduce the electrostatic actuation force and
reduce the capacitance for sensing. The lost area, due to holes, will also reduce the area for
chemical coating, which absorbs the chemical vapors. These competing effects
demonstrate that there will be an optimization hole size in cantilevers and tilting plates.



This thesis has the following objectives:

(1) Build an analytical model of MEMS resonant mass sensors based on micro-tilting plate
with the effects of air damping.

(2) Perform design optimization of micro-tilting plate with a hole in the center.

(3) Build an analytical model of MEMS resonant mass sensor based on micro-cantilever
with the effects of air damping.

(4) Perform design optimization of micro-cantilever by COMSOL.



CHAPTER Il Background

2.1 MEMS Gas Sensors

Micro-electrical mechanical systems (MEMS) fabrication technologies provide a way to
fabricate sensitive, low power consumption and inexpensive devices. The MEMS gas
sensors are coated by a chemical layer which is used to absorb a gas of interest.

Some MEMS sensors are solid-state devices. They detect the mass change by resistance
and temperature change with no moving parts in devices. Zee et al. [2] describes two types
of sensor arrays. One design is the silicon substrate coated by an array of ‘wells’, which is
used to absorb the carbon black gas. In the second one, the surface of silicon wafer are
coated by an array of high aspect ratio ‘wells’. The resistance of the polymer in the well
changes when carbon black gas is absorbed. Semancik et al. [3] build a micro hot plate
chemical sensor. When carbon monoxide is absorbed by a Pt/Sn0O, sensing film coating,
the relationship between conductance and temperature changes. Mesoporous
nanocrystalline [4] tin oxide thin film was embedded on a multi-layer structure for MEMS-
gas sensors. The resistance changes when hydrogen gas is absorbed by the tin oxide thin
film. Then the temperature change is detected by a platinum heater on a ceramic substrate.

MEMS gas sensors have also been developed with moving parts based on micro-cantilever
[5]. Instead of measure the properties change of sensor materials, such as resistance and
temperature change. This type of MEMS gas sensor measures a mechanical response such
as deflection, capacitance change and resonant frequency shift. This kind of sensor is also
coated with a material that can absorb the chemical of interest. In the static model, the
cantilever will bend on the nanometer scale due to mass added when the sensor layer is
exposed to an analyte, a capacitance change between the cantilever and substrate can be
detected by electronic circuit measurement. In the dynamic model, the resonant frequency
will shift due to chemical vapor mass added. Battiston [6] uses an array of eight silicon
cantilevers, they are actuated at their resonance-frequency and the surfaces are coated by
polymer. This sensor can detect a variety of chemical substances, such as water, primary
alcohol and alkanes. Baselt et al. [7] developed an array of 10 micromachined cantilever
beams with 90% palladium- 10% nickel coatings to detect hydrogen.

2.2 Squeeze film damping

The dynamic behavior of a plate is strongly influenced by squeeze film damping effect.
Newell [8] observed that when a plate was oscillating near a second surface, the air
damping force will be increased due to the squeeze film damping between these two
surfaces. When the plate squeeze the gap, the gas in the gap flows out from the venting
edge, it damps the displacement motion of the plate. Bao et al. [9] studied the basic
Reynolds equations for squeeze film air damping, observed the air damping force consists
of two part: the viscous damping force which is related to the moving speed of the plate,
and the elastic damping force which is related to the displacement of air compression. He
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mentioned that when the plate oscillate at a very slow frequency, the air film will not be
compressed and the viscous damping force dominates. When a plate oscillate at a very high
frequency, the air will be compressed only with no escape, the viscous damping force will
vanish, and the elastic damping force dominates. Bao’s squeeze film damping model is
only accurate when the border effect neglect. Which means the surface dimensions are
much bigger than the air gap. Vermuri et al. [10] observed that the border effect increases
the damping force, the damping force increase by 35% when the aspect ratios between the
surface length “a’ and gap heigh ‘g’ is equal to 20. Mohite et al. [11] build a new analytical
model to express the stiffness and the damping coefficients of squeeze film damping force
based on the perforated back plates. The damping pressure distribution matches very well
between analytical model and simulated plates with circular pattern holes.

Kim et al. [12] tested perforated planar microstructures with different size of holes and
different numbers of holes. The results show that with the same area ratio of hole areas to
plate area, the bigger number of holes, the less the air damping, and the higher quality
factor. Pursula et al. [13] simulated a planar gas-damped micro device dynamic behavior
under electrostatic loading using finite element method. The various reduced-order and
reduced-dimensional methods can make the simulation time more efficient. Nigro et al.
[14] compared the analytical model and simulated model by COMSOL Multiphysics for
the rigid rectangular plate with squeeze film damping phenomenon. The analytical models
with high holes ratio and high number holes are effective, but its do not always model
realistic very well. The simulated results are matches the experiment result very well,
therefore simulate approach are more competitive than analytical methods. Li et al. [15]
build an analytical model of circular perforated microplates using a modified Reynolds
equation, the viscous damping and spring coefficient of squeeze film damping equation
have been found. The analytical model and finite element method results matched very
well during the smaller perforation ratios (21, /1, < 0.6). Li et al. [16] present an analytical
model with the squeeze film damping based on perforated torsion microplates. The
analytical model give good results for the devices with 1, /1,, < 0.6.

2.3 Definition of Sensitivity

The vapor sensor is covered by a chemical coating, which is used to absorb the particular
chemical vapor molecules. The design optimization of a resonant mass sensor requires a
metric to describe how the frequency response changes due to the mass change caused by
chemical absorption. There are multiple ways to characterize sensitivity. One common
measure for sensitivity is the shift of resonant frequency caused by a mass change due to

chemical absorption [17]. This can be expressed as S = %. However, for a damped system

without a sharp resonant peak, the resonant frequency shift is hard to detect. Thus, using
only the parameter ‘S’ is not a good way to define the sensitivity. Another important factor
is detectability. Quality factor Q characterizes detectability, which is inversely related to
damping. [18]. Q is the ratio of resonant frequency without chemical absorption to the
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bandwidth, and can be expressed as Q = I—;, where Af is the frequencies shifts at which

the amplitude of frequency response is g of the amplitude at resonant frequency. Another

approach to define the performance of a resonant mass sensor is to calculate the root mean
square deviation (RMSD) [19] between the frequency responses with and without chemical

Z%V=1(Mi1_MLp)2
T, ()2
of frequency response points. In order to simplify the calculation, Miller and Li [20]
defined a new measure Qs, which is to calculate the root mean square deviation for just
two frequencies: the resonant frequencies with and without chemical absorption. This is

absorption. It can be expressed as RMSD% = . This approach needs a range

expressed as below:

QS — \/(Mab_MnO)Z-I'(M‘IgO_Mab)Z % 100% (2.1)

(Mno)2+(Mab)2
Where M, and My, are the magnitude ratio at the resonant frequencies of the absorbed
mass system and without absorb system, respectively. Figure 2.1 shows the frequency

responses for two different systems with and without absorbed chemical vapor mass. It
also shows the parameters in the previous equation.
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Figure 2.1: The parameter definitions of Qs

Miller and Li [21] compared Qs and RMS for a range of frequency points and found-the
shape of these two parameter plots to be very close. Also, in a comparison of Qs, S and Q,
the results show that S does not relate to the damping coefficient. Since Qs considers both
the sensitivity, and the detectability, this thesis uses this parameter Qs to do the design
optimization.



2.4 Analytical models

Darling, et al. [22] developed an analytical model of squeeze film damping with different
venting boundary conditions based on a Reynolds equation and Green’s function approach.
When two plates move toward each other, the laminar flow of a viscous fluid in the gap
will be flows out, and the local pressure within the gap can be expressed by Reynolds
lubrication equation. If the displacement of the plate is much smaller than the gap, then the
Reynolds lubrication equation can be linearized and expressed as:

opP 0H
228 = g2n

V2P —«a
at at

(2.2)

5p - . i . :
Where P = P—p is the normalized local pressure variation, P, is the ambient pressure. H =

a

Sh . . .. . f 12
—1s the normalized local gap variation. h, is the nominal gap. a? = —~
0

r]hOZPa
w is the viscosity of fluid, and n=1 for an isothermal process. The solution of this equation
e can be expressed as an integral of the Green’s function over the source points.

is a constant.

P(r,t) :Jt'J'G(r,t|r0,to)*p(ro,to)drodto (2.3)

0V,

2
a’n oH , Where H(x,,VY,t) is a function of normalized
4r ot

displacement and can be expressed as H e then times a coefficient of plate deflection

Here, p(r,,t,) =

2
function. Such as 1 for the rigid flat plate, ’LC—Z for the regular cantilever and 2Txfor the regular
tilting plate about y axis. The Green’s function is expressed as:

2(t_to)

G(r,t|r0,t0)=4—Z®(t—to)*2exp(_km” . W, (Hu,"(r,) (2.4)
a m,n a

Where k,, is the eigenvalue and u,, is the eigenfunction, calculated from the two-
dimensional scalar Helmholtz equation, V?u,, +kZu, =0 , The eigenvalues and

mn=mn

eigenfunctions change according to different boundary conditions. Finally, ©(t —t,) is the

unit step function. The net reaction force of the squeeze film damping on the plate can be
calculated by integrating the pressure over the plate area.

Darling, et al. derive analytical models of squeeze film damping for rigid rectangular plate
with six venting boundary conditions, all edges vented, one edges closed, two adjacent
edges closed, two opposite edge closed, three edges closed, and all edges closed.
Subsequently, Miller and Li [21] build an analytical model for a square rigid flat plate with
a hole in the center. This model contains four elements of two adjacent edges closed and
four elements of two opposite edges closed. In the situation of the ambient pressure is one
atmospheric pressure, gap underneath the plate is 4 um, stiffness of supporting legs is



50N /m, and material dampingis 1 X 10~>Ns/m. The best square hole size for 200 um x
200 um square rigid flat plate is 160 um x 160 um for design optimization.



CHAPTER I11: Resonant Mass Sensor Design Based on

Tilting Plate

3.1 Tilting plate about the y axis

Tilting plate structure is one kind of ideal resonant mass sensor models, and it is strongly
impacted by squeeze film compressive damping. This section derives an analytical squeeze
film damping model of a tilting plate about the y axis according to the Green’s function
approach following the derivation of Darling [22]. In order to build the tilting plate model,
a rigid rectangular plate is connected by two leg beams and it’s considered as a fixed-free
torsional beam. The gap between the plate and the substrate is uniformly held as a constant
when the plate is not oscilatting. Design optimization of tilting plate can be done by finite
element analysis, but it has to build so many simulative models and it’s a time consuming
task. The analytical model would make the optimization more effective.

3.1.1 Analytical model of tilting plate without holes

The domain of the tilting plate is—% <x <§ and —g <x< g, corresponding to a

rectangular plate with length a and width b. The four edges are assumed to have ideal
venting, and the plate tilts about its midline along the y axis. The plate can be represented
with a model as shown in Figure 3.1.

/ y
i
Figure 3.1: The tilting plate about y axis

For this plate, the normalized displacement is approximated as:

H(x,y,t) = H’%xej“’t (3.1)



Where H'is the normalized magnitude of displacement in direction of z, H' = hi and
0

where hy is the tip displacement at x = —% orx = % The maximum angle of rotation can
be described as:

—1,2hoH'
Omax = tan 1(L

) (3.2)

Because the boundary condition is ideal venting on four edges in this situation, the
eigenfunctions u,,, and eigenvalues k,,, are calculated by the two-dimensional scalar
Helmholtz equation and can described as:

() = [0 (0 22 ) (33)

Where cos is used form,n = {1,3,5....} and sin is used form,n = {2,4,6....}; the
corresponding eigenvalues are:

k _ m?n? | n?
mn — +

a? b2

2

(3.4)

The normalized pressure can be calculated by the integral equation shown in Darling’s
paper:
16(-1)M/2"1(—1)(n=D/2 _j,H! et mmx nmy

P(x,y,t) = Ym=even sin oS —= (3.5)

n=odd m2mn jw+k2 )/ a? a

m = {2,4,6....} andn = {1,3,5....}. The torque is calculated by force times the
distance, so the normalized restoring torque can be described as:

() =P, f+a/2 f+b/2 xP(x,y, t)dxdy

—-a/2 Y=b/2
_a?bPy 64  —jwH'el®t
2 Zrﬁ;izedn n*m2n? jw+k2mp/a? (3.6)
P, is the ambient pressure.
According to the Hooke’s law,
T=Fd=k6O (3.7)

The rotational angle 8 is calculated by the maximum displacement at the tip divided by
half of the length of the tilting plate, 8 = Zt—/‘;’ The torque can then be rewritten as:

() 64 —jwel®t g,
= Zm:even 7 > >
abPg, n=odd T™*m*n® jo+k m‘n/a 2
64 —jwel®t  aViyp
= Zm:even -

n=odd ®*m?n? jo+k?ymn/a® 2 hy

a Vtip
(_) 2 a
23

(%0 (38)

64 —jwelwt

= 2m=even -
n=odd hom*m?n? jo+k?py,/a?

) 64 —jwelwt
= ) m=even
n=odd hom*m?n? jo+k?y,/a?




The normalized restoring torque function can be used to find stiffness and damping of air.
The real part value is the spring component (k) of air, which is calculated by the reaction
torque divided by the rotational angle (6). The imaginary part value is the damping
component (b) of air, which can be calculated by the reaction torque divided by the rotation
angle velocity (w6):

_ B 64 —jwel®t [q)\?

bair = Re(Cnmseen i ., g (5) abr) (3.9)
i jwt 2

by = Im(Sm=even — = —J©¢ (%) avry) (3.10)

2
n=odd h0n4m2n2 j(l)+k Tgn
a

Figure 3.2 is showing the free body diagram of tilting plate about y axis.
Zz

o~ 0

L1 :
k \_‘jb

Figure 3.2: Free body diagram of tilting plate

According to the Newton’s second law and the free body diagram, the equation of motion
for a second order rotational system is:

16(t) + b(w)O(t) + k(w)6(t) = t(t) (3.11)
Where b is the damping coefficient of air, and k is the sum of stiffness of material and air.
k = Kfiex + kqir. | is the mass moment of inertia, which can be calculated by:

I = —ma? (3.12)

The magnitude ratio function can be expressed as:

8o L (3.13)
O ((kfrex+kair (@) ~1x0(0)?2) +bair @)xw ()2
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Then, the analytical frequency response of the tilting plate can be calculated with
MATLAB by using the parameters shown in Table 3. 1.

