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3. Abstract

We present a method for solving a fluid-fluid interaction problem (two convection-dominated
convection-diffusion problems adjoined by an interface), which is a simplified version of the
atmosphere-ocean coupling problem. The method resolves some of the issues that can be
crucial to the fluid-fluid interaction problems: it is a partitioned time stepping method, yet
it is of high order accuracy in both space and time (the two-step algorithm considered in this
report provides second order accuracy); it allows for the usage of the legacy codes (which is
a common requirement when resolving flows in complex geometries), yet it can be applied to
the problems with very small viscosity/diffusion coefficients. This is achieved by combining the
defect correction technique for increased spatial accuracy (and for resolving the issue of high
convection-to-diffusion ratio) with the deferred correction in time (which allows for the usage of
the computationally attractive partitioned scheme, yet the time accuracy is increased beyond
the usual result of partitioned methods being only first order accurate) into the defect-deferred
correction method (DDC). The results are readily extendable to the higher order accuracy cases
by adding more correction steps. Both the theoretical results and the numerical tests provided
demonstrate that the computed solution is unconditionally stable and the accuracy in both

space and time is improved after the correction step.

vi



4. Introduction

When attempting to solve a two-domain fluid-fluid interaction problem in a large domain
with complex geometries, several key issues immediately appear. The more complicated the
setting is, the more we are inclined to use the legacy codes - highly optimized black box
subdomain solvers. This is often the only available option, because the monolithic, coupled
problem can be difficult to efficiently discretize and solve. Thus, an attractive approach to some
problems (as an ambitious underlying goal, consider the hurricane prediction, an atmosphere-
ocean application on a huge domain with very complex boundaries and turbulent atmosphere
flow) is the partitioned time stepping method which would decouple the problem and allow for
the easy implementation of subdomain solvers. Additionally, these subdomain equations can
be solved in parallel, if the data is explicitly passed across the shared interface at each time
step.

Keeping with the goal of modelling the turbulent atmosphere-ocean flows using the preex-
isting codes for the atmosphere (separately) and the ocean, we seek, as a starting point of our
project, an unconditionally stable partitioned time stepping method for fluid-fluid problems.
Two of these methods, the IMEX method and the data-passing scheme, were proposed and
thoroughly investigated in [15]; the data-passing scheme, introduced in this paper, was proven
to be unconditionally stable for the two-domain heat-heat coupled problem. The same group of
authors then successfully applied this method to the atmosphere-ocean coupled problem, prov-
ing that there exists a modification of the interface condition that allows for the unconditional
stability of the data-passing scheme.

In this paper we aim at improving two existing flaws of this method: it is only first order
accurate in space and time, and it is not designed for the turbulent (or convection-dominated)
flows. Many turbulence models are available for the Navier-Stokes equations at high Reynolds
numbers, but most of them do not allow for the usage of legacy codes (see, e.g., [20] for a
deferred correction method combined with a turbulence model).

As a step towards the turbulent atmosphere-ocean coupling, we consider the two-domain
convection-diffusion problem at high convection-to-diffusion ratio (in the computational tests
we take the ratio of convection to diffusion coefficients to be 10°). The interface condition
is the linearized version of the rigid-lid condition used in meteorology, see [14] for a more
detailed discussion on the rigid-lid condition and the references therein. In order to create an
unconditionally stable, second order accurate in both space and time, partitioned time stepping
method, we apply the combined defect and deferred correction techniques to the data-passing
scheme of [15]. The combination of the defect and deferred correction was introduced and

1



successfully tested in [2] in application to the one-domain Navier-Stokes equations.

Consider the d-dimensional domain (in this report we consider d = 2) Q that consists of
two subdomains 2 and Qs coupled across an interface I (example in Figure 1 below).

The problem is: given b; € RY, v; > 0, f; : [0,T] — H'(9;)%,u;(0) € H () and x € R,
find (fori=1,2) u; : Q; x [0,T] — R? satisfying

Uir — ViAu; + b, - Vu, = f;,  in Q, (4.1)
—v;Vu; -n; = k(u;—uy), onl, i,j=12,i#7, (4.2)

ui(2,0) = ud(z), inQy, (4.3)

u, = gi, onl;=0Q\1I. (4.4)

Let
X, = {’Ui S Hl(Ql)d :v; =0 on Fz}

For u; € X; we denote u = (uy,us), f = (f1,f2) and X := {v = (v,v2) : v; € H*()? :
v; =0 on I';,és = 1,2}. A natural subdomain variational formulation for (4.1)-(4.4), obtained
by multiplying (4.1) by v;, integrating and applying the divergence theorem, is to find (for
1,7 =1,2,i# j) u; : [0,T] — X; satisfying

(ui,t,vi)gi—i-ui(Vui,Vvi)gi—I—/I K(u;—uj)vids+(bi-Vug, vi)a, = (fi,vi)a,, for allv; € X;. (4.5)
The natural monolithic variational formulation for (4.1)-(4.4) is found by summing (4.5) over
1,7 =1,2 and i # j and is to find u : [0,7] — X satisfying

(ug, v) +v(Vu, Vv) + /I k[u][vlds + (b- Vu,v) = (f,v),Vv € X, (4.6)

where [-] denotes the jump of the indicated quantity across the interface I , (-,-) is the L?(Q; U
Qo) inner product and v = v; in ;.