Table 3. 1: Parameters used in both analytical and simulated tilting plate models

Pa 101000 Pa
Lef fective 1.862x 107> Pa.s

L 200 um
W 200 um
t 3 um
p 2330 kg/m?3
m 2.796x 10719 kg
Yo 4 um

Kfiex 2 x 107’Nm/rads

Simulated model in COMSOL MULTIPHYSICS

The analytical model was validated using a COMSOL model. The steps for creating a
COMSOL model and comparing its results with the analytical model were as follows:

1.

2.
3.

Sketch a tilting plate in COMSOL MULTIPHYSICS as show in Figure 3.3 using
the parameters in Table 3.1.

Choose the solid mechanics physics and time dependent model.

According to a COMSOL test, two 30 um x 3 um x 3 um silicon beams which act
as a folded leg can supply a torsional stiffness (ky.,) of 2 X 1077 Nm/rads. Set
the density of the two tiny beams to 1e — 3 kg/m?3 so that the mass of the two
beams is small, it will thus have minimal influence on the mass moment of inertia
of the tilting plate.

Thin-film damping is put on the bottom surface of the plate. The gap is 4 um and
the ambient pressure is 1 atmospheric pressure. The original viscosity of air is
22.6 X 107% Pa-s in the room temperature which is 293.15 K.

Make the silicon tilting plate as a rigid plate so that there is no deformation during
the motion.

Apply two opposite sinusoid forces 1 x 10~%xsin(wxt) N at the connection points
between tilting plate and legs, this two opposite time dependent forces can make
the plate tilt about two legs. Make sure the deflection will be in the elastic region.
Collect each maximum displacement value of the free edge in different
frequencies. The simulated magnitude ratio is equal to the angle 6 divided by the
torque .

11



8. Compare the frequency responses of the analytical and COMSOL models.

n- N

Figure 3.3: The tilting plate model build in COMSOL

Figure 3.4 shows the mesh for the COMSOL model. The ‘Free Tetrahedral’ element can
be used. The element shape is a triangle and it has three node. According to the test, mesh
dimension of ‘Coarse’ is already reached the mesh optimization, and the mesh at the
corners are well connected. A finer mesh is not necessary and the coarse mesh will save
the running time. The number of elements of this model is more than 5000, and it will take
almost 10-15 minutes to get one frequency response point.

Figure 3.4: Mesh of tilting plate
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Figure 3.5 is showing the comparison of frequency response. For the analytical results, the
maximum Magnitude Ratio is 1.023e7 rad/N-m, and the resonant frequency is 4.38e5
rad/s. For the simulated frequency response, the maximum Magnitude Ratio is 1.07 rad/N-
m, and the resonant frequency is 4.37e5 rad/s. For this model, the analytical result is pretty
close to the simulation result. The analytical model determines this result in just 1 minute,
and each point of simulative result need at least 10 minutes running time. This can
demonstrate the efficiency of the analytical model.

200(Ly"200{WV) tilting plate about y axis

Magnitude Ration{rad/(N*m})

| | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
Frequency(rad/s) 5

Figure 3.5: The frequency response of tilting plate about y axis

Figure 3.6 shows additional comparisons for different sized tilting plates. The results
indicate that the analytical model matches the simulation very well. As mentioned before,
the air damping will influence the magnitude ratio; the magnitude ratio at the resonant
frequency increases when the air damping decreases. Figure 3.6 shows that the smaller
tilting plates have less air damping. However, a large plate is better for actuation, sensing
and also absorbing the chemical materials. Therefore, adding a hole in tilting plate is a
more efficient way to reduce air damping.

x107
3_

250(L)"200(W)
o COMSOL
[ 200(L)*200(W) *
% COMSOL &
150(L)*200(W)
*  COMSOL

Magnitude Ration{rad/{N*m})

Frequency(rad/s)

x10°

Figure3.6: Model comparison for different sizes of plates that tilt about y axis
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3.1.2 Tilting plate about the y axis with a hole in the center

Adding a hole in the center of tilting plate can reduce the air damping and thus increase the
Q value significantly. Different hole sizes are tested during the design process. The models
in Darling’s paper [22], there are five basic boundary conditions with different venting
edges: all edges vented, one edge closed, two edges closed, three edges closed, and all
edges closed. All five analytical equations are derived based on Green’s function and
linearized Reynolds equations.

Figure 3.7: Tilting plate about y axis with a hole in the center

Figure 3.7 is showing a square tilting plate with a hole in the center. The tilting plate is
divided into eight kinds of rectangular plates with three different boundary conditions.
Element ‘A’ has two adjacent edges closed, element ‘B’ has two opposite edges closed
along the y axis, and element ‘C’ has two opposite edges closed along the x axis. The
analytical equations of each element can be derived.

The square plate in Fig 3.7 has length ““a” and it tilts about the y axis. The maximum
displacement in z direction occurs at x:i%. The normalized displacement of the plate can

be described as
H(x,y,t) = H’%xej‘”t (3.14)

Where H' is the normalized maximum displacement at x=i§.

3.1.2.1 Element *A’ with two adjacent edges closed

The domain of the compressed area of element ‘A’ in Figure 3.7 has two adjacent edges
closed. To derive the analytical equation of element ‘A’, begin with the equation for the
regular tilting plate with two adjacent edges closed. The integral procedure is the same as
the tilting plate shown above; the only things changed are the eigenfunctions and
eigenvalues corresponding to different boundary conditions. The boundaries of ‘A’ are

b b . . .
taken to be —% <x < % —-<y<3 corresponding to a rectangular plate of dimensions

a x b. For the two closed adjacent edges, The boundary conditions are expressed as Z—i =0

14



onx =— % and Z—s =0ony=— g, with ideal venting P=0 along the remaining two edges

of x = % andy = g. The eigenfunctions are:

4 b
Umn (X, y) = \/:—bcos% (x + %) COSZ_Z (y + E) (3.15)

Where m,n = {1, 3,5 .....}. The corresponding eigenvalues are

m2n? = n?n?

kin = 1a2 +m (3.16)

The restoring torque on the plate can be computed as:

m 2

i I jwt -1
7(t) = Yim=oda Py o 1200 (T08 (_1)% — 2a) (3.17)

n=odd jw+k?Z,n/a? an®m*n?

The real part is the spring stiffness (k) of air, and the imaginary part value is the damping
(b) of air. The stiffness of air underneath tilting plate is the spring component of the reaction
force divided by the tip displacement.

kspring = T(t)/H,
. iw m—1 2
= Re[Smeoad Py e 1200 (T4 (_1y"5" _ 2a) ] (3.18)

n—odd jw+k2,n/a? an®m4n?

Similarly, the damping coefficient of air underneath tilting plate can be determined from
the damping component of the reaction force divided by the tip velocity:

bdamping = T(t)/v

_isjw m-—1 2
= Im[Smeodd Py —lom— 1200 (TNE (_1)"5" _2a) ] (3.19)

n=odd  Jwtk*mn/a? an®m*n?

Using the same analytical magnitude ratio function shown in the regular tilting plate, it can
be expressed as:

00 L (3.20)
O ((prexthair(@))-Ix0()2) +Bair(@)xw (1)?
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Simulated model in COMSOL

The procedure is similar to that for the regular tilting plate. The procedure begins with
sketching a tilting plate in COMSOL MULTIPHYSICS by using the parameters shown in
Table 3.1. Because of the two adjacent edges closed boundary condition in analytical
equation, a “wall” needs to be created at these edges which blocks any air from crossing.
It simulates the same boundary condition as in the analytical model. Next, apply a
sinusoidal torque input and collect the maximum displacement value of the free edge.
Repeat this for different input frequencies. The simulated magnitude ratio is equal to the
angle 6 divided by the torque .

Figure 3.8: Tilting plate with two adjacent edges closed

Figure 3.9 compares the frequency responses between the analytical and COMSOL models. It
shows a good agreement.

Two adjacent edges closed
16k *  COMSOL

08r

Magnitude Ration(rad/{N*m))

06

04

02
0

Frequency(rad/s) 5

Figure 3.9: Comparison of simulated and analytical results

After confirming that this model with two adjacent edges works, the model for element ‘A’

in Figure 3.7 can be derived. The domain of the compressed area of element ‘A’ in Figure

3.7 is taken to be a;< x <a, and b;< y < b,, corresponding to a rectangular plate of

dimensions a x b, where a = a,-a;and b = b,-b,. The boundary conditions can be
16



expressed as z—z =0at x =aq, and 3_1; = 0 at y = b, with venting P=0 along the other

two edges of x =a, and y =b, . According to these boundary conditions, the
eigenfunctions become:

() = [ 2500822 (x = ) cos 22 (= b) @21)
Where m, n={1, 3, 5.....}. The associated eigenvalues are
m?n?  n?n?
kmn = 102 + b2 (3.22)

Following the approach described in Darling’s paper, the normalized pressure distribution
for this kind of plate can be derived as

n—1
32(-1) 2 —jwH'elvt m=1
(C1) 2 —jwle (nmaz(—l) 2 —Za)cos%(x—al)cos%(y—

P(x, Y, t) = Zm=odd

neodd Tom*na jo+k%p,n/a?

by) (3.23)
The restoring torque on the plate can be computed as:
b
(t) = R, f;lz J,. xP(x,y, )dxdy
—jwH'eJ®t  128ab m-1 2
B Zzl:ggg fa J"*’J‘|'Ol;<2men/a2 a7t6ma:*n2 (T[maZ(_l) z - 23) (3.24)

The real part value is the torsional spring stiffness (k) of air, the imaginary part value is the
torsional damping (b) of air. The stiffness of air underneath tilting plate is the real
component of the reaction force divided by the tip displacement.

kspring = T(t)Re/H’

—jwelot 128ab
= Re =odd P
[Zzlzggg 2 jw+kZmn/a? an®m4n?

2

(nmaz(—l)mT_1 — Za) ] (3.25)

Similarly, the damping coefficient of air underneath tilting plate can be determined from
the imaginary component of the reaction force divided by the tip velocity:

bdamping = T(t)lm/v
2

_isjw m—1
= Im[Ym=oda P, - Jel” _1z6ab (nmaz(—l)T— Za) ] (3.26)

n=odd  Jwtkimn/a? an®m*n?

3.1.2.2 Element ‘B’ with two opposite edges closed along the y axis
The domain of the compressed area of element ‘B’ in Figure 3.7 has two opposite edges

closed along the y axis. The derivation of the analytical equation for element ‘B’ begins
with the equation for the regular tilting plate. Following the same procedure as for element

17



‘A’, the two opposite edges closed are expressed as 3_1; =0aty= —g, y = g, with ideal

venting P=0 along the remaining two edges of x = % X=— % The eigenfunctions are:

() =[5 502 (327)

Where cos is used for m= odd; sin is used for m= even. The corresponding eigenvalues are

m?m?

ky, = (3.28)

a?

The restoring torque on the plate can be computed as:

. —jwH'eIWt 432p
7(t) = Xm=even Pa JWHk2 p/a? m2m?

The stiffness of air underneath the tilting plate is the spring component of the reaction force
divided by the tip displacement.

kspring =1(t)/H’

—jwel®t  4a32p
=Re - Pa
[Xm=even JWrkZ o a? m2m?

(3.29)

(3.30)

Similarly, the damping coefficient of air underneath the tilting plate can be determined
from the damping component of the reaction force divided by the tip velocity:

bdamping = T(t)/v

—jelwt  432p
jw+k?,,/a? n2m?2

= Im [Zm:even Pa

(3.31)

For the COMSOL model, a “wall” is created at these edges which will block any air flow.

. [ two opposite edges closed along with y axis
16 - @ COMSOL
= 14r
E
P
2
% q
(4
2 os}
&
=06l
0.4
.
0'20 1 2 3 4 5 L]
Frequency(rad's) - us

Figure 3.10: Compare the simulate result and analytical result
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Figure 3.10 shows the simulated result and analytical result match well, we can start to
integral the analytical model of element B shown in Figure 3.7.

The domain of the compressed area of element ‘B’ in Figure 3.7 is taken to be a;<x < a,
and b;<y < b,, corresponding to a rectangular plate of dimensions a x b, where a = a,-

a,and b = b,-b;. The boundary conditions can be expressed as Z—s = 0 at y= b,and y=b,.

With venting P=0 along the other two edges of x = a, and x = a,. According to these
boundary conditions, the eigenfunctions become:

2 ,
() = [0 (e ) (332)
Where cos is used for m= odd; sin is used for m= even. The corresponding eigenvalues are
2.2
ky, = ’"a;’ (3.33)
The normalized pressure distribution for this kind of plate can be derived as

P(x,y,t) =

4 _i H’ jowt n-1 , _i H’ jowt

I [Zm:odd% X (a; +ay)(=1)= COS%(JC —a') + Zm:even%
(a; — az)(—l)ESin? (x —a')] (3.34)

The restoring torque on the plate can be computed as:

b
(t) =P, f;lz fb: xP(x,y,t)dxdy

—jwH'eJwt 4ab
jw+k%,/a?  Lm%n?

—jwH'eJ®t 4ab

= Zn:odd jw+k2n/a2 X L2n2 (al + az)z + Zn:even (al - az)z (335)

The real part value is the torsional spring stiffness (k) of air, the imaginary part value is the
torsional damping (b) of air. The stiffness of air underneath tilting plate is the real
component of the reaction force divided by the tip displacement.

kspring =1(t)/H’

—jwelwt 4
jw+k?,/a? Lz

ab 2 —jwelot 4ab 2
292 (a; +ax)“ + Yn=even JwtkZ,a? X L2n2 (a; — az)”]

(3.36)

=Re [Zn:odd
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Similarly, the damping coefficient of air underneath tilting plate can be determined from
the imaging component of the reaction force divided by the tip velocity:

bdamping =7(t)/v
—jelwt 4ab

% —jefwt 4ab
jw+k%,/a%?  Lm?n?

jw+k%,/a?  Lm2n?

(a; — az)?]