Figure 1 illustrates the subdomains considered here, representative of commonly studied
models in fluid-fluid and fluid-structure interaction, [10, 11, 15]. Comparing (4.6) and (4.5) we
see that the monolithic problem (4.6) has a global energy that is exactly conserved, (in the
appropriate sense), (set v =u in (4.6)). The subdomain sub-problems (4.5) do not possess a
subdomain energy which behaves similarly due to energy transfer back and forth across the
interface I. It is possible for decoupling strategies to become unstable due to the input of
non-physical energy as a numerical artifact.

Fluid-structure interaction problems, in particular blood flow models, are another typical
application of partitioned methods. In these models the equations of elastic deformation of

an arterial wall are coupled to equations of fluid flow through the vessel. Recently, it has
2
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Figure 1: Example subdomains, coupled across an interface I.

been shown partitioned methods may be employed for this problem with the addition of a
stabilization term on the fluid-structure interface. A defect correction step is implemented to
recover optimal time accuracy, (see [11]).

In this report, a second order in space and time, non-overlapping uncoupling method for
(4.1)-(4.4) is presented: the two-step Defect-Deferred Correction (DDC) method. At each
step of the method the interface term in (4.5) is advanced in time to give one step black box
decoupling of the subdomain problems in ©; and 5. Additionally, the deferred correction
technique allows for the different time scales to be used in different domains, and even for the
different terms within the same equation (see the work of Minion et al, [28, 7, 29] and the
references for more details). This is important when the rapidly changing atmospheric flow
is coupled the ocean flow that is changing at a much slower pace; also, the diffusion and the
convection terms sometimes need to be modelled at different time scales.

The general idea of any Defect Correction Method (DCM) can be formulated as follows
(see, e.g., [30, 8]):

Find a unique solution of Fx = 0, by

DCM: Use an approximation F to build an iterative procedure:

Fuz, =0, (4.7)

Tit+1 = (I — FﬁlF)I)CZ‘,’L' Z 1.

The choice of a particular approximation F determines the defect correction method in
use. The general idea of defect correction and deferred correction methods for solving partial
differential equations has been known for a long time, see the survey article [8]. Defect correction
was proven computationally attractive in fluid applications. See, e.g., [24, 18, 23, 2, 4, 25] and

references therein for other defect correction work relevant to fluids.
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The main advantage of the deferred correction approach is that a simple low-order method
can be employed, and the recovered solution is of high-order accuracy, due to a sequence of
deferred correction equations.

The classical deferred correction approach could be seen, e.g., in [19]. However, in 2000 a
modification of the classical deferred correction approach was introduced by Dutt, Greengard
and Rokhlin, [17]. This allowed the construction of stable and high-order accurate spectral
deferred correction methods. In [27] M.L. Minion discusses these spectral deferred correction

(SDC) methods in application to an initial value ODE

¢'(t) = F(t, (1)), t€lab] (4.8)
¢(a) = ¢a

The solution is written in terms of the Picard integral equation; a polynomial is used to inter-
polate the subintegrand function and the obtained integral term is replaced by its quadrature
approximation. In the case when the right hand side of the ODE can be decomposed into a sum
of the stiff and non-stiff terms, a semi-implicit spectral deferred correction method (SISDC) is
introduces, which allows to treat the non-stiff terms explicitly and the stiff terms implicitly.
These SISDC methods for solving ordinary differential equations are further discussed in [27].

The remainder of this work is organized as follows: in Section 5, notation and mathemat-
ical preliminaries are given and the two-step defect-deferred correction method is introduced
(Algorithm 5.1). The unconditional stability of the proposed method is proven in Section 6.
Convergence results are presented in Section 7, and computations are performed to investigate

stability and accuracy of a two-step DDC algorithm in Section 8.



5. Method Description, Notation and Preliminaries

This section presents the numerical schemes for (4.1)-(4.4), and provides the necessary
definitions and lemmas for the stability and convergence analysis. For D C €2, the Sobolev
space H*(D) = W*2(D) is equipped with the usual norm [l g7 (py» and semi-norm || g (p),
for 1 <k < 00, e.g. Adams [1]. The L? norm is denoted by ||-||p. For functions v(z,t) defined
for almost every ¢t € (0,T) on a function space V (D), we define the norms (1 < p < 00)

T 1/p
||”HLoo(o,T;v) =ess sup [v(-,?)[ly, and HU”Lp(o,T;v) = (/ ||U€/dt>
0<t<T 0

The dual space of the Banach space V' is denoted V.

Let the domain Q C RY (typically d = 2,3) have convex, polygonal subdomains €; for
i =1,2 with 002, N 9Ny = Q1 NQy = I. Let I'; denote the portion of 9€2; that is not on I, i.e.
Iy =0Q;\I. Fori=1,21let X; = {ve H(Q)* | v

r, =g}, let (-,-)q, denote the standard
L? inner product on €;, and let (-,-)x, denote the standard H' inner product on ;. Define
X = X1 XX2 and LZ(Q) = Lz(Ql) XL2(92). For u,v e X withu = [Ul,UQ]T and v = [Ul,UQ]T,

define the L? inner product

(u,v) = Z/ wv; da
Qs

i=1,2
and H'! inner product

(u,v)x = Z (/ uividx—l—/ Vui-Vvidx) ,

1=1,2

s

)1/2 1/2

and the induced norms ||v| = (v,v and ||v||x = (v,v)x ', respectively. The case where

gi = 0,7 = 1,2 will be considered here, and can be easily extended to the case of nonhomoge-

neous Dirichlet conditions on 9€; \ I.