(3.37)

= Im[Zn:odd (al + az)z + Zn:even

3.1.2.3 Element *C” with two opposite edges closed along the x axis

The domain of the compressed area of element ‘C’ in Figure 3.7 has two opposite edges
closed along the y axis. The two opposite edges closed are expressed as z—z =0atx=-— %
X = % with ideal venting P=0 along the remaining two edges of y = g, y = —g, the
eigenfunctions are:

na3) = [ 2552 ) (3:39)

Where cos is used n is equal to odd, sin is used for n is equal to even. The corresponding
eigenvalues are

n?m?

kinn = >z (3.39)

The normalized pressure distribution for this kind of plate can be derived as

8 1 _jwH'eJ®t
P(x,y,t) = Zn:oddn_::L X (1) m X COS%”(Y) (3.40)
The restoring torque on the plate can be computed as:
i I, jot 3,
7(£) = Yneoaq Pa—Lo e, 220 (3.41)

*
jw+kZ,n/a?  3m2sn2L

The stiffness of air underneath tilting plate is the spring component of the reaction force
divided by the tip displacement.

kspring =1(t)/H’

—jwelot 4a3xb
= Re|).n=0aq Pa
[Zn—odd jw+kZn/a?  3m2sn2L

] (3.42)
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Similarly, the damping coefficient of air underneath tilting plate can be determined from
the damping component of the reaction force divided by the tip velocity:

bdamping =7(t)/v
—jefwt 4a3xb

jw+kZpn/a?  3m2xn2L

= Im[Zn:odd Pa ] (3-43)

Walls are created in COMSOL to match the boundary conditions.

x10°
187

two opposite edges closed along with x axis
16 F o COMSOL

_; _1_1
= S
: : :

oo
T

Magnitude Ration(rad/(N"m))

Frequency(rad/s) x10°
Figure 3.11: Comparison of the simulated result and analytical result

Figure 3.11 shows the simulated result and analytical result match well, we can start to
integral the analytical model of element B shown in Figure 3.7.

The domain of the volume is taken to be a;< x < a, and b;<y < b,, corresponding to a
rectangular plate of dimensions a x b, where a = a,-a;and b = b,-b,. Plate ‘B’ has two

opposite edges closed along the x axis, the boundary conditions can be expressed as Z—z =

0 at x = a4, and x = a,. With venting P=0 along the other two edges of y= b;and y=b,.
According to these boundary conditions, the eigenfunctions become:

2 :
() = [0 (1) (3.44)
Where cos is used for n is equal to odd, sin is used for n is equal to even. Here, b'= {batby)
The associated eigenvalues are
2.2
Fmn = 5 (3.45)



The normalized pressure distribution for this kind of plate can be derived as

n—1 )
8x(-1)" 2 —jwH'el®t
nmnl  jw+k2p,n/a?

P(x,y,t) = Tnodd * cos == (y — b") (3.46)

The restoring torque on the plate can be computed as:
b
7(t) = P, f;lz fb12 xP(x,y,t)dxdy

—jwH'eJ®t . 16b(az3-a;3)
jw+kZ,,/a? 3Lx2*n?

= Zn:odd Pa (3'47)

The stiffness of air underneath tilting plate is the spring component of the reaction force
divided by the tip displacement.

kspring =1(t)/H’

—jwel®wt 16b(az3-a;?)
=Re[)n=0aa P *
[Xn=0aa % jw+k2p,pn/a? 3L*m2+n? ]

(3.48)

Similarly, the damping coefficient of air underneath tilting plate can be determined from
the damping component of the reaction force divided by the tip velocity:

bdamping = T(t)/v

—jejwt 16b(az3-a;3)
=Im[)n=0aa P *
[Xn=0aa 2 jw+k2mn/a? 3L*m2%n2 ]

(3.49)

3.1.3 Comparison of the frequency responses of analytical and COMSOL models

After building the analytical equations of all three elements, the analytical model of tilting
plate with a hole in the center can be formed. According to the restoring torque of the three
elements shown above, the k,;, and bg,;, are all corresponding to the maximum z
displacement occurring at x=+a/2, (H"). So it is reasonable to get the k;y;q; qir and
btotarqir DY adding k- and by, of the elements together. As shown in Figure 3.7, the
tilting plate has 8 elements which are combined by 4 of element ‘A’, 2 of element ‘B’ and
2 of element “C’. The total air stiffness and air damping can be expressed as:

ktotal,air= 4ka + Zkb + ch (3-50)
beotarair= 4bg + 2by, + 2b, (3.51)
The mass moment of inertia (I) can be calculated by:
1 1
I = Ernbiga2 - Ernsmalls2 (3.52)

Where m,,;, is the mass of the original plate, a is the length of the original plate. And mg,,q;,
is the mass of the square hole plate, s is the length of the plate as a hole.
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The transfer function is the same as for the regular tilting plate,

6(t) 1
o _ (3.53)
™(®) \/((kflex+kair,total (w))_lxw(t)z)z +(bair,total(w)xw(t))2

Where b is the damping coefficient of air, and k is the sum of stiffness of support beams
and air.k = Kgjey + kqir. The support beam torsional stiffness (kf.,) is 6e-8 N-m/rad in
the analytical model.

Then, the analytical frequency response of the tilting plate can be calculated with
MATLAB by using the parameters shown in Table 3.2.

Table 3. 2: Parameter used in both analytical and simulated tilting plate models

Pa 101000 Pa
Lef fective 1.862x 107> Pa.s
L 200 um
W 200 um
t 3 um
p 2330 kg/m3
m 2.796x 10719 kg
Yo 4 pm
keiex 6 X 1078Nm/rads
s (hole 50 um X 50 um
size)

Simulated model in COMSOL MULTIPHYSICS
The procedure for creating a model that matches the analytical is:

1. Sketch atilting plate in COMSOL MULTIPHYSICS using the same parameters
as in analytical model.

2. The hole in the center is using Boolean Operations by subtracting the big square
plate and small square plate (hole) so that this model is one element.

3. From the time response, collect each maximum displacement value of the free
edge for different input frequencies. The simulated magnitude ratio is equal to the
angle 6 divided by the torque T.
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Figure 3.12 shows the mesh for the COMSOL model. The ‘Free Tetrahedral’ element is
used. The element shape is triangle and it has three nodes. According to the test, mesh
dimension of ‘Coarse’ is sufficient for the mesh optimization, and the elements at the
corners of the hole are well connected. This model has 5200 elements; it will take 10-15
minutes to get one frequency response point.

Figure 3.12: Mesh for the COMSOL model

Figure 3.13 shows the air damping pressure distribution in COMSOL of 200 um X
200 um tilting plate with a 50 um X 50 um hole in the center. The highest air damping
pressure occurs at the edge between the two adjacent edges closed element and two
opposite edges closed element. This is reasonable because no air crosses that edge.

4 ¥ 582

Figure 3.13: The air damping pressure distribution on the surface
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Figure 3.14 shows the frequency response. This tilting plate is a 200(um) x 200(um) square
plate with a 50(um) x 50(um) hole in the center. The results indicate that the analytical
model matches the simulation very well. Three more models are built in order to identify
the analytical model.

a 50 um *50 um size hole in the centet

Magnitude Ration{rad/(N*m))

08 ) L ) ) L L ) |
0 0.5 1 15 2 25 3 35 4
Frequency(rad/s) X 105

Figure 3.14: The 200(um) *200(um) tilting plate with a hole in the center
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Figure 3.15 shows additional comparisons for different hole size tilting plates. The results
indicate that the analytical model matches the simulation very well. The analytical
frequency response can be produced in 1 minute, but each point of the simulation result
needs at least 10 minutes or 90 minutes for the 9 points in Figure 3.13(a). So the analytical
model is much more efficient. The air damping will influence the magnitude ratio; the
magnitude ratio at the resonant frequency increases when the air damping decreases. Figure
3.15 shows that increasing the hole size reduces the air damping. On the other hand, a large
hole reduces the plate area available for actuation, sensing and also absorbing the chemical
materials. This analytical model can be used to do design optimization.

7 7
x 10
2)_(10 35"

30(um)*30(um)
o < COMSOL

70(um)*70(um)

& COMSOL

Magnitude Ration(rad/{N*my))
Magnitude Ration({rad/{N*m))

08

I I I
0.5 1 15 2 25 3 35 4 0 1 2 3 4 5

I ! I 05 I L I

06 1 L
0

Frequency(rad/s) <10 Frequency(rad/s) . 105
(@) (b)
x10
5 =
90(um)™90(um)
451 % COMSOL

Magnitude Ration{rad/{N*m))

05 L I I I i
0 1 2 3 4 5

Frequency(rad/s) 5

(©)

Figure 3.15: The 200(um) *200(um) tilting plate with a different hole size in the center
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3.2 Square Tilting plate about its diagonal

This section derives an analytical squeeze film damping model of a tilting plate about its
diagonal according to the Green’s function approach used in previous section. A rigid
rectangular plate connected by two leg beams at the corner and it’s consider as a fixed-free
torsional beam. The gap between the plate and the substrate is uniform held as a constant
if the plate is not oscillating.

3.2.1 Analytical model of square tilting plate without holes

This section builds an analytic damping force model of a square tilting plate about its
diagonal using the Green’s function. The domain of the tilting plate is—% <x< %and

—% <y< % corresponding to a rectangular plate with length a and width a. The four

edges are assumed to have ideal venting, and the plate tilts about its diagonal y = —x. The
plate can be represented with a model as shown in Figure 3.16.

\1/3’
/ -/
/ yZ

y=-=x

Figure 3.16: The tilting plate about its diagonal
For this plate, the normalized displacement is approximated as:
H(x,y, t) = H’xTTyej“’t (3.54)

Y and ho is
ho

the displacement occurs at the tip of (%, %) and (— % —%). The maximum angle of rotation
can be described as:

Where H'is the normalized magnitude of displacement in z direction, H' =

Omax = tan 2h,H' Ja (3.55)
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Because the boundary condition is ideal venting on four edges in this situation, the
eigenfunctions u,,,, and eigenvalues k,,,, calculated by two-dimensional scalar Helmholtz
equation can described as:

4
() = [5E03 ) 952 () (356)

Where cos is used for m, n = {1, 3, 5....} and sin is used for m, n = {2, 4, 6....}. The
corresponding eigenvalues are:

(3.57)

The normalized pressure can be calculated by the integral equation shown in Darling’s
paper:

8(-1)™M/2"1(—1)(n-D/2 _jyH'ewt mmx nmy

P(x,y,t) = ),m=even sin cos— +
( 'Y ) 2 n=odd m2mn Jw+kZpmn/a? a b
8(—1)M-D/2—yv/2=1 _jyH'ej0t mnx . nmw
Y m=oda =2 > ! 27 cos T sin =2 (3.58)
n=even T mn jw+k%mn/a a b

Where m = (2, 4, 6...) and n = (1, 3, 5...). The torque is calculated by force times the
distance, so the normalized restoring torque can be described as:

+a/2 f+b/2 x+y

(t)=PF, [ o2 Jopjs 3P0y, Ddxdy

32a3P, —jwH'el®t
= Zm=even " Za > > 3 (359)
n=odd V2mtm2n? jo+k?mp/a

P, is the ambient pressure.
According to the Hooke’s law,

T=Fd=ko0 (3.60)
The rotational angle 8 is calculated by the maximum displacement at the tip divided by
half length of the diagonal, 68 = Ltip_ The torque can then be rewritten as:

V2a/2’
(t) 32 —jwel®t  2a
2 =Em=even 422 ;i 2 2
a’Pg n=odd T*m?n? jo+k mn/a 2
32 —jwel®t \2aVyp
= Ym=even ——k

n=odd ®*m?n? jw+k?mn/a® 2 hy

32 —jwel®t Vii
= Zm:even 2. 2.2 - > > )2 Lp
n=odd Nom*mn® jo+k*mn/a

= Smeeven 22 _Joel_ V2ayz (3.61)

n=odd hom*m?n? jow+k?pyy/a?
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The normalized restoring torque function can be used to find stiffness and damping of air.
The real part value is the spring component (k) of air, which is calculated by the reaction
torque divided by the rotational angle (6). The imaginary part value is the damping
component (b) of air, which can be calculated by the reaction torque divided by the rotation
angle velocity (w6):

o 2
kair = Re(2m=even 32 _](Ue] i (@) aZPa) (3'62)

_ 4m2n2 . k%2mn
n=odd hom*mn jo+—3% 2

32 —jejot (\/Ea
2

2
bair = Im(Zmzeven ) aZPa) (363)

2
n=odd h0n4m2n2 j(l)+k r;m
a

According to the Newton’s second law and the free body diagram, the equation of motion
for a second order rotational system is:

16(t) + b(w)8(t) + k(w)B(t) = t(t) (3.64)

Where b is the damping coefficient of air, and k is the sum of stiffness of material and
air. k = Kgjey + kg | is the mass moment of inertia, which can be calculated by:

I = —=ma? (3.65)

The magnitude ratio function can be expressed as:

00 L (3.66)
O ((prextair(@))-IX0()2) +Bair(@)xw (1)?

Then, the analytical frequency response of the tilting plate can be calculated with
MATLAB by using the parameters shown in Table 3.3.

Table 3. 3: Parameter used in both analytical and simulated tilting plate models

Pa 101000 Pa
Lef fective 1.862x 107> Pa.s
L 200 um
W 200 um
t 3um
p 2330 kg/m3
m 2.796x 10719 kg
Yo 4 pm
Kfiex 2 x 107’Nm/rads
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Simulated model in COMSOL MULTIPHYSICS

Figure 3.17 is showing the COMSOL model is created as before except that silicon beams
(representing torsional springs) are connected at two diagonal corners of the plate.

50

100

150

Figure 3.17: Tilting plate about its diagonal in COMSOL

Figure 3.18 compare the frequency responses of the analytical and COMSOL models. For this
model, the analytical result are pretty close to the simulation results.

x10°
17

200(L)"200(W)
10 o o COMSOL

Magnitude Ration(rad/(N*m))

Frequency(rad/s)

Figure 3.18: The frequency response of tilting plate about its diagonal
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3.2.2 Tilting plate about the y axis with a hole in the center

Adding a hole in the center of tilting plate would reduce the air damping and increase the
Q value. Different hole sizes are tested during the design process. The tilting plate is
divided into eight kinds of rectangular plates with four different boundary conditions. As
Figure 3.19 shows, Element ‘A’ has two adjacent edges closed, element ‘B’ has two
adjacent edges closed, element ‘C’ has two opposite edges closed along the x axis, and
element ‘D’ has two opposite edges closed along the y axis. The analytical equations of
each element can be derived.