Lemma 1. (X,||-||x) is a Hilbert space.

PROOF. The choice of boundary conditions for X; and X, will ensure X; C H(Q;), i = 1,2

are closed subspaces. Hence by the definitions of (-,-)x and ||-||x, (X, ||-||x) is a Hilbert space.
The following discrete Gronwall’s lemma and its modified version from [22] will be utilized

in the subsequent analysis.

Lemma 2. (Gronwall’s lemma) Let k, M, and a,,b,, cu,,, for integers > 0, be nonnegative
numbers such that

anJrkZbu§k2’y#aﬂ+chu+Mforn20. (5.1)
n=0 pn=0 n=0
Suppose that kv, < 1, for all u, and set o, = (1 — k’%)_l. Then,

an +k E bugexp<k g 0,/@) {k E cu—l—M} forn > 0. (5.2)
pu=0 pu=0
)

pu=0



The restriction on the time step can be waived if 7, = 0.

Lemma 3. (Modified Gronwall’s lemma) Let k, M, and a,,by,cu, vy, for integers pn > 0, be
nonnegative numbers such that

n n—1 n
an—i—k’ZbMSkZ’yﬂaM—&—chu—&—MfornZO. (5.3)
pn=0 pn=0 =0

Then, with o, = (1 — /WM)A,

n n—1 n
an—&—kZbﬂge:vp(kZJuvu) {chﬂ—i—M} forn > 0. (5.4)

=0 1=0 u=0

5.1. Discrete Formulation

Let 7; be a triangulation of 2; and 7, = 71 U T5. Take th C X; to be conforming finite
element spaces for i = 1,2, and define X" = XJ' x X C X. It follows that X" C X is a Hilbert
space with corresponding inner product and induced norm. We shall consider X! to be spaces
of continuous piecewise polynomials of degree m > 2.

For t;, € [0,T], u* will denote the discrete approximation to u(t).

A partitioned time stepping approach for the heat-heat equations in the same setting as
(4.1)-(4.4) was introduced by Connors, Howell, Layton in [15]. The analogue of this data-

passing scheme for our problem is presented below.

5.2. First-order Data-Passing Scheme
Let At > 0, f; € L*(;). For each M € N, M < %, givenul € X; p,n=0,1,2,--- ,M—1,

solve on each subdomain (for i,j = 1,2,i # j) to find u ™' € X; ;, satisfying

<M,vi> + Vi(Vu?H, Vu;) + R/I(U?H —uj)vids + (b - Vui', ;)

= (fi(t""),v), Vv € Xip. (5.5)

This scheme was extensively studied in [15] and was proven to be unconditionally stable
and first order accurate. Moreover, in [14] the authors were able to extend this scheme to the
atmosphere-ocean problem and prove (using a subtle modification of the jump condition) that
the unconditional stability stands.

Based on this scheme, we now introduce the defect-deferred algorithm to increase the
method’s accuracy and expand the set of applications to include the flows at very high convection-
to-diffusion ratio. The artificial viscosity is chosen to be the first order accurate spatial ap-
proximation to stabilize the convection-dominated flows; the defect correction algorithm (4.7)

is then combined with the spectral deferred correction approach of [28].



Throughout the remainder of this paper we will use tu,u,cu to denote, respectively, the
true solution, the defect step approximation and the correction step approximation.
The defect correction method, based on the artificial viscosity approximation of (5.5), would

lead to the following system of equations.

utt —qyn h .
<1Atl7’0i> + (vi + h)(Vul ™ V) + (14 ;)n/(u;ﬁ — Moy ds + (b - Vull,v;)
2 1

= (f;(t"*1), v;), Yv; € Xip,
Cu?Jrl — Cu? n+1 h n+1 n n
(At’vi) + Wi+ h)(Veu]! ™, V) + (1 + f)m/l(cui — cuj)vids + (b; - Veug', v;)

Vi

h
= (fi(t" ), v;) + M(Vult Vo) + —f;/j(u?ﬂ —uj)vids, Yv; € Xip.

K3
However, if the interface condition (4.2) is modified to replace v; with v; + h, this results in

nt+l _ . n
(ui - Ug ,’Ui) + (vi + h)(Vult, V) + n/(u;“rl —uMwyds + (b - Vul',v;)  (5.6)
I
= (f; ("), v;), Yv; € Xip
C’U,;L+1 B C’U,? n+1 n+1 n n
— A U + (Wi + h)(Vew;™ V) + k[ (cui™" — cul)vids + (b; - Veug', v;)
I

= (fi(tn+1), Ui) + h(Vu?“, Vvi), Yu; € X’i,h-

Both the modified and non-modified jump conditions were compared numerically, in favor
of (5.6) (see Section 8). Therefore, only the theory for this approach will be considered below.
The deferred correction algorithm applied to the model problem (5.5) is as follows.

n+l _ . n
(%Atuz’v’) + (Vi Vo) + ”/(U?H —uj)vids + (b - Vui',v;)
I

(5.7a)

= (fi(t"T),v:), Yv; € X}
(CU“—CU i

1
i ) . n+1 . nt+l _ my,,. . noa ) —
; ,v2> + v (Ve V) + K/I(TZ )i ds + (bi - Vi, v;) ;

(5.7b)

Here 7% = cuf —u¥ k=0,1,...,N.