Figure 3.19: Tilting plate about its diagonal with a hole in the center

The square plate in Fig 3.19 has length “a” and it tilts about its diagonal. The maximum
displacement in z direction occurs at the tip of (7, ) and (==, — ). It can be described as:

H(x,y,t) = H' %eﬁ"t (3.67)

Where H' is the normalized maximum displacement at the tip of (%, 2) and (==, —2).

Element A with two adjacent edges closed

The domain of the compressed area of element ‘A’ in Figure 3.19 is taken to be a;<x < a,
and b;<y < b,, corresponding to a rectangular plate of dimensions a x b, where a = a,-
a,and b = b,-b,. Plate ‘A’ has two adjacent edges closed, the boundary conditions can be

expressed as Z—z =0atx=a,,and ‘;—; = 0 aty = b,. With venting P=0 along the other two
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edges of x=a, and y=b,. According to these boundary conditions, the eigenfunctions
become:

4
i (53) = [ 052 (x — ay) + cos 2 (v — by) (368)
Where m, n={1, 3, 5.....}. The associated eigenvalues are
m2n?  n?m?
kmn = ? + 4b2 (369)

Following the approach described in Darling’s paper, the normalized pressure distribution
for this kind of plate can be derived as

16 m-1 n-1
P(x, Y, t) = err::gggm [n (mﬂ(az + b,) X (1) =z — Za) X(—1)z —
m-1_ _jyH'eJwt
2mb(—1) 2 ]W X cos%(x —a;) X cos% (y—»b1) (3.70)

The restoring torque on the plate can be computed as:

b
(t) = P, f;lz fb:%P(x, y, t)dxdy

— —joH' eJ®t 64ab m

B errlzjggg fa jw+kZmn/a? * N2Lsmésm*nt x (n (mn(az + by) x (—1) 2 Za) X
n-1 m—1 2

-7z - Zmb(—l)T) 3.71)

The real part value is the spring stiffness (k) of air, the imaginary part value is the damping
(b) of air. The stiffness of air underneath tilting plate is the spring component of the reaction
force divided by the tip displacement.

kspring =1(t)/H’

—jwelwt 64ab m-1

X (n (mn(az + b)) X (—1) 2z —

= Re [Zm:odd Pa

n=odd jo+kZmn/a?  N2Lxmésm*snt
L m-1y2
Za) X (=1)2 —2mb(-1) 2 ) ] (3.72)

Similarly, the damping coefficient of air underneath tilting plate can be determined from
the damping component of the reaction force divided by the tip velocity:

bdamping = T(t)/v

—jejot 64ab
=Im =odd P,
nmots P o X G

* (n (mn(a2 + b,) X (—1)"17_1 —

n—-1 m—1- 2
2a) x (=12 —2mb(-1) 2 ) ] (3.73)

Element B with two adjacent edges closed

The domain of the compressed area of element ‘B’ in Figure 3.9 is taken to be a;<x < a,
and b;<y < b,, corresponding to a rectangular plate of dimensions a % b, where a = a,-
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a,;and b = b,-b,. Plate A has two adjacent edges closed, the boundary conditions can be
expressed as Z—i =0 atx=a,, and Z—s = 0 aty = b;. With venting P=0 along the other two

edges of x=a, and y=b,. According to these boundary conditions, the eigenfunctions
become:

() = [ 2500522 (0 = x) = 0s 22 (y = b) 374)
Where m, n={1, 3, 5.....}. The associated eigenvalues are
2.2 2.2
o = S+ (3.75)

The normalized pressure distribution for this kind of plate can be derived as

_ 16 m-1 n-1
P(x,y,t) = ngzgggm [n (mn(a1 + b)) X (—1) 2z + Za) X(-1)z —
m-—1 i I jwt
2mb(—1) z | B LR, cos% (a; —x) % cos% (y—b1) (3.76)

jwtkZmn/a?

The restoring torque on the plate is:

b
(t) = P, f;lz fb12 (szy)P(x, y, t)dxdy

— —jwH'el®t 64ab et

B errllzggg fa jo+kZyn/a? " 2LsmOxm*nt X (Tl (mn(al + bZ) X ( 1) 2+ Za) X
n-1 m—1 2

(-D7z - Zmb(—l)T) (3.77)

The real part value is the spring stiffness (k) of air, the imaginary part value is the damping
(b) of air. The stiffness of air underneath tilting plate is the spring component of the reaction
force divided by the tip displacement.

kspring = T(t)/H,

—jwelot 64ab m-1

X (n (mn(al + b,) X (—1)7_ + Za) X

n-1 m—1- 2
(-1 —2mb(-1) 2 ) | (3.78)

= Re = P
Bt Fo s * Vasomtos

Similarly, the damping coefficient of air underneath tilting plate can be determined from
the damping component of the reaction force divided by the tip velocity:

bdamping = T(t)/v

—jejot 64ab
=Im =odd P,
oty o s X e

* (n (mn(a1 + b,) X (—1)"17_1 +

2

2a) x (-7 — Zmb(—l)mT_l) 1 (3.79)
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Element *C’ with two opposite edges closed along the x axis

The domain of the volume is taken to be a;< x < a, and b;<y < b,, corresponding to a
rectangular plate of dimensions a x b, where a = a,-a;and b = b,-b,. Plate ‘C’ has two
opposite edges closed along the x axis, the boundary conditions can be expressed as Z—z =

0 at x = a4, and x = a,. With venting P=0 along the other two edges of y= b;and y=b,.
According to these boundary conditions, the eigenfunctions become:

tn(63) = [0 (- b) (380)

Where cos is used for n is equal to odd, sin is used for n is equal to even. Here, b'= (batby)

The associated eigenvalues are

2.2
Kmn = =52~ (381)
The normalized pressure distribution for this kind of plate can be derived as

—]a)H el

P(x,y, t) Yin=even >< (— 1) X m X sin°- (}’ b") +
2(2x+by+b L S ja)t
Vncoda “2ot D x (<1)'F x U ¢ cos ™ (y — b) (382)

The restoring torque on the plate can be computed as:
b
7(t) = P, faalz fblz(’%’) P(x,y, t)dxdy

—jwH'eJot V2b3a
Jw+k2,n/a% " Lxm2xn2

—jwH'eIWt \2bx[(2a,+by+b1)3—(2a;+b,+b;)3]
Jw+k2 /a2 6% L2402

+ Zn=odd Pa

= Zn=even a

(3.83)

The real part value is the spring stiffness (k) of air, the imaginary part value is the damping
(b) of air. The stiffness of air underneath tilting plate is the spring component of the reaction
force divided by the tip displacement.

sprmg =1(t)/H’

—jwH'ejot V2b3a —jwH'eJwt
=Re[2n=even Pa : ! + Zn:odd Pa : .
jw+k2mp/a? T Lm2sn? Jw+k2mn/a?
\/be[(ZaZ+b2+b1)3—(2a1+b2+b1)3]] (3.84)

6*L*2xn2

Similarly, the damping coefficient of air underneath tilting plate can be determined from
the damping component of the reaction force divided by the tip velocity:

bdamping = T(t)/v

_ _jej(ut V2b3a _jejwt
_Im[2n=even Pa ; 2 2 2.2 + Zn:odd Pa ; 2 2
jw+k mn/a L*mr4*n Jw+k%mn/a
V2bx[(2a,+b,+b1)3—(2a;+by+b;)3
[( 2 2 1) 1 2 1 ]] (3.85)

6*L*m2xn2
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Element ‘D’ with two opposite edges closed along the y axis

The domain of the compressed area of element ‘D’ in Figure 3.19 is taken to be a;<x < a,
and b;< y < b,, corresponding to a rectangular plate of dimensions a x b, where a = a,-
a,and b = b,-b,. Plate ‘D’ has two opposite edges closed along the y axis, the boundary

conditions can be expressed as Z—; = 0 at y= b;and y=b,. With venting P=0 along the other

two edges of x = a; and x = a,. According to these boundary conditions, the eigenfunctions
become:

2 ,
i (53) = [0 (e ) (3.86)
Where cos is used for m= odd; sin is used for m= even. The corresponding eigenvalues are
2.2
e = " (3.87)

Following the approach described in Darling’s paper, the normalized pressure distribution
for this kind of plate can be derived as

_ -2a n o —jwH'el®t . nm ,
P(x,y,t) —anevenTmLx( 1)z ij+k2mn/a2><51n P (x —a') +
2(2y+aq+as) . n-i —jwH'ejwt nmw.
Yn=oaa = o X (F1) 2 xma— s Xcos - (x —a') (3.88)

As the same integral way showed in Darling’s paper, the restoring torque on the plate can
be computed as:

b
(t) =P, f;lz fb:%P(x, y, t)dxdy

_y —joH'eiot V2a3b +y p —jwH'eJ®t

n=even fa jw+k2mn/a2 L+Tr2+n2 n=odd ta jw+k2mn/a2
ﬁax[(2b2+a2+a1)3—(2b1+a2+a1)3] (3 89)

6xL*12*n2 .

The real part value is the spring stiffness (k) of air, the imaginary part value is the damping
(b) of air. The stiffness of air underneath tilting plate is the spring component of the reaction
force divided by the tip displacement.

kspring =1(t)/H’

—jwelot V2a3b —jwelwt
=Re - P - P—F—
[Zn—even a jw+kZmn/a? L2 %02 + Zn—odd a WtkZ /a2
V2ax|[(2b,+ay+a,)3-(2bi+ay+aq)3
[(2by+az+ay) 1t+az+aq ]] (3.90)

6xL*12*n2
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Similarly, the damping coefficient of air underneath tilting plate can be determined from
the damping component of the reaction force divided by the tip velocity:

bdamping =1(t)/v

_ _jej(ut V2a3b _jejwt
_Im[2n=even Pa . + Zn:odd Pa :
jw+kZpn/a?  Lxm2sn? Jw+kZ i/ a?
«/fax[(zbz+a2+a1)3—(2b1+a2+a1)3]] (3.91)

6% L2502

Compare the frequency responses of analytical and COMSOL

After building the analytical equation of all four elements, the analytical model of tilting
plate with a hole in the center can be got. According to the restoring torque of the three
elements showed above, the k,; and b,;, are all corresponding to the maximum z

displacement occurring at the tip of (%, %) and (— % —%). So it is reasonable to get the

kiotarair aNd brorqrqir DY add kg and by, of each elements together. As showing in
Figure 3.19, the tilting plate has 8 elements which are combined by 2 of element “‘A’, 2 of
element ‘B’, 2 of element ‘C’” and 2 of element *D’. The total air stiffness and air damping
can be expressed as:

ktotal,air: Zka + Zkb + ch + de (392)
Drotatair= 2ba + 2by, + 2b, + 2b, (3.93)

As before, the mass moment of inertia (1) can be calculated by:
1 1
I = Ernbiga2 - Ernsmalls2 (3.94)

Where m,,,is the mass of the original plate is, a is the length of the original plate. And
msmau 1S the mass of the square hole plate, s is the length of the plate as a hole.

The same transfer function showed in regular tilting plate, the frequency response of the
tilting plate with a hole can be got.

6(t) 1
o _ (3.95)
(®) \/((kflex+kair,total (w))_lxw(t)z)z +(bair,total(w)xw(t))2
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Then, the analytical frequency response of the tilting plate can be calculated with
MATLAB by using the parameters shown in Table 3.4.

Table 3. 4: Parameter used in both analytical and simulated tilting plate models

Pa 101000 Pa
Hef fective 1.862x 107> Pa.s
L 200 um
W 200 pm
t 3 um
p 2330 kg/m?3
Yo 4 um
Kfiex 6 x 10"8Nm/rads
s (hole 50 pm x 50 um
size)

Simulated model in COMSOL MULTIPHYSICS

Sketch a tilting plate in COMSOL MULTIPHYSICS by using the parameters the same as
in analytical model. As the plate was assembled by 8 elements, make sure add a wall
between each element connecting edges, make sure the flow rate cross the edges equal to
zero so that no air cross that edges, it satisfied the same boundary condition assumption as
in the analytical model.
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Figure 3.20 shows the air damping pressure distribution in COMSOL of 200 um X
200 um tilting plate with a 50 um x 50 um hole in the center. The highest air damping
pressure occurs at the two adjacent edges closed element. This is reasonable because this
element experiences the largest compression displacement and no air cross that edge.

Trme-l.ed s fufuce Srevrae el

10 . | i | als

B —

= a4 j

3 ;

L] » 100 1% w AR 1]

Figure 3.20: The air damping pressure distribution on surface

Figure 3.21 shows the frequency response by Frequency (rad/s) versus Magnitude Ratio.
This tilting plate is a 200(um) x 200(um) square plate with a 50(um) x 50(um) hole in the
center. The results indicate that the analytical model matches the simulation very well.
Three more models are built in order to identify the analytical model.

x 10
Pl6r

50{um)*50(um}) hole
24r 4 COMSOL

22}

2 L
18]
16}

141

Magnitude Ration(rad/{N*m])

12F

1+

I I *
05 1 15 2 25 3 R 4
Frequency(rad/s) 5

0.8 | |
0

Figure 3.21: The frequency response of tilting plate about its diagonal with a hole
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Figure 3.22 shows additional comparisons for different hole size tilting plates. The results
indicate that the analytical model matches the simulation very well. This analytical model
can be used to do design optimization.

+ *** 30{um)*30(um) hole 60(um)*60{um)
2+ + +  COMSOL i 4L COMSOL

=

IMagnitude Ration(rad/(N*m))
Magnitude Ration{rad/(N*m})

0.8

0 05 1 15 2 25 3 35 4 0 05 1 15 2 25 3 35
Frequency(rad/s) Frequency(rad/s)

(@) (b)

T0{um)*70{um)
+ COMSOL

Magnitude Ration{rad/(N*m))
~

05 I L I | L I L I
0 05 1 15 2 25 3 35 4
Frequency(rad/s) 5

(©)
Figure 3.22: The 200(um) *200(um) tilting plate with different hole size in the center

3.3 Optimization of both tilting plates

The vapor sensor is covered by a chemical coating, which is used to absorb the particular
chemical vapor molecules. The mass of the tilting plate will increase due to the absorbed
chemical vapor. The goal is find the optimum hole size which has low air damping force
and large chemical coating area for absorbing the chemical vapor. In order to simplify the
calculation, Miller and Li [21] defined a new measure Qs, which is just need two points of
the root mean square deviation (RMSD) measurement. It is expressed as below:

(MZ _Mno)2+(M11;o_Ma )2
QS:\/ b(Mno)2+(Mab)2 % 100% (3.96)
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Where M, and My, are the magnitude ratio at the resonant frequencies of the absorbed
mass system and without absorb system, respectively. Figure 3.23 shows the frequency
responses for two different systems with and without absorb chemical vapor mass. And
also shows the parameters in the previous equation.

x10"
7,

)

Mz, / :
Esf E
E MTLO

absorb
without absorb

Magnitude Ration(rad/{N

Frequency(radis) e D5

Figure 3.23: The parameter definitions of Qg

The tilting plate is coated with a polymer chemical coating that will absorb the particular
chemical vapor. For example, in [17], the plate is coated by PPEOsNa+ polymer to absorb
nerve gas analog (DMMP). The DMMP will be absorbed approximately 5.6 mg/m? by 100
nm thick polymer coating. Because the coating area corresponds to the tilting plate area, in
this case, | assume that the absorbed chemical vapor adds 10% to the mass of the plate.
This thesis is focus on how the hole size will influence the Qs of tilting plate. The table 3.5
below shows the parameters that used in the optimization design of both tilting plate.

Table 3. 5: Parameters used in both tilting plate models.

Pa 101000 Pa
Hef fective 1.862x 107> Pa.s
L 200 pm
W 200 um
t 3 um
p 2330 kg/m3
Yo 4 um
Keiex 6.2 X 1078 Nm/rads
bmaterial 1 x 1071* Nms/rads
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In the transfer function equation for the tilting plate with a hole in the center, MR, and
MR, represents the magnitude ratio with 10% chemical vapor mass absorption and
without chemical mass absorption, respectively.

o(t)

MRab = _’[(t)

1

2 2
((kflex + kair,total (0))) I (1 + 10%) X W(t)z) + ((bair,total (a)) + (bmaterial) X W(t))

IGCH 1

MRno = 205 = > -
t ((kflex + kair,total(w)) —Ix W(t)z) + ((bair,total(w) + (bmaterial) X W(t))

Figure 3.24 shows how the Q¢ change with different hole size of tilting plate about y axis.
The highest Qs is 73% with the hole size of 170 um.
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Figure 3.24: Sensor sensitivity Q¢ with different hole size for tilting plate about y axis
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Figure 3.25 shows how the Qg change with different hole size of tilting plate about
diagonal. The highest Qs is 68.42% with the hole size of 170 um.

X170
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Figure 3.25: Sensor sensitivity Q¢ with different hole size for tilting plate about diagonal

Compared the tilting plate about y axis, tilting plate about diagonal in terms of Q. In the
same situation with the 10% mass is added to the entire surface of the model, tilting plate
about y axis model gives the highest Qs value which is 73%, tilting plate about diagonal
gives Qs value of 68%. The reason is that for the same size plate, tilting about diagonal has
more damping force than tilting about y axis.

3.4 Optimization based on capacitance to voltage

The frequency response discussed above does not relate to the electronic actuation force
and capacitance sensing area. The magnitude ratio is calculated by dividing a rotation angle

e . . : :
by a torque, or —Foran electronic actuated with capacitance sensing resonant mass sensor,
the input should be voltage, and the output should be capacitance. The magnitude ratio of
interest is Z—;. According to [17], this new magnitude ratio can be found from:

dc _ dfdc dr

dav dr do dv (3'97)
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Figure 3.26 shows the tilting plate is oscillated with small rotation about an offset angle 6,
which is caused by a DC offset voltage V,,. For the lowest energy consumption, the
electrostatic voltage should be close to the free edge with the smallest gap. Therefore, the
red area is used for capacitance, and the green area is used for actuating.

z Capacitance sensing
capacitance Actuating voltage
/
e x
° voltage «Ij do
’ = "N
ground substrate | a !

Figure 3.26: Sensing and actuating area in tilting plate with a hole in the center

The equation for capacitance is:

dC = edAg

- Jo+tanOxx

(3.98)

Where A; is the capacitance area, ¢ is the permittivity of air, g, is the gap between actuator
and substrate. Because 6 is a small angle, so that tanf = 6. dA;, = W, X dx. Where W,
is the width of the tilting plate.

_ E&Wdx
- go+0x

(3.99)

The domain of the capacitance area is —% <x < —%, The equation for the capacitance
force is:

-
€= f—gz go+0x
o eWq
f__Z go+0x dx
Wy —2
= Tlog(go +0x) a (3.100)
2
Wa
¢ =22 (log(go — 63) — log(go — 65)) (3.101)

Where a is the length of tilting plate, and s is the length of the hole.
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In order to obtain an expression for Z—Z, differentiating the C equation:

ac _ d(MTa(log(go—G%)_log(go_6%)))

dao dao

(ﬁiw—log(go+9 ) 209 i 9+log(go+9—)>

= eW, (3.102)

92

The domain of the actuating area is % <x< % the equation for the actuating area is
showing blow.

eV2dA,

AF = 3 gezon?

(3.103)

Where A4, is the actuating area, ¢ is the permittivity of air, g, is the gap between actuator
and substrate. And dA, = W X dx. Where W is the width of the tilting plate. Then
converting the force to torque:

ev? Wax
= [ xdF = f; 2 0—9x)2

VIW, (o x
a fsz x
2 Y2 (90—6%)?

a
_eViw,

Sar- 2o+ log(go — 62)): (3.104)
2

_eVAWa [ 9o AN S
= 00— %) - 22 o (50 92)) 0109

0—06=

Where a is the length of tilting plate, and s is the length of the hole. This equation indicates
that the angle 6 is dependent by the hole size s. The tilting plate with different size hole, it
will have different offset angle.

In order to obtain an expression for Z—;, substitute 8 = % into the equation shows above.

go_% —log(go - 0§)>=2k93

VW, <gog_°H + log (go — %%) — 2 —log (go — ——)) = 2k(—)3 (3.106)
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Differentiating this equation gives:

2 ZgOkT(a—s)(—BgOkt(a+s)+5asrz+12g02k2)I _ar\_ st )
ZT( (at-290k)2 (sT—2g0k)2 '3l°g(g° zk) 31°g(g° zk)

dt =2VeW,dv
1 1 at ST\ 2 a
kz(2‘90k(at—290k+290k—sr)_log(go_ﬁ)-'_log(go_ﬁ))
1 1 at ST\ 2
ﬂ _ ZVSWakZ(z'gok(aT—Zgok+Zgok—sr)z_LOg(go_ﬁ)-’-bg(go_ﬁ)) (3 107)
av 2gokt(a—s)(-8gokt(a+s)+5ast2+12g9%k?) | at ST ’
2T2< (at-2g9k)2(st-2g9k)?2 +3 log(go_ﬁ)_3 log(go—ﬁ))

Substitute % = @ into the equation shows above. At the set point of V; and 7, the slope is:

1 1 a s,\\2
E _ ZVEWG'(ZQO(ae—ZgO+290—59)_IOg(go—Ee)-'_lOg(go—Ee)) (3 108)
av 2g00(a—s)(-8gob(a+s)+5as62+12g92) | a s )
292( (a8-2g0)2(s60-29¢)*2 +3 IOg('gO_Ee)_s IOg(gO_EG))
For the rotational angle to the torque, the transfer function is:
ae 1
il v (3.109)
dt mse“+bse+k
Combining these three equations,
a6 a s6 s
d_C _ ﬁd_cﬁ _ 1 W 2g0+390_10g(g0+00;)_2g0+2‘90+log(go+905)
AV drdOdV  msi2+bse+k a 0>
1 1 a s 2
2V€Wa(2g0(a90—2g0+2g0—590)_10g(g0_590)+10g(g0_590)) (3 110)

2 2g060(a—s)(—SgOGO(a+s)+5a5902 +1Zgoz)
20y

a N
(aBp—290)2(s89—290)? F3 IOg('go _590)_3 log(go _590)>

According to this equation, Z—;Z—; depends on the hole size s. As mentioned before, it’s

more efficient if the actuating area is close to the free edge near the substrate (assuming an
offset voltage is applied). Therefore, assuming that the actuation area and sensing area are
constant and not dependent on hole size, then the variable 's" in previous equation is a

constant. Then Z—g;—; is a constant. It indicates that the frequency response for % differs

from Z—‘i only by a constant multiple. Therefore, it will not influence the Qs shape in
previous section.
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CHAPTER 1V: Resonant Mass Sensor Design Based on Fixed-

Free Cantilever

4.1 Fixed-Free micro-cantilever without hole

The fixed-free micro-cantilever structure is a common resonator design, and it is strongly
impacted by squeeze film compressive damping. This section derives an analytical squeeze
film damping model of a micro-cantilever according to the Green’s function approach [22].
The fixed-free cantilever with no hole can be represented with the model shown in Figure
4.1. The electrostatic actuating force is assumed to be a concentrated force at the tip.

z

edge Load FONm)y

/
Figure 4.1: The fixed-free micro-cantilever without hole

According to the Green’s function, the net reaction force is calculated as

64 8 .o —jwlH' et

F(t) = abPa ZZl::ggg T4m2n2 (1 - 7.[zmz) ot ko2 @2 (41)
Form, n={1, 3, 5......}, and the corresponding eigenvalues are
m?n?  n?n?
kmn == ? + b2 (42)

Where w is the vibration frequency, pa is the ambient pressure, a and b are the length and

width of the cantilever, respectively. The length of a is the plate dimension in the direction

of bending. The “H'” is the normalized maximum deflection of the cantilever at the free-

end. Based on the isothermal condition, the Il = 1. According to the squeeze number
2p

function, a? = 1—2 where u is the viscosity of air.
Nho*Pq

The real part value is the spring stiffness (k) of air and the imaginary part value is the
damping (b) of air. The stiffness of air is the spring component of the reaction force divided
by the tip displacement.

kspring =F(t)/H’

= abP, XRe[Ym=o0dd 7_[4;; (1
46

_jwrlejwt

jwtkmn?/a?

8

m2m?

)? ] (4.3)

2
n=odd n



The damping coefficient of air underneath a cantilever can be determined by the damping
component of the reaction force divided by the tip velocity:

bdamping =F(t)/v

64

—j jwt
= abP, XImag[Ym=0dda —— (1 Jolle
n=odd

jw+kmn?/a?

8

m2m?

2
T4m2n2 )

(4.4)

After obtaining the stiffness and damping coefficient of air, the analytical model can be
built. As mentioned before, the electrostatic force is assumed as a concentrated load at the
free end of the cantilever as shown in Figure 4.2.

/ }-" | edige load FO%m)

/ 4

Figure 4.2: The free body diagram of cantilever

b. 4

According to Newton’s Second Law and the free body diagram, the equation of motion is:

F(t) =mv+bv + kv (4.5)
The transfer function can be expressed as:
V(s) _ 1 (4.6)

F(x)  ms2+bs+k

Where m is the effective mass of the cantilever, b is the damping coefficient of air, and k
is the sum of stiffness of material and air.k = kgjey + kgirr . V(S) is the maximum

displacement at the free end of the cantilever and F(s) is the maximum sinusoid force,
V(s) . . .
where —= is the magnitude ratio.
F(s)
Substitute s=jw into the transfer function, the magnitude ratio was calculated by:
|V(jw) _ 1 _ 1
FGo)l — [(k=mw?)+(bw)jl ~ J(k(@)-mw)2+(b(w)w)?

4.7)

Because the sinusoid force was applied at the free end of cantilever, the stiffness of material
should be calculated by the equation:

k=2 (4.8)



Where L is the length of the cantilever, E is the young’s modulus which is equal to 170 x
10° P, due to the property of silicon. | is the moment of inertia of the cantilever, which

* 3 - - - - - -
equals to %, where b is the width and h is the height of the cantilever. The effective mass
can be calculated by the equation shown below:

1.875\2 [EI
0=(7) = (4.9)
[k
w = — (4.10)

Where w is the resonant frequency of the cantilever, A is the cross-section area and k is the
stiffness of the cantilever. We can then get the effective mass.

The analytical frequency response of the cantilever was calculated with MATLAB using
the parameters shown in Table 4.1.

Table 4. 1: Parameter used in cantilever without hole

Pa 101000 Pa
Heffective 1.862x 107> Pa.s
L 300 um

W 50 um

t 3 um

p 2330 kg/m3
Yo 4 um
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Simulated model in COMSOL MULTIPHYSICS
The procedure for creating a simulation model in COMSOL was the following:

1.

2.

w

Choose the solid mechanics physics and time dependent model to sketch a 300 um
x 50 um x 3 um cantilever.

Set the thin-film damping on the bottom surface of the cantilever with a gap of 4
um, the ambient pressure is 1 atmospheric pressure and the viscosity of air is 22.6 X
107° Pa.s in a room temperature of 293.15 K.

The material of the cantilever is silicon.

Apply the sinusoidal load 1 x 10~2xsin(wxt) N/m at the free edge of the cantilever.
Make sure the deflection will be in the elastic region, and make sure the tip
deflection is smaller than the gap.

Collect each tip displacement value at the free edge in different frequencies. From
that, the magnitude ratio is equal to the tip displacement divided by the total edge
load.

Figure 4.3: Micro-cantilever model was built in COMSOL

Figure 4.4 shows the mesh for the COMSOL model. Again, the ‘Free Tetrahedral” element
can be used. According to the test, mesh dimension of ‘Coarse’ is sufficient for the mesh
optimization. This model has more than 5000 elements; it takes 10-15 minutes to get one
frequency response point.

Figure 4.4: Mesh of cantilever is COMSOL
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Figure 4.5 compares the frequency responses between the analytical and COMSOL models. The
analytical result is close to the simulation results. Like before, the analytical model outputs

aresult in just 1 minute, and each point of the simulation result requires at least 10 minutes
running time.

251

300(L)50(W)

< COMSOL

Magnitude Ration{m/N)

Frequency(rad/s) 5

Figure 4.5: The frequency response of cantilever without hole

Figure 4.6 shows additional comparisons for different sized cantilever. The results indicate
that the analytical model matches the simulation very well. As mentioned before, the air
damping will influence the magnitude ratio; the magnitude ratio at the resonant frequency
increases when the air damping decreases. Figure 4.6 shows that with the same length of
300um, narrowing the cantilever reduces the air damping. But more areas are needed for
actuation, sensing and also absorb the chemical materials. Therefore, add a hole in tilting
plate is a more efficient way to reduce air damping.