I+ (u;) is a numerical quadrature approximation to ftt:“ F(7,u;(7))dr, where F(t,u;) =
(fi(t),v:) = vi(Vu(t),v;) + & [ (ui(t) — u;(t))vids + (b - Vug(t), vs).

Remark 5.1. Provided the integral terms 17 (u;) are computed with the accuracy of order
O((At)?), after 1 correction iteration the above procedure will produce an approzimate solution
with global accuracy O((At)?). If the points t,, € [tn,tni1] are chosen to be Gaussian quadrature
nodes, then the integral is being computed with a spectral integration rule, which is the reason
for the name spectral deferred corrections. For the two-step method the spectral integration
simplifies to the trapezoid rule.

7



The variational formulation of the two-step Defect Deferred Correction methods is obtained

by combining the defect and deferred correction techniques (5.6)-(5.7) into the following

Algorithm 5.1 (Two Step DDC). Let At > 0, M = £, f; € L*(Q;). Given u}, find
u?"'l eXt ij=1,2/i#j,n=0,1,2--- M — 1, satisfying

n+1 n
(ui —ul

A7 ,vl) + (v + h) (Vul™, V) + m/(u;”rl —uf)vids + (b; - Vi, v;)
I

= (fZL+17U¢) s V’Uz' S Xi,h (58)
Also, given cul, find cu;”rl € X[ satisfying

cup ™ —eu + (v + h) (Veul ™ Vo) + 5 [ (cu? ™ — culyvids + (b- Veul', v;)
7 LU v; cul Vo) + K ’ cu; cuy )vids cul,v;

_ (S At wp Tt —up (vi+h) o ouitt —uy
= (5 ) = 5 (e v ) o (M v
K ulttt — K u Tt — ulttt o yr
At [ (B—— Y Yyds+ —At | (—— L) ds+h B S e 2 i i € X, .
t3 /I( A7 Yv;ds+ 5 /I( A7 Yv;ds+ (V( 5 ), Vo > , Yo € X
(5.9)

The terms in the right hand side of (5.9) are written in a form that hints at the reason
for the increased accuracy of the correction step solution. Note also that the structure of the
left hand side (and therefore the matrix of the system) is identical for (5.8) and (5.9); thus, a
simple and computationally cheap artificial viscosity data-passing approximation is computed

twice to achieve higher accuracy while maintaining the unconditional stability.



6. Stability

In this section we prove the unconditional stability of both the defect step and the correction

step approximations.

6.1. Stability of Defect approrimation
Lemma 4. (Stabz'lity of Defect approzimation) Let u"t' € X" satisfy (5.8) for each n €
{0, 1,2, At 1} Then 3C > 0 independent of h, At such that u™! satisfies:

n+1
n 2
[ % + (v + B)AE Y IVu ) + sA(lud T + (gt
k=1
n+1
<C {Iluoll2 + s AE([[ud7 + [lu]17) Atz [ 1} :

PrOOF. Choose v; = u}"*! in (5.8), i # j to obtain

n+1 _amn
(ui ~ Yi 7u?“) + (V+h)HVuf+1H2 + (b Vi, ulth)

+/If<;(u?+1 — ug‘)u?“ds = (fi"“,u;‘“) }

Applying the Cauchy-Schwarz inequality and summing over i,j=1,2 , ¢ £ j , yields
= — e
2A¢t

4 W[ (o v ) s

2y = sl ™ ] < (e

—sluf ||

Young’s inequality allows to "hide” all the u-terms, leading to the telescoping series in the left
hand side (LHS)

| =

e CRR0] Mt U (v D R e R P 1
u—l—h 1/+h |b|
< Ve’ ﬂllf"“H ) [Vu "“H e
Summing over the time levels and multiplying by 2At, we obtam
n+1
b A [Vt mae(fug 7+ [l
k=1

n+1
2|b|
< [l 4+ el + [l + +hNZHf’“H ' A'fZH ot

The summation in the last term on the right hand side does not include the time level (n + 1).
Therefore, using the modified Gronwall’s Lemma, we obtain

n+1
[+ @+ AT (Vb saeug 7+ s
k=1

n+1
2 2
< C{Iu02 + wAt([|uf [l + [lugll;) + o hAtZ I+ 1}

Hence, the initial approximation u is unconditionally stable. We conclude the proof of

stability of the DDC approximations by considering the second step approximation cu.



6.2. Stability of Correction Step of DDC
Theorem 5 (Stability of Correction Step of DDC). Let cu®! ¢ X" satisfy (5.9) for

each n € {0, 1,2,---, At 1} Then 3C > 0 independent of h, At such that cu™ ! satisfies:
2 s, 2 2
leu™ " + (v + h)AtZ ||ch + Kk AY( ch”“”l + ||cug+1||1) < C|leu’||® + & At(||cul|);
k=1
02 1 012 &= k
Hleuzll7) + o= ¢ 17l + mA(lul]l7 + [ul])7) AtZIIf [

PROOF. Choosing v; = cu ™" in (5.9) gives

n+l n
(W@u?“) + (v + h)Hch?HH + (b - Veul, cul )

_7z+1 n At n+l . n
_|_/IK(CU?+1 —cu?)cu"“ds - (f%;fl’cu;z-i-l) > (b v(uAtul),cun—&-l)

At(v; +h ntl 1
# SRR (9O .V ) o g [l - e s

n+1
+h (V(u;_) ch”“) :

Compared to the proof of stability of the defect solution u, there are four extra terms in
the RHS. They are bounded as follows. After the summation over ¢ = 1,2 we obtain

At u"t!l —un 1 1
n+1 +1 +1 +1
2 (” VR e )‘Sz\@-vcu” |4 5 (0 Vet )

b|?
<2 ntigz IO e w2y
< 2e(v+ h)[|[Veu" || +16€(V+h)(||u 12 + [[u™]|?)
Similarly
#(VunH’vcunﬂ) _ ih(Vu",ch”‘“) <2 (v + h)||ch"+1||2
V+h n+12 nn2
+toge V"7 + [[Va”]).

Using again the Cauchy-Swcharz and Young’s inequalities, we find a bound on the h-term
as follows
h2

n+12 ni2
Tty 7 (1712 + 7w 2)

n+1 n
h (wu;“), vCun+1> ’ < 2¢(v + B)|[Veu™ |2 +

Summing over the time levels, choosing € = % allows us to hide the Vcu-terms in the LHS.
There are also eight boundary terms

k 1 1 1 1 1 1
5 /(u;H' —uy +ut —u)eu T ds 4+ = 5 /( Pt T — ) eul s
I I

For each of the eight terms, use the Cauchy-Schwarz inequality, followed by the Young’s
inequality and use the trace theorem to obtain the bounds

e *1F < low; 3, < Crracel| Vet 3,

HU?JAH% < ||u?+1||%91 < CTTaCEHVUZHH ?21 .

Utilizing the stability bound on the defect solution u completes the proof.
10



7. Convergence analysis

We start by proving the accuracy estimate of the defect solution.

7.1. Accuracy of Defect Solution

Theorem 6. (Accuracy of Defect Solution) Let tu;(t;x) € L?(0,T; X) solve (4.1)-(4.4) for all
t € (0,T). Let also tu;(t;x) € L*(0,T; X) and tu; 4+(t;x) € L?(0,T; L*(Q;)), i = 1,2. Then
3C > 0 independent of h, At such that for any n € {0,1,2,--- M — 1= Alt — 1}, the solution
ul™t of (5.8) satisfies

n+1 2
[t — a2 ()AL [V (b ) [P rAE D [[tul T —uf T < C(R2+A) (7.1)
j=1 i=1

PROOF. Restricting the test functions to X, write (4.5) at time t,+1 as

tu?—i_l — tu? ) ) n+1 ) n+l 4o omy,.. ) n o,
Vi + (v; + h)(Vtu]! ", Vv)a, + k [ (tu] tuj )vids + (b; - Vtu', vi)o,
Q T

At .
tu T —
- (fin—‘rlavi)ﬂf, + h’(Vtqu_la V’Uz)Ql + (LAtZ - tuzjl’ Ui)
Q;
tut —
—At <bi -V(— A7 t ),vi) + ﬁ/(tu?“ — tu} Jvids
Q I

i

(7.2)

D tu T gyl n+l _ n+l . .
enote ———=- —tu’y = pi"". Subtract (5.8) from (7.2) to obtain the equation for the
L gyt — i =1,2. For any v; € X!

n
error, e; . .

n+1 _on
(ei A7 % ,vi) + (v + h)(Vel ™, Vu)a, + /ﬁ/(e?"'l — e} )vids + (b; - Vei',vi)a,
Q I

i

_ n+1 . n+1 . _ . tu?—i_l — tu? .
- h(Vtui 7vv1)9i + (pi 7UZ)Qi At bz . V( Al )a Uy (73)

tun T — tu}
+Am/ jT vids, i # j.
I

ﬁ"+1 _tun+1) —

Do the summation over i = 1, 2; decompose the error "™t = ("1 —u"+!) —(
@™ — "t for some "t € X, and take v = ¢" "' € X" Then Vn >0

¢n+1 B ¢n 1 1 1 1\2 1 1
(At@"* ) + W+ R) (V" Vo ) 4k Y /I(gz)?* )2ds = h(Viu" ! Vet
i=1,2

n+1 _ n n+l _ . n
sty [ (M) gt (T 60 ) (T, 96

tup =t nt1, ntl n ntl n o ntl
= A b V(=) ¢ +r | @Iy ds + k> [ elp T ds + (b- V", ")
I . JI
i#]
b|? tu” ! — tu”
-V, ) 4 L appy (B e gy
(b-Vo", ¢ )+4€(V+h)( IV AL = (7.4)

11



Using the Cauchy-Schwarz and Young’s inequalities followed by the Trace theorem gives