25-

300750
o COMSOL
300770

Magnitude Ration({m/N})

Frequency(rad/s) 5

Figure 4.6: The frequency responses of different sized cantilevers
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4.2 Fixed- Free micro-cantilever with a hole in the center

In order to reduce the air damping, a square hole was added in the center of the cantilever.
As shown in Figure 4.7, the cantilever was divided into 8 small plates with five kinds of
elements in total. Element ‘A’ has two adjacent edges closed, Element ‘B1’ has two
opposite edges closed along the y axis and element ‘B2’ has two opposite edges closed
along the x axis. Element “‘C1’ has three edges closed but venting along the y axis, element
‘C2’ has three edges closed but venting along the x axis. According to the element
equations with different boundary conditions [22], the analytical equation of each element
shown in Figure 4.7 can be obtained.

R‘H—\B
o \'w\tt

S : f \,ﬂ_}_‘ “a_\‘
o, B2 R

“'-u, Bl T

: A 2"y
200 a
=
. D
1

Figure 4.7: The cantilever with a hole in the center model in COMSOL

The cantilever is fixed at the left side with the maximum displacement in z direction
occurring at the right edges. The normalized displacement of the plate can be described as

H(x,y,t) = H'(:)%e* (4.11)

Where L is the length of the cantilever and H' is the maximum displacement at the free end.

4.2.1 Element ‘A’ with two adjacent edges closed

The domain of the compressed area of element ‘A’ in Figure 4.7 has two adjacent edges
closed. To derive the analytical equation of element ‘A’, begin with the equation for the
regular cantilever with two adjacent edges closed as shown in Figure 4.8. The integral
procedure is the same as the cantilever shown above. The only things changed are the
eigenfunctions and corresponding eigenvalues corresponding to different boundary
conditions. The domains of element ‘A’ are taken to be 0 <x <aq, —§<y <§,

corresponding to a rectangular cantilever of dimensions a < b. The two adjacent edges
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closed are expressed as 3_1; =0aty= g, and z—z = 0 at x =0, with ideal venting P=0 along
the remaining two edges of x =a andy = — g.

}Z"

Figure 4.8: The micro-cantilever with two adjacent edges closed

The eigenfunctions are:

4 b
Unn (X, y) = \/%cos% (x) * cos% (y + 5) (4.12)
Where m, n = {1,3,5.....}. The associated eigenvalues are
m2n?  n?m?
kmn = ? + 4b2 (413)
The concentrated force at the tip of the plate can be expressed as:
—jwH'eJ®t 64ab
F(8) = Em=oaa Pa 5o * oo * (7 = 8)° (4.14)

The real part is the spring stiffness (k) of air, and the imaginary part value is the damping
(b) of air. The stiffness of air underneath cantilever is the spring component of the reaction
force divided by the tip displacement.

kspring = F(t)/H’

—jwel®t 64ab
= Re[Zmzodd Pa -
n=odd jw

* (m?m? — 8)?] (4.15)

k2 Rlry——
+Xmn - wémon
a

Similarly, the damping coefficient of air underneath cantilever can be determined from the
damping component of the reaction force divided by the tip velocity:

bdamping = F(t)/v

—jwel®t 64ab

* (m*m? — 8)?] (4.16)

= Im[Zmzodd Pa 2
n=odd jo+¥mn 7 mémon?

The magnitude ratio function shown below,

|V(jw) _ 1 _ 1
F(jw) [(k(w)-mw?)+B@)w)jl  /(k(w)-mw?2)2+(b(w)w)?

(4.17)

Where m is the effective mass of the cantilever, b is the damping coefficient of air, and k
is the sum of stiffness of material and air. V(jw) is the maximum displacement at the free
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end of the cantilever and F(jw) is the maximum sinusoid force, where &Z) is the

. . F(jw)
magnitude ratio.

Simulated model in COMSOL

Build a 300 um x 50 um x 3 um cantilever in COMSOL as it is shown in the regular
cantilever part. Create the boundary conditions “wall” at the two adjacent edges that can
make sure no air cross those edges. It will satisfy the same boundary condition as two
adjacent edges closed in the analytical model. Collect each maximum displacement value
of the free edge in different frequencies. The simulated magnitude ratio is equal to the free
end displacement X divided by the applied sinusoid force F.

08

Element A

< COMSOL
07+

06+

05r

04+

Magnitude Ration{m/N)

03r

02r

01
0

Frequency(rad/s)

Figure 4.9: Regular cantilever A" with two adjacent edges closed

The simulate result and analytical result are fit good in Figure 4.9, that demonstrated that
the analytical model of regular cantilever ‘A’ is worked. Then we can start to integral the
analytical model of element ‘A’ showed in Figure 4.7.

The domain of the volume is taken to be a;< x <a, and b;< y< b,, corresponding to a
rectangular plate of dimensions a x b, where a = a,-a,and b = b,-b,. Plate ‘A’ has two

adjacent edges closed, the boundary conditions can be expressed as Z—i =0atx =ay, and

3_1; =0 at y = b;. With venting P=0 along the other two edges of x= a, and y=b,.
According to these boundary conditions, the eigenfunctions become

Unn(6,¥) = 5085 (x = ay) * cos 70 (v = b) (4.18)

Where m, n={1,3,5.....}. The associated eigenvalues are

m2n2  n2n?

Kmn = " + 20 (4.19)
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Following the approach described in Darling’s paper, the normalized pressure distribution
for this kind of plate can be derived as

P(x,y,t) =
i i I, jwt m—1
16(-1) 2 —jwH'e e mm
Ym=odd 4( 3) = 2((ﬂzmzazz—Saz)(—l) 2 —4namal)*cos—(x—
n=odd n*msnlL ](‘)+k mn/a 2a

a,) * cos% (y —by) (4.20)

As the same integral way showed in Darling’s paper, the concentrated force at the tip of
the plate can be computed as:

b
F(O) =P [, [, ?P(x,y,)dxdy
1 2

. I, jowt LS
jwH'e) 64ab ((nzmzazz 8a2)(—1) 2 —4nama1)
(4.21)

The stiffness of air underneath tilting plate is the real component of the reaction force
divided by the tip displacement.

= =odd Pa
err::ggg jw+kZpn/a?  L*m8mén?

kspring = F(t)/H’

—jwel®t 64ab m-1 2

* ((n2m2a22—8a2)(—1)7_ — 47tama1) ]
(4.22)

Similarly, the damping coefficient of air underneath tilting plate can be determined from
the imaging component of the reaction force divided by the tip velocity:

bdamping = F(t)/v

—jejot 64ab
=Im =odd Pa
[ngzggg jw+kZ,,/a?  L*m8mén?

= Re[Zmzodd Pa

n=odd jw+kZ,,/a?  L*m8mén?

m-1 2
* ((n2m2a22—8a2)(—1)7 — 47rama1) ]

(4.23)
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4.2.2 Plate “B1” with two opposite edges closed along the y axis

The domain of the compressed area of element ‘B1’ in Figure 4.7 has two opposite edges
closed along the y axis. Derive the analytical equation of element ‘B1’. Begin with the
equation for the regular cantilever with two opposite edges closed as shown in Figure 4.10.
The same integral procedure as shown in element “‘A’. The two adjacent edges closed are
expressed as 3_1; =0aty= g, y = —g, with ideal venting P=0 along the remaining two

edges of x =0, x = a,

Figure 4.10: The micro-cantilever with two opposite edges closed along the y axis

The eigenfunction is:

2
Umn (X, ) = J:—bgz’:%" (x=2) (4.24)
Where cos is used for n= odd; sin is used for n= even. The corresponding eigenvalues are
2.2
ko =3 (4.25)

Following the approach described in Darling’s paper, the normalized pressure distribution
for this kind of plate can be derived as
P(4,7,) = Encota s ez (wPni=4)(~1)'7 ) x cos ™ (x = 2) +

m3n3 ]w+k2 /a?

2 —jwH' et nm a
—_— (- 1)2 X sm?(x — —) (4.26)

Zn evennn}w+k2 /a? 2

The concentrated force at the tip of the plate can be expressed as:

_ _ij/ej(A)t 2ab 2.2 2 —ja)H'ejwt 2ab
F(t) = Zn=odd Pa ~w+k2_2n gy * (T[ n- — 4) + Zn:even Pa jo+k2,/a?  mw2n?

: (4.27)
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The air stiffness and air damping can be known using force function. Then compared the
simulate result with analytical result using magnitude ratio.

051

Element B1
045} < COMSOL

04r

035

03t

Magnitude Ration(m/MN)

Freguency(rad/s)

Figure 4.11: Regular cantilever '‘B1" with two opposite edges closed along the y axis

The simulate result and analytical result are fit pretty good shown in Figure 4.11, that
demonstrated that the analytical model of regular cantilever ‘B1’ is worked. Then we can
start to integral the analytical model of element “‘B1” showed in Figure 4.7.

The domain of the volume is taken to be a;< x < a, and b;<y < b,, corresponding to a
rectangular plate of dimensions a x b, where a = a,-a,and b = b,-b,. Element ‘B1’ has

two opposite edges closed along the y axis, the boundary conditions can be expressed as

%~ 0at y= b,and y=b,. With venting P=0 along the other two edges of x = a; and x =

oy
a,. According to these boundary conditions, the eigenfunctions become:
2 cosnm ,
umn(x: }’) - \/:_b Sin; (.X,' —a ) (428)

. . . + .
Where cos is used for n= odd; sin is used for n= even. Here, a’'= @ The associated
eigenvalues are

(4.29)

Following the approach described in Darling’s paper, the normalized pressure distribution
for this kind of plate can be derived as

_ 2 —jwH'ej®t 2 2 2 2 2 n-1 nm
P(x,y,t) = Ym=odd R (11 m-(a,” + a,°) — 4a )(—1) Z % cos;(x —a)+
2 —jwH'eJ®t 2 2 o . onm
Lim=even s Tomie ez (1 — @2 ) (=17 #sin"= (x —a’) (4.30)
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As the same integral way showed in Darling’s paper, the concentrated force at the tip of
the plate can be computed as:

b
F(O) =P [, [, ?P(x,y,)dxdy

—jwH' eJot . 2ab .
jw+kZpn/a?  mwémoL*

x (a;” — ay?)? (4.31)

= Zm:odd Pa
—jwH'eJ®t . 2ab
jw+kZn/a?  mw2m2Lt

2
(m?m?(a,” + a,?) — 4a?)" +

Zm:even

The real part value is the spring stiffness (k) of air, the imaginary part value is the damping
(b) of air. The stiffness of air underneath cantilever is the spring component of the reaction
force divided by the tip displacement.

kspring =F()/H’

=Re [Zm:odd Pa

—jwelwt 2ab
Yim=even Pa -
jo+

—jwelwt b 2
A 20, (m?m?(a,” + a;,?) — 4a?)" +

. K2mn rbm6L2
Wz

x (ay” — a,?)?] (4.32)

k2 s
mn m4m-L
a2

Similarly, the damping coefficient of air underneath cantilever can be determined from the
damping component of the reaction force divided by the tip velocity:

bdamping = F(t)/v

=Re[2m=odd Pa .
]

—jelwt 2ab

k2 R ——
mn  emeL
a2

—jejot 2ab
*

2
(M?m?(ay” + a;%) — 4a2)" +

k2 R
+1‘£m To°meL
a

Zm:even Pa ] * (alz - azz)z] (4-33)

Jw+
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4.2.3 Plate ‘B2’ with two opposite edges closed along the x axis

Begin with the equation for the regular cantilever with two opposite edges closed along the
X axis as shown in Figure 4.12. The same procedure shows above. The two adjacent edges

closed are expressed as Z—i = 0 at x= 0, x = a, with ideal venting P=0 along the remaining
b

two edges of y = g, y=-3

!

Figure 4.12: The micro-cantilever with two opposite edges closed along the x axis

The eigenfunction is:

2
() = [ 7) (4:34)

Where cos is used for n= odd; sin is used for n= even. The associated eigenvalues are

n?n?

Following the approach described in Darling’s paper, the normalized pressure distribution
for this kind of plate can be derived as

4x? —jwH'eJwt

nl? jw+k2;,y,/a?

P(,Y,8) = Snmoad (-1 cos™ (3) (4.36)

The concentrated force at the tip of the plate can be computed as:

b
F(O) =P [, [, ?P(x,y,)dxdy

_y 8ab —jwH'el®t
- n=odd5nz

(4.37)

n? jo+k?2m,y/a?
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The air stiffness and air damping can be known using force function. Then compared the
simulate result with analytical result using magnitude ratio.

Element B2
161 *  COMSOL

Magnitude Ration{m/N)

Frequency(rad/s) 5

Figure 4.13: Regular cantilever 'B1" with two opposite edges closed along the x axis

The simulated result and analytical result match well as shown in Figure 4.13; that
demonstrated that the analytical model of regular cantilever ‘B2’ works.

Then we can start to derive the analytical model of element ‘B2’ shown in Figure 4.7. The
domain of the volume is taken to be a;< x < a, and b;< y < b,, corresponding to a
rectangular plate of dimensions a x b, where a = a,-a;and b = b,-b;. The boundary

conditions of element B2 can be expressed as z—z = 0 at x = a4, and x = a,. With venting
P=0 along the other two edges of y= b;and y=b,. The eigenfunctions becomes:

2

U (,) = |25 087 (v = b") (4.38)

Where n={1,3,5.....}. Here, b'= @. The associated eigenvalues are

n?m?

kmn — Tpz (4-39)

The normalized pressure distribution for this kind of plate can be derived as

2 _iopgljot n-1
P(x,,t) = Tm=even o JUE (1) cos ™ (y) (4.40)

n
n=odd TNL? jo+k?mpn/a?

The concentrated force at the tip of the plate can be computed as:

b
F(©) =P [, f, Q?P(x,y,)dxdy

) 8a®+h —jwH'e/Wt
= ) m=even
n=odd S5T*N?L* jw+k?y,n/a?

(4.41)
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The stiffness of air underneath cantilever is the spring component of the reaction force
divided by the tip displacement.

kspring = F(t)/H’

= Re[Smecven 2Lt _ZJwi'elet
n=odd 5m*n?L* jw+k?mn/a?