6712~ 19" 12 ) 1otz 4 g S s gt
O TS 4 TR + e < e+ 1)V
h2 2
tu n+1(2 h n+1 2 PF n+12 h n+12
T IV + DTG P o o+ )T
C(ét"raceAtQ"{2 tun+1 _tu 2 n+12 OJ%F nnJrl —77” 2
Loaee S (B I el I P T
Tn n mn 0470/(/6 2 n n
Felwtm Ve 2 g ) [ e KL G e

n K n K n n 047‘(106 n
S RIBHF+ 5101 17+ S 16515+l MV P+ s oy 4 e+ 1) [T
AR b2
4+ e )

Moving the four boundary integrals from the RHS to the LHS, choosing € = 1—18, summing over
the time levels, using the modified Gronwall’s lemma (notice that the last term in the RHS
contains the sum over time levels up to n only) and the triangle inequality (to pass from ot

to e"*1) completes the proof.

In order to prove the accuracy estimate for the correction approximation, we will need the

following

7.2. Accuracy of Time Derivative of the Error in the Defect Step

Theorem 7. (Accuracy of Time Derivative of the Error in the Defect Step) Let the assump-
tions of Theorem 6 be satisfied. Also, let Au € L?(0,T;L*(Q)) and uy, € L*(0,T; L*(Q)).
Then 3C > 0 independent of h, At such that for any n € {0,1,2,--- M —1 = % — 1}, the

. . . . entl_gl .
discrete time derivative of the error = ~ satisfies

At
entl _ gn n ej+1 — el PYAN 5 n e]JFl j
1 S PO a YT (S ) RS S < 0 2 4 (a0)
Jj=1 j=11i=1
(7.6)
ProOOF. Taking v; = W‘Z‘it—tbf € X, in (7.3) leads to
il —ep ¢ — g7 w1 g9 — 81
(CE ) e met v,
Q;
n+1 n n+1 n
+1 n qsi — Y n ¢i 79251
+/<:/I(e? —e} )Tds + (b; - Vel T)QZ
(7.7)

n+1 n n+1 n
_ n+1 ¢z d) n+1 ¢ d)

N A g\ g
—At <bi -V( AL ), A7 > + Atn/} A7 A7 ds, i # j.

12




ntl_n
Also, take v; = u in (7.3) at the previous time level, and subtract the resulting

n+1 . ¢7-1+1— v

equation from (7.7). Denoting s ~;——, summing over ¢ = 1,2 we obtain for n > 1

8" = (s"F,8") + (v + R AL VS" T + At(b - Vs, ")

n+l _ n+1 _ 77"+1 — 2,’,’n + nn_l +1
+ Z At/j K(s] si)si T ds = At ( L ,s"

§,§=1,2,i%]

n+l _ .n n _ an—1
+(v + h)At <V("”), vs”+1> + At (b : V(MLS”“)

At At
n+1 n _pnl n+1 n

m; -1 T’ 777 n+1 tu —tu n+1

At - T d hAt _

+z‘j=1z2:i;ﬁj /IK ( At At ) e <V( At b

n+l _ n tuﬂ+1 —2tu” + tun,—l

4 P +1 2 J J J n+1
+At (75" ) + E (At) //@ < 5 s" T ds
At i,j=1,2,i#] I (A1)
(7.8)

Using the Cauchy-Schwarz and Young’s inequalities leads to

1 n 1 n n n n
s = S U™ + (v + )AL Vs™H” + || T+ || 577
C At n+1 _2,',’ _|_nn 1
< h At n+12 PF 2
< el -+ WALV 4 bR T
+e(v + h)At||[Vs" % + mAtHbHQHSnHQ
n (V + h) n+1 - T]n
(v + WAL TP+ LUy (T 2
bH At nn-‘rl
h At n+12 || 2 9 h At n+1(2
el AT+ S 2 o A TSR
C% KAt n+1 n 9 n ,nnf 9
race \V4 v h) At v n+1/2
e (0TI + VTG 12) + el + )AL Ts |
h2At tu"tt —tun
h) At n+1/2
T e v R RN\ ]
T
4e(v + h) At !
n tuf Tt — 2t + tu?_l
S sy 3 + (ArAte 3| (A1) I
i=1,2
Summing over the time levels, multiplying both sides by 2, letting € = 7z and using the

modified Gronwall’s lemma gives

1 1 2
s kAL T

s 4+ v+ mae d ISP+ == 3 ) lisjl < O (Is'1* + O + (A6)%) - (7.10)

1=2 1=2 j=1

In order to get a bound on ||s!||?, consider (7.3) at n = 0. Note also that we choose u! so that
(tud —u?,v;) = 0,Yv; € XI,i =1,2. Thus, €® = —n° and ¢° = 0. Welet v =s' = d’lA_td’O = %lt

13



to obtain

V+h L_qno
L0 w4l = (L5t )+ h) (Vi Vst + 0951

tu} — tul
+ Z / Nstds+h(Vtu', Vst) + (p',s!) + Z At//a' (%At%> sids
I

1,j=1,2,i#j 1,j=1,2,i#j

Is**+

(7.11)

Using the Cauchy-Schwarz and Young’s inequalities, we show the following

(l/+h) K
Is*{I* + Vo[ + *Hdﬁl\? + §II¢§II?
771 —770 2 12 2 0112
< OISR + @+ mlAnt + b2 9] (71
+ ) KV + R AC 2+ (N7 + (ALK > ||
i=0,1,j=1,2 j=1,2

Inserting (7.12) into (7.10) completes the proof.

We now have all the intermediate results that are needed for proving the accuracy of the

correction step solution cu.

7.8. Accuracy of Correction Step
Theorem 8. (Accuracy of Correction Step) Let the assumptions of Theorem 7 be satisfied.

Then 3C > 0 independent of h, At such that for any n € {0,1,2,--- M —1 = At — 1}, the
solution cul ™t of (5.9) satisfies
n+1 ] . 2
[tu" ™ —cu™ 2+ (v h)AL Y ||Vt —cw?d) [P+ ALY [[tul T —cuf 7 < C (h* + (ALY
j=1 i=1
(7.13)

PROOF. First, sum (7.2) at time levels ¢,, and ¢, and divide by 2, to obtain in Q;,4 =1,2:

tun—‘rl tu? n+1 n+1 n n
T, vi | + (i +h) (Vi ™, V) + | k(tui™ — tuj )vids + (b; - Viug', v;)
I
, . ; Ly n+l n
= <fl(tn+1)2+ fl(tn)v@i) + At(y;+ h) (V(tuZ Al o )7V’Ui) +h (V(tuZ 2+ o ),Vm)

KAt tul Tt — kAL utt — At tul T — tup
o= = ) ud o= i A ids — — [ b; - e s 2 ,V;
T ,( Al ) Tt 1< Al vics ( VT )”)

tut — tup n+1—|—tul
+< I 5 Lo | (7.14)

¢ n+1l

n n+1 n
For the O(At?)-term introduce the notation < Y L S ;tu“ U ) = 4! Subtract

14



the correction step equation (5.9) from (7.14). We obtain for i,j = 1,2, # j

U7 =8 ) 4 v+ ) (Tl V) + L e Yuids + (b- Veel',v;
— (v + h)(Veel ™, V) In(cei cell Jvids + ( cel’,v;)

At(v; + h ntl _en ntl y en

At L _ en At [ (el —er At ntl _en
LY (66) puds 4 T (w s — (bi | V(H),m)
I I

2 At 2 At 2 At
(7.15)

Similarly to the error decomposition in the case of the defect approximation, decompose ce?Jrl =

tug”r1 — cu?Jr1 = gb?“ — 77?“, ¢; € X; . We now choose v; = QS?H € X, p in (7.15), sum over
i = 1,2 and use the Cauchy-Schwarz and Young’s inequalities to obtain bounds on the terms
enﬁ»l_en

in (7.15), similar to what we did for equation (7.4). The bounds on e™*! and €+ from
Theorem 6 and Theorem 7 complete the proof.
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8. Computational Testing

The convergence properties of the two-step DDC method (Algorithm 5.1) are investigated
quantitatively in the case of a test problem with the known solution (see [15]).

Assume Q7 = [0,1] x [0,1] and Qg = [0,1] x [=1,0], so I is the portion of the z-axis from 0
to 1. Then ny = [0, —1]7 and ny = [0, 1]7. For vy, s, and & all arbitrary positive constants,
the right hand side function f from (4.1) is calculated so that the true solution is given by

u; = (Uq1,u42),1=1,2

u11<t7 I‘,y) = 'T(l - Jf)(l - y)eit
up(t,z,y) = —z(l—2z)(1 -y
vy v Vi V1 9y ¢
t = 21—+ 2 -Ay_a+2 4+ 24
ug1 (t,,y) (1 —z)(1+ - oY (+V2+R)y)€
vy U Vi | Viy 9y ¢
tay) = —a(l-a)1+2-2y_a+24+2 .
uga(t, z,y) o(l—2)(1+ — oY (+y2+ﬁ)y)e

This choice of u satisfies the interface conditions (4.2) and the boundary conditions (4.4) with
g1 = g2 = 0. The computations were performed using finite element spaces consisting of
continuous piecewise polynomials of degree 2. The code was implemented using the software

package FreeFEM++ [21].

8.1. Convergence rate study

Computational results are provided for k = 1 and for the moderate (1 = v2 = 1) and small
(v1 = vo = 0.00001) values of the diffusion coefficients. In the following tables, the norm ||ul|

is the discrete L?(0,T; L?(€2)) norm, given by

N 1/2
Jaf = <Z Atu(%)%%gg) , (8.1)
n=1

and |u|z1 is the discrete L2(0,7; H(£2)) seminorm, given by

N 1/2
lulg = (Z Atvu(tnﬂm(a)) , (8.2)
n=1

where N = T/At. Tables ?? and 2 compare the cases of modified vs. non-modified jump
condition in Algorithm 5.1 for v; = 1. Tables 3 and 4 perform the same comparison for the case
of convection-dominated flows at v; = 0.00001. The errors are calculated in the norms (8.1)

and (8.2).
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Table 1: Errors for computed approximations, v = 1, non-modified jump condition