(4.42)

Similarly, the damping coefficient of air underneath cantilever can be determined from the
damping component of the reaction force divided by the tip velocity:

bdamping = F(t)/v

8aS+h  —jwel®t

= Im|) m=even
[Z n=odd ST*N2L* jo+k?mp/a?

(4.43)

4.2.4 Plate “C1” with three edges closed but venting along the y axis

As shown in Figure 4.14, the derivation begins with the equation for the regular cantilever
with three edges closed but venting along the y axis. The boundary condition can be

expressed as z—z =0atx=0,x=a,and Z—s =0aty= g, with ideal venting P=0 along the

remaining two edges of y = — g,

}r

1
!

X

Figure 4.14: The micro-cantilever with three edges closed and venting along the y axis

The eigenfunctions is:

b
Unn (X, y) = \/g cos % (y + 5) (4.44)

Here cos is used for n = odd. The associated eigenvalues are

n?m?
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The normalized pressure distribution for this kind of plate can be derived as

ax?  —jwH' )t =t b
p =Zn=odd - [oo© (_1) z XCOSZ_Z(:V—I_E) (4'46)

nl? jw+k2;,y,/a?

The concentrated force at the tip of the plate can be expressed as:

F(t) = Zn:odd Pa

The air stiffness and air damping can be found from the force function. Then the simulated
and analytical frequency responses can be compared..

—jwH'eJot . 8ab
jw+k2,n/a%  5xm2n2

(4.47)

Element C1
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Frequency(radis) «10°

Figure 4.15: Regular cantilever 'C1" with three edges closed and venting along the y axis

The simulated result and analytical result match well as shown in Figure 4.15, thus
demonstrating that the analytical model of regular cantilever ‘C1” works.

Then we can start to derive the analytical model of element ‘C1’ shown in Figure 4.7. The
domain of the volume is taken to be a;< x < a, and b;<y < b,, corresponding to a
rectangular plate of dimensions a x b, where a = a,-a;and b = b,-b,. Plate ‘C’ has three

edges closed but venting along with y axis, the boundary conditions can be expressed as

3_1; = 0 at y= b, and Z—i = 0 at x= a4, a,. With venting P=0 along the edge of x=b,. The

eigenfunctions become:

() = [Zcos (v =) (4.48)

Here cos is used for n = odd. The associated eigenvalues are

n?m?

The normalized pressure distribution for this kind of plate can be derived as
4 2 _; H’ jwt n__l
P(,9,) = En-odd mpz 7y ez ("1 2 C0S3 (v = b1) (4.50)
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The concentrated force at the tip of the plate can be expressed as:

b
F(O) =P [, f, Q?P(x,y,)dxdy

_y 8a®+h —jwH'el®t
T am=0ad 5p2n214 o4 k2 /a?

(4.51)

The stiffness of air underneath cantilever is the spring component of the reaction force
divided by the tip displacement.

kspring = F(t)/H’

_ Re[Z 8aS+bh —jwH'el®t
- n=0dd 5121214 jo+k? /a2

(4.52)

Similarly, the damping coefficient of air underneath cantilever can be determined from
the damping component of the reaction force divided by the tip velocity:

bdamping = F(t)/v

8aSxh  —jwel®t
=Im|),,=
[Zn—odd 5m2n2L% jw+k?2m,p/a?

(4.53)

4.2.5 Plate “C2’ with three edges closed but venting along the x axis

The derivation begins with the equation for the regular cantilever with three edges closed
but venting along the x axis as shown in Figure 4.16. The boundary conditions for three

edges closed but venting along with x axis are expressed as Z—i =0atx=0,and 3_1; =0at
y= g, y=— g. With ideal venting P=0 along the remaining two edges of x = a,

}r

Figure 4.16: The micro-cantilever with three edges closed and venting along the x axis

The eigenfunction is:

U (X, y) = \/%COS%()C) (4.54)
Here cos is used for n=odd. The associated eigenvalues is:
2.2
Kmn = " (4.55)
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The normalized pressure distribution for this kind of plate can be derived as

P(xr Y, t) = Zn:odd

4 —joH' et lejw (
m3n3 ]w+k2 /a2

2 8)(-1)7 xcos™Z (x) (4.56)

The concentrated force at the tip of the plate can be expressed as:
8ab —jwH'el® (

F(t) - Pa(Zn odd 6.6 6N jw+kZ,/a?

The air stiffness and air damping can be known using force function. Then compared the
simulate result with analytical result using magnitude ratio.

2n2 — 8)2) (4.57)
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Figure 4.17: Regular cantilever 'C1" with three edges closed and venting along the x axis

The simulated result and analytical result match well as shown in Figure 4.17, thus
demonstrating that the analytical model of regular cantilever ‘C2” works.

Then we can start to derive the analytical model of element *‘C2’ showed in Figure 4.7. The
domain of the volume is taken to be a;< x < a, and b;< 'y < b,, corresponding to a
rectangular plate of dimensions a x b, where a = a,-a,and b = b,-b,. Plate *‘C2’ has three
edges closed but venting along with x axis, the boundary conditions can be expressed as

3_1; =0 at y= by, b, and Z—i = 0 at x= a,. With venting P=0 along the edge of x = a,.

According to these boundary conditions, the eigenfunctions become:

() = [ZcosZ (x — ay) (458)
Where m = {1,3,5.....}. The associated eigenvalues are
2.2
Ko = "5 (4.59)
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Following the approach described in Darling’s paper, the normalized pressure distribution
for this kind of plate can be derived as

4 —jwH'eJ®t m-1
P(x, V t) = Zm=odd <

20020 2 _ Ga2Y(—1) 7 — M x —
L Ttk e (m*m“a,* —8a*)(—1) 2 4nama1> *cos——(x

a,) (4.60)

Following the approach in Darling’s paper, the concentrated force at the tip of the plate can
be computed as:

b
F(O) =P, [, [, G)*P(x,y, Odxdy

—jwH'el®t 8ab
= Ym=oda Pa- 2 z X o4
jw+k?,n/a?  wOmMOL

2
m—1
* <(n2m2a22 —-8a%)(-1)z — 47Tama1> (4.61)

The stiffness of air underneath cantilever is the spring component of the reaction force
divided by the tip displacement.

kspring =F()/H'
m-1

2

—iwelwt g8ab m-1
= Re[Ym=oaa Pa jw+]ka2)fnn/a2 * n626L4 * <(1t2m2a22 —-8a%)(-1)z — 47Tama1> ]
(4.62)

Similarly, the damping coefficient of air underneath cantilever can be determined from the
damping component of the reaction force divided by the tip velocity:

baamping = F(t)/v

—jejot ,_8ab
Jw+k2,n/a%  wOmMOL*

2
m—1
=Im[Y m=oaq Pa * <(1T2m2a22 —-8a%)(-1) "z — 4nama1> ]

(4.63)
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4.3 Comparison of the pressure between analytical model and COMSOL model

For the cantilever with a hole in the center, COMSOL and analytical models were used to
compare the damping pressure at several points. The damping pressure of analytical model
can be calculated according by the each element equation with the parameters showed in
Table 4.2.

Table 4. 2: Parameter used in cantilever with a hole in the center

Pa 101000 Pa
Hef fective 1.862x 107> Pa.s
L 300 pum
w 100 pm
t 3 um
p 2330 kg/m?3
Yo 4 um
s (hole size) 50 um X 50 pm

Figure 4.18 is showing the air damping pressure distribution in cantilever with a hole in
the center. The hole in the center is using Boolean Operations by subtracting the
rectangular cantilever and square plate so that this model is one element. The red area
represents the high air damping pressure, and the air damping pressure in the blue area is
small. This pressure distribution is reasonable, because the area close to the free edge goes
large displacement, which means the air underneath was compressed more. This model is
close to the realty.

Al asu10tT

=
3
vof o .
o a0

v s

Figure 4.18: Pressure distribution in one element COMSOL cantilever model
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The air damping pressure of several points on each element in COMSOL model and
analytical model are compared at the frequency of 10000rads/s. This frequency is at the
very beginning of the frequency response, which means it has the lowest difference in
pressure compared to at other frequencies.

a, : 5 ohles o
. .
. 2
50 .
100
o 100

Figure 4.19: Points used to compare the damping pressure between analytical and COMSOL

Figure 4.20 shows the pressure comparison at element *‘A’, element ‘B2’ and element ‘C1’.
They are dependent on the x and y coordinates. The differences between analytical and
COMSOL are large even though this model is oscillating at 120000 rads/s, which is a very
low frequency. The pressures on element ‘A’ and element ‘B2’ increase with x because of
the increasing displacement along x axis. The analytical pressure of element ‘C1’ also
increases with x. The COMSOL pressure goes down at the end of element *C1’ because of
the hole. The air can flow out from the hole and thus reduce the damping pressure.
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Figure 4.20: Pressure comparison between COMSOL and analytical.
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Figure 4.21 compared the air damping pressure of several points on element ‘B1’ and
element *C2’. Analytical model shows that the damping pressure will not change by y axis,
because the analytical boundary conditions of element ‘B1’ and element ‘C2’ are
symmetric about x axis. But the pressure of COMSOL will changed along y axis. The
points closer to the middle line of cantilever model, the larger distance from the edge.

Prassura at the points in Element 81 Prassure at the paints in Elemant C2
: s anahucal
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. LA - same 7 value
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""" 200 yium)
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Figure 4.21: Pressure comparison between COMSOL and analytical

The comparison above indicates that the analytical model does not match reality. There are
two reasons for these results, the first is the boundary conditions assumption. The air
underneath the cantilever can cross each edge in the real life, but the boundary conditions
of analytical model prohibit the air cross the closed edges Secondly, the deflection shape

function of cantilever. The analytical shape function i |s = in previous analytical model, but

this equation is the simplest way to describe the bendlng shape in cantilever. Some more
models need to be compared.
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4.4 Investigation of the boundary condition assumptions

The same micro-cantilever was modeled in COMSOL with the parameters shown in Table
4.2. The cantilever was divided into 8 small plates with five kinds of elements in total. The
COMSOL model was adjusted to mimic the analytical model in terms of the boundary
conditions. For example, Element ‘A’ has two adjacent edges closed, Element ‘B1’ has
two opposite edges closed along the y axis and element ‘B2’ has two opposite edges closed
along the x axis. Element ‘C1’ has three edges closed but venting along the y axis, element
‘C2’ has three edges closed but venting along the x axis. A narrow element with a width
of 0.1 um was used to separate neighboring elements, and the damping on these narrow
elements was set to zero. This creates a “wall” between elements that has the same effect
as the analytical boundary conditions shown in Figure 4.22. A sinusoidal edge load 1 x
102xsin(wxt) N/m is applied at the free edge of the cantilever. Several points at the
bottom surface of cantilever are created. The damping pressures at these points were found
for different input frequencies.

no damping

hole

Figure 4.22: Cantilever with a hole in the center in COMSOL

Figure 4.23 shows the air damping pressure distribution in cantilever with a hole in the
center. The pressure distribution is not as smooth as the first model. This model is close to
the analytical model, but not reality.

Time=3e-5s Surface: Pressure (Pa)

A 14

¥Yo

Figure 4.23: Pressure distribution in eight elements cantilever model
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For a very low frequency of 10000rads/s, Figure 4.24 shows the damping pressure of the
three elements “‘C1’, ‘B2’ and ‘A’. They all change with x and y. Element ‘B1’ has the
large damping pressure (about 10 Pa) and small difference (about 20%) compared to the
other elements. It is because the element ‘B1’ is close to the free edge so that it has the
highest compressional displacement and its own boundary condition. Element ‘C1” and
element ‘B2’ have smaller damping pressures. The pressures decrease toward the venting
edge in the y axis and increase along the x axis because of increasing compression.
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Figure 4.24: Pressure comparison between analytical model and COMSOL model with boundary
walls
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Figure 4.25 shows that the damping pressure on element ‘C2’ and element ‘B1’ are
independent of y axis, which is reasonable because these two elements are symmetric about
the x axis.

Fressure atthe points in Element 81 Pressure at the points in Element C2
: :\lg&‘;g{_ ®  anahtical
'] “amn Z valu o ¢ comEoL
. . @ L vals 3, » - . - same £ value
* - i
- * . -
15 2 h -
. . ; .
L]
104 . ¢ e . " v '
— 2] ;] H
Z ! N . . . |
w5 . . ; ’ 3 i
. . H b b . R . i
i . * [ R . B e \ a
0. 4 - WO \ H
- , 30 SO L] H
an \_\ \\ e L S £ ) i
e ", - ' . ' .
> . - a5 e H
a5 sl . e . ;
e : 20 \\ : T bt
e 280 0" REUE H
an” ™ T A . RO . . -
N e 240 N : v 120
45T 20 457 —— 100
45 \;\ S e *4 60
- {1 =
yium) 507 180 wfum) s g o

x{um)

Figure 4.25: Pressure comparison between analytical and COMSOL model

These results indicate that the analytical model and the COMSOL model with walls
match fairly well. The difference is up to 20%. This COMSOL model is not a realistic
model because of the boundary conditions. The closeness of the analytical and
COMSOL pressures demonstrates that the boundary condition assumptions that
worked well for other geometries cause a problem in the model of cantilever with a
hole in the center.

4.5 Investigation of the deflection function

2
The deflection of the cantilever is approximated as x—z in Darling’s paper. This assumption
L

is different from the real analytical function. Because of the concentrated load applied at
the free end of cantilever in COMSOL simulated model, the analytical deflection equation
can be found.

Z

EI Ly T

|
L ME | Lx |

Figure 4.26: Free body diagram of cantilever with a concentrated load at free edge
Figure 4.26 shows the deflection model, The moment and curvature equations are:
M(x) = —=F * (L — x) (4.64)
ExI+V(x)=M()=—F*(L—x) (4.65)
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Integrating twice to find the displacement V in the y direction produces:
ExI+V(x)=[—Fx(L—x)dx

x2
=—F « (Lx - ?) + C; (4.66)
E*I*V(x)=f—F*(Lx—xz—2)dx+Clx+Cz (4.67)

The boundary condition of the cantilever is Z—Z (0)=0,V(0) = 0.
C1=0, C2=0.

The boundary conditions of the cantilever are Z—Z(O) =0,V(0) = 0. From these, the
integration constants are:

E*I*V(x)=f—F*(Lx—xz—2)dx=—F*(%—§)
Fx?
abs(V(x)) =E*(3L—x)

abs(V(tip)) = V(L) = I;—;

1/3x%> x3 .
V(ix) = E(L_Z_ L—3) * V(tip) (4.68)
Figure 4.27 compares the cantilever displacements between COMSOL, simple

2 2 3
approximate ’LC—Z and polynomial approximation %(‘% — ’Z—s) The cantilever is 300 um x

100um with a 0.01 N/m load applied at the free end edge. The polynomial approximation
plot goes through all the COMSOL results. The difference between these two results is

between -1.12% to 1.92%. The difference between COMSOL and the ’z—z model result is

almost 20%. This demonstrates that the polynomial equation gives a very good
approximation of the cantilever deflection that is much better than the simple
approximation..
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Figure 4.27: Compare the deflection shape between COMSOL and two analytical models
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4.6 Pressure comparisons with different deflection equations

The boundary conditions for the one edge closed cantilever are expressed as Z—i =0atx=
0, with ideal venting P=0 along the other three edges. The eigenfunction is expressed as:

Upn (X, y) = \/azb cos % (x) X cos n{ ) (4.69)
Where cos is used for m, n = odd; The associated eigenvalues are
m2n? = n?n?
Kpn = o T (4.70)

The normalized displacement of the plate can be described as

13
H(xyt)==(=-—)He™
(xy.t) 2(|_2 L3)

Where L is the length of the cantilever and H' is the maximum displacement at the free end.

(4.71)

The normalized pressure distribution for this kind of plate can be derived as

m—1

((7r3m3)(—1)mT_1 - 24) (-1)z x cos% X

nmy
cos—= 4.72)

16 —jwH'e/®t
P(x,y,t) = )=
( ) y: ) Zn—odd n5m4n jw+k2n/a2

The concentrated force at the tip of the plate can be computed as:

* ((7T3m3)(—1)mT_1 - 24)2 (4.73)

—jwH'eJ®t  64WL

k2 Rl
4 mw'men
a2

F(t) = ¥Xn=0aa Pa

jw
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Figure 4.28 compares the damping pressures of the analytical model using the two different
deflection equations to COMSOL. The cantilever is 300um X 50um X 3um. A load of
1 X 10~%xsin(wxt) N/m is applied at the free end edge. Figure 4.27 shows the pressures
for a frequency of 10000 rad/s. The polynomial results are closer to COMSOL results; the
difference between these two models is almost around 11%. The difference between

2
COMSOL and the analytical model with the simple deflection approximation ’;—2 is almost
25%.

Pressure at the points in regular cantielver 300 um *50 um
AR & COMSOL
#  polynomia

s 7

y{um) x(urmy

Figure 4.28: Pressure comparison between COMSOL and two analytical models

This figure demonstrates that the deflection function influences the damping pressure.

2
There is no doubt to say that the deflection equation ’Z—Z is one of the reasons that explains
why the damping pressure is different in the model of cantilever with a hole in the center.

4.7 Optimization of micro-cantilever by COMSOL

The vapor sensor is covered by a chemical coating, which is used to absorb the particular
chemical vapor molecules. The mass of the cantilever will increase due to the absorbed
chemical vapor. The goal is find the optimum hole size which has low air damping force
and large chemical coating area for absorbing the chemical vapor. Following the parameter
Qs defined by Miller and Li [21], which is just need two points of the root mean square
deviation (RMSD) measurement. It is expressed as below:

17y M) + (Mg —Map)?
0, = \/ oMo+ O Mot ¢ 1009 (4.74)
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Where M, and My, are the magnitude ratio at the resonant frequencies of the absorbed
mass system and without absorb system, respectively. Figure 4.29 shows the frequency
responses for two different systems with and without absorb chemical vapor mass. And
also shows the parameters in the previous equation.
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Figure 4. 29: The parameter definitions of Qg

The cantilever is coated with a polymer chemical coating that will absorb the particular
chemical vapor. For example, in [17], the plate is coated by PPEOsNa+ polymer to absorb
nerve gas analog (DMMP). The DMMP will be absorbed approximately 5.6 mg/m? by 100
nm thick polymer coating. Because the coating area corresponds to the cantilever area, in
this case, | assume that the absorbed chemical vapor adds 10% to the mass of the plate.
This thesis is focus on how the hole size will influence the Qs of cantilever. The table 4.3
below shows the parameters that used in the optimization design of cantilever by COMSOL.

Table 4. 3: Parameters used in COMSOL cantilever model

Pa 101000 Pa
U 2.26x 107> Pa.s
L 300 pm
W 100 pm
t 3 um
p 2330 kg/m?3
9o 4 pm
kfiex Calculated by COMSOL
Automatically
baterial Calculated by COMSOL
Automatically
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The steps for creating a COMSOL model and got the Qs value were as follows:

1.

2.
3.

7.

8.

9.

Sketch a cantilever with a hole in the center in COMSOL MULTIPHYSICS as
show in Figure 4.19 using the parameters in Table 4.3.

Choose the solid mechanics physics and eigenfrequency model.

Set the thin-film damping on the bottom surface of the cantilever with a gap of 4
um, the ambient pressure is 1 atmospheric pressure and the viscosity of air is 22.6 X
107° Pa.s in a room temperature of 293.15 K. The material of the cantilever is
silicon.

Find the first model of eigenfrequency that is the resonant peak frequency with no
absorption as show in Figure 4.29. And record this frequency value.

Run the time dependent model. Apply the sinusoidal load 1 x 1072xsin(wxt) N/m
at the free edge of the cantilever with the frequency of eigenfrequency got last step.
My, shown in Figure 4.29 can be got by collect the maximum displacement value
of the free edge.

Add 10% mass to the entire cantilever, M, shown in Figure 4.29 can be got by
repeat step 5.

Run the eigenfrequency model again to find the resonant peak frequency with 10%
mass absorption as show in Figure 4.29. And record this frequency value.

Repeat step 5, M}, shown in Figure 4.29 can be got by collect the maximum
displacement value of the free edge.

M,,, can be got by repeat step 5 with no absorption.

10. One point of Q¢ value can be got by the equation 4.74.

Figure 4.30 shows how the Q¢ change with different hole size of fixed-free cantilever. The
highest Qs is 5.207% with the square hole size of 60 um.
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Figure 4. 30: Sensor sensitivity Qg with different hole size for cantilever based on dx/dF
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CHAPTER V Conclusion and Future Work

The ambient pressure, temperature and gap all influence the air damping force. This thesis
work keeps these factors as constants while focusing on optimal shape as a way to reduce
the air damping. The goal is to build an analytical model and use it to perform design
optimization.

This research has developed analytical models of squeeze film damping for three kinds of
resonant mass sensor shapes. The first type is a rigid tilting plate about y axis with a hole
in the center. Frequency dependent spring constants and damping coefficients of air can be
found using a compact squeeze film damping model with appropriate boundary conditions.
The k and b values for multiple elements can be added together to produce models for more
complex geometries, such as a tilting plate with a hole. The analytical frequency responses
were calculated by a lumped parameter system in MATLAB. To validate the analytical
model, COMSOL was used to create simulated frequency responses. The analytical results
and simulated results for the tilting plate with hole in the center matched well. The
analytical model can be used to find the best hole size that would maximize the resonant
mass sensor parameter Qs, which includes both detectability and sensitivity parameter of
sensor. Qs is a two point RMS calculated from the magnitude ratio at two resonant
frequencies with and without absorption. Instead of optimization by finite element method,
the analytical model really makes the optimization more efficient.

The second type of resonant mass sensor is a rigid tilting plate that rotates about its diagonal.
The same modeling approach was used. The frequency responses of analytical model and
COMSOL model match very well. The analytical model is subsequently used for design
optimization.

The third type of resonant mass sensor is a fixed-free micro-cantilever with a hole in the
center. In this case, the frequency responses generated from the analytical and numerical
models did not agree. The discrepancy was explored further by comparing the analytical
and COMSOL pressures of several points on the cantilever. The comparison showed that
the boundary condition assumptions, necessary to derive the analytical model, do not hold
up well. Also, the shape of the cantilever deflection changes as the hole size changes; thus,
an analytical model would need the added complexity of a variable shape.

The models were used to make comparisons of the tilting plate about y axis, tilting plate
about diagonal, and cantilever in terms of Q. Comparing the same size tilting plates and
same parameters used shown in Table 3.5, with a 10% mass added to the entire surface,
the tilting plate about y axis gives the higher Q value at 73% versus the tilting plate about
diagonal Q, value of 68%. The reason is that for the same size plate, tilting about diagonal
has more damping force than tilting about y axis. The cantilever with a hole in the center
shown in Table 4.3 gives Q, value of 5.2%. It is low because only the mass added near the
free edge has a big influence on the resonant frequency shift.

Several possible extensions of this research remain as future work:
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1. For both rigid tilting plates, the analytical models of squeeze film damping focus on a
square hole in the center. Additional work needs to be done for changing the location of
the hole, the shape of the hole such as circle, hexagon and also multiple holes.

2. For micro-cantilever, some new boundary condition elements need to be created that
better approximate realistic flow conditions.

3. With a viable analytical model, the effects of multiple holes and different locations of
holes can be explored in order to achieve more optimal designs.

4. For the tilting plate and micro-cantilever designs, the analytical capacitance-actuation
equation needs to be simplified, so that electrostatic actuation and capacitive sensing can

be included in the model (thus Z—E can be calculated in addition to dx/dF).

77



References

[1] M. Bernardine Dias, October 2000, “Investigating the Viability of MEMS Vapor
Sensors for Detecting Land Mines”, Carnegie Mellon University.

[2] F. Zee and J.W. Judy, August 2001, “Micromachined polymer-based chemical gas
sensor array” Sensor and Actuators, B72, pp. 120-128.

[3]]1S. Semancik, R.E. Cavicchi, M.C. Wheeler, J.E. Tiffany, G.E. Poirier, R.M. Walton,
J.S. Suehle, B. Panchapakesan, D.L. DeVoe, 2001, “Microhotplate platforms for chemical
sensor research” Sensor and Actuators, B77, pp. 579-591.

[4] J. Gong, Q. Chen, W. Fei, S. Seal, 2004, “Micromachined nanocrystalline SnO;
chemical gas sensors for electronic nose” Sensor and Actuators, B102, pp. 117-125.

[5] F.M. Battiston, J.P. Ramseyer, H.P. Lang, M.K. Baller, 2001, M.K. Baller, Ch. Gerber,
J.K Gimzewski, E. Meyer, H.J. Guntherodt “A chemical sensor based on a microfabricated
cantilever array with simultaneous resonance-frequency and bending readout” Sensor and
Actuators, B77, pp.122-131.

[6] F.M. Battiston, J.P. Ramseyer, H.P. Lang, M.K. Baller, 2001, M.K. Baller, Ch. Gerber,
J.K Gimzewski, E. Meyer, H.J. Guntherodt “A chemical sensor based on a microfabricated
cantilever array with simultaneous resonance-frequency and bending readout” Sensor and
Actuators, B77, pp.122-131.

[7] D.R. Baselt, B. Fruhberger, E. Klaassen, S. Cemalovic, C.L. Britton Jr, S.V. Patel, T.E.
Milsna, D. McCorkle, B. Warmack, 2003, *“ Design and performance of a microcantilever-
based hydrogen sensor” Sensors and Actuators, B 88, pp. 120-131.

[8] W. Newell, 1968, Miniaturization of tuning forks, Science 161, pp. 1320-1326.

[9] M. Bao, H, Yang, 2007, “Squeeze film air damping in MEMS” Sensors and Actuators,
A 136, pp 3-27

[10] S. Vemuri, G.K. Fedder, T. Mukherjee, 2000, “Low-order squeeze film model of
simulation of MEMS devices”, Sensors and Actuators, March 27-29, pp. 205-8.

[11] S S Mohite, H. Kesari, V R Sonti, R. Pratap, 2005, “Analytical solutions for the
stiffness and damping coefficients of squeeze films in MEMS devices with perforated back
plates”. Journal of Micromechanics and Microengineering, 15, 2083-2092.

[12] E.S. Kim, Y.H. Cho, M.U. Kim, “Effect of holes and edges on the squeeze film
damping of perforated micromechanical structures”, Korea Advanced Institute of Science
and Technology.

[13] A. Pursula, P. Raback, S. Lahteenmaki, J Lahdenpera, 2006, “Coupled FEM
simulations of accelerometers including nonlinear gas damping with comparison to
measurements”. Journal of Micromechanics and Microengineering, 16, 2345-2354.

[14] S. Nigro, L. Pagnotta, M. F. Pantano, 2012, “Analytical and numerical modeling of
squeeze-film damping in perforated microstructures”, Microfluid Nanofluid, 12, 971-979.

78



[15] P. Li, Y. Fang, F. Xu, 2014, “Analytical modeling of squeeze-film damping for
perforated circular microplates”, Journal of Sound and Vibration, 333, 2688-2700.

[16] P. Li, Y. Fang, 2015, “An analytical model for squeeze-film damping of perforated
torsional microplates resonators”, Sensors, 15, 7388-7411.

[17] C. Li, 2012, “Design and fabrication of resonant gas sensor for high sensitivity in the
presence of air damping”, dissertation of PHD in university of Michigan Technological
University, Houghton.

[18] K.L Ekinici, Y.T. Yang, M.L Roukes, 2004, “Ultimate limits to inertial mass sensing
based upon nanoelectromechanical systems”, J. App. Phys. 95, 2682 (2004).

[19] Yan. W, Chen WQ. “Structural Health Monitoring Using High-Frequency
Electromechanical Impedance Signatures” Advances in Civil Engineering. 2010.

[20] M.H. Miller, C. Li, 2013, “Objective Functions for Optimizing Resonant Mass Sensor
Performance”, Michigan Technological University, Stanford University.

[21] M.H. Miller, C. Li, 2013, “Objective Functions for Optimizing Resonant Mass Sensor
Performance”, Michigan Technological University, Stanford University.

[22] R.B. Darling, C. Hivick, J. Xu, 1998, “Compact analytical modeling of squeeze film
damping with arbitrary venting conditions using a Green’s function approach”, Sensors
and Actuators A 70 (1998) 32-41

79



	IMPROVED SENSITIVITY OF RESONANT MASS SENSOR BASED ON MICRO TILTING PLATE AND MICRO CANTILEVER
	Recommended Citation

	SongThesis.pdf