DEFECT SUBSTEP

h At lu(tn) —u"™| 2 rate [u(tn) —u™| 41 rate
1/4 1/4 4.09893¢-2 1.53394e-1
1/8 1/8 2.4502e-2  0.74 8.99462e-2 0.77
1/16 1/16 1.34949e-2  0.86 4.91759e-2 0.87
1/32 1/32 710272e-3  0.92 2.57988e-2 0.93
1/64 1/64 364762e-3  0.96 1.32293e-2 0.96

CORRECTION SUBSTEP

h At | [Ju(tn) —cu”|| 2 rate | |u(tn) —cu”| rate
1/4 1/4 1.50131e-2 5.94415e-2
1/8 1/8 5.37793e-3 1.48 2.0774e-2 1.51
1/16 1/16 1.85568e-3 1.53 7.34807e-3 1.49
1/32 1/32 7.06498e-4 1.39 2.9411e-3 1.32
1/64 1/64 3.08825e-4 1.19 1.34023e-3 1.13

Table 2: Errors for computed approximations, v = 1, modified jump condition

DEFECT SUBSTEP

h At lu(tn) —u™ 2 rate [u(tn) —u™| 41 rate
1/4 1/4 4.10392e-2 1.5309e-1
1/8 1/8 2.42801e-2  0.75 8.9456e-2  0.77
1/16 1/16 1.33056e-2  0.86 4.87916e-2 0.87
1/32 1/32 6.98608e-3  0.92 2.55628e-2 0.93
1/64 1/64 358342e-3  0.96 1.3099e-2 0.96

CORRECTION SUBSTEP

h At | lu(tn) —cu™| 2 rate | |u(tn) —cu™| rate
1/4 1/4 1.36326e-2 5.50424e-2
1/8 1/8 4.61153e-3 1.56 1.80651e-2 1.60
1/16 1/16 1.36977e-3 1.75 5.36588e-3 1.75
1/32 1/32 3.78436¢e-4 1.85 1.49775e-3 1.84
1/64 1/64 1.00268e-4 1.91 4.02327e-4 1.89
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Table 3: Errors for computed approximations, v = 10~%, non-modified jump condition

DEFECT SUBSTEP
h At lu(tn) —u™| 2 rate [u(tn) —u™| 41 rate
1/4 1/4 7.91115e-2 5.3402e-1
1/8 1/8 7.08314e-2 0.15 5.44157e-1 -0.02
1/16 1/16 5.9474e-2 0.25 5.6404e-1 -0.05
1/32 1/32 5.31807e-2  0.16 6.32873e-1  -0.16
1/64 1/64 5.11973e-2 0.05 7.7229e-1 -0.28
CORRECTION SUBSTEP
h At | lu(tn) —cu™| 2 rate | |u(tn) —cu™| rate
1/4 1/4 7.3621e-2 5.61272e-1
1/8 1/8 6.06277e-2  0.28 5.98215e-1 -0.09
1/16 1/16 5.45552e-2 0.15 6.79845¢-1 -0.18
1/32 1/32 5.32717e-2 0.03 8.45552¢-1 -0.31
1/64 1/64 5.23807e-2  0.02 1.10753  -0.38

Table 4: Errors for computed approximations, v = 10~°, modified jump condition

DEFECT SUBSTEP
h At lu(tn) —u™| 2 rate [u(tn) —u™| g rate
1/4 1/4 9.23371e-2 3.64616e-1
1/8 1/8 7.30489e-2 0.33 3.06128e-1 0.25
1/16 1/16 4.72726e-2 0.62 2.27403e-1 0.42
1/32 1/32 2.71885e-2 0.79 1.62003e-1 0.48
1/64 1/64 1.46477e-2 0.89 1.14559-1 0.49
CORRECTION SUBSTEP
h At | fu(tyn) —cu™|| 2 rate | |u(tn) —cu”| 1 rate
1/4 1/4 6.75345¢-2 2.89442¢-1
1/8 1/8 3.59619e-2 0.90 2.15663e-1 0.42
1/16 1/16 1.47159e-2 1.28 1.55311e-1 0.47
1/32 1/32 5.43386e-3 1.44 1.12958e-1 0.45
1/64 1/64 1.87323e-3 1.54 8.05629e-2 0.48
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9. CONCLUSION

Clearly, the correct way of implementing the proposed method is to modify the interface
condition so that the diffusion coefficient is treated consistently throughout the problem. Also,
when the convection-to-diffusion ratio is moderate (v; = 1) the observed convergence rates are
in full agreement with the theoretical findings. When the diffusion coefficient is very small
compared to the spatial mesh diameter, convergence rates in the L2(0,7T; L?(2))-norm start to
deteriorate, but the correction step still gives a clear advantage over the first order accurate
defect approximation. However, the accuracy in the L?(0,7T; H!(£))-seminorm has decayed
drastically; this is due to the fact that for the chosen values of v the mesh is much too coarse;
the term v + h, appearing in the error estimates of the method, is now almost equal to h,
which immediately affects both the a priori error estimates and the computational results.
This suggests, that if the legacy codes are to be used for the coupled convection-dominated
convection-diffusion problem in the manner of Algorithm 5.1, then one has to refine the mesh
substantially in order to capture the gradient of the true solution. Notice, however, that the

solution itself is well modelled (in the L?(0,T’; L?(2))-norm) even on a coarse mesh.
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